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1. Introduction

Let 2 C RY (N > 2) be a bounded domain. We consider the weak solution of the following equation

div((A(z)Vu - Vu) 2 A(z)Va) = div(|f[P@72f) in Q. (1.1)
The measurable coefficient matrix A(x) = (a;j(z))nxn is bounded, i.e.

[A]loc = sup || A(2)|| < oo, (1.2)
res?

where |A(z)|| = maxi<; j<n |a;j(z)| and satisfies the uniformly elliptic condition: there exist positive con-
stants A, Ay such that for almost every = € £2 and every & € RV,

A€ < A(z)€ - € < Aol€f. (1.3)

Here A(x) is not assumed to be symmetric and continuous. In this paper, assume that
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1 <p- <p(x) < ptp < oo, (1.4)

where py = sup,c, p(x), p— = infycop(x).
We will study (1.1) in the framework of variable exponent function spaces, the definitions of which will be
given in Section 2. Recall that u € Wll’p(gg)(()) is a weak solution of problem (1.1), if for any ¢ € Wol’p(w)(.()),

ocC

p(x)=2

/(A(x)vu.vu) > A(a:)Vu'ngSda::/|f|p(“")’2fv¢d:1:. (1.5)
2

9]

When p(x) is a constant, the regularity for (1.1) has been studied extensively. If A is the unitary matrix,
some related results were obtained by DiBenedetto and Manfredi [13] and Iwaniec [17]. Their methods
are based on maximal function inequalities and regularity theory for p-harmonic equation. The case of
bounded and uniformly continuous coefficients was studied by Morrey [23]. Di Fazio [12], Kinnunen and
Zhou [19] proved a local result for (1.1) provided that the coefficients are bounded functions of vanishing
mean oscillation. In [6,7], Byun, Wang and Zhou obtained global L9 gradient estimates for weak solution
to (1.1) with BMO coefficients. Recently, in [8,9,18,25], local L9 gradient estimates for the corresponding
equations were extended to estimates in Orlicz space.

When p(z) is a function, Acerbi and Mingione [1] treated integrability of gradient involving the following
equation

div(a(z, Vu)) = div(|f|p(m)72f) in 2, (1.6)
where a(x, -) satisfies some continuity assumptions. Under the following geometric condition of p(z):

Ip(z) — p(y)| < w(lz —yl), (1.7)

for any z,y € 2, where w : RT — R* is the modulus of continuity of p(z) satisfying

lim w(R) ln(%) =0, (1.8)

R—0

they proved classical L? estimates of weak solution u for (1.6): for any ¢ > 1,
P e L (2) = |VuP™ e LI ().

Motivated by their works, by using Calderén and Zygmund type covering arguments and Hardy—

Littlewood maximal function, we study higher integrability for (1.1). Under assumptions that A(z) is of
¢

loc
solutions of (1.1). We assume that ¢ : R — [0,00) is a convex, nondecreasing, even function and satisfies

m(‘i) Sz((gSGQ(i> , for0<s<t, (1.9)

where 0 < a1 < ag, 1 < ag < a;. Then, ¢ is an N-function satisfying Ay N</2-condition (refer to [3]). Orlicz

vanishing mean oscillation and |f[P(*) € Lf (£2), we obtain gradient estimates in Orlicz space for weak

space L?(2) is the set of all measurable functions v : £2 — R satisfying
/¢(|v|) dr < 0.
2

For example, we could choose ¢(t) = t*In?(1 + t), where a > 1, > 0.
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Denote by |E| the Lebesgue measure of a measurable set E and define the mean value of a locally
integrable function v € L} (£2) on a cube Qr C 2 by

loc
VQR = ][vdx = |Qg|™* / vdz,

Qr Qr

where Qg is a cube with side length 2R. We recall that a locally integrable function v is of bounded mean

][|U—’UQR|d$C

Qr

oscillation, if

is uniformly bounded as Qg ranges over all cubes contained in 2. If, in addition, we require that these
averages tend to zero uniformly as R tends to zero, we say that v is of vanishing mean oscillation and
denote v € VMO(12).

The main difficulty here is that Eq. (1.1) exhibits the variable growth conditions and possesses more
complicated nonlinearities. Thus, some techniques used in the constant exponent case cannot be carried
out for the variable exponent case. In order to overcome this difficulty, we will combine with localization
technique associated to (1.1) and estimates in Llog” L spaces (refer to [1]). Then, we obtain the following
higher integrability for gradient of weak solution:

Theorem 1.1. Suppose that A is of vanishing mean oscillation, i.e. a;; € VMO(£2) and |f|P®) € Lfoc(ﬂ)
with (1.9). Let u € WP () be a weak solution to (1.1). Then, under assumptions (1.4), (1.7) and (1.8),
there exist 0 < Ry < Rog with Qar, CC {2 and o9 > 0 such that for any (not necessarily concentric) cube

Qr C Qr,,

/¢(|vu|1’<$>) dx < c/¢(|f|1’<w> +1) du,
Qr Qr

where ¢ = C(p+ap—7al7a27al7a27o—7 N7 K7A15A27 ||A||OO)’ K = fQ4R (|vu|p(m) + ‘f|p(m)(1+0))dm+17 0<o<
0
min{og,p_ — 1}.

2. Preliminaries

In the studies of a class of nonlinear problems with variable exponential growth, see for example [2,4,5,
10,15,16,27,21,22,26], variable exponent spaces play an important role. Since they were thoroughly studied
by O. Kovacik and J. Rédkosnik [20], variable exponent spaces have been used to model various phenomena.
In [24], M. Ruzi¢ka presented the mathematical theory for the application of variable exponent Sobolev
spaces in electro-rheological fluids. As another application, Chen, Levine and Rao [11] suggested a model
for image restoration based on a variable exponent Laplacian.

For the convenience of reader, we recall some definitions and basic properties of variable exponent spaces
LP®) () and W) (02), where 2 C RN is a domain. For a deeper treatment on these spaces, we refer to
[14]. Let P(£2) be the set of all Lebesgue measurable functions p : £2 — [1, co]. Denote

Pp(a) (1) = / |u[P™®) dz + sup lu(z)|,
N\ 2ee v

where 2, = {z € 2 : p(x) = co}.
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The variable exponent Lebesgue space LP(®)(2) is the class of all functions u such that pp,)(tu) < oo,
for some t > 0. Lp(x)((l) is a Banach space equipped with the norm

wllpz) = inf{A >0 py)(Au) < 1}

The variable exponent Sobolev space W1P(®#)(§2) is the class of all functions v € LP(®)(§2) such that
|Vu| € LP@) (). WhPE)() is a Banach space equipped with the norm

[ullipe) = lullp@) + [[Vullpa)-

By Wol’p(m)(()) we denote the subspace of WP(#)(£2) which is the closure of C§°(£2) with respect to the
norm || - |1 p(z)- We know that if £2 C RY is a bounded domain and p € C(£2), |[ull1,p(x) and [|Vul|,) are
equivalent norms on Wo "™ (£2). Under the condition (1.4), W@ (2) and WP (£2) are reflexive.

Next, we give some related definitions and notations involving Calderén and Zygmund type coverings
and Hardy—Littlewood maximal function.

Let Qo C 2 be a cube, we denote by D(Q)g) the class of those cubes, with sides parallel to those of Qq,
obtained by a positive, finite number of dyadic subdivisions of Qy. We call Q" € D(Qo) the predecessor of
Q if ) is obtained by exactly one dyadic subdivision from Q’.

For v € L'(QRr), the restricted Maximal Function Operator relative to Qg is defined by

My, (@) = swpf o) dv
QQQR@EQQ

For s > 1, we define

wan(V)() = QCOnreQ <Z?[’v(y)’s dy) %'

Finally, we present the following local LI-gradient estimate established in [1], which is useful in the proof
of main result in Section 3.

Theorem 2.1. Assume that hypotheses (1.4), (1.7), (1.8) are fulfilled and

px)—1

la(z,&)| <c(1+1¢*) 2 and c|¢PP) —c < al, €S,

for almost every x € 2 and every ¢ € RN. Let |f|P®) € LL (2) with ¢ > 1 and u € W'P@) () be a

loc

weak solution of (1.6). Then, there exist Ry > 0 with Qur, CC 2, 0 < 09 < q — 1 such that for any (not
necessarily concentric) cube Qar C Qur,,

(][ |V [P@)(1+e) da:) <C ][ |VulP®) dz + c( ][ | fIP@ A+ dg 4 1) : (2.1)
Qr Q2R Q2R

where 0 < o < Oo(p-i-ap—va K07R0)} C= C(p-i-ap—vN); KO = fQ4RO(|VU|p(m) + 1) dx.
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3. Main results

In this section, assume that hypotheses (1.4), (1.7), (1.8) are fulfilled and A is of vanishing mean os-
cillation. Let |f[P(®) ¢ L(lic(.Q) with (1.9) and u € WP () be a weak solution of (1.1). We study the
regularity for (1.1) and prove a local gradient estimate of w in Orlicz space.

Firstly, we prove a local Li-gradient estimate of u. Using (1.9), we have

L) C L?(N) C L*2(),

then |f|P(®) ¢ L2 (02). It follows from (1.2), (1.3) that for almost every z € 2 and every £ € RV,

| (A(2)¢ - f)%A(w)ﬂ < cf¢p@-1
and

p(xz)—2

éP) < (A(@)E-€) T A(m)E-€,

where ¢ = ¢(py,p—, A1, Aa, ||Al|o). By Theorem 2.1, there exist Ry > 0, 0 < 0g < ag — 1 such that for any
(not necessarily concentric) cube Q2r C Qug, and 0 < o < gy,

(][ |V [P@)AF) da:) <C ][ |VulP@® do + c<][ | fIP@ A+ g 4 1> : (3.1)
Qr Q2r Q2r

Take 0 < ¢ < min{og,p— — 1}. Then |f|P®) € L7 (), which implies |Vu|P(®) € L 17 (2).
For any € € (0,0), by (1.8), there exists Ry < min{ Ry, ﬁ} such that for any R < Ry,

w(2VNR) < min{s,%} and w(2VNR) ln< ) <e. (3.2)

1
2VNR
Denote Ag = ((aij)g)nxn- Using (1.3), we get A;]€]2 < Ag€ - € < Asl€|? for any € € RN, As A is of
vanishing mean oscillation, we assume that for any R < Ry,
F 1A= Agupllada <5 75,
Q2r

which implies

where ¢ = ¢(p_, 0, || 4]|00)-

For any R < Ry, take Q C Qg with the side length 2r < R;. Next, under the following assumptions:
there exist A > 1 and ¢ € (0,1) such that

][ |VulP® dz < A (3.4)
4Q

and
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( ][ (1P 1) dx) < (3.5)

4Q

where 4@ is a cube with the same center as é and the side length 8r, several technical results will be
established. In the following, we derive two kinds of local gradient estimates of w.

Lemma 3.1. Denote p; = sup, o5 p(x). Under assumptions (3.4) and (3.5), we obtain

][ [VulP? de < cA (3.6)
2Q

and
/ |Vul|P? dx < c, (3.7)
2Q

where ¢ = c(p4,p—,0,K,N) and K = me (|VulP@) | f|P@0O+9)) dg 4 1.
0

Proof. For any = € 2Q, using (1.7) we have
pa < p(x) + w(dVNr) < p(x)(1+ w(4\/N7’)) < p(x)(1+0),

which implies |Vu| € LP2(2Q). It follows from (3.1), (3.2) and Hélder inequality that

][ |VulP? do < ][(|vu|p(ﬂﬂ)(1+w(4\/ﬁr)) +1)dx

2Q 20
14+w(4VNr)
< C{ <][ |Vu|P(:r) dllf) + ][(|f|p(z)(1+w(4\/ﬁr) + 1) dx}
4Q 10
~ W(4\/N’r’)
= c{][ |VU|ZD(I) dx - ‘4Q|—w(4\/ﬁr) (/ |vu|p(m) dw)
4@ 4©
N TTOGVRD  ~ __w(vNr)
+ (][(f|p(w)(1+w(4 N 4 1) dx) [4Q|” THeGVN T
4Q
w(4VNr)
% </(f|p(a:)(1+w(4\/ﬁ,») n 1) daj) T+w(avV/Nr) }
4Q
< CTNw(4\/NT){Kw(4\/ﬁr) ][ Vul@ da
4Q
e I
7 T+w(4VNT)
+ (J[(flp(‘"‘)“*”) +1) dx) (/(|f|p<w><1+g) 1) dx) }
4@ 4@

< epNw(@VNT) gro )

— 9
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where ¢ = ¢(p4,p—, 0, K, N). Note that

p—Nw@VNr) 0= Nw@VEr) — oNw@VNr) 1n(4\/ﬁ)€Nw(4\/Nr) In wlm_

= 61
Using (3.2), we obtain

r—Nw(4\/Nr) S c,
where ¢ = ¢(o, N), then

][ |Vul|P? de < cA,
2Q

where ¢ = ¢(p4,p—, 0, K, N). Similarly, we get

/ |VulP? do < /(|Vu|p(ac)(1+w(4\/ﬁr) + 1) dr
20 20
— 120 ][(|W|p<z><1+w<4¢ﬁr>> +1)de

2Q

_ 1+w(4\/ﬁr)
< c|2Q|{ (][ |V ulP®) dx) + ][(|f\P<I><1+w<4WT> +1) dx}
40 4Q

~ ~ 1+w(4v/Nr)
< C{|2Q| : |4Q|717w(4\/ﬁr) (/ V[P da:) + /(|f|p(Z)(1+a) +1) dx}
4Q 4Q
< cr~Nw@VNr) prito 1K

<eg,
where ¢ = ¢(py,p—, 0, K, N). Now, we complete the proof. O

Let v € W1P2(2Q) with v — u € Wol’p2 (2Q) be the weak solution for the following equation

p2

{div((AQQVv V) Ay Vo) =0 € 2Q,
v(z) = u(x) z € 9(2Q),

i.e. for any ¢ € W(}’pg(?@),

/(A2C~2Vv . Vv)pzTizAQQVvVgo dz = 0.

2Q

Using the L7 estimates of the above equation (refer to inequalities (2.2) and (2.3) in [13]), we get

||Vv||Lm(%@) < c<][ | V[P da:) r2 < c(][ [VulP? dm) s 7

20 2Q

431
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where ¢ = ¢(p4,p—, 0, A1, Az, N). Then, it follows from (3.6) that

1

IV0ll oo 25y < c<][ |Vu|P2 dx) Yo 2 (CoN) 7z,
2
2Q

where ¢ = ¢(py,p—, 0, A1, A, K, N). Thus, for any x € %@,

M§@(|Vv|p2)(ac) < CpA.

(3.9)

Next, based on the above regularity results (3.6), (3.7) and (3.9), we give a comparison estimate associated
to w and v in 2Q). In the proof of the following comparison result, we will use estimates in Llogﬁ L spaces

(refer to [1]) several times.

Lemma 3.2. There exists §g € (0,1) such that for any 0 < 6 < &g, if hypotheses (3.4) and (3.5) are fulfilled,

then

P
][ |[Vu — VoulP? dx < e,
2Q

where ¢ = C(p+,p_,0, K7 Na Ala AQ? ”A”OO)

Proof. Choosing ¢ = u — v as a test function in (1.5) and (3.8), respectively, we get

P2

272A2QV’(,L — (AQQVU : VU)

p2

= AQQVU)V(U —v)dx

/((AQQVU -Vu)

2Q
P2

= /(AZQVU -Vu) 272A2@Vu -V(u—v)de — /(AVu - Vu) -\ V(u—v)dz

2Q 2Q

+ / |fPO =2V (u —v) da
2Q

p(z

= /((Agéw : Vu)pzT_zAQQVu — (A,5Vu - Vu) 3’2A2@VU)V(u —v)dz

2Q

p(z

+ /((AQQVU -Vu) > Ay5Vu — (AVu - Vu)
2Q

+ / P92 9 (u— v) de.
2Q

p(z

= AVu)V(u—v)dx

From the algebraic inequalities (refer to inequalities (3.14) and (3.23) in [19]): for any &, 1 € RY,
1-2 a2
€ =nl? < e((Aya€ - €) T Aya€ — (Ayan-n) = Ayan)(§—n),
if 2< ¢ <ooand

€ —nl7 < b T (At - €)' Aygt — (Aygn - m)"= Aygn) (€ — 1) + 0ln]1,

(3.10)
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if 1 < g <2, where 6 € (0,1), we get:
(i) The case py > 2. By the Young inequality, for any 7 € (0, 1),

/ |Vu — Vo|P? dz
2Q

/((A ~Vu - Vu) A oVu-— (A ~Vv - Vv) A VU)V(u—v)dx

2Q
< T/ IV — VolP? da + ¢ /| (Ay5Vu - V)" — (AyVu - V)™ =T g
/|f|P21p2d:c+c /|A V- Vu)” — (AVu - Vu) ™% 7T g,
which implies
/ |[Vu — Vo|P? dz
<c/|f|P21p2dm+c/|A Vu- Vu)" — (A5 V)" F =P
+c/| (AygVu- Vu)© - (AVu-Vu)p(mfg_2 2T . (3.11)
(ii) The case 1 < pa < 2. For 6,7 € (0,1), we get
/ |[Vu — Vo|P? dz
2Q
< 0/ IVulP2 da + 052 / |fIP@ 2V (u —v) dx
2Q 2Q
Y0 /((A ~Vu - Vu) T A ogVu— (AQQVu-Vu)p(l) )V (u—v)dx
2Q
o0 /((A2@Vu V)5 — (AVu- Vu) "2 AVU)V(u — v) do
2Q

p2— P2— p(z)—
§9/|Vu|p2 dx+c€i—227/|Vu—Vv|p2 dx + ¢(7)0 b /|f| bt P g
20 2Q

0 E /| (AygVu - Vu - (AQQVU~Vu)p(T)72A2@Vu|P;%1 dx

P2
P21 dx.

— (AVu - Vu) "

0?2 /‘A ~Vu - Vu
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Take 7 sufficiently small, we obtain

/ |[Vu — Vo|P? dx

2Q

< 29/ |VulP? dz + c(0) /|f|i§§l}1p2 da

2Q
/{ (AygVu- Vu)” — (4,5Vu - Vu) He 2T gy
/{ (AygVu- Vu)” — (AVu - Vu) P 22T g,

By Holder inequality, we get

][IfI S5 gy < ][(Ifl”(x +1)da

2Q

< (][(|f”<w> +1)' da:) T < ovs,

2Q

In the following, we consider f2@ [(AygVu - Vu) e — (A,5Vu - Vu) 2

For any x € 2@, there exists v € (0,1) such that

(Ay V- V) " Ay Vu — (Ays Vi Vu) "
= pz%p(x) ln(A2c§Vu : Vu)(AQQVU -Vu) I A2@VU’
then
/‘ (A, aVu- Vu — (Azéjvu . Vu)p( : e dx

< c/yw(4\/ﬁr)|vu|<1—7><p<$>—2>+7(m—2>+1(\ In A;| + |In As| + |In |vu|})}v§—31 dr,
2Q

where ¢ = ¢(p4,p—, A2, N, ||A||oo). Note that

JUIwul 4245002053 (1 | 41 ]+ 1 [V ) |57 do
2Q
= / ||vu‘(177)(P(z)*2)+”/(10272)+1(| In Ay + [In Ag| + |In |VU||)|"§731 dx
{;CEQ@:|Vu(x)‘>e}
' / [V =@ =202 (I Ay + | In Ao + [In [V} da

{z€2Q:|Vu(z)|<e}

: Ay5 V| 2T d.

(3.12)

(3.13)

(3.14)
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< c/ |VulP? In7sT (e+ |VulP?) dz + |2Q|
2Q
< c|2Q| ][ VulP? In727 (e + |VulP2||[Val? || ) da
2Q
+ c|2Q) ][ VulP? In7"1 (e + ||[Vul?2||,) dz + ¢[2Q), (3.15)
2Q
where ¢ = c(py, p—, A1, A2), [|[VulP?|[1 = f,5[VulP* dz.
For any x € 2@7 we get

P (1 + %) < (p(x) + w4V NT)) (1 + %)
< p(x) (1 + %) + w4V Nr)p_
< p(x) (1 +2+ w(wﬁr)).

Using estimate in Llog” L (refer to (28) in [1]), we obtain

1
][ [Vl T (e + [Vul ||Vl ;) de < (][ (V20 %) d"”) :
2Q 2Q

W[

Then, similarly to the proof of (3.6) in Lemma 3.1,

f it s e o
2Q

1

2Q

S C<][ |vu|p(w)(1+%+w(4\/ﬁr) dl’—|— 1) 1+9
2Q
<cA, (3.16)

where ¢ = ¢(py,p—, 0, K, N) and further

o)
2Q

- \2@|*1/|vu|p2 dz - Inwa=1 <|2@|1.2©|e+|2©|1/|vu|p2 dx)
20 2Q

§02@|1{/|Vu|p2 dx - |ln(|2@|71)’% —l—/|Vu|p2 dx - ln(|2@|e—|—/|VU|p2 da:)

20 2Q 2Q

)
p2—1 }
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~ po - 1+0o
C]l [VulP2 dz - [In(]2Q] ") |27 + c<|2Q|e + / VP2 dx)

2Q 2Q
< c][ [VulP? dz - |ln(|2Q| 1)’1’2 T+ c<|2Q|e /|Vu|p2 dm) . (e + ][ [VulP? da:),
2Q 2Q

where ¢ = ¢(py,p—,0). It follows from Lemma 3.1 that

][ VulP? n72 7 (e + || |VulP2||,) do < eKoA 7T (12Q] ) + eK70F) (e + cK7))
2Q
< KA T (|2Q] 1) 4 Kooy, (3.17)

where ¢ = ¢(py,p—,0,N). Then, using (3.14)—(3.17) we get

][|A 5Vu - V) 5 A5 Vu — (Ays V- Vu) ™3 A2©V“|% dae
< o0V N (K7 st (120]71) + K74

< et ), (3.18)

where ¢ = ¢(p4,p—,0,K,N).

Next, we consider ché [(AygVu - Vu) Bl — (AVu - Vu) B 72T dz. For any £ € RN, we
get
p(z) p(z) —
(A8 )73 Aypt — (A8 - €) <14 = Ayplloo €77
Using Holder inequality and (3.3), we have
p(z)—2 P2
][| (AygVu- Vu)© — (AVu - Vu) r2=1 dy

_P2 )
< c][ 14— A B 05

<c][|\A A,5l1 2 (U@ +1) da

1

P2 14 5o 14o THo
<ec ][||A—A2@H§§ 7 dx ][(|Vu\p(””)+1) dz
2Q

2Q

< cepzl{][|Vu|p(x) dr + <][(|f|p(z)(1+”)+1) da:) }

4Q 4Q
< cemiT), (3.19)

where ¢ = C(p+7p—a N7 A17A27 HAHOO)
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Tt follows from (3.11)-(3.13), (3.18) and (3.19) that

]l |[Vu — Vo|P? do < 29]1 |VulP? do + c(8)2V 0N + c(@)cap%l/\ FoeemiT)
2Q 2Q
< X+ c(0)2V 5N + c(0)eT T\ + ce 2T\,
where ¢ = ¢(py,p—,0, K, N, Ay, As, || A||). Take 0, ¢ sufficiently small, we obtain
][ |[Vu — VolP? de < el A
2Q
where ¢ = ¢(py,p—,0, K, N, A1, As, ||A||). Now, we complete the proof. 0O
From Lemma 3.2, we get the following result, which will be used in the proof of Theorem 1.1.

Lemma 3.3. Assume that hypotheses (3.4) and (3.5) with 0 < § < 0 are fulfilled, where dg is from Lemma 3.2.
For any cube Q € D(QRr), if Q € D(QRr) and it is the predecessor of Q, then

Hze@: M%Q(\V@dp('))(x) > 2P+ 20N} < e4)Q),
where €1 = c(p4,p—,0, K, N, A1, As, ||A||Oo)£%
Proof. Note that
[VulP? < 2P+|Vu — Vo|P? + 2P+ |Vo|P2.
Take @Q € D(Qr). Then, for any = € @,
M (1Vu]"2) (2) < 2 M3 (19 — o) (2) + 27 M3 (V0] ().
As Mg@ is weak (1, 1) type, it follows from (3.9) and (3.10) that

HzeQ: M§@(|Vu|p2)(x) > 2P+ IO Y|

<Hze@: 2p+M§é(|Vu — VoulP?)(z) > 27+ CoA}| + [{z € Q : 2p+M§@(|V1}|p2)(m) > 2P+ CoA }|

HzeQ: 2P+M§©(|Vu — VolP?)(z) > 2P+ CoA }|

< Céi\;) /|Vu—Vv|p2 dx
5Q
e(N) »2 ~
< 7T )2
< S e
< eI,

where ¢ = ¢(p4,p—, 0, K, N, A1, As, || Al|loo) and ¢(N) is the constant in weak (1,1) type estimate for M;Q.
2

For any y € 2Q, 1 < p(y) < pa, then |Vul[P®) < [Vu|P? + 1. By using the definition of the Maximal
Function Operator in Section 2, we have
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M; 6 (IVulPO) (@) < M 5 (IVul +1) (2) < Mj o (IVul”) (2) + 1.
If M§©(|Vu|p('))(x) > 2P++2C) )\, we have

2P+ 200\ < M; (|Vu|p ) (z) < M; 5 (IVul’?) (@) + 1.

Then,

M§C~2(|Vu\”2)(x) > 2P+ 200N — 1 = 2P+ FLCpA 4+ 2P+ FLCpA — 1.
As Cp > 1, A> 1, we get 22+t1CoA — 1 > 0. Then,

M 5(IVulP2)(z) > 20+ Co,
which implies
{z € Q: M5(IVulV)(x) > 2+ F2CoA}| < [{z € @+ M4 (IVul™) (x) > 271 CoA} .

Thus

{z € Q: M35 (1VulrO) (@) > 2+ CoA} | < ce721|Q| £ 61]Q).
Now, we complete the proof. O

Finally, by using a consequence of a Calderén and Zygmund type covering argument (refer to Proposition 1
in [1]), we complete the proof of the main result.

Proof of Theorem 1.1. Take \g = M f |Vu|p(z) dx + 1, where €7 is from Lemma 3.3 and ¢(N) is the

constant in weak (1,1) type estlmate for M 55 Denote

() = [{z € Qn: Mg, (IVul") (@) > t}].
pa(t) = |{x € Qr: Miyoqu, (IFO" +1)(@) > £}].

Then

11 (o) < / VUl do < e1Qnl.
Q4r

Take Oy = 2P+T2C) + 5V 4+ ay > 1, we get 1 (Cio) < 1 (No) < 1]Qr-
Take 0 < § < dg and denote

X = {1‘ €EQr: M54R(|Vu|p())(m) > Cl)\o},
Y = {2 €Qr: Mg, (Vul"V) (@) > o} U{z € Qn: My, g, (FC)PV +1)(2) > dXo},

where §g is from Lemma 3.2. Then

XCcYcCQr and |X|<81|QR|. (320)
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In the following, we verify that for any @ € D(Qr),
if [ XNQ|>e1|Q|, its predecessor Q C Y. (3.21)

Indeed, if the conclusion is not satisfied, we may assume that there exits zg € @ such that zg ¢ Y, which
implies

My, (IVulPO) (o) < do and My o, (IFOFPT + 1) (0) < 620,

Thus,Aby the definition of M54R(|Vu|p('))(a:o) and Mf+U’Q4R(|f(-)\p(') + 1)(zo), for any Q C Qur with
o € Q, we get

H
Q

][ VulP® d < Ao and ( ][ (P 4 1)+ dx) < 5.
Q Q
Especially, we have
][ VulP® d < Ao and ( ][ (P 4 1)+ dz) < 5.
40 4Q
Then, similarly to the proof of Lemma 2, step 4 in [1], we will verify that
HzeQ: M, (IVuPD)(z) > Cido}| < &1|Q].
Qan 1Aog| =€

lior any z € Q, if Q' C Qg with T € Q' and its length ' > %, it follows from Q' N Q # 0 that there exists
Q@ C Q4g containing both @’ and @ and its length r"” < 2r + 1’ < 5¢/, then

) ~

][|Vu|p(“’) dr < — /|vu|p(z) dr = |Q/| ][|Vu|p(z) dz < 5N ).
, @1/ Q1]

Q Q Q

If Q' C Qup with z € Q' and its length #/ < %, then Q' C 2Q and

][ V™ do < M3 (IVulO) (@),
Q/

Therefore, for any x € Q, M54R(|Vu|p('))($) < maX{M§©(|Vu|p('))(m), 58 X\o}. By Lemma 3.3,
{2 € Q: M5 (IVuPV) (x) > 27+ F2CoA}| < a1,
then
IXNQ|=|{zeQ:M,,([VulfV)(z) > Ciro}| < [{z €Q: Mgé(|Vu|p('))(x) > 2P+ P20\ < e4]Q),

that is a contradiction.
Then, it follows from (3.20), (3.21) and Proposition 1 in [1] that

|X| < 81|Y|.
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Thus, we get
11 (Crho) < erpa(Ao) +e1p2(dN0)-

Next, by induction, we verify that for any n € N,

p1(CPXo) < efp(No) + Y g2 (6CT 7 N). (3.22)

=1

Firstly, we assume that u;(CF\o) < e¥pui(No) + Zle £l 12 (5C¥)\g). Then, repeating the above process,
we get

1 (C{H_l)\o) =1 (Olcf)\o) <ei (Cf)\o) + e1p2 (5CfA0)

1(No) +Z€l+1u2 5Ck /\0) +€1M2(5Cl)\0)

k+1
*61 [Ll )\0 +Z€1u2 Ck+1 l)\)

=1

Note that
/¢(|Vu|p(””))dx§ /¢(MQ4R(|VU|P<'>)(x)) dx
Qr Qr
:/ﬂl
0
Cl)\o oo CIL+1AO

p1(A) de(X).

|
o
=
=
(]

n=1 CT Ao
Using (1.9) and (3.22), we have

C1Xo

p1(N) do(N) < |Qr|d(Ciro) < |Qrlai (Cio)* ¢(1)

(=)

and

CP o -
Z CnJrl)\() /1,1 (Cl )\0)

M

3
Il
—
Q
=3
>
<]

NE

<

¢(C1"" ) {e?m(Ao) + D el (60T Ao) }

n=1 i=1

Take €1 < %C’fo‘l. It follows from (1.9) that

oo

Z (CTH o)t 1 (No) < Zal ¢(1)(CT " X0) M el (No) < ar 'é(1)(C1Ao)* Q|
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and

NE

@
Il
-
3
Il

>

n=11

(ZS C ntl )\0 51/L2((5C 72)\0)

B(C1 T No) el 2 (8CT " No)

%

M2

P (CTH TN et pa (CT No)

1

B
I

0

<.
Il

<ap 'O YN (2109) B(5CT o) 2 (SCE o)

i=1 k=0

< al_lClo‘l st Z ¢(5Cf)\0)ﬂ2 (5CfA0)
k=0

Then

/¢(|VUIP($)) dz < |Qrlay ' (C1ho)* ¢(1) + |Qrlay ' $(1)(C1ho)™
Gn

+aylCpeT Zq{) (6CFXo) 2 (6CT o). (3.23)
k=0

Define ¢(t) = ¢(t14+a) for any ¢ > 0. By (1.9), there exists a > 1 such that ¢(t) < %(Z(at). Then, as a
direct consequence of Theorem 2 in [18], we get

[0 08 ) ae s [F@I s
As MY, 0, (IFCPO + 1)(2) = (M, (IF (PO 1+ 1)(2)) T, we have
[ 608t 0 0, (1£OP + 1) (@) de = / (Mo, (17O + 1) @) d
Qr

Thus,

c / $(1£1P®) + 1) da > / S(Mi 1 00an (SO + 1) (2)) da

Qr Qr
— [ ey
0
5o o SCTTNo
- / p2(N) dp(A) + / p2(A) dp(A).
0 n=0 50,

Note that
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§Xo
[ 123 63) 2 pa820)6(0%0).
0
and using (1.9), we have
sCrting -
S [ mNde) = 3 (50N (65T ) - 6(5CT M)
n=0 §CT Ao n=0

> (1= 207 pa (567 20) 6 (6C7 o).

n=0

Thus

¢ [P+ 1) de = 30 (1 - a0 (50 20) (50T N

Qr n=0

It follows from (3.23) that

/ o (|VulP@) dz < 2|Qg|d(1)ar  (C1r0)™ + a7 CF16~1 (1 — ayCyet) ™ / o(IfP™) +1) da
Qr Qr

< {20(1)ar " (C120)™ + a7 OF1 67 (1 — apCr™) ') / o(I P +1) da.
Qr

Now, we complete the proof. O
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