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1. Introduction

Let Ω ⊂ R
N (N ≥ 2) be a bounded domain. We consider the weak solution of the following equation

div
((
A(x)∇u · ∇u

) p(x)−2
2 A(x)∇u

)
= div

(
|f |p(x)−2f

)
in Ω. (1.1)

The measurable coefficient matrix A(x) = (aij(x))N×N is bounded, i.e.

‖A‖∞ = sup
x∈Ω

∥∥A(x)
∥∥ < ∞, (1.2)

where ‖A(x)‖ = max1≤i,j≤N |aij(x)| and satisfies the uniformly elliptic condition: there exist positive con-
stants Λ1, Λ2 such that for almost every x ∈ Ω and every ξ ∈ R

N ,

Λ1|ξ|2 ≤ A(x)ξ · ξ ≤ Λ2|ξ|2. (1.3)

Here A(x) is not assumed to be symmetric and continuous. In this paper, assume that
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1 < p− ≤ p(x) ≤ p+ < +∞, (1.4)

where p+ = supx∈Ω p(x), p− = infx∈Ω p(x).
We will study (1.1) in the framework of variable exponent function spaces, the definitions of which will be

given in Section 2. Recall that u ∈ W
1,p(x)
loc (Ω) is a weak solution of problem (1.1), if for any φ ∈ W

1,p(x)
0 (Ω),∫

Ω

(
A(x)∇u · ∇u

) p(x)−2
2 A(x)∇u · ∇φdx =

∫
Ω

|f |p(x)−2f∇φdx. (1.5)

When p(x) is a constant, the regularity for (1.1) has been studied extensively. If A is the unitary matrix,
some related results were obtained by DiBenedetto and Manfredi [13] and Iwaniec [17]. Their methods
are based on maximal function inequalities and regularity theory for p-harmonic equation. The case of
bounded and uniformly continuous coefficients was studied by Morrey [23]. Di Fazio [12], Kinnunen and
Zhou [19] proved a local result for (1.1) provided that the coefficients are bounded functions of vanishing
mean oscillation. In [6,7], Byun, Wang and Zhou obtained global Lq gradient estimates for weak solution
to (1.1) with BMO coefficients. Recently, in [8,9,18,25], local Lq gradient estimates for the corresponding
equations were extended to estimates in Orlicz space.

When p(x) is a function, Acerbi and Mingione [1] treated integrability of gradient involving the following
equation

div
(
a(x,∇u)

)
= div

(
|f |p(x)−2f

)
in Ω, (1.6)

where a(x, ·) satisfies some continuity assumptions. Under the following geometric condition of p(x):∣∣p(x) − p(y)
∣∣ ≤ ω

(
|x− y|

)
, (1.7)

for any x, y ∈ Ω, where ω : R+ → R
+ is the modulus of continuity of p(x) satisfying

lim
R→0

ω(R) ln
(

1
R

)
= 0, (1.8)

they proved classical Lq estimates of weak solution u for (1.6): for any q > 1,

|f |p(x) ∈ Lq
loc(Ω) ⇒ |∇u|p(x) ∈ Lq

loc(Ω).

Motivated by their works, by using Calderón and Zygmund type covering arguments and Hardy–
Littlewood maximal function, we study higher integrability for (1.1). Under assumptions that A(x) is of
vanishing mean oscillation and |f |p(x) ∈ Lφ

loc(Ω), we obtain gradient estimates in Orlicz space for weak
solutions of (1.1). We assume that φ : R → [0,∞) is a convex, nondecreasing, even function and satisfies

a1

(
s

t

)α1

≤ φ(s)
φ(t) ≤ a2

(
s

t

)α2

, for 0 < s ≤ t, (1.9)

where 0 < a1 ≤ a2, 1 < α2 ≤ α1. Then, φ is an N -function satisfying �2∩
2-condition (refer to [3]). Orlicz
space Lφ(Ω) is the set of all measurable functions v : Ω → R satisfying∫

Ω

φ
(
|v|

)
dx < ∞.

For example, we could choose φ(t) = tα lnβ(1 + t), where α > 1, β > 0.
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Denote by |E| the Lebesgue measure of a measurable set E and define the mean value of a locally
integrable function v ∈ L1

loc(Ω) on a cube QR ⊂ Ω by

vQR
= −

∫
QR

v dx = |QR|−1
∫
QR

v dx,

where QR is a cube with side length 2R. We recall that a locally integrable function v is of bounded mean
oscillation, if

−
∫
QR

|v − vQR
| dx

is uniformly bounded as QR ranges over all cubes contained in Ω. If, in addition, we require that these
averages tend to zero uniformly as R tends to zero, we say that v is of vanishing mean oscillation and
denote v ∈ VMO(Ω).

The main difficulty here is that Eq. (1.1) exhibits the variable growth conditions and possesses more
complicated nonlinearities. Thus, some techniques used in the constant exponent case cannot be carried
out for the variable exponent case. In order to overcome this difficulty, we will combine with localization
technique associated to (1.1) and estimates in L logβ L spaces (refer to [1]). Then, we obtain the following
higher integrability for gradient of weak solution:

Theorem 1.1. Suppose that A is of vanishing mean oscillation, i.e. aij ∈ VMO(Ω) and |f |p(x) ∈ Lφ
loc(Ω)

with (1.9). Let u ∈ W 1,p(x)(Ω) be a weak solution to (1.1). Then, under assumptions (1.4), (1.7) and (1.8),
there exist 0 < R1 < R0 with Q4R0 ⊂⊂ Ω and σ0 > 0 such that for any (not necessarily concentric) cube
QR ⊂ QR1 , ∫

QR

φ
(
|∇u|p(x)) dx ≤ c

∫
QR

φ
(
|f |p(x) + 1

)
dx,

where c = c(p+, p−, α1, α2, a1, a2, σ,N,K,Λ1, Λ2, ‖A‖∞), K =
∫
Q4R0

(|∇u|p(x) + |f |p(x)(1+σ)) dx+1, 0 < σ <

min{σ0, p− − 1}.

2. Preliminaries

In the studies of a class of nonlinear problems with variable exponential growth, see for example [2,4,5,
10,15,16,27,21,22,26], variable exponent spaces play an important role. Since they were thoroughly studied
by O. Kovác̆ik and J. Rákosník [20], variable exponent spaces have been used to model various phenomena.
In [24], M. Růz̆ic̆ka presented the mathematical theory for the application of variable exponent Sobolev
spaces in electro-rheological fluids. As another application, Chen, Levine and Rao [11] suggested a model
for image restoration based on a variable exponent Laplacian.

For the convenience of reader, we recall some definitions and basic properties of variable exponent spaces
Lp(x)(Ω) and W 1,p(x)(Ω), where Ω ⊂ R

N is a domain. For a deeper treatment on these spaces, we refer to
[14]. Let P(Ω) be the set of all Lebesgue measurable functions p : Ω → [1,∞]. Denote

ρp(x)(u) =
∫

Ω\Ω∞

|u|p(x) dx + sup
x∈Ω∞

∣∣u(x)
∣∣,

where Ω∞ = {x ∈ Ω : p(x) = ∞}.
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The variable exponent Lebesgue space Lp(x)(Ω) is the class of all functions u such that ρp(x)(tu) < ∞,
for some t > 0. Lp(x)(Ω) is a Banach space equipped with the norm

‖u‖p(x) = inf
{
λ > 0 : ρp(x)(λu) ≤ 1

}
.

The variable exponent Sobolev space W 1,p(x)(Ω) is the class of all functions u ∈ Lp(x)(Ω) such that
|∇u| ∈ Lp(x)(Ω). W 1,p(x)(Ω) is a Banach space equipped with the norm

‖u‖1,p(x) = ‖u‖p(x) + ‖∇u‖p(x).

By W
1,p(x)
0 (Ω) we denote the subspace of W 1,p(x)(Ω) which is the closure of C∞

0 (Ω) with respect to the
norm ‖ · ‖1,p(x). We know that if Ω ⊂ R

N is a bounded domain and p ∈ C(Ω), ‖u‖1,p(x) and ‖∇u‖p(x) are
equivalent norms on W

1,p(x)
0 (Ω). Under the condition (1.4), W 1,p(x)(Ω) and W

1,p(x)
0 (Ω) are reflexive.

Next, we give some related definitions and notations involving Calderón and Zygmund type coverings
and Hardy–Littlewood maximal function.

Let Q0 ⊂ Ω be a cube, we denote by D(Q0) the class of those cubes, with sides parallel to those of Q0,
obtained by a positive, finite number of dyadic subdivisions of Q0. We call Q′ ∈ D(Q0) the predecessor of
Q if Q is obtained by exactly one dyadic subdivision from Q′.

For v ∈ L1(QR), the restricted Maximal Function Operator relative to QR is defined by

M∗
QR

(v)(x) = sup
Q⊆QR,x∈Q

−
∫
Q

∣∣v(y)∣∣ dy.
For s > 1, we define

M∗
s,QR

(v)(x) = sup
Q⊆QR,x∈Q

(
−
∫
Q

∣∣v(y)∣∣s dy) 1
s

.

Finally, we present the following local Lq-gradient estimate established in [1], which is useful in the proof
of main result in Section 3.

Theorem 2.1. Assume that hypotheses (1.4), (1.7), (1.8) are fulfilled and

∣∣a(x, ξ)∣∣ ≤ c
(
1 + |ξ|2

) p(x)−1
2 and c|ξ|p(x) − c ≤ a(x, ξ)ξ,

for almost every x ∈ Ω and every ξ ∈ R
N . Let |f |p(x) ∈ Lq

loc(Ω) with q > 1 and u ∈ W 1,p(x)(Ω) be a
weak solution of (1.6). Then, there exist R0 > 0 with Q4R0 ⊂⊂ Ω, 0 < σ0 < q − 1 such that for any (not
necessarily concentric) cube Q2R ⊂ Q4R0 ,

(
−
∫
QR

|∇u|p(x)(1+σ) dx

) 1
1+σ

≤ C −
∫
Q2R

|∇u|p(x) dx + C

(
−
∫
Q2R

|f |p(x)(1+σ) dx + 1
) 1

1+σ

, (2.1)

where 0 < σ ≤ σ0(p+, p−, N,K0, R0), C = C(p+, p−, N), K0 =
∫
Q4R0

(|∇u|p(x) + 1) dx.
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3. Main results

In this section, assume that hypotheses (1.4), (1.7), (1.8) are fulfilled and A is of vanishing mean os-
cillation. Let |f |p(x) ∈ Lφ

loc(Ω) with (1.9) and u ∈ W 1,p(x)(Ω) be a weak solution of (1.1). We study the
regularity for (1.1) and prove a local gradient estimate of u in Orlicz space.

Firstly, we prove a local Lq-gradient estimate of u. Using (1.9), we have

Lα1(Ω) ⊂ Lφ(Ω) ⊂ Lα2(Ω),

then |f |p(x) ∈ Lα2
loc(Ω). It follows from (1.2), (1.3) that for almost every x ∈ Ω and every ξ ∈ R

N ,

∣∣(A(x)ξ · ξ
) p(x)−2

2 A(x)ξ
∣∣ ≤ c|ξ|p(x)−1

and

c|ξ|p(x) ≤
(
A(x)ξ · ξ

) p(x)−2
2 A(x)ξ · ξ,

where c = c(p+, p−, Λ1, Λ2, ‖A‖∞). By Theorem 2.1, there exist R0 > 0, 0 < σ0 < α2 − 1 such that for any
(not necessarily concentric) cube Q2R ⊂ Q4R0 and 0 < σ ≤ σ0,(

−
∫
QR

|∇u|p(x)(1+σ) dx

) 1
1+σ

≤ C −
∫
Q2R

|∇u|p(x) dx + C

(
−
∫
Q2R

|f |p(x)(1+σ) dx + 1
) 1

1+σ

. (3.1)

Take 0 < σ < min{σ0, p− − 1}. Then |f |p(x) ∈ L1+σ
loc (Ω), which implies |∇u|p(x) ∈ L1+σ

loc (Ω).
For any ε ∈ (0, σ), by (1.8), there exists R1 < min{R0,

1
2
√
N
} such that for any R < R1,

ω(2
√
NR) < min

{
ε,

σ

4

}
and ω(2

√
NR) ln

(
1

2
√
NR

)
< ε. (3.2)

Denote AQ = ((aij)Q)N×N . Using (1.3), we get Λ1|ξ|2 ≤ AQξ · ξ ≤ Λ2|ξ|2 for any ξ ∈ R
N . As A is of

vanishing mean oscillation, we assume that for any R < R1,

−
∫
Q2R

‖A−AQ2R‖∞ dx < ε
p−−1
p−

σ
1+σ ,

which implies

(
−
∫
Q2R

‖A−AQ2R‖
p−

p−−1
1+σ
σ

∞ dx

) p−−1
p−

σ
1+σ

< cε, (3.3)

where c = c(p−, σ, ‖A‖∞).
For any R < R1, take Q̃ ⊂ QR with the side length 2r < R1. Next, under the following assumptions:

there exist λ > 1 and δ ∈ (0, 1) such that

−
∫
4Q̃

|∇u|p(x) dx ≤ λ (3.4)

and
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(
−
∫
4Q̃

(
|f |p(x) + 1

)1+σ
dx

) 1
1+σ

≤ δλ, (3.5)

where 4Q̃ is a cube with the same center as Q̃ and the side length 8r, several technical results will be
established. In the following, we derive two kinds of local gradient estimates of u.

Lemma 3.1. Denote p2 = supx∈2Q̃ p(x). Under assumptions (3.4) and (3.5), we obtain

−
∫
2Q̃

|∇u|p2 dx ≤ cλ (3.6)

and ∫
2Q̃

|∇u|p2 dx ≤ c, (3.7)

where c = c(p+, p−, σ,K,N) and K =
∫
Q4R0

(|∇u|p(x) + |f |p(x)(1+σ)) dx + 1.

Proof. For any x ∈ 2Q̃, using (1.7) we have

p2 ≤ p(x) + ω(4
√
Nr) ≤ p(x)

(
1 + ω(4

√
Nr)

)
≤ p(x)(1 + σ),

which implies |∇u| ∈ Lp2(2Q̃). It follows from (3.1), (3.2) and Hölder inequality that

−
∫
2Q̃

|∇u|p2 dx ≤ −
∫
2Q̃

(
|∇u|p(x)(1+ω(4

√
Nr)) + 1

)
dx

≤ c

{(
−
∫
4Q̃

|∇u|p(x) dx

)1+ω(4
√
Nr)

+ −
∫
4Q̃

(
|f |p(x)(1+ω(4

√
Nr) + 1

)
dx

}

= c

{
−
∫
4Q̃

|∇u|p(x) dx · |4Q̃|−ω(4
√
Nr)

(∫
4Q̃

|∇u|p(x) dx

)ω(4
√
Nr)

+
(
−
∫
4Q̃

(
|f |p(x)(1+ω(4

√
Nr) + 1

)
dx

) 1
1+ω(4

√
Nr)

|4Q̃|−
ω(4

√
Nr)

1+ω(4
√

Nr)

×
(∫
4Q̃

(
|f |p(x)(1+ω(4

√
Nr) + 1

)
dx

) ω(4
√

Nr)
1+ω(4

√
Nr)

}

≤ cr−Nω(4
√
Nr)

{
Kω(4

√
Nr) −

∫
4Q̃

|∇u|p(x) dx

+
(
−
∫
4Q̃

(
|f |p(x)(1+σ) + 1

)
dx

) 1
1+σ

(∫
4Q̃

(
|f |p(x)(1+σ) + 1

)
dx

) ω(4
√

Nr)
1+ω(4

√
Nr)

}

≤ cr−Nω(4
√
Nr)Kσλ,
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where c = c(p+, p−, σ,K,N). Note that

r−Nω(4
√
Nr) = eln r−Nω(4

√
Nr)

= eNω(4
√
Nr) ln(4

√
N)eNω(4

√
Nr) ln 1

4
√

Nr .

Using (3.2), we obtain

r−Nω(4
√
Nr) ≤ c,

where c = c(σ,N), then

−
∫
2Q̃

|∇u|p2 dx ≤ cλ,

where c = c(p+, p−, σ,K,N). Similarly, we get∫
2Q̃

|∇u|p2 dx ≤
∫
2Q̃

(
|∇u|p(x)(1+ω(4

√
Nr) + 1

)
dx

= |2Q̃| −
∫
2Q̃

(
|∇u|p(x)(1+ω(4

√
Nr)) + 1

)
dx

≤ c|2Q̃|
{(

−
∫
4Q̃

|∇u|p(x) dx

)1+ω(4
√
Nr)

+ −
∫
4Q̃

(
|f |p(x)(1+ω(4

√
Nr) + 1

)
dx

}

≤ c

{
|2Q̃| · |4Q̃|−1−ω(4

√
Nr)

(∫
4Q̃

|∇u|p(x) dx

)1+ω(4
√
Nr)

+
∫
4Q̃

(
|f |p(x)(1+σ) + 1

)
dx

}

≤ cr−Nω(4
√
Nr)K1+σ + cK

≤ c,

where c = c(p+, p−, σ,K,N). Now, we complete the proof. �
Let v ∈ W 1,p2(2Q̃) with v − u ∈ W 1,p2

0 (2Q̃) be the weak solution for the following equation{
div

(
(A2Q̃∇v · ∇v)

p2−2
2 A2Q̃∇v

)
= 0 x ∈ 2Q̃,

v(x) = u(x) x ∈ ∂(2Q̃),

i.e. for any ϕ ∈ W 1,p2
0 (2Q̃), ∫

2Q̃

(A2Q̃∇v · ∇v)
p2−2

2 A2Q̃∇v∇ϕdx = 0. (3.8)

Using the Lq estimates of the above equation (refer to inequalities (2.2) and (2.3) in [13]), we get

‖∇v‖L∞( 3
2 Q̃) ≤ c

(
−
∫
˜
|∇v|p2 dx

) 1
p2

≤ c

(
−
∫
˜
|∇u|p2 dx

) 1
p2
,

2Q 2Q
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where c = c(p+, p−, σ, Λ1, Λ2, N). Then, it follows from (3.6) that

‖∇v‖L∞( 3
2 Q̃) ≤ c

(
−
∫
2Q̃

|∇u|p2 dx

) 1
p2

≤ cλ
1
p2 � (C0λ)

1
p2 ,

where c = c(p+, p−, σ, Λ1, Λ2,K,N). Thus, for any x ∈ 3
2Q̃,

M∗
3
2 Q̃

(
|∇v|p2

)
(x) ≤ C0λ. (3.9)

Next, based on the above regularity results (3.6), (3.7) and (3.9), we give a comparison estimate associated
to u and v in 2Q̃. In the proof of the following comparison result, we will use estimates in L logβ L spaces
(refer to [1]) several times.

Lemma 3.2. There exists δ0 ∈ (0, 1) such that for any 0 < δ < δ0, if hypotheses (3.4) and (3.5) are fulfilled,
then

−
∫
2Q̃

|∇u−∇v|p2 dx ≤ cε
p2

p2−1λ, (3.10)

where c = c(p+, p−, σ,K,N,Λ1, Λ2, ‖A‖∞).

Proof. Choosing ϕ = u− v as a test function in (1.5) and (3.8), respectively, we get∫
2Q̃

(
(A2Q̃∇u · ∇u)

p2−2
2 A2Q̃∇u− (A2Q̃∇v · ∇v)

p2−2
2 A2Q̃∇v

)
∇(u− v) dx

=
∫
2Q̃

(A2Q̃∇u · ∇u)
p2−2

2 A2Q̃∇u · ∇(u− v) dx−
∫
2Q̃

(A∇u · ∇u)
p(x)−2

2 A∇u · ∇(u− v) dx

+
∫
2Q̃

|f |p(x)−2f∇(u− v) dx

=
∫
2Q̃

(
(A2Q̃∇u · ∇u)

p2−2
2 A2Q̃∇u− (A2Q̃∇u · ∇u)

p(x)−2
2 A2Q̃∇u

)
∇(u− v) dx

+
∫
2Q̃

(
(A2Q̃∇u · ∇u)

p(x)−2
2 A2Q̃∇u− (A∇u · ∇u)

p(x)−2
2 A∇u

)
∇(u− v) dx

+
∫
2Q̃

|f |p(x)−2f∇(u− v) dx.

From the algebraic inequalities (refer to inequalities (3.14) and (3.23) in [19]): for any ξ, η ∈ R
N ,

|ξ − η|q ≤ c
(
(A2Q̃ξ · ξ)

q−2
2 A2Q̃ξ − (A2Q̃η · η) q−2

2 A2Q̃η
)
(ξ − η),

if 2 ≤ q < ∞ and

|ξ − η|q ≤ cθ
q−2
q
(
(A ˜ξ · ξ) q−2

2 A ˜ξ − (A ˜η · η) q−2
2 A ˜η)(ξ − η) + θ|η|q,
2Q 2Q 2Q 2Q
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if 1 < q < 2, where θ ∈ (0, 1), we get:
(i) The case p2 ≥ 2. By the Young inequality, for any τ ∈ (0, 1),∫
2Q̃

|∇u−∇v|p2 dx

≤ c

∫
2Q̃

(
(A2Q̃∇u · ∇u)

p2−2
2 A2Q̃∇u− (A2Q̃∇v · ∇v)

p2−2
2 A2Q̃∇v

)
∇(u− v) dx

≤ τ

∫
2Q̃

|∇u−∇v|p2 dx + c(τ)
∫
2Q̃

∣∣(A2Q̃∇u · ∇u)
p2−2

2 A2Q̃∇u− (A2Q̃∇u · ∇u)
p(x)−2

2 A2Q̃∇u
∣∣ p2
p2−1 dx

+ c(τ)
∫
2Q̃

|f |
p(x)−1
p2−1 p2 dx + c(τ)

∫
2Q̃

∣∣(A2Q̃∇u · ∇u)
p(x)−2

2 A2Q̃∇u− (A∇u · ∇u)
p(x)−2

2 A∇u
∣∣ p2
p2−1 dx,

which implies∫
2Q̃

|∇u−∇v|p2 dx

≤ c

∫
2Q̃

|f |
p(x)−1
p2−1 p2 dx + c

∫
2Q̃

∣∣(A2Q̃∇u · ∇u)
p2−2

2 A2Q̃∇u− (A2Q̃∇u · ∇u)
p(x)−2

2 A2Q̃∇u
∣∣ p2
p2−1 dx

+ c

∫
2Q̃

∣∣(A2Q̃∇u · ∇u)
p(x)−2

2 A2Q̃∇u− (A∇u · ∇u)
p(x)−2

2 A∇u
∣∣ p2
p2−1 dx. (3.11)

(ii) The case 1 < p2 < 2. For θ, τ ∈ (0, 1), we get∫
2Q̃

|∇u−∇v|p2 dx

≤ θ

∫
2Q̃

|∇u|p2 dx + cθ
p2−2
p2

∫
2Q̃

|f |p(x)−2f∇(u− v) dx

+ cθ
p2−2
p2

∫
2Q̃

(
(A2Q̃∇u · ∇u)

p2−2
2 A2Q̃∇u− (A2Q̃∇u · ∇u)

p(x)−2
2 A2Q̃∇u

)
∇(u− v) dx

+ cθ
p2−2
p2

∫
2Q̃

(
(A2Q̃∇u · ∇u)

p(x)−2
2 A2Q̃∇u− (A∇u · ∇u)

p(x)−2
2 A∇u

)
∇(u− v) dx

≤ θ

∫
2Q̃

|∇u|p2 dx + cθ
p2−2
p2 τ

∫
2Q̃

|∇u−∇v|p2 dx + c(τ)θ
p2−2
p2

∫
2Q̃

|f |
p(x)−1
p2−1 p2 dx

+ c(τ)θ
p2−2
p2

∫
2Q̃

∣∣(A2Q̃∇u · ∇u)
p2−2

2 A2Q̃∇u− (A2Q̃∇u · ∇u)
p(x)−2

2 A2Q̃∇u
∣∣ p2
p2−1 dx

+ c(τ)θ
p2−2
p2

∫
˜
∣∣(A2Q̃∇u · ∇u)

p(x)−2
2 A2Q̃∇u− (A∇u · ∇u)

p(x)−2
2 A∇u

∣∣ p2
p2−1 dx.
2Q
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Take τ sufficiently small, we obtain∫
2Q̃

|∇u−∇v|p2 dx

≤ 2θ
∫
2Q̃

|∇u|p2 dx + c(θ)
∫
2Q̃

|f |
p(x)−1
p2−1 p2 dx

+ c(θ)
∫
2Q̃

∣∣(A2Q̃∇u · ∇u)
p2−2

2 A2Q̃∇u− (A2Q̃∇u · ∇u)
p(x)−2

2 A2Q̃∇u
∣∣ p2
p2−1 dx

+ c(θ)
∫
2Q̃

∣∣(A2Q̃∇u · ∇u)
p(x)−2

2 A2Q̃∇u− (A∇u · ∇u)
p(x)−2

2 A∇u
∣∣ p2
p2−1 dx. (3.12)

By Hölder inequality, we get

−
∫
2Q̃

|f |
p(x)−1
p2−1 p2 dx ≤ −

∫
2Q̃

(
|f |p(x) + 1

)
dx

≤
(
−
∫
2Q̃

(
|f |p(x) + 1

)1+σ
dx

) 1
1+σ

≤ 2Nδλ. (3.13)

In the following, we consider
∫
2Q̃ |(A2Q̃∇u · ∇u)

p2−2
2 A2Q̃∇u− (A2Q̃∇u · ∇u)

p(x)−2
2 A2Q̃∇u|

p2
p2−1 dx.

For any x ∈ 2Q̃, there exists γ ∈ (0, 1) such that

(A2Q̃∇u · ∇u)
p2−2

2 A2Q̃∇u− (A2Q̃∇u · ∇u)
p(x)−2

2 A2Q̃∇u

= p2 − p(x)
2 ln(A2Q̃∇u · ∇u)(A2Q̃∇u · ∇u)

(1−γ)(p(x)−2)+γ(p2−2)
2 A2Q̃∇u,

then ∫
2Q̃

∣∣(A2Q̃∇u · ∇u)
p2−2

2 A2Q̃∇u− (A2Q̃∇u · ∇u)
p(x)−2

2 A2Q̃∇u
∣∣ p2
p2−1 dx

≤ c

∫
2Q̃

∣∣ω(4
√
Nr)|∇u|(1−γ)(p(x)−2)+γ(p2−2)+1(| lnΛ1| + | lnΛ2| +

∣∣ln |∇u|
∣∣)∣∣ p2

p2−1 dx, (3.14)

where c = c(p+, p−, Λ2, N, ‖A‖∞). Note that∫
2Q̃

∣∣|∇u|(1−γ)(p(x)−2)+γ(p2−2)+1(| lnΛ1| + | lnΛ2| +
∣∣ln |∇u|

∣∣)∣∣ p2
p2−1 dx

=
∫

{x∈2Q̃:|∇u(x)|>e}

∣∣|∇u|(1−γ)(p(x)−2)+γ(p2−2)+1(| lnΛ1| + | lnΛ2| +
∣∣ln |∇u|

∣∣)∣∣ p2
p2−1 dx

+
∫

˜
∣∣|∇u|(1−γ)(p(x)−2)+γ(p2−2)+1(| lnΛ1| + | lnΛ2| +

∣∣ln |∇u|
∣∣)∣∣ p2

p2−1 dx
{x∈2Q:|∇u(x)|≤e}
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≤ c

∫
2Q̃

|∇u|p2 ln
p2

p2−1
(
e + |∇u|p2

)
dx + c|2Q̃|

≤ c|2Q̃| −
∫
2Q̃

|∇u|p2 ln
p2

p2−1
(
e + |∇u|p2

∥∥|∇u|p2
∥∥−1

1

)
dx

+ c|2Q̃| −
∫
2Q̃

|∇u|p2 ln
p2

p2−1
(
e +

∥∥|∇u|p2
∥∥

1

)
dx + c|2Q̃|, (3.15)

where c = c(p+, p−, Λ1, Λ2), ‖|∇u|p2‖1 = −
∫

2Q̃ |∇u|p2 dx.
For any x ∈ 2Q̃, we get

p2

(
1 + σ

4

)
≤

(
p(x) + ω(4

√
Nr)

)(
1 + σ

4

)
≤ p(x)

(
1 + σ

4

)
+ ω(4

√
Nr)p−

≤ p(x)
(

1 + σ

4 + ω(4
√
Nr)

)
.

Using estimate in L logβ L (refer to (28) in [1]), we obtain

−
∫
2Q̃

|∇u|p2 ln
p2

p2−1
(
e + |∇u|p2

∥∥|∇u|p2
∥∥−1

1

)
dx ≤ c

(
−
∫
2Q̃

|∇u|p2(1+σ
4 ) dx

) 1
1+σ

4
.

Then, similarly to the proof of (3.6) in Lemma 3.1,

−
∫
2Q̃

|∇u|p2 ln
p2

p2−1
(
e + |∇u|p2

∥∥|∇u|p2
∥∥−1

1

)
dx

≤ c

(
−
∫
2Q̃

|∇u|p2(1+σ
4 ) dx

) 1
1+σ

4

≤ c

(
−
∫
2Q̃

|∇u|p(x)(1+σ
4 +ω(4

√
Nr) dx + 1

) 1
1+σ

4

≤ cλ, (3.16)

where c = c(p+, p−, σ,K,N) and further

−
∫
2Q̃

|∇u|p2 ln
p2

p2−1
(
e +

∥∥|∇u|p2
∥∥

1

)
dx

= |2Q̃|−1
∫
2Q̃

|∇u|p2 dx · ln
p2

p2−1

(
|2Q̃|−1 · |2Q̃|e + |2Q̃|−1

∫
2Q̃

|∇u|p2 dx

)

≤ c|2Q̃|−1
{∫

˜
|∇u|p2 dx ·

∣∣ln(|2Q̃|−1)∣∣ p2
p2−1 +

∫
˜
|∇u|p2 dx ·

∣∣∣∣ln(|2Q̃|e +
∫
˜
|∇u|p2 dx

)∣∣∣∣
p2

p2−1
}

2Q 2Q 2Q
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≤ c −
∫
2Q̃

|∇u|p2 dx ·
∣∣ln(|2Q̃|−1)∣∣ p2

p2−1 + c

(
|2Q̃|e +

∫
2Q̃

|∇u|p2 dx

)1+σ

≤ c −
∫
2Q̃

|∇u|p2 dx ·
∣∣ln(|2Q̃|−1)∣∣ p2

p2−1 + c

(
|2Q̃|e +

∫
2Q̃

|∇u|p2 dx

)σ

·
(
e + −

∫
2Q̃

|∇u|p2 dx

)
,

where c = c(p+, p−, σ). It follows from Lemma 3.1 that

−
∫
2Q̃

|∇u|p2 ln
p2

p2−1
(
e +

∥∥|∇u|p2
∥∥

1

)
dx ≤ cKσλ ln

p2
p2−1

(
|2Q̃|−1) + cKσ(1+σ)(e + cKσλ

)
≤ cKσλ ln

p2
p2−1

(
|2Q̃|−1) + cKσ(2+σ)λ, (3.17)

where c = c(p+, p−, σ,N). Then, using (3.14)–(3.17) we get

−
∫
2Q̃

∣∣(A2Q̃∇u · ∇u)
p2−2

2 A2Q̃∇u− (A2Q̃∇u · ∇u)
p(x)−2

2 A2Q̃∇u
∣∣ p2
p2−1 dx

≤ cω(4
√
Nr)

p2
p2−1

(
Kσ ln

p2
p2−1

(
|2Q̃|−1) + Kσ(2+σ))λ

≤ cε
p2

p2−1λ, (3.18)

where c = c(p+, p−, σ,K,N).
Next, we consider −

∫
2Q̃ |(A2Q̃∇u · ∇u)

p(x)−2
2 A2Q̃∇u− (A∇u · ∇u)

p(x)−2
2 A∇u|

p2
p2−1 dx. For any ξ ∈ R

N , we
get

∣∣(A2Q̃ξ · ξ)
p(x)−2

2 A2Q̃ξ − (Aξ · ξ)
p(x)−2

2 Aξ
∣∣ ≤ ‖A−A2Q̃‖∞|ξ|p(x)−1.

Using Hölder inequality and (3.3), we have

−
∫
2Q̃

∣∣(A2Q̃∇u · ∇u)
p(x)−2

2 A2Q̃∇u− (A∇u · ∇u)
p(x)−2

2 A∇u
∣∣ p2
p2−1 dx

≤ c −
∫
2Q̃

‖A−A2Q̃‖
p2

p2−1
∞ |∇u|(p(x)−1) p2

p2−1 dx

≤ c −
∫
2Q̃

‖A−A2Q̃‖
p2

p2−1
∞

(
|∇u|p(x) + 1

)
dx

≤ c

(
−
∫
2Q̃

‖A−A2Q̃‖
p2

p2−1
1+σ
σ

∞ dx

) σ
1+σ

(
−
∫
2Q̃

(
|∇u|p(x) + 1

)1+σ
dx

) 1
1+σ

≤ cε
p2

p2−1

{
−
∫
4Q̃

|∇u|p(x) dx +
(
−
∫
4Q̃

(
|f |p(x)(1+σ) + 1

)
dx

) 1
1+σ

}

≤ cε
p2

p2−1λ, (3.19)

where c = c(p+, p−, N, Λ1, Λ2, ‖A‖∞).
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It follows from (3.11)–(3.13), (3.18) and (3.19) that

−
∫
2Q̃

|∇u−∇v|p2 dx ≤ 2θ −
∫
2Q̃

|∇u|p2 dx + c(θ)2Nδλ + c(θ)cε
p2

p2−1λ + cε
p2

p2−1λ

≤ cθλ + c(θ)2Nδλ + c(θ)ε
p2

p2−1λ + cε
p2

p2−1λ,

where c = c(p+, p−, σ,K,N,Λ1, Λ2, ‖A‖∞). Take θ, δ sufficiently small, we obtain

−
∫
2Q̃

|∇u−∇v|p2 dx ≤ cε
p2

p2−1λ,

where c = c(p+, p−, σ,K,N,Λ1, Λ2, ‖A‖∞). Now, we complete the proof. �
From Lemma 3.2, we get the following result, which will be used in the proof of Theorem 1.1.

Lemma 3.3. Assume that hypotheses (3.4) and (3.5) with 0 < δ < δ0 are fulfilled, where δ0 is from Lemma 3.2.
For any cube Q ∈ D(QR), if Q̃ ∈ D(QR) and it is the predecessor of Q, then∣∣{x ∈ Q : M∗

3
2 Q̃

(
|∇u|p(·)

)
(x) > 2p++2C0λ

}∣∣ ≤ ε1|Q|,

where ε1 = c(p+, p−, σ,K,N,Λ1, Λ2, ‖A‖∞)ε
p2

p2−1 .

Proof. Note that

|∇u|p2 ≤ 2p+ |∇u−∇v|p2 + 2p+ |∇v|p2 .

Take Q ∈ D(QR). Then, for any x ∈ Q,

M∗
3
2 Q̃

(
|∇u|p2

)
(x) ≤ 2p+M∗

3
2 Q̃

(
|∇u−∇v|p2

)
(x) + 2p+M∗

3
2 Q̃

(
|∇v|p2

)
(x).

As M∗
3
2 Q̃

is weak (1, 1) type, it follows from (3.9) and (3.10) that

∣∣{x ∈ Q : M∗
3
2 Q̃

(
|∇u|p2

)
(x) > 2p++1C0λ

}∣∣
≤

∣∣{x ∈ Q : 2p+M∗
3
2 Q̃

(
|∇u−∇v|p2

)
(x) > 2p+C0λ

}∣∣ +
∣∣{x ∈ Q : 2p+M∗

3
2 Q̃

(
|∇v|p2

)
(x) > 2p+C0λ

}∣∣
=

∣∣{x ∈ Q : 2p+M∗
3
2 Q̃

(
|∇u−∇v|p2

)
(x) > 2p+C0λ

}∣∣
≤ c(N)

C0λ

∫
3
2 Q̃

|∇u−∇v|p2 dx

≤ c(N)
C0λ

cε
p2

p2−1λ|2Q̃|

≤ cε
p2

p2−1 |Q|,

where c = c(p+, p−, σ,K,N,Λ1, Λ2, ‖A‖∞) and c(N) is the constant in weak (1, 1) type estimate for M∗
3
2 Q̃

.

For any y ∈ 2Q̃, 1 ≤ p(y) ≤ p2, then |∇u|p(y) ≤ |∇u|p2 + 1. By using the definition of the Maximal
Function Operator in Section 2, we have
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M∗
3
2 Q̃

(
|∇u|p(·)

)
(x) ≤ M∗

3
2 Q̃

(
|∇u|p2 + 1

)
(x) ≤ M∗

3
2 Q̃

(
|∇u|p2

)
(x) + 1.

If M∗
3
2 Q̃

(|∇u|p(·))(x) > 2p++2C0λ, we have

2p++2C0λ < M∗
3
2 Q̃

(
|∇u|p(·)

)
(x) ≤ M∗

3
2 Q̃

(
|∇u|p2

)
(x) + 1.

Then,

M∗
3
2 Q̃

(
|∇u|p2

)
(x) > 2p++2C0λ− 1 = 2p++1C0λ + 2p++1C0λ− 1.

As C0 > 1, λ > 1, we get 2p++1C0λ− 1 > 0. Then,

M∗
3
2 Q̃

(
|∇u|p2

)
(x) > 2p++1C0λ,

which implies∣∣{x ∈ Q : M∗
3
2 Q̃

(
|∇u|p(·)

)
(x) > 2p++2C0λ

}∣∣ ≤ ∣∣{x ∈ Q : M∗
3
2 Q̃

(
|∇u|p2

)
(x) > 2p++1C0λ

}∣∣.
Thus ∣∣{x ∈ Q : M∗

3
2 Q̃

(
|∇u|p(·)

)
(x) > 2p++2C0λ

}∣∣ ≤ cε
p2

p2−1 |Q| � ε1|Q|.

Now, we complete the proof. �
Finally, by using a consequence of a Calderón and Zygmund type covering argument (refer to Proposition 1

in [1]), we complete the proof of the main result.

Proof of Theorem 1.1. Take λ0 = c(N)4N

ε1
−
∫
Q4R

|∇u|p(x) dx+1, where ε1 is from Lemma 3.3 and c(N) is the
constant in weak (1, 1) type estimate for M∗

3
2 Q̃

. Denote

μ1(t) =
∣∣{x ∈ QR : M∗

Q4R

(
|∇u|p(·)

)
(x) > t

}∣∣,
μ2(t) =

∣∣{x ∈ QR : M∗
1+σ,Q4R

(∣∣f(·)
∣∣p(·) + 1

)
(x) > t

}∣∣.
Then

μ1(λ0) ≤
c(N)
λ0

∫
Q4R

|∇u|p(x) dx ≤ ε1|QR|.

Take C1 = 2p++2C0 + 5N + a2 > 1, we get μ1(C1λ0) ≤ μ1(λ0) ≤ ε1|QR|.
Take 0 < δ < δ0 and denote

X =
{
x ∈ QR : M∗

Q4R

(
|∇u|p(·)

)
(x) > C1λ0

}
,

Y =
{
x ∈ QR : M∗

Q4R

(
|∇u|p(·)

)
(x) > λ0

}
∪
{
x ∈ QR : M∗

1+σ,Q4R0

(
|f(·)|p(·) + 1

)
(x) > δλ0

}
,

where δ0 is from Lemma 3.2. Then

X ⊂ Y ⊂ QR and |X| < ε1|QR|. (3.20)
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In the following, we verify that for any Q ∈ D(QR),

if |X ∩Q| > ε1|Q|, its predecessor Q̃ ⊂ Y. (3.21)

Indeed, if the conclusion is not satisfied, we may assume that there exits x0 ∈ Q̃ such that x0 /∈ Y , which
implies

M∗
Q4R

(
|∇u|p(·)

)
(x0) ≤ λ0 and M∗

1+σ,Q4R

(∣∣f(·)
∣∣p(·) + 1

)
(x0) ≤ δλ0.

Thus, by the definition of M∗
Q4R

(|∇u|p(·))(x0) and M∗
1+σ,Q4R

(|f(·)|p(·) + 1)(x0), for any Q̂ ⊆ Q4R with
x0 ∈ Q̂, we get

−
∫
Q̂

|∇u|p(x) dx ≤ λ0 and
(
−
∫
Q̂

(
|f |p(x) + 1

)1+σ
dx

) 1
1+σ

≤ δλ0.

Especially, we have

−
∫
4Q̃

|∇u|p(x) dx ≤ λ0 and
(
−
∫
4Q̃

(
|f |p(x) + 1

)1+σ
dx

) 1
1+σ

≤ δλ0.

Then, similarly to the proof of Lemma 2, step 4 in [1], we will verify that∣∣{x ∈ Q : M∗
Q4R

(
|∇u|p(·)

)
(x) > C1λ0

}∣∣ ≤ ε1|Q|.

For any x ∈ Q, if Q′ ⊆ Q4R with x ∈ Q′ and its length r′ ≥ r
2 , it follows from Q′ ∩ Q̃ �= ∅ that there exists

Q̂ ⊆ Q4R containing both Q′ and Q̃ and its length r′′ ≤ 2r + r′ ≤ 5r′, then

−
∫
Q′

|∇u|p(x) dx ≤ 1
|Q′|

∫
Q̂

|∇u|p(x) dx = |Q̂|
|Q′| −

∫
Q̂

|∇u|p(x) dx ≤ 5Nλ0.

If Q′ ⊆ Q4R with x ∈ Q′ and its length r′ ≤ r
2 , then Q′ ⊆ 3

2Q̃ and

−
∫
Q′

|∇u|p(x) dx ≤ M∗
3
2 Q̃

(
|∇u|p(·)

)
(x).

Therefore, for any x ∈ Q, M∗
Q4R

(|∇u|p(·))(x) ≤ max{M∗
3
2 Q̃

(|∇u|p(·))(x), 5Nλ0}. By Lemma 3.3,

∣∣{x ∈ Q : M∗
3
2 Q̃

(
|∇u|p(·)

)
(x) > 2p++2C0λ

}∣∣ ≤ ε1|Q|,

then

|X ∩Q| =
∣∣{x ∈ Q : M∗

Q4R

(
|∇u|p(·)

)
(x) > C1λ0

}∣∣ ≤ ∣∣{x ∈ Q : M∗
3
2 Q̃

(
|∇u|p(·)

)
(x) > 2p++2C0λ

}∣∣ ≤ ε1|Q|,

that is a contradiction.
Then, it follows from (3.20), (3.21) and Proposition 1 in [1] that

|X| < ε1|Y |.
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Thus, we get

μ1(C1λ0) ≤ ε1μ1(λ0) + ε1μ2(δλ0).

Next, by induction, we verify that for any n ∈ N,

μ1
(
Cn

1 λ0
)
≤ εn1μ1(λ0) +

n∑
i=1

εi1μ2
(
δCn−i

1 λ0
)
. (3.22)

Firstly, we assume that μ1(Ck
1λ0) ≤ εk1μ1(λ0) +

∑k
i=1 ε

i
1μ2(δCk−i

1 λ0). Then, repeating the above process,
we get

μ1
(
Ck+1

1 λ0
)

= μ1
(
C1C

k
1λ0

)
≤ ε1μ1

(
Ck

1λ0
)

+ ε1μ2
(
δCk

1λ0
)

≤ εk+1
1 μ1(λ0) +

k∑
i=1

εi+1
1 μ2

(
δCk−i

1 λ0
)

+ ε1μ2
(
δCk

1λ0
)

= εk+1
1 μ1(λ0) +

k+1∑
i=1

εi1μ2
(
δCk+1−i

1 λ0
)
.

Note that ∫
QR

φ
(
|∇u|p(x)) dx ≤

∫
QR

φ
(
MQ4R

(
|∇u|p(·)

)
(x)

)
dx

=
∞∫
0

μ1(λ) dφ(λ)

=
C1λ0∫
0

μ1(λ) dφ(λ) +
∞∑

n=1

Cn+1
1 λ0∫

Cn
1 λ0

μ1(λ) dφ(λ).

Using (1.9) and (3.22), we have

C1λ0∫
0

μ1(λ) dφ(λ) ≤ |QR|φ(C1λ0) ≤ |QR|a−1
1 (C1λ0)α1φ(1)

and

∞∑
n=1

Cn+1
1 λ0∫

Cn
1 λ0

μ1(λ) dφ(λ) ≤
∞∑

n=1
φ
(
Cn+1

1 λ0
)
μ1

(
Cn

1 λ0
)

≤
∞∑

n=1
φ
(
Cn+1

1 λ0
){

εn1μ1(λ0) +
n∑

i=1
εi1μ2

(
δCn−i

1 λ0
)}

.

Take ε1 < 1
2C

−α1
1 . It follows from (1.9) that

∞∑
φ
(
Cn+1

1 λ0
)
εn1μ1(λ0) ≤

∞∑
a−1
1 φ(1)

(
Cn+1

1 λ0
)α1

εn1μ1(λ0) ≤ a−1
1 φ(1)(C1λ0)α1 |QR|
n=1 n=1
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and

∞∑
n=1

n∑
i=1

φ
(
Cn+1

1 λ0
)
εi1μ2

(
δCn−i

1 λ0
)

=
∞∑
i=1

∞∑
n=i

φ
(
Cn+1

1 λ0
)
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(
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1 λ0
)
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∞∑
i=1

∞∑
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φ
(
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)
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(
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)
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1 Cα1
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(
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1
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(
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1 Cα1
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∞∑
k=0

φ
(
δCk

1λ0
)
μ2

(
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)
.

Then ∫
QR

φ
(
|∇u|p(x)) dx ≤ |QR|a−1

1 (C1λ0)α1φ(1) + |QR|a−1
1 φ(1)(C1λ0)α1

+ a−1
1 Cα1

1 δ−α1

∞∑
k=0

φ
(
δCk

1λ0
)
μ2

(
δCk

1λ0
)
. (3.23)

Define φ̃(t) = φ(t
1

1+σ ) for any t > 0. By (1.9), there exists a > 1 such that φ̃(t) < 1
2a φ̃(at). Then, as a

direct consequence of Theorem 2 in [18], we get∫
QR

φ̃
(
M∗

Q4R

(∣∣f(·)
∣∣p(·)(1+σ) + 1

)
(x)

)
dx ≤ c

∫
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As M∗
1+σ,Q4R

(|f(·)|p(·) + 1)(x) = (M∗
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1

1+σ , we have
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Thus,

c
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(
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)
dx ≥

∫
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Note that
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δλ0∫
0

μ2(λ) dφ(λ) ≥ μ2(δλ0)φ(δλ0),

and using (1.9), we have

∞∑
n=0

δCn+1
1 λ0∫

δCn
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(
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Thus

c

∫
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.

It follows from (3.23) that∫
QR

φ
(
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1 δ−α1
(
1 − a2C

−α1
1

)−1
∫
QR

φ
(
|f |p(x) + 1

)
dx

≤
{
2φ(1)a−1

1 (C1λ0)α1 + a−1
1 Cα1

1 δ−α1
(
1 − a2C

−α1
1

)−1} ∫
QR

φ
(
|f |p(x) + 1

)
dx.

Now, we complete the proof. �
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