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and nonlocal conservation laws are obtained from the linearized equations of the
SG equation and its BT. Furthermore, one can derive infinitely many nonlocal

I{I{zﬁﬁigfss'ymmetry symmetries from a known nonlocal symmetry, but also infinitely many nonlocal
Local and nonlocal conservation law conservation laws from a known nonlocal conservation law. In addition, infinitely
Bicklund transformation many local and nonlocal conservation laws can be directly generated from the BT
Sine—Gordon equation through the parameter expansion procedure.
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1. Introduction

Symmetries and conservation laws belong to the central studies of nonlinear evolutional equations. Es-
pecially, one nonlinear partial differential equation (NPDE) is believed to be integral in the sense that it
possesses infinite number of symmetries or conservation laws. Besides, one can construct one or more conser-
vation laws from one known symmetry, but almost all the conservation laws of PDEs may not have physical
interpretations except for several well-known cases, such as the invariance of the spatial transformation
ensures the conservation of momentum and the invariance of the temporal transformation guarantees the
energy conservation.

There are many effective methods to find symmetries and conservation laws of a PDE. Generally, one
can use the classical Lie group approach, or equivalently, the symmetry approach, to discover classical Lie
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symmetries, while nonclassical Lie symmetries (conditional symmetries) can be obtained by means of the
nonclassical Lie group approach involving the prolongation structures [17,2]. Both of them can be recovered
by the direct method [3,8,12] without using any group theory. However, these methods cannot be applied
directly to find nonlocal symmetries and even higher order local symmetries. Up to now, various nonlocal
symmetries have been investigated such as the potential symmetries which can be obtained by applying
the Lie group approach to the potential form of the given system. Another type of well-studied nonlocal
symmetries is the so-called eigenfunction symmetries [9,16,15,10]. Recently, nonlocal symmetries related to
the Darboux transformation for the potential Korteweg—de Vries (KdV) equation have been used to obtain
explicit interesting interacting wave solutions and new integrable models [5]. Nonlocal symmetries related
to the Bécklund transformations (BTs) for the KdV equation have also been used to explore new explicit
analytic interaction solutions [11]. In addition, the residual symmetry, which is actually related to the BT,
was proposed and thus obtained for the supersymmetric KdV (SKdV) equation through the truncated
Painlevé expansion method [4]. The BT related nonlocal symmetries have been used to find symmetry
reduction solutions of the bosonized SKdV system, which results in the progress of a more generalized tanh
function expansion method to unearth many more exact solutions.

It is known that conservation laws have a close relation with symmetries, and moreover, have many
important applications [1]. In addition to the description of physical conserved quantities such as mass,
energy, momentum as well as angular momentum, and the significance for investigating integrability as
mentioned above, they can also be used in the analysis of stability and global behavior of solutions, play an
essential role in numerical methods, and so on. In order to construct conservation laws, different methods
have been established, for instance, the celebrated Noether’s theorem [14], the conservation law multiplier
approach [17,13.1], and the characteristic method [19].

In this paper, we focus our attention on the derivation of infinitely many nonlocal symmetries, infinitely
many local and nonlocal conservation laws related to the BT. Take the (1 + 1)-dimensional Sine-Gordon
(SG) equation

Upy = m? sinu, (1)

where m is an arbitrary constant, as a concrete example. The Sine-Gordon equation has various physical
applications, for instance in relativistic field theory, Josephson junctions, mechanical transmission lines,
and nonlinear optics. The symmetries, invariance group transformations, local and nonlocal conservation
laws for the SG equation have already been studied [18,7]. Here, in a different way, it is shown that one
can obtain some novel special nonlocal symmetries with a nonlocal function and a parameter coming from
BT of the given system. Thereafter, through the parameter expansion, new series of infinite number of
nonlocal symmetries can be constructed from one special nonlocal symmetry. From the symmetry equations
of the given SG equation and its BT, one can also obtain some parameter dependent nonlocal conservation
laws which could be related to the nonlocal symmetries. In the same manner, infinitely many nonlocal
conservation laws can be produced from one nonlocal conservation law via the parameter expansion. On
the other hand, it is clear that the compatibility condition of BT for the SG equation gives the SG equation
itself, and thus it is demonstrated that infinite number of local and nonlocal conservation laws can also be
obtained if one expands BT in terms of its parameter.
It is well known that the SG equation (1) has the following auto-Bécklund transformation

Uy — Vg =2)\msin<%+g>, (2)

m . u (%
U + v = QX Sll’l<§ - 5)7 (3)



J.-y. Wang et al. / J. Math. Anal. Appl. 421 (2015) 685-696 687

which means that if v is a solution of the SG equation (1), then v determined by Eqs. (2) and (3) also
satisfies the SG equation, namely,
Vgt = m?sinwv. (4)
The paper is organized as follows. In Section 2, the linearized differential equations, i.e., the symmetry
equations, of Eqgs. (1)—(4) are written down from which nonlocal symmetries of the SG equation (1) can be
derived. In detail, three special solutions of the symmetry equations are explicitly written down, which are
really the nonlocal symmetries of the SG equation. It is obvious that these special nonlocal symmetries are
parameter dependent, therefore, infinitely many nonlocal symmetries can be generated from them through
the parameter expansion, which is demonstrated in detail for one of the special nonlocal symmetries. In
Section 3, from solving the symmetry equations, three special nonlocal conservation laws related to BT are
derived. It is quite natural and straightforward to find that they are related to the nonlocal symmetries.
As the nonlocal conservation laws are also parameter dependent, in the same way, infinitely many nonlocal
conservation laws can be constructed from one nonlocal conservation law via the parameter expansion.
Explicitly, one series of infinite number of nonlocal conservation laws is presented. In Section 4, applying
the same expansion directly to BT (2)—(3), it is shown that not only infinitely many nonlocal conservation
laws but also infinitely many local conservation laws can be obtained for the SG equation. The last section
is devoted to summary and discussions.

2. Nonlocal symmetries related to BT

Symmetries of a PDE are actually the solutions of the linearized equation obtained from the requirement
that the PDE is form invariant under an infinitesimal transformation. Assuming that Egs. (1)-(4) are form
invariant under the following transformation

u— u+eot, v—v+eo?, A — X+ €, (5)

where € is an infinitesimal parameter, ¢ is just a constant, % and o? are functions of (¢, z,u,v), we readily
obtain the linearized system that symmetries ¢* and ¢” should satisfy

o, —m? cos(u)o® =0, (6)

ol —m?cos(v)a’ = 0, (7)

050§2§msin<g+;> )\mcos(g+;)) (c"+d") =0, (8)
)

of+0f+2§2sin(;g>Tcos(;;>(0“0”)0. 9)

It is remarkable that o* obtained from Egs. (6)—(9) depends on the function v, which is related to
the function w through BT (2)—(3), therefore, the solution ¢* is actually a nonlocal symmetry of the SG
equation (1). Though it appears that two undetermined symmetries c* and o should satisfy four linear
differential equations (6)—(9), actually, there are only two independent equations, namely (8) and (9), which
thus makes it hard to find solutions. However, it is possible to write down some special solutions. In the
following we present three possible special solutions of Eqgs. (6)(9).

Solution I. The first special nonlocal symmetry is obtained without difficulty by assuming 6 = 0 and
oV = 0. In this case, the nonlocal symmetry ¢* reads

ol = ermP, (10)
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where p is determined by

(TR 1 u v
Dy = cos(§ + 5), Py = ﬁcos<§ - 5) (11)

It is noted that the consistent condition p,; = py, is satisfied by using BT (2)-(3).
Solution II. If still assuming that 0¥ = 0 and then requiring 6 = 1/2m, we can have the second nonlocal
symmetry as

ot = g, (12)

where p and ¢ are given by

u v 1 cos(u) + cos(v)
r = S| & PR = 19 ) 13
P cos(2 —|-2> Pt 2 COS(%_%) (13)
and
_ ,—Amp u v _ ism(u) — sin(v) —Amp 14
qz = € sm(2 + 2), qt 22 —cos(% T %) e ) (14)

respectively. It is remarkable again that p,+ = pr, and ¢z = ¢ are satisfied identically by utilizing BT
(2)-(3).

Solution III. Tt is also possible to obtain some special solutions when the symmetry ¢ is nonzero. From
the SG equation (4), one can easily verify that c¥ = v, is a solution of Eq. (7). Then solving the remaining
three symmetry equations in the case of § = 0, we have the following special nonlocal symmetry

oY = v, + 2mAfer P, (15)

where f is determined by

fo =1y cos(% + g)e’\mp, fi = =Amuge P, (16)
and p satisfies Eq. (11). Tt is readily proved that the consistent condition f,; = fi, is satisfied by virtue of
the SG equation (4) and BT (2)-(3).

It is noted that one can try to obtain more particular solutions by putting ¢ equal to the characteristic
of any symmetry of the SG equation (4), namely, a solution of the symmetry equation (7), for instance
those can be easily found by using the classical Lie group approach, and then solving out ¢* from Egs. (8)
and (9).

Obvious, the above three special nonlocal symmetries are parameter dependent, therefore, one can go
further to obtain infinitely many nonlocal symmetries through the expansions of the special nonlocal sym-
metries around the neighborhood of the spectrum parameter A\ coming from BT. Here we just present a
series of infinite number of nonlocal symmetries from the first special nonlocal symmetry (10). In the same
way, another two series of infinitely many nonlocal symmetries can be produced.

First, we expand the function p as

p= pd, (17)
=0

where the expansion coefficients p; are functions of x and ¢, and § is an arbitrary expansion constant.
Inserting the expansion (17) into the nonlocal symmetry (10) with A replaced by A + 4, we have
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oy = exp(()\ + 5)m§:pi5i> = iaﬂdi,
=0

=0

where o}, can be computed by the formula

u

mn U
d"of
o, = ——

dom

0=0

689

(18)

(19)

It is remarkable that all the expansion coefficients o}, are nonlocal symmetries satisfying the symmetry

equation (6). Therefore, from the special nonlocal symmetry (10), infinitely many nonlocal symmetries o}’

are generated, which obviously involve the functions p; determined by Eq. (11) with the similar parameter

expansion. Furthermore, because the functions v and v in Eq. (11) are connected with each other through

BT (2)—(3), we then also need to make the similar parameter expansion for v. Although it is difficult to

write down the general explicit expression for infinitely many nonlocal symmetries o, it is quite easy and

straightforward to write down the explicit forms one by one from the general expansion formula. Below are

the explicit descriptions for the first five nonlocal symmetries of; for ¢ = 0,1, 2, 3,4,

u __ ,mApo
0190 = € )

oty = m(po + Ap1)e™ ",

1
oty = Jnlon + Ao + (o + Apa) e,

1
oy = m(émz(po + Ap1)® +m(po + Ap1)(p1 + Ap2) + (p2 + /\p3))6mw°,

1 1
oy = m[24m3(p0 +Ap1)*t + sz(l)o +Ap1)%(p1 + Ap2)

1
om0+ 202 Gt )+ 3pa)) + ) e,

where p; (i =0,1,2,3,4) are determined by

u+U0
z =cos| =+ — ),
Po B) 5

Pot =

Piz =

Pt = —

D2z =

D2t =

D3z

P3t =

1 1
= _ZU1U2 COS(E + @> + —(vf — 241)3) sin(% + @>,

1 u g
pCOS 5*— y
(Y

3 i u_ v\ _ (v v\ . (u_ v
Moz )% 2 T ¥ )™Mae T o)

2 2 48 2

2 3
v g 4 u _ v 243 —vf w2 3w . fu vy
( 4/\2+4>\3+>\5>COS<2 2)+< w2 o) e

Vo

)
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and

4 2 2
_ (b vy unvs (¥, Yo Viv2 Y4 (U Yo
p4g”_(384 s 4 >C°b<2+2>+(16 Q)bm( +2>’

2
_ v‘f 7ﬁ7v1v3+v11}273ﬂ+5 cos u g
Pit= {38402 82 T 422 T 2x3  8Ad ' AC

2 3
_vivy | vy U] — 24vz  3vg _ 22 fu v
+ ( e Tt Tops T e ) !

respectively, obtained by substituting Eq. (17) and the expansion of v

oo
v= E v;0°,
i=0

(33)

(34)

(35)

into Eq. (11) with A replaced by A+ §, and then equating zero all the coefficients of different powers of ¢.

The v; (1 =0,1,2,3,4) in Egs. (25)(34) are determined by the system of

2

+2m, u vy
vor = —Up + —sin| = — —
0t t /\ 2 2 )
Vig = —MAU1 cos(g + %) — 2msin<% + %0)
m u v 2m . [u vy
vy =——v1co8({ = — — | — —=sin| = — =
1 P 2 2 A2 2 2 )
1
vor = —m(v1 + Avg) cos(% + %) + Zm)\vf sin(% + 112_0)7
1 Vo u Vg + 2 v% . [u v
vy =m| —= — — |cos| = — — m| — — —~ |sin| = — —
2 A2\ 2 2 PERI) 2 2 )

()\( — 241)3) — 241)2) cos<% + UO) + lem’Ul(’Ul + 2)\vy) sm(

Y ) G S T WY T S 0 U M gy
s 24\ A2 N3 2 2 2N 4XZ M 2

Vo = Uy — QmAsin(g + v_())’

R 3
wl:
[\

and

vie = (3N (s = s01) + (o7 — 2100)) cos((5 + 2 )

+ @ (A (4803 + 960301 — v}) + 96v10s) sin(g +

vgvl — 8y v:f —24vy  ve n U1 cos u v
) 2402 A3\ 2
u
2

2
4 _96 — 4802 2 2
e (vl V13 v vivg U3 > sm(

V4t

192\ o2 st

(45)

respectively, which are obtained similarly by inserting Eq. (35) into BT (2)-(3) with A replaced by A + 9,

and then equating zero all the coefficients of different orders of §.
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Tt is easy to check that the consistent conditions vi,: = v, (8 = 0,1,2,3,4) are all satisfied identically
with the help of the SG equation (1), while the consistent conditions p;.+ = pit» (¢ = 0,1,2,3,4) are all
satisfied identically with v; (i = 0,1,2,3,4) determined by Eqgs. (36)—(45). In addition, it is not difficult to
verify that Eqs. (20)-(24) are all nonlocal symmetries of the SG equation (1) by the direct substitution of
them with Egs. (25)—(34) and (36)—(45) into the corresponding symmetry equation (6). It is remarkable
that these nonlocal symmetries are different than the well-known ones that arise from applying the recursion
operator to the scaling symmetry of the SG equation [6].

3. Nonlocal conservation laws related to the nonlocal symmetries

The essence for a conservation law of a PDE is to find a divergence expression holding for all solutions of
the given PDE. In detail, for our case, if there are two differentiable functions p and 6 satisfying the identity

%p(m,t) + %J(m, t) =0, (46)
for any solution u of the SG equation (1), then this identity is called the conservation law of the SG equation,
and the functions p and J are called the conserved density and the conserved flux, correspondingly.

It is found that when solving the symmetry equations (8) and (9), some auxiliary functions are introduced
and the relations between these functions can rightly yield this kind of divergence expression (46) holding
on the solution of the SG equation. Therefore, without using any known methods, we can obtain several
new special nonlocal conservation laws, as is shown in the following.

Now directly solving Egs. (8) and (9), namely, the symmetry equations of the BT, yields

o = 2me™ P gd + 2me™ P\ /p$0”e_m>‘pdx + 0¥+ em\P(C, (47)
and
2 mnr 2 mnr mrr mr
ot = _$6T5 - TmeT /rtove_Tdt —o’+erC, (48)

respectively, where p, g, r, s satisfy

px——am<%—%g>, (49)
G = sin(% + g>em)‘p, (50)
Ty = cos(% — g), (51)

St = sin(% — g>e"§r, (52)

and both integration functions are simplified to be the same constant C. The equivalence of Eqgs. (47) and
(48) and the arbitrariness of the constants 0 and C' allow us to derive three equations

r—Ap=0, (53)
s+Mqg=0, (54)
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and
v —mAp v _—mAp 1 v _—mAp
peo’e dz + [ pioe de + —~ove =0. (55)
m

Hereafter, one can, without any difficulty, write down three kinds of nonlocal conservation laws from the
above three Egs. (53)—(55) with the help of Egs. (49)-(52). The corresponding conserved density and flux
are given by

_\2 v, v - _ w_v
p1=A cos(2+2>, J1 COS(2 2), (56)
XM (u v 1 . (fu v
negre(ies) re(iog) 7
and
P Yoz ov u v
pP3 = p— Js = U—% 005(5 - 5)7 (58)

respectively, where o} is given by Eq. (10), and ¢V is the symmetry of the function v determined by
Egs. (6)—(9). Two remarks are in order. First, the conservation law (56) can also be directly obtained from
Eq. (11) as a trivial rewriting of py; = pi.. Second, the conservation laws (56) and (57) can also be obtained
in an alternative way. One can find that the BT (2)—(3) possesses the conservation law pg = A2 cos((u+v)/2),
Jo = cos((u—v)/2), which leads to a potential p satisfying Eq. (11), and then apply the multipliers depending
on p to the BT yielding both Egs. (56) and (57).

It is evident that the above nonlocal conservation laws are connected with the nonlocal symmetries.
Similarly, the above nonlocal conservation laws are parameter dependent, therefore, one can construct
infinitely many nonlocal conservation laws from any one of them via the parameter expansion procedure.
Here we just present the result obtained from the nonlocal conservation law (56). Substituting Eq. (35) into
the conserved density and flux (56) with A replaced by A + ¢, and then collecting the same orders of 9,
infinitely many nonlocal conservation laws Op14(z,t) + 9z J1:(z,t) = 0,4 = 0,1,2,..., are generated. The
first five nonlocal conserved densities are given explicitly as follows

U v
pro = A2 cos(§ + ;)’ (59)
u v 1 o fu v
p11 = 2>\cos(§ + 50> — 530 sm(§ + 5()), (60)
— 1— 1)\27}2 CcOS E —+ @ —AMMw + 1)\’U sin E + @ (61)
P12 = g U1 B ) LT 5Av2 ) 9 )
1 u Vo 2 1 3 1 1 . u Vo
= —— — — —_— —_ = — —_ = — —_— 2
P13 4/\1)1(111 + Avg) COS(2 + 5 > + {/\ (48U1 203) Avg 21}1] Sln<2 + 5 )7 (62)
1 1 1 1 1 u v
I N N 1 ) u Yo
P14 = [)\ (3841)1 81;2 41}11;3) 2)\1111)2 81}1} cos<2 + > )
1 1 1 1 . [u  vo
+ |:)\2 (E’U%'UQ - §'U4> + A(ﬂvf - 'US) - §U2:| Sll’l<§ + ?)7 (63)

and the corresponding nonlocal conserved fluxes read
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Jig = —cos(g — %), (64)
Jii=—=v; Sm<g — %) (65)
Jiz = QUi cos(% - %) - %Ug sm(% - %), (66)
Jiz = ivlvg cos(g — %) + (4_18@:13 — %113> sin(% — %), (67)
Jia = ( 3;4111 + ;vg + ivlv;),) cos(% — %) + <116v1112 — %m) sin(g — %), (68)

4. Local and nonlocal conservation laws related to BT

It is clear that any two functions satisfying Eq. (46) can be viewed as a conservation law. Therefore,
one can naturally expect infinitely many conservation laws of the SG equation (1) using the compatibility
condition of its BT (2)—(3) through the parameter expansion method. The BT has been expanded in
Section 2, as given by Egs. (36)—(45), one can then write down explicitly the corresponding conservation
laws from the compatibility conditions 0;v;, = O,vs, @ = 0,1,2,3,4. The conserved density and conserved
flux have the following form

Po = Uz — 2mAsin u + %o ; (69)
2 2
2m . [u g
JO_Ut)\Sln<2—2>, (70)
— omsin( YY) _ v, %
pL = 2msm(2+ 2) mvl)\cos<2+ 2), (71)
2m . [u vy muvy U Vg
JIZVS”I(TE)*TCOSG—E)’ (72)
1 o fu vy u Vo
p2 = Zm)\vf SIH(E + 5) —m(v1 + )\U2)COS<§ + ?)v (73)
miN2 —8) . [(u v m(vy — v ) u v
= —° 9 —_— - = 7 - = 4
Ja e sin{ 5 — 5 e cos| 5 =5 ) (74)
1 o fu v
p3 = Zvlm(vl + 2u2\) s1n<§ + 50)
m 3 u Vo
+ 5 (VIA = 24v; — 24005) cos(2 + 2), (75)

J3 = 4ﬂ)\4(8 fvl/\ + 2109\ )sin<g - 1;))

24)\3 (241}1 — 0322 — 24vo\ + 241)3)\2 co (g 50> (76)
m U 0
ps = —@(vl)\ 48vI\ — 96V vy — 961}11}3)\ sm(§ 7)
+ ;Z (v7 + 3Avive — 24v5 — 24Avy) cos (g + %) (77)
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and
242 3 244 444 AN B ]
Jy = _W(?)M — 48vT A" + 96v1va A — 48v5 A" + VT AT — 96V V3 A ) sm<§ — E)
m u v
+ond (24vo X — 2401 — 3vTva A + 24vaN? + VPN — 24030?) cos<2 - ;) (78)
respectively.

It is remarkable that the conservation laws determined by Eqs. (69)—(78) are nonlocal conservation
laws of the SG equation (1) derived with the help of its BT (2)-(3). It is interesting that in addition to
infinitely many nonlocal conservation laws, we can also construct infinitely many local conservation laws
if the functions are expanded in the parameter A\ at the zero position. In this case, just substituting the
expansion (35) into Egs. (2)—(3) with A replaced by d, and then setting zero the coefficients of different
orders of §, a system of equations determining the expansion coefficient functions v; is obtained. Then the
compatibility conditions of v; will lead to infinitely many local conservation laws of the SG equation (1). It
is noted that some trivial local conservation laws might be involved, and thus one needs to further exclude
them.

Now let us first substitute the expansion (35) into Eq. (2) with A replaced by §, and then vanish the
coefficients of the same powers of §. From the zeroth order, we have sin(u/2 — vy/2) = 0, and thus

Vo = U. (79)

Making use of the result (79), the next five equations can be written as

Vip = —2msinu, (80)

Vgg = —TMU1 COS U, (81)

V3g = —MMU COSU + imvf sin u, (82)
1 .

Vag = ﬂm(v? — 241)3) cosu + 5muLvz sin, (83)

Usgp = ém(v%vg - 81}4) cosu — 1—3)2771(1)‘11 — 4803 — 961)11}3) sin u. (84)

Then the substitution of the expansion (35) into Eq. (3) with A replaced by §, and the vanish of the
coefficients of 6° (i = 0,1,2,3,4) yield a sequence of equations. The first equation also gives the solution
(79) and the next five equations have the results

vy = —%ut, (85)
vy = —%UU, (86)
vy = —%’Ugt + 21—41)%, (87)
vg = —%’Ugt + év%vg, (88)

1 1 1 1
Vg = —E’U;lt + g’U%’U;} + g’Ul’Ug - ﬁv? (89)
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Now, as before, we are ready to derive explicit local conservation laws from the consistent conditions
OV = 0,0pv; (1=1,2,3,4,5) for Egs. (80)—(89). The first five local conserved densities read

p1 = Ugr = m?sinu, (90)
2
P2 = Ugtt = MU COS U, (91)
Ut Ugtt
p3 = —— = m2uy cos u, (92)
Uy
Ugtt Uttt — U2Uttu t
T t T .
Py = = —mPupuy sinu + m>uy cosu, (93)
Ut

2 2 2
Ut Wy Ugt + 2UgitUstrr — QUtht Uttt — UgtUp Ut

P5 =
Ut
= —m? (u?t + 2ututtt) sinwu + m? (Zumt + ufutt) cosu, (94)
and the corresponding local conserved flows are
Jl = — U, (95)
Jo = —us, (96)
J3 = _U'?Utt — Ugttt, (97)
Ji = =2uuf, — Upgrt] — Usteees (98)
Js = —16ususstses — 3u§utttt - Uttui1 - 5U?t — 2Ugppsts- (99)

It is evident that the first two are trivial conservation laws, however, the others are all nontrivial.
5. Summary and discussions

In summary, by solving the linearized equations of the SG equation together with its BT, not only
three novel nonlocal symmetries, but also three special nonlocal conservation laws for the SG equation are
obtained directly. Since these results depend on one parameter stemming from BT while not existing for
the SG equation, therefore, the parameter expansion procedure is effective to generate three sequences of
infinite number of nonlocal symmetries and three sequences of infinite number of nonlocal conservation laws
from the new special nonlocal symmetries and nonlocal conservation laws, respectively.

Though it is difficult to derive the general formula for the sequence of infinitely many nonlocal symmetries
and nonlocal conservation laws, it is quite obvious to write down their explicit expressions one by one. Here
only one sequence of nonlocal symmetries and one family of nonlocal conservation laws are presented in
detail. Furthermore, it is shown that infinitely many local and nonlocal conservation laws can also be
generated via the same expansion procedure directly from BT of the SG equation.

It is remarkable that after obtaining the nonlocal symmetries, one can go further to explore symmetry
reductions and new explicit analytic solutions by means of the localization method [5,11,4]. Besides, one
can also explore new integrable systems from nonlocal symmetries and conservation laws.
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