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Lipschitz extensions for 1-fields. As a consequence of the previous results, for the
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Extension extensions when the domain of 1-field to expand is finite. We provide a counter-
Differentiable function example showing that this result is false in general.
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1. Introduction

Let {2 be a subset of Euclidean space R™. We suppose that (2 has at least two elements. Let £ (R",R)
be the set of first degree polynomials mapping R" to R, i.e.

P'(R"R) £ {P:a€R"+ P(a)=p+ (v,a), pe R, veR"}.
Let us consider a 1-field F' on domain dom(F) £ (2 defined by
F: 02— 2" (R",R)
x = F(z)(a) £ fo + (Dofra— ), (1)

where a € R” is the evaluation variable of the polynomial F(z) and f :x € 2 +— f, e R, Df : x € 2 —
D, f € R™ are mappings associated with F. We will always use capital letters to denote the 1-field and
small letters to denote these mappings.

* Corresponding author.
E-mail addresses: Erwan.Le-Gruyer@insa-rennes.fr (E.Y. Le Gruyer), Thanh-Viet.Phan@insa-rennes.fr (T.V. Phan).

http://dx.doi.org/10.1016/j.jmaa.2014.11.067
0022-247X/© 2014 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jmaa.2014.11.067
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:Erwan.Le-Gruyer@insa-rennes.fr
mailto:Thanh-Viet.Phan@insa-rennes.fr
http://dx.doi.org/10.1016/j.jmaa.2014.11.067
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2014.11.067&domain=pdf

1162 E.Y. Le Gruyer, T.V. Phan / J. Math. Anal. Appl. 424 (2015) 1161-1185

The Lipschitz constant of F' introduced in [12] is

Fl(F; ) £ suepQ Fl(F;x,y), (2)
oy

where

pn o a g o @)@~ F@)0)
e y) 22 s el Ty — alP

3)

If I''(F;(2) < 400, then the Whitney conditions [26], or Glaeser in [10] are satisfied and the 1-field F' can
be extended on R™: there exists g € €% (R", R) such that g(z) = f, and Vg(z) = D, f for all z € £2 where
Vg is the usual gradient. Moreover, from [12, Theorem 2.6] we can find g which satisfies

I'(G;R™) = T''(F; 02),
where G is the 1-field associated to g, i.e.
G(x)(y) = g(x) +(Vg(z),y —x), z€2, yeR™

It means that the Lipschitz constant does not increase when extending F' by G. We say that G is a minimal
Lipschitz extension (MLE for short) of F' and we have

I'(G;R") = inf{Lip(Vh;R") : h(z) = fo, Vh(z) = Do f, x € 2, he €"'(R",R)},

where the notation Lip(u;.) means that

M, x,y€ R, x#y, and Lip(u;2) £ sup Lip(u;z,y). (4)

Lip(u; 7, y) £ —
”‘T y” TAYESN

It is worth asking what is it the relationship between I''(F; §2) and Lip(Df; £2)? From [12], we know that
Lip(Df; 2) < I''(F; $2). In the special case £2 = R" we have Lip(Df; R") = I''(F; R"™) but in general the
formula Lip(Df;§2) = I''(F; (2) is untrue. In this paper we will prove that if 2 is an open subset of R"
then

I'Y(F;0) :maX{FI(F;&Q),Lip(Df;_Q)}7 (5)
where 02 is a boundary of 2. Moreover, if {2 is a convex subset of R™ then
I'(F;2) < 2Lip(Df; Q). (6)

To make the connection between I'(F; £2) and Lip(Df; £2), it is important to know the set of uniqueness of
minimal extensions of F' when 2 has two elements (this study was performed in [14]). Indeed, many results
of Section 3 use this knowledge. For further more details see Section 3.

In Section 4, we present two MLEs Ut and U~ of F of the form

Ut:zeR"—UT(z)(y) 2u'(z) + (Dyutsy—z), yeR", (7)
where
ut(x) £ sup inf T (F, z,a,v), D,u"™ 2 arg sup inf " (F,z,a,v), (8)
vEA, a€f vEA, acf?
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and
U t2eR"— U (z)(y) £u (z) +(Dyu;y —z), yeR, (9)
where
u”(z) = v%en/i 21611()2 U (F z,a,v), Dyu™ £ arg vien/i 21612 U~ (F,z,a,v), (10)

where A, is a non-empty and convex set of R", defined in Definition 20. The point here is that (7), (8),

(9), (10) give explicit sup inf formulas for u and their gradients, that is to say, they only depend on F. In

addition, uT are extremal: the first is over and the second is under, that is,
u (z) < g, <ut(z), VreR"

for all MLE G of F.
We call the real k € R, with £ > 0, to be allowable for F if x satisfies the following inequality

1

fo <ot

(Dof+ Dyfy—2) + Sl —ylP = - |Def ~ DyfIP, Vg @ (1)

From [24, Theorem 2|, we know that if x > 0 is allowable for F, then there exists wt € €% (R",R)
such that wt(x) = f,, VwT(2) = D, f for all z € 2, and Lip(Vw™,R") < k. Further, if g € €11 (R", R)
with g(z) = fz, Vg(x) = D, f for all € £2 and Lip(Vg,R™) < k, then g(z) < w'(z) for all z € R™. The
construction of Wells wt is explicit when {2 is finite. It is possible to extend this construction to infinite
domain by passing to the limit but there is no explicit formula. During the workshop Whitney problems in
2011, M. Hirn made the link between the constant I'* (see (2)) and the constant x > 0 in (11) that is the
real x to be allowable for F if and only if I''(F; §2) < k. Moreover, if & is assigned the Lipschitz constant
of the field F, then w' is a MLE. Further, in this case w™ is an over extremal extension of F.

In Section 4, we will prove that if « is assigned the Lipschitz constant of the field F', then u™ = w*. In a
similar way (see Appendix A), we can construct a Wells function w~ which is an under minimal extension
of Fand w™ =u".

We pay attention to the case when 2 is finite. In Section 6, using the explicit constructions of w*, we
prove that W+ are absolutely minimal Lipschitz extensions (AMLEs for short) of F', where W# are 1-fields
associated to w® respectively. This means that for any bounded open D satisfying D C R™\ {2 we have

r'(w*,D) =" (W=,0D). (12)

This result gives the existence of AMLEs of F' when {2 is finite. In general, we have not uniqueness, since
it may happen w~ < w™. In fact, we may even have infinity AMLE of F' (see Corollary 36).

When (2 is infinite, WT and W~ are extremal MLEs, but in general are not AMLE of F. To prove this,
we present, in Section 6, an example of mapping F' for which W* and W~ are not AMLE of F. In this
particular example, we can check that %(WJr + W) is the unique AMLE of F. Moreover, this function is
not ¢? although the domain {2 of F is regular and F is a regular 1-field. The question of the existence of
an AMLE remains an open and difficult problem when (2 is infinite, see [14] and the references therein.

In Section 5, we explain how to use the previous ideas and methods to construct MLE of mappings
from R™ to R™, i.e., to solve the Kirszbraun—Valentine extension problem [17,22,23]. Let us define 2, as
the problem of the minimum extension for Lipschitz functions, and 2; as the problem of the minimum
extension for 1-fields. Curiously, we will show that the problem 2 is a sub-problem of the problem 2;.
As a consequence, we obtain two explicit formulas (see (46) and (47)) that solve the problem 2. The
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Bauschke-Wang result [7] gives an explicit formula for the Kirszbraun—Valentine problem from R™ to R™.
By our approach, we produce analogous formulas. Moreover, when the domain of the function to extend is
finite, the result of Wells gives an explicit construction of minimal Lipschitz extensions that we can compute
efficiently.

Let u : dom(u) C R™ — R be a Lipschitz function. Departing from the work of McShane [18] and Whitney
[26] in 1934, it is known that the following extensions

m*(z) £ yeiﬁfl(u) (u(y) + Lip(u; dom(u))|lz — y|), (13)
m”(x) £ S )(U(y) — Lip (u; dom(u))||z — y|), (14)

are two extremal minimal Lipschitz extensions of u, so that if m is an arbitrary minimal Lipschitz extension
of u, then m~ < m < m™. Among all minimal Lipschitz extensions of u, one can search extensions that have
good additional properties. In the 1960s, Aronsson published a series of papers [4,3] in which the notion of
AMLE appeared, see also [19,16,20] on metric spaces and [2,15,6] on Euclidean spaces. An AMLE has very
good stability properties like harmonious extensions (see [13,11]) which is related to “tug of war” game and
the infinity Laplacian (see [21]). Moreover, it is “locally best” and this notion is also positively correlated
with the infinity harmonic functions, we refer the reader to [5] and the references therein. Note that the
formulas which define u* and u~ for 1-fields in this paper are similar to those of Whitney—McShane in
the continuous case. The results of this paper allow us to think that the notion of an AMLE of 1-field is
not sufficient from all this point of view. Indeed, the minimal extensions u™ and u~ are extremal like m™
and m~ in the continuous case, but also they are two AMLE when the domain 2 is finite. Moreover, they
are not the “locally best” extensions since the Lipschitz constant is not local. Despite these disappointing
results, one might think that there exist some extensions that have good stability properties and “locally
best” like harmonious extensions in the continuous case (for the definition of stability properties for 1-fields
see [1]).

For Whitney extension problem for €™, we recommend the reader to consult the seminal article [25] of
H. Whitney on R and the seminal articles [9,8] of C. Fefferman on R™.

2. Preliminaries

In this paper all subsets 2 C R" have at least two elements. If {2 is open, we denote by €11 (£2,R) the
set of all real-valued functions f that are differentiable on {2 and the differential V f is Lipschitz continuous,
that is Lip(V f; £2) < +o00. The 1-field F of domain {2 is defined by (see (1))

F: 02— 2'(R"R)
x— F(x)(a) = fo + (Dzf;a—1x), a€R"” (15)

with f:x € 2 f, eR,and Df :x € 2+ D, f € R".

Definition 1. We call F to be a Taylorian field on 2 if F is a 1-field on 2 and I'}(F, £2) < +oco. Denote by
Z1(0) the set of all Taylorian fields on 2.

Information and precision for the reader: Let F' € .Z!(2). Let us define the map
f(z) 2 F(x)(z) = fo, x€ 0.

Using [12, Theorem 1.1] there exists F' € .#'(R™) which extends F. Moreover f € €Y' (R, R) and V f(z) £
Vf(x) = D,f, x € 2. Therefore, we can canonically associate F' and f.
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Let V be a subset of R”, V' CC {2 means that V is compact in £2, and V is the closure of V. Let x,y € R”
We define B(z;7) £ {y € R" : |ly—z|| < r} and By 5(,y) is the closed ball of center ¥ and radius ”mzy”

The line segment joining two points x and y is denoted by [z,y], i.e. [z,y] £ {tz + (1 —t)y: 0 <t < 1}
The | symbol designates with restriction to

G(z) = F(x

Definition 2. Let 1 C 2 C R” and F € F1(;). We call G € F1({) an extension of F on (2 if
G is an extension of F' on {25 and

(z) for € £21. We say that G € F1(2,) is a minimal Lipschitz extension (MLE) of F on (2 if

I'Y(G; (%) = I''(F; ().

We say that G1 € F1(£2;) is an over extremal Lipschitz extension (over extremal for short) and Gq is an
under extremal Lipschitz extension of F on (25 if G1 and G5 are MLEs of F' on {25 and

92(w) < k(z) < g1(x), @ € (2,
on 2 if G is a MLE of F on {25 and

for all K MLE of F. We say that G € Z!(§2,) is an absolutely minimal Lipschitz extension (AMLE) of F

r'(G;v)

=TI'Y(G;0V),
for any bounded open V satisfying V C 25\,

Definition 3. Let {2 be a subset of R and let F' € #1(2). For any a # b € 2, we define

A 2 a Da D ab_
Aa,b(F) A (f fb) _|_||i.£|—;— bf Cl>7
2 1Daf = Dof]

Bl =

We recall some results in [12] that will be useful in Sections 3 and 4

Proposition 4. (See [12, Proposition 2.2 and Remark 2.5].) Let 2 be a subset of R™ and let F € F1(£2)
then for any a,b € {2, a # b we have

Fab \/Aab

+Bab

+|Aab | 2

su

F(a)(y) — F(b)(y)
veBy a(ap) lla = yl* + b —yl*
Theorem 5. (See [12, Theorem 2.6].) Let 1 C 25 C R™ and let F € F'({}), then there exists a MLE
G € FY({2) of F on §2s.

3. Relations between I'' (F'; £2) and Lip(D f; §2)

In this section {2 is an open subset of R™. Let F € .#!
Lip(Df; 2). When 2 = R™, we know that (see [12, Proposition 2.4])

(£2). From Proposition 4, we have I''(F; (2)
Lip(Df;R") = I'' (F;R™),
but in general I''(F; 2) may be strictly bigger than Lip(Df; §2). For example, let A and B be open sets in
such that ANB = (. Let 2 = AUB and F € .Z(2) such that f, =0ifx € A, f, = 1if z € B, and
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D,f =0,Vz € £2. Then Lip(Df; 2) = 0 and from Proposition 4 we have

4
I'Y(F; 2) = sup sup 0.

—s >
r€AyEB Hl‘ - y”2
We now give two new results where we have I'*(F, 2) = Lip(Df, 2).

Proposition 6. Let F € Z1(12). Suppose there exist a,b € 2, a # b such that I''(F;a,b) = I''(F; $2). Then
I'Y(F;2) = Lip(Df; 2).

Proof. It is enough to prove that I''(F; 2) < Lip(Df; 2).

Let G = Flfq be a Taylorian field on dom(G) = {a,b} with G(a) = F(a) and G(b) = F(b). Let U
be a MLE of F on R™. We have U(a) = F(a) = G(a), U(b) = F(b) = G(b) and I''(U;R") = I'(F; ) =
I''(F;a,b) = I'(G;dom(G)). Therefore U is a MLE of G on R".

Using [14, Lemma 8 and Lemma 10], there exists a point ¢ € By 2(a, b) such that

Lip(Du; z,y) = Lip(Du; s, t) = I''(G; a,b) = I''(F; a,b), (16)

for all z,y € [a,c] (x #y) and s,t € [b, ] (s # ©).
Since a # b, we have ¢ # a or ¢ # b. We can assume ¢ # a. Because {2 is open, there exists x # y € [a, ¢]N{2,
thus from (16) we have

Lip(Df; 2) > Lip(Df;z,y) = Lip(Du; ,y) = I''(Fa,b) = I'(F;2). O

Proposition 7. Let F € F1(02). Suppose there exists ' CC 2 such that I''(F; Q') = I''(F;$2). Then
I''(F;2) = Lip(Df; 2).

Proof. It is enough to prove that I''(F;2) < Lip(Df;2). Letting h > 0, we define A, = {(a,b) €

' x 2 :la—b > h}and THF; ) = SUP (4. 5y A, I''(F;a,b). Applying Proposition 4, the mapping
(a,b) — I'*(F;a,b) is continuous on Ay,. Moreover, A;, is compact, thus there exists (ay, by) € Aj, such that

I''(Fyap,by) = I (F; ). (17)

Case 1. There exists h > 0 such that
Iy(F; ) =T (F; ). (18)
From (17), (18) and the condition I''(F; Q') = I''(F;$2), we have I''(F;ayp,by) = [''(F;(2). Applying

Proposition 6 we have I''(F; 2) = Lip(Df; 2).
Case 2. For all h > 0, we always have

Iy(F; ) < I''(F;02). (19)

Let h = 1/n, then for any n € N there exists (an,bn) € A1y, such that I''(F; ap, by,) = Fll/n(F; 2. Since
(an), (by) C 2 and £’ is compact, there exist a subsequence (a,,, ) of (a,) and a subsequence (b, ) of (b,)

such that (ay,, ) converges to an element a of £’ and (b, ) converges to an element b of 2’
If @ # b then

r'(r; ) = len;oFf/nk (F;2) = lim I''(F;an,,bn,) =" (F;a,b).

k—oc0
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But this is not possible because for | = |a — b| > 0 we deduce from (19) that I''(F;a,b) < I} (F; ) <
TY(F; £2'). Therefore, we must have a = b. From the proof of [12, Proposition 2.4], we see that if By o(z,y) C
2 then I''(F;x,y) < Lip(Df; 2). We will use this property for proving in the case a = b. For any ¢ > 0,
since (an,) and (by, ) both converge to a € £ C {2, there exists k € N such that By 2(an,,by,) C 2 and

e+ I (Fian,,by,) > T (F;2) =T (F; ).

Since Bj /3(an,,, by, ) C £2 we have

I''(F;an,,by,) < Lip(Df; 02).
Therefore

e+ Lip(Df; 2) > I''(F; 2).
This inequality holds for any ¢ > 0, so that we have Lip(Df; ) > I''(F;2). O
Proposition 8. Let 2 be an open and convez set in R™ and let F € F1(02). Then

I'(F;2) < 2Lip(Df; ).

Proof. Let f be the canonical associate to F'. We can write

1
/ Vf y+t(x — )),x—y>dt.
0

For any z,y € 2 and z € R"™ we have

= f(

1 1
/Vf y+tlz—vy) -Vf(@),z—=z dt—i—/Vf y+tlx—y))—-Vf
0 0

Hence

IN
—

0
= SLip(YS: D)o = yll (2 - 21+ [ — )
< S Lip(V; 2) (2 = 2l + 12 = o)’
< Lip(V 5 @) (o = 2+ |12 = o).

Therefore I''(F; 2) < 2Lip(Vf; 2) = 2Lip(Df;2). O

(y),z — y>dt.

1
Lip(Vf; )|z — y|l|z — z||(1 — t) dt—l—/Llp Vf; !2 H T — )H||Z—y||tdt
0



1168 E.Y. Le Gruyer, T.V. Phan / J. Math. Anal. Appl. 424 (2015) 1161-1185

From the proof of Proposition 8, we obtain

Corollary 9. Let 2 be an open and convez set in R™ and f € €V1(2,R). Then F € F1(2) where F is the
1-field associated to f.

Lemma 10. Let u € ¢ (R™,R), then

Lip(Vu;z,y) < inf maX{Lip(Vu;x, z), Lip(Vu; ,zgy)}7 for all x £y € R™.

z€[w,y]
Proof. Let x,y € 2 and z € [x,y], then we have ||z — y|| = ||z — z|| + ||z — y||. It follows

[z — 2|

: Iz =yl .
Lip(Vu; z, 2) + Lip(Vu; 2, )
|z =z +[ly — 2|l

Lip(Vu; z,y) <
|z — 2| + lly — 2|l

< max{Lip(Vu;x, z), Lip(Vu; z,y)} ]
Proposition 11. There exist an open convex 2 and F € F1(2) such that
Lip(Vf; Q) < TY(F; 02).

Proof. Suppose n = 2. Let a = (—1,0), b = (1,0). We define U € Z'({a,b}) as

1 1
Dau = (0,1), Dbu = (0,—1), Uqg = %, Uy = —%

Let us define k £ I''(U; {a,b}), h £ 252, v & Dat=Dit ang g 2 ||y|| € (0,1).
Using [14, Lemmas 7, 8], we define

a+b
2

@ = U(a)(e) = Flla > = U®)(e) + 316 — el

c= + v,

D i = Dyu+ k(a —¢) = Dyu — k(b —¢),
Ule)(2) = tie + (Deit, z — ¢), z€R",

and
U(e)(z) - § et if p(2) > 0 and g(z) <0,
f(z) 2 U(c)(z) + %<zﬁbc_’bcﬂ2c> ; if p(z) <0 and q(z) > 0,
U(e)(2), if p(z) <0 and ¢(2) <0,
U(c)(z) — 5ot + 55020 if p(2) > 0 and q(2) > 0,

where p(z) = (a— ¢,z —¢) and q(z) = (b— ¢, z — ¢). Then the 1-field F' which is associated with f is a MLE

of U.
Since ||h|| =1, 8=|v| € (0,1),c—a=h+v,and ¢ — b= —h + v, we have

(¢ —a,wy) =0, (¢ —bywp) =0, (20)
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Fig. 1. Tllustration of subsets A,, Ay of R2.

where

1 1
wp = —h — —wv.

We = h — ﬁv, 52
We choose ap € (0,+00) (see Fig. 1) such that z,,zp € convex hull{a, ¢,b}, where
Tq = C+ oWy, Tp = C+ QgWg-

Let us define (see Fig. 1)

Ag={zeR’:2=c+awy, a>a},

Ab:{x6R2:x:c+o¢wa, aZao}.
Step 1. We will prove there exists k € (0,1) which depends on 8 and «aq such that

max, I''(F;w;) < kk,

where
w1 = A, U{a}, wo = Ag UAy, w3 = Ap U {b}.
Using [14, Lemma 9] we have
Ay (F)=0, Vie{l,2,3}, Vo #2' € w;. (21)

Using (20) and the definition of F' and by noting that ||h]| = 1, 8 = ||v|]| € (0,1), ¢ —a = h + v, and
c—b=—h+wv, it is easy to calculate the following expressions:

If 2, 2" € A,, then

. w—dta—q] . (B—1)
S Lip(Vize) = 22 eZol P )7 22
R e (VHie ) = e e @2
If z,2" € Ay, then
! _ _ 2
| w—ob-al __(B-1) )

S Lip(Vfiag,a!) = W20 7O g W)
R e (Vhie) = 1752
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Ifx € A,, 2/ € Ay, then

%vaﬁqu:H—@—xmyﬁmc—@ <x—ﬁm—®@—bw

lz = 2"l[lle - al® lz = a"|[fle = bIJ?
(-1
1+p%

If £ = c+ aw, € A,, then

L Lip(Vfiaa) = 0020
z e~ allla—c]

L a2(82 — 1)2
R G5 (RS e RS B
If £ =c+ aw, € Ay, then
1. [{x —b,b—c)|
S Lip(Vf;a,b) = 220074l
R MRV T2 0) = =

042(62 _ 1)2
(1482 (B2 (1 — a)* + (82 — a)?)

From (21)—(26), Proposition 4 and noting that

a?(p? 1) ag(B? —1)°

(1+8)BA =)+ (8 —a)?) = (1+82)(B(1 - a0)* + (8 — 2)?)’

for all & > ag, we obtain

151132343 I'Y(F;w;) < kk,

where

_1)2 2(R2 _ 1)2
kZQW{“‘f+;gJ‘<r+mx@3%ﬁm;luﬁ—aw%}
Step 2. We will define an open convex 2 and a 1-field G € .#*(£2) such that
Lip(Vg; 2) < TY(G; ).
Let us use the notation
Ryy={o+tly—=z):teR"}.
Define (see Fig. 1)

Ay = convex hull(A, U Ry, o), As = convex hull(A, U Ap), As = convex hull(Ry, » U Ap),

and let £2 be the interior of A7 U Ay U A3. Then 2 is open and convex.
For each i € {1,2,3}, let us consider G; as a MLE of F|,,. We define a 1-field G on {2 by

G(z) = Gy(z), forxz € A;, forie {1,2,3}.

(26)

(27)

(28)
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Let us show that g € €1 (£2,R). Indeed, for all x € §2, there exists 7 > 0 such that B(z,r) C 2. For all
h € B(z,r), we have

|gz+h — Gz — <ngvh>| = |G(£L’ + h)(:ﬂ + h) - G(l')(x + h)|

1
< v A 2
< 5 max I (Gis Ai)l ||

Hence g € €1 (2,R). Thus, by applying Lemma 10, Proposition 4 and (27) we have

Lip(Vg; 2) < max, Lip(Vg; 4;) < max, I'Y(F;w;) < kk. (29)

Therefore, by applying Corollary 9 we have G € .Z1(£2). On the other hand, we have
r''(G;0)=rYaG;2) >1r'(G;a,b) = k. (30)
From (29) and (30), we have
Lip(Vg; 2) < ks < kI'(G; 2) < TY(G; 2). a

Remark 12. With the same notation as in the proof of Proposition 11. There exists an open strictly convex
subset 2’ of §2 such that a,b € 2/, and we have

Lip(Vg; ') < Lip(Vg; 2) < kx < kI''(G; ') = kI’ (G; 2') < T''(G; 2').

Thus in Proposition 11 we can replace {2 open convex by {2 open strictly conver.

Moreover, when we let z,, 2, be such that dist(z,,[a,b]) and dist(zy,[a,b]) converge to 0, then the

constant k satisfying (28) converges to @ An interesting question is that what is the optimal constant

c that is the largest constant and satisfies Lip(Vg, £2) > cI'*(F, 2) for all {2 open convex set and for all

F € Z(£2)? We do not know the accurate value for the optimal constant ¢, but from above consideration
1 V3

and Proposition 8, we obtain ¢ € [5, T]
Theorem 13. Let 2 be an open set in R™ and let F € F'(£2). We have

I'(F; 2) = max{Lip(Df; 2), " (F;01)}.
Proof. We have I''(F; 2) = I''(F; 2). Thus

T'Y(F;2) > I''(F;00). (31)

Furthermore, we know that I''(F; £2) > Lip(Df; £2). Therefore,

I'(F; 2) > max{Lip(Df; ), (F;01)}.
Conversely, let us turn to the proof of the opposite inequality:

I'(F; 2) < max{Lip(Df; 2), " (F;01)}. (32)

Let Flpg be the restriction of F' to 92 and let G be a MLE of Fjp on R™\{2. We have G = F' on 942 and

I'(G;R™N\2) = T''(F;00). (33)
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We define

s [F(z), ifzel
H(x)_{G(x), if z € R™\ 2.

Step 1. We will prove that H € .Z!(R"). Indeed, let z,y € R" (z # y). We have three cases:
Case 1. If x,y € 2 (x #y) then I''(H;z,y) = I''(F;z,y) < T''(F; Q).

Case 2. If z,y € R™\2 (x # y) then by (31) and (33) we have
I'(Hyz,y) =T''(G;z,y) < T'(G,R\Q) = I''(F;002) < I'(F, 2).

Case 3. Assume z € (2 and y € R"\§2. Let H|(, .} be the restriction of H to dom(H,(,,,}) = {z,y}. From
[14, Proposition 2|, there exists ¢ € By /o(x,y) such that:

I'(H;z,y) <max{I''(H;z,z),["(H;zy)}, forallze€z,dUly,d.
Letting z € ([z, ] U [y, ¢]) N 02, we obtain
Fl(H;x,y) < max{Fl(H;x,z),Fl(H;z,y)}.
Moreover, since z,z € 2 we get
I'(H;z,2) =T (F;z,2) < THF; Q) = TY(F; 02),
and since y, z € R™"\2 we get
I''Y(H;z,y) = T'(Gi2,y) < THG;R™N\Q) = I'(F;002) < I'(F; ).
Therefore I'*(H; z,y) < I'Y(F; ).
Combining these three cases we have I''(H;R"™) < I''(F; £2) < +oo. This implies that H € Z1(R").

Step 2. We will prove (32). Since H € .#1(R"), we have I''(H; R") = Lip(Vh; R"™) by [12, Proposition 2.4].
Thus

I'(F;02)=T"(H;2) < I''(H;R") = Lip(Vh;R").
On the other hand, Lip(Df; 2) = Lip(Vh; 2) and
I'Y(F;00) = I'(G;RM\2) = I' (H;R™\2) > Lip(Vh; R"\12).
Therefore, to prove (32), it suffices to show that
Lip (Vh; R") < max{Lip(Vh; ), Lip(Vh; R”\Q) }

The final inequality is true from Lemma 10. O
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4. Sup-Inf explicit minimal Lipschitz extensions for 1-fields

In this section let {2 be a subset of R" and F € Z1(£2). To better understand Sections 4 and 6, let us
recall some selected results in [24, Theorems 1, 2].

Definition 14. The real x € R, with x > 0, is allowable for F if x satisfies the following inequality
1 K 9 1 9
Lemma 15. The real  is allowable for F iff [''(F;$2) < k.

Proof. Applying Proposition 4, we have I''(F; 2) < & if and only if

VA2, (F) + B2, (F) + Ay y(F) <k, Va,y € 0.
This inequality is equivalent to

B, (F)

Ay (F) <
2% + 7y( )—

Y

o=

and hence it is equivalent to

1 1 1
fu < fot 5(Duf 4+ Dyfiy =)+ grlly — ol = L-IDf = DyfIP, forany sy 2. o

Definition 16. Let s be allowable for F. Denote by w™(F, (2, ) the Wells function which is described in
[24, Theorem 1] when 2 is finite and

T(F, 02 = inf *(F, P
wH (P QR)@) = inf ot (F P R)(a)

when (2 is infinite, where Z({2) is the set of all finite subsets of (2.

The following corollaries are the direct consequences of Lemma 15, [12, Proposition 2.4] and [24, Theo-
rems 1, 2].

Corollary 17. W (F, 2, k) is an extension of F and ['*(W*(F, 2,k); R") < k. Moreover, for any extension
G of F on R™ which satisfies I''(G;R™) < k we have

g(z) <wh(F,2,k)(z), xR
Corollary 18. If 2 C {21 C (2, then
wh(F, 29, k) (z) <wt(F,21,k)(z), x€R™
Corollary 19. If k = I''(F; 2), then wt (F, 2, k) is an over minimal Lipschitz extension of F.

In the remainder of this section, we define x 2 I''(F'; £2). We will give two explicit formulas for extremal
extension problem of F' on R™.
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Definition 20. For any a,b € {2 and = € R"™, we define

tas 2 5(Daf + Dof) + 5 (0= 0),
aap = 26(fa = fo) + K(Daf + Dy f,b—a) — %IIDaf — Dyf|* + %ZHa —b|?
2 (waoa(r) - 222 4 i,
Bap(z) 2 H%(Daf —Dyf) + g(Qx —a—b) i

From the proof of [12, Theorem 2.6] we know that o, > 0 thus we can define
Ta,b(2) = Qab + Bap(T),
Ay 2{v eR": [|v — vy < rap(z), Va,be 2}.

Definition 21. For any a € 2, x € R™ and v € A, we define
+ A 1 K 2 1 2
v (F,ZL’,Q,’U):fa+§<Daf+’U,.’£7(l>+ZHQ*ZE” 7E||Daf7v” )

_ 1 K 1
U (Fra,n) 2 fot L(Dof + 0.0 —a) ~ Sla— 2l + [ Daf v’

ut(z) £ sup inf U1 (F,z,a,v).
vEA, a€

An important part of the proof of [12, Theorem 2.6] shows that A, is non-empty for all z € R™. This
allows us to define u*. Since Y™ is continuous, the map v € R® +— inf,co ¥ (F,z,a,v) is an upper
semicontinuous mapping therefore sup,,c 4 infoco ¥ (F,z,a,v) exists and the map u™ is well defined.

Proposition 22. Fiz x € R". Then there exists a unique element v} € A, such that

i) — i + +
u (x)—alggkp (F,z,a,v]).

Proof. Since A, is compact and non-empty, there exists v € A, such that
ut(z) = 322 vt (F,z,a,v)).
We will prove that v, is uniquely determined. Indeed, for any a € 2 we define

Gga(v) =0T (F,2,a,v), forve A,.

Then for any ¢t € (0,1) and (v1,v2) € R™ x R™, we have

a(tor + (1= 1)22) = tga(2) + (1 = )glea) + 7101~ D)fer — wall

Thus g, is strictly concave. If we define g(v) = inf,ecn gqo(v) for v € A, then for any ¢t € (0,1) and
(v1,v2) € R™ x R™ we have
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g(tvr + (1 = t)vg) > tg(vy) + (1 — t)g(va) + it(l —t)|lvr — val?.
Thus g is also strictly concave.

To prove v} is uniquely determined, we need to prove that if g(v) = g(v}) then v = v}, where v € A,.
Assume by a contradiction that there exists v € A, such that v # v} and g(v) = g(v;). Since A, is a convex
subset of R, we have tv+(1—t)v} € A, for t € (0,1). Thus g(tv+(1—t)v}) > tg(v)+(1—t)g(v]) = g(v}h),
which contradicts the equality g(vy) = sup,c4, g(v). O

The previous proposition allows us to define the following 1-field.

Definition 23.

Ut 2 e R o U @)(y) 2 ut (@) + (Dautiy—a), ye R, (35)
with
vt (x) £ max inf ¥ (F, z,a,v), D,ut £ argmax inf T (F,z,a,v).
vEA, aEN? vEAL a€S?

Using the proof of [12, Theorem 2.6], we can easily show the following proposition:

Proposition 24. Let zy € R"™ and define 1 = 2 U {xo}. Let U be an extension of F on 1. Then the
following conditions are equivalent:

(i) U is a MLE of F on {2;.
(i)

sup ¥~ (F,z,a, Dyu) < u(z) < inﬁ2 Ut (F,2,a,Du), Vz € (2.
acn ac

Furthermore

[sup U~ (F,z,a,Dyu) < in§2 !P+(F7x,a7Dzu)] < [Dyu € Ay], Vx € (2.
acn ac

Corollary 25. Let {1 be a subset of R™ such that 2 C (21. Let G be a MLE of F on {21. For all x € {21, we
have D,g € A, and

sup¥~ (F,z,a,D,g) < g(x) < inéLD"r(F,;ma, D.g) <u't(x), Va2
a€ef? a€

Proof. The proof is immediate from Proposition 24. O
Theorem 26. The 1-field U™t is the unique over extremal extension of F.

Proof. Applying Corollary 19, W (F; (2, k) is an over extremal extension of F' on R™. Let w™ be an over
extremal extension of F' on R™. Let W7 be the 1-field canonical associated to wt. We will prove Ut = W+
on R™.

Step 1. Let = € £2. Since W™ is an extension of F' we have W (z) = F(x). Note that A, has a unique
element to be D, f (since z € §2 and from the definition of A,). So that D,ut = D, f and

ut(z) = in£W+(F,x,a,Dmf).

ac
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From Proposition 24 we have
U (F,z,a,D.f) > f(x), foranya € (2.

Furthermore, when a = x we have ¥t (F,z,z, D, f) = f(x). Therefore ut(z) = f(x). Thus we have for all
re N, Ut (zx) =Wt (z)=F(z).

Step 2. Let z € R"\2. We first prove that u*(z) > w™(z). Since W is a MLE of F on R", we can
apply Proposition 24 to obtain D,w € A, and

wt(x) < ing Ut (F,x,a, Dyw) < u(z).
ac

Conversely, we will prove that u*(z) < w™(x). Applying Proposition 22, D,u™ is the unique element in
Ag such that ut(z) = inf,co U (F, 2, a, Dyut). We define the 1-field G of domain 2 U {z} as

Gly) 2 F(y), y€ and G(z)=2UT(z).
Since D,g = D,u™ € A,, we can apply Proposition 24 to have

g(z) =uT(z) = inf U7 (F,2,a,D,.qg) > sup ¥ (F,x,a,D,g). (36)
acs? acN

From (36) and Proposition 24, we have G to be a MLE of F on 2U{z}. By applying [12, Theorem 2.6] there
exists G to be a MLE of G on R”. Since dom(F) C dom(G), G is also a MLE of F on R™. Since W+ is over
extremal extension of F' on R", we have g(x) < w™(x) for all z € R™. Thus u™(z) = g(z) = §(z) < w'(x).
Combining this with w* (z) < u™(x) we have u™ (x) = w*(z). Finally, using Proposition 24 and the previous
equality we have

) — ot . + + ) + +
um(x) =w (x)gauelgw (F,x,a,Dgcw )Su (x)—alggg/ (F,x,a,Dzu )

Thus we obtain the following equality

inf @ (F,x,a,Dszr) = inf T (F,x,a,DIu+).
a€ef? a€c?

Therefore D,w™ = Dyu™ by Proposition 22. Thus we have for all z € R", U (z) = W (x).
The uniqueness of over extremal extension of F' arises since W is an arbitrary over extremal extension
of F. O

Thanks to Corollary 46, we can define an under extremal extension of F'. That is:
Definition 27. For any a € {2, x € R and v € A, we define

u (x) & Uien/fl Slelg U (F, z,a,v).

Using the strict convexity of the map v — ¥~ (F, z,a,v) and the compactness of A, as in the proof of
Proposition 22 when concavity is replaced with convexity, we obtain the following proposition:

Proposition 28. Let * € R". Then there exists a unique element v, € Ay such that u=(z) =
SupaEQy?_(Faxaa7vw_)'
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This allows us to define the following 1-field:

Definition 29.

U :2eR"—U (2)(y) 2u (z)+ (Dyu5y—z), yeR”, (37)
with
u” (x) £ min sup ¥ (F, z,a,v), D,u~ £ arg min sup ¥~ (F,z,a,v).
vEAL g0 v€Az ae 2

Theorem 30. The 1-field U~ is the unique under extremal extension of F.

Proof. Using Corollary 46 and Proposition 28, the proof uses similar arguments as in the proof of Theo-
rem 26. 0O

In conclusion we have the following corollary
Corollary 31. For all minimal Lipschitz extensions G of F' we have
u (7)) < g(z) <ut(x), VzeR"™
5. Sup—Inf explicit minimal Lipschitz extensions for functions from R™ maps to R™

Now, we propose to use the results of the previous section to produce formulas comparable to those
Bauschke and Wang have found; see [7]. Let us define 2, as the problem of the minimum extension for
Lipschitz continuous functions and 2; as the problem of the minimum extension for 1-fields. Curiously,
we will show that the problem 2 is a sub-problem of the problem 2. As a consequence, we obtain two
explicit formulas that solve the problem 2.

More specifically, fix n,m € N* and w C R™. We suppose that w has at least two elements. Let u be a
function from w maps to R™. Suppose Lip(u;w) < +oco and define [ £ Lip(u;w). Let us define

2% {(z,00 eR" xR" : z € w}.

A current element x of R™*" is denoted by z := (z("™),z(")) € R™*" with (™) € R™ and z(™ € R".
For each function u of domain w we associate the 1-field F' from £ C R™*™ maps to 21 (R"™™ R) as the

following
fiz0) 20, and Do) f = (0,u(z)), forallz€w. (38)
Let a,b € w, with a # b. Observing that
fa.0) = fo0y =0, and (D 0)f + Doy f, (b—a,0)) =0,

and applying Proposition 4 we have

| Da,0)f — Do) [l
I (F, (a,0), (6,0)) = =55 — 2

Therefore

I'Y(F, 2) = Lip(u,w). (39)
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Let G be a minimal Lipschitz extension of F. We have G € .Z!(R™"") and
I'(F,Q)=r"(G,R™m). (40)
Using [12, Proposition 2.4] we have
rt (G; Rm+”) = Lip(Dg;R”””). (41)
Now we define the map @ from R™ to R™ as the following
i(z) £ Dy oyg™, xzeR™, (42)
where D(;.0)9 2 (D(2,09™, D(2,0)9™) € R™ x R™.

We will show that @ is a minimal Lipschitz extension of u. Let x € w. Since G is an extension of F' and
by construction of F' we have

i(z) = (D(z0)9)™ = u(x).

Thus @ is an extension of u. Let z,y € R™ with x # y. Using (39), (40) and (41) we have

1D (2,0)9™ — D(y,009™ |
|z —yll

< ||D(m,0)9 - D(y,O)QH

- |z —yll

< ' (GyR™™

= Lip(u,w). (43)

Lip(@; z,y) =

This implies that 4 is a minimal Lipschitz extension of u. Therefore, we obtain another proof of Kirszbraun’s
theorem (see [17]).

Theorem 32. Let u be a function from w C R™ to R™. Suppose that u is a Lipschitz continuous function.
Let F be the 1-field defined by the formula (38). Let G be any minimal Lipschitz extension of F. Then the
extension 4 defined by the formula (42) is a minimal Lipschitz extension of u.

If we replace the 1-field G of Theorem 32 by U~ and U™, which are defined by Definitions 23 and 29,
we obtain two explicit formulas which solve the problem 2y. Now we will describe these formulas. Letting
a,b € wand x € R™ we define

(u(a) + ul®) ).

||>
7 N\
N |~
—
>

|

Q

=
DO | =

Va,b =

2 12 2
0s 2 ~Lu(a) — u®) + Za -3,

2 2

u(a) — u(b)
2

>

)

Bap(z) = 12|z

ra,b(x) = \/ Qb + ﬁa,b(x)>

Ay 2 {v ER™™ : |lv — vapll < rap(z), Va,be w}.
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For v = (v™) v(™) € R™ x R", we define
+ al, ) ! 2 Lo w2 (n)]|2
P (u,z,a,v)—§<v ,$7a>+1\|afx|| 7@(”” || +||u(a)fv || ), (44)
_ 1 l 1 2 2
& (u,z,a,v) = §<v(m),x—a>—Z\|a—x||2+4—l(|’v(m)|| + [Ju(a) — ™). (45)

Now using the previous notations, we define two maps from R to R™ as the following

(n)
kEt(z) 2 (arg max irelf &T (u, x, a,v)) , x€R™, (46)
ved, acw
and
B . ) _ (n) m
k= (z) & (arg min sup (u,x,a,v)) , zeR™ (47)
'UeAac acw

Theorem 33. The maps k+ and k™ defined by the formulas (46) and (}7) are minimal Lipschitz extensions
of u.

Remark 34. If w is finite using the previous transformation v — F' then the Wells explicit construction of
uT or u~ allows to compute v and u~.

We know that the proof of Kirszbraun—Valentine’s theorem and the proof of [12, Theorem 2.6] use Zorn’s
lemma. Noticing that, the proof which allows that A, is non-empty set, does not use Zorn’s lemma. Thus
the proofs of Theorem 26, 30 and 33 do not use Zorn’s lemma. This is also true in 7] and [24, Theorem 2].

6. Absolutely minimal Lipschitz extensions

In this section let 2 be a subset of R" (n > 2) and F € .#1(2) and x = I''(F,2). Let wt =
wt(F, 2, k)(x) where w* (F, £2, ) are defined by Definition 16 and Definition 42.

6.1. Finite domain
Proposition 35. Suppose (2 is finite, then W+ and W~ are AMLEs of F on R™.
Proof. By Corollaries 19 and 45, W* are two MLEs of F' and
I'(wW=R") =« (48)

Let V be bounded open satisfying V C R™\§2. We need to prove that I''(W*,V) = I''(W+,9V). Using
the same notations like in the proof of [24, Theorem 1] and using [24, Lemma 17], there exist S € K and
x,y € OV with x # y such that z,y € Ts. Applying [24, Lemma 21] we have

[Vw* (z) = Vwt (y)|| = &llz =y
Thus Lip(Vw™;z,y) = k. Using (48) and the previous equality, we obtain
(W, v) <k =Lip(Vwt;z,y) <Lip(Vw™;0V) < T (WT,0V) < T''(WH, V). (49)

Thus I''(W*,V) = I''(W+,0V). Therefore W+ is an AMLE of F.
The proof for W~ is similar by using Proposition 41 and Lemma 43. O
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Fig. 2. Illustration of subset A,, of (2.

Corollary 36. Suppose (2 is finite and w # w™, then there exists an infinite number of AMLEs of F on R™.
Proof. Let z¢ € R™\{2 such that w¥(zg) # w™ (x9). Note that
W, =W+ (1 -1)W~

is MLE of F on R", for all 7 € [0, 1]. Thus there exists an infinite number of MLE of F on 2 U {z¢}. Let
G be a MLE of F on wU {z¢}. By the same argument as in the proof of Proposition 35, we have that
wh (G, 2U{xo}, k) and w (G, 2U{z0}, k) are two AMLEs of F on R™. Therefore, there exists an infinite
number of AMLE of F on R". O

6.2. Infinite domain

From Section 6.1, we know that if {2 is a finite set then the functions W+ and W~ are two AMLEs of F
on R™. When {? is infinite, we give an example that shows the opposite.

Proposition 37. Suppose n = 2, then there exist 2 and F € F1(02) such that W and W~ are not AMLEs
of F on R™.

Proof. Let us define £y = 9B(0;1), 22 = dB(0;2) and 2 = 2;U2y. We define F € .Z1(£2) as the following
f: =0, forxe 2, fz=1, forxe 2y, and D,f=0, forxel

We will prove that W is not an AMLE of F on R™. To do this, we need to find an open set V CC R?/$2
such that MY (W V) # I'Y(WH;0V). Let us define V = {x € R? : ||z|| < 3/4} cC R?/£; we will prove
that

r'wtv) £ r (wtov).

Applying Proposition 4, we have xk = I''(F; 2) = 4.

Let o be the set of all finite subsets Ay of 2 of the form Ay = {p1,....,pn} U{q1,...,an}, N € N*,
which satisfies {p1,p2,...o8} C 1, {q1,G2, .., qn} C 25 and p; € [0,¢;] for all i € 1,..., N (see Fig. 2). By
construction, we have Ay € . For brevity let us denote the functions w*(F, Ax, ) by wXN. Applying

Proposition 4, we have

iy =T' (Wi ;Ay) =4=k, forall Ay e .
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As in [24, Theorem 1] and using the same notation, we define Tg associated with A = Ax. We can check
that

|:pi pi + g

= T,
27 2 ]C P>

and from the definition of wXN, we have

wiy (2) = g(x —pi)? = ng(x§891)a for all z € [%, b ;— Ql}.

Let us define 2, 5 = {y € R" | a < ||y|| < B}, a < B and Z(£2) to be the set of all finite subsets of £2.
We will prove that

wh(z) = gdz(x; 82y) forall x € Z1/33/5.
Indeed, letting 2 € Z;/53/2, there exists Ay € & such that x € [0,q;] where ¢; € Ay N £25. From the
definition of wT (see 16), we have w'(z) < w} (z) = §d*(z;9621). Conversely, for all P € 2(12), there
exists Ay € & such that P C Ay and = € [0, ¢2] where g3 € Ay N (22. Applying Corollary 18, we have
wt(F, P,k) > w} (x) = §d*(x;042;). Hence

*(z)= inf w(F,P > B2z, 00,).
w™(x) Pelélz(mw (F,P,k)(x) > 2d (x,002)
Therefore w () = §d*(x;842,) for all © € Py 9 3/. Noticing that

w

K K 2
t(z) = §d2(:c;891) = E(HxH — 1) , forallz € 2,234,

for all x,y € 9,5 3/4 such that = € [0,y], we have

IV (@ W =

To Y
el = 1) 2% = nllll = 1) % | = el = .
Hence x > I''(W+;R") > I''(W*; V) > Lip(Vw™; V) > &k, and hence
r'whv)=r=4. (50)

On the other hand, for all z,y € OV, we have ||z|| = ||y|| = 3/4, so that

IV (@ W =

o
(el =1) g = ol = 1) 2 ”H

Hence

Vut(z) - Vot )|«
Boy (W) = | =z
e (W) le— gl 3

Moreover, since w* (z) = wt(y) and (Vw™(z) + Vw™(y)) is perpendicular to (y — z), we have

+ +
Apy(WH) = - 22 = 0.
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Applying Proposition 4, we have

4
YW+ ov) = A2, 1 B2, 4 |Au,) =2 =2, 51
(vrov) = sup (VA Blyt ) = 5 = o)

From (50) and (51) we have I''(WT; V) # I''(W*;0V). And therefore W is not an AMLE of F on R".
The proof for W~ is similar. O

Remark 38. With the same notation as in Proposition 37, by computing directly w* and w™, we obtain

_ K
wh(z) = —w (z)=1- 5302, Vo € Dy 1,

wh(z) = —w (z) = ng(a:,&Ql), ¥z € 9y,

wt(z) = w (z) = gd2(:c76!21), Vo€ 7,

wh(z) =w (z) =1- ng(l‘,&Qg), Vo € D3 ,,
wh(z) =1+ gcﬁ(x,arzg), Vi € D ioo,

w(x)=1-— ng(axan), Vo € P 400,

where k = I''(F; 2) = 4.

We see that W = W is an AMLE of F on R? (although W and W~ are not AMLEs of F on R?)
and w ¢ ¢*(R? R). Moreover, all MLEs of F' coincide on {z € R? : 1 < ||z|| < 2} (because W+ = W~ on
{reR*: 1< |z| <2}).

From Proposition 37, we know that W is not an AMLE of F on R" in general case. But in some case,
we have W™ to be an AMLE of I on R". We give an example:

Proposition 39. Let 2 be a subset of R" (n > 2). Let F € F(2) such that 2 = {p — Pl oy N} isa

K

subset of an (n — 1)-dimensional hyperplane H, where k = I'*(F, 2). Then W7 is an AMLE of F on R™.

Proof. We prove that W+ is an AMLE of F on R™. From Corollary 19, we have W7 to be a MLE of
F on R™. Let V C R"\£2. We need to prove that I''(W*;V) = I''(W+;9V). Indeed, the inequality
r*w+,v) > I'Y(W+;0V) is clear, so that we only need to prove that I''(WT;0V) > I''(W+; V). We
have

k=T'(WHRY) > (WHV) > ' (W;0v) > Lip(Vw™,0V).

Thus it suffices to show that Lip(Vw™,9V) > k.

Let g, yo € OV, xo # yo such that (xg — yo) is perpendicular to the hyperplane H. Let & be the set of
all finite subsets of 2. For any P € 22, we have the corresponding function W+ (F, P, k) (see Definition 16)
or W for short. We define K and Ts for S € K the same notations like in [24, Theorem 1] with the
corresponding definition for the finite set A = P (see Fig. 3). Put kp = I''(WZ;R"). Since 2 = {p — DT"f :
p € §2} is a subset of H and (z¢ — yo) is perpendicular to the hyperplane H, there exists S € K such that
xo,Yo € Ts. Applying [24, Lemma 21], we have

[Vwi(zo) — Vwh(yo)|| = spllzo — yol-
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T *
T+Pl T‘(PpPz) T‘},2 {pyp3} TP3 H

P71 P2 P>

xo.

»®

Fig. 3. The partitioning of R™ into regions Ts.

Moreover, for any ¢ > 0, there exists P € & such that |[Vwh(zo) — Vwt(xo)|| < e, ||[Vwh(yo) —
VwT(yo)|| < e (by [24, Proposition 3]) and kp > k — &. Therefore

[Vw* (z0) — V™ (yo)|

Lip(Vw, dV) >

||170 - yoH

IVwt (x0) = Vwl(zo)|  [[Vw' (yo) = Vwh(yo)l
- [zo — yol| |zo — ol

N [Vw§ (z0) = Vwp (yo)

l|lzo — yoH
—2e n

ETEE— K —¢&.

~ o — yol|

Hence Lip(Vw,dV) > k. O
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Appendix A

A.1. The constructions of w™

Let £2 be a subset of R, containing at least two elements, and F be a 1-field in .#1(§2). Suppose that x
is allowable for F' that satisfies (34).

In a similar way to [24, Theorem 1], we will describe an under extension of 1-field F' and we will give the
properties used for the understanding of this article.
Case 1. Suppose that 2 is finite. For p € 2, we define:

- 1 1
dy (@) 2 fp 4 51Duf I/ = grlle =57,

and for any S C (2,

dg(z) £ supd, (z),
peS

£ {p :pe S},

S~ £ convex hull of S,

4
I

Sy £ smallest hyperplane containing S,
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Sp £{z:d, () = d, (x) for all p,p’ € S},
So 2 {z:d,(2) = dy(x) > dy () forall p,p’ € 8, p" € 2},

*

K~ £{S:ScCand for some z € S, dg(z) > dg_q(z)}.
Definition 40. Let us define

1 ~
Ts_é{x:w—§(y+z) for some y € S~ andzES*}, forall S € K.

Proposition 41. For all S € K~ and for all x € Tg there exists a unique couple (y,z) € 5 x S, such that
_1
r=35(y+2).
We have

U 75 =Rr",
SeK—

TsNTg =0, and Tg #0, forallS,8" e K~, with S # 5.

For all S € K—, the set S N Sy contains a single point denoted by Sg.
For all S € K—, hyperplanes Sg, Sy are orthogonal.

Definition 42. Let us define
wg (x) £ dS(Sg) — %ndQ(m,Sﬁ) + %stz(:c,SE), forall S € K~ and z € Tg,
and
w(F,2,r)(z) £ wg(z) forallzeTy.
Lemma 43. For all S € K~ and x € Ty, we have
Vw™ (F, 2,k)(z) = g(y —z), wherex = %(y—i—z), with (y,2) € 8~ x 87,
and

|[Vw™ (F, 2,5)(z) = V™ (F, 2,r) (") || = 6|z — 2’

, forallS€ K~ and z,2’ € Tg. (52)
Proposition 44. We have w™(F,2,k) € ¢YY(R",R) and Lip(Vw™ (F,2,k);R") = k. Furthermore,
w™(F, 2, k) is an extension of F and for all g € €V1(R™,R) extension of F such that Lip(Vg; R™) < k, we
have

w” (F,2,k)(x) <g(x), zeR"

Corollary 45. If k = [''(F; 2), then W~ (F, §2, k) is an under extremal extension of F.

Case 2. Suppose that 2 is not finite. Denote by Z({2) the set of all finite subsets of 2. Since for any
x € R", and for any P, P’ € 22({2) satisfying P C P’ we have

w™ (F,P,r)(z) < w™ (F, P, k) (),
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we can define

w(F,2,k)(x) = sup w™ (F,P,k)(z).
Pe ()

Corollary 46. Suppose that 2 is any subset of R" and F € FX(2). If k = I''(F; ), then W= (F, 2, k) is
an under extremal extension of F.

References

[1] J.C. Archer, E. Le Gruyer, On the Whitney’s extension theorem, Bull. Sci. Math. 119 (3) (1995) 235-266.
[2] S.M. Armstrong, C.K. Smart, An easy proof of Jensen’s theorem on the uniqueness of infinity harmonic functions, Calc.
Var. Partial Differential Equations 37 (3-4) (2010) 381-384.

[3] G. Aronsson, Minimization problems for the functional sup, F(z, f(z), f'(z)). II, Ark. Mat. 6 (1966) 409-431.

[4] G. Aronsson, Extension of functions satisfying Lipschitz conditions, Ark. Mat. 6 (1967) 551-561.

[5] G. Aronsson, M. Crandall, P. Juutinen, A tour of the theory of absolutely minimizing functions, Bull. Amer. Math. Soc.

(N.S.) 41 (4) (2004) 439-505.
[6] G. Barles, J. Busca, Existence and comparison results for fully nonlinear degenerate elliptic equations without zeroth-order
term, Comm. Partial Differential Equations 26 (11-12) (2001) 2323-2337.
[7] H.H. Bauschke, X. Wang, Firmly nonexpansive and Kirszbraun—Valentine extensions: a constructive approach via mono-
tone operator theory, in: Nonlinear Analysis and Optimization I. Nonlinear Analysis, in: Contemp. Math., vol. 513, Amer.
Math. Soc., Providence, RI, 2010, pp. 55-64.
[8] C. Fefferman, A sharp form of Whithey’s extension theorem, Ann. Math. 161 (2005) 509-577.
[9] C. Fefferman, Whitney’s extension problem for C", Ann. Math. 164 (2006) 313-359.
[10] G. Glaeser, Etude de quelques algebres tayloriennes, J. Anal. Math. 6 (1958) 1-124 (in French).
[11] E.L. Gruyer, On absolutely minimizing Lipschitz extensions and PDE A, (u) = 0, NoDEA Nonlinear Differential Equations
Appl. 14 (1-2) (2007) 29-55.

[12] E.L. Gruyer, Minimal Lipschitz extensions to differentiable functions defined on a Hilbert space, Geom. Funct. Anal. 19 (4)
(2009) 1101-1118.

[13] E.L. Gruyer, J.C. Archer, Harmonious extensions, SIAM J. Math. Anal. 29 (1) (1998) 279-292.

[14] M.J. Hirn, E.L. Gruyer, A general theorem of existence of quasi absolutely minimal Lipschitz extensions, Math. Ann.
359 (3—4) (2014) 595-628.

[15] R. Jensen, Uniqueness of Lipschitz extension: minimizing the sup-norm of gradient, Arch. Ration. Mech. Anal. 123 (1993)
57-74.

[16] P. Juutinen, Absolutely minimizing Lipschitz extension on a metric space, Ann. Acad. Sci. Fenn. Math. 27 (2002) 57-67.

[17] M.D. Kirszbraun, Uber die zusammenziehende und Lipschitzsche Transformationen, Fund. Math. 22 (1934) 77-108.

[18] E.J. McShane, Extension of range of functions, Bull. Amer. Math. Soc. 40 (12) (1934) 837-842.

[19]

20]

8
9
0
1

V.A. Milman, Absolutely minimal extensions of functions on a metric spaces, Mat. Sb. 68 (1) (1999) 83-110.
A. Naor, S. Sheffield, Absolutely minimal Lipschitz extension of tree-valued mappings, Math. Ann. 354 (3) (2012)
1049-1078.

[21] Y. Peres, O. Schramm, S. Sheffield, D.B. Wilson, Tug-of-war and the infinity Laplacian, J. Amer. Math. Soc. 22 (1) (2009)
167-210.

[22] 1. Schoenberg, On a theorem of Kirzbraun and Valentine, Amer. Math. Monthly 60 (1953) 620-622.

[23] F.A. Valentine, A Lipschitz condition preserving extension for a vector function, Amer. J. Math. 67 (1945) 83-93.

[24] J.C. Wells, Differentiable functions on Banach spaces with Lipschitz derivatives, J. Differential Geom. 8 (1973) 135-152.
[25] H. Whitney, Differentiable functions defined in closed sets I, Trans. Amer. Math. Soc. 36 (1934) 369-387.

[26] H. Whitney, Analytic extensions of differentiable functions defined in closed sets, Trans. Amer. Math. Soc. 36 (1) (1934)

63-89.


http://refhub.elsevier.com/S0022-247X(14)01109-3/bib4C656772757965723232s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib41726Ds1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib41726Ds1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib41726F6E73736F6E31s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib41726F6E73736F6E33s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib41726F6E73736F6E32s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib41726F6E73736F6E32s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib4261726C6573s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib4261726C6573s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib4261s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib4261s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib4261s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib466532s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib466531s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib476C616573657231s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib454C4733s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib454C4733s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib454C4731s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib454C4731s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib4C656772757965723234s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib454C4732s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib454C4732s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib4A656E73656Es1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib4A656E73656Es1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib4A7575s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib4B697273s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib4D635368616E6531s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib4D696Cs1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib4E61s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib4E61s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib5065s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib5065s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib536368s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib5661s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib57656C6C31s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib576869746E657931s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib576869746E657932s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib576869746E657932s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib41726F6E73736F6E31s1
http://refhub.elsevier.com/S0022-247X(14)01109-3/bib41726F6E73736F6E31s1

	Sup-Inf explicit formulas for minimal Lipschitz extensions for 1-ﬁelds on Rn
	1 Introduction
	2 Preliminaries
	3 Relations between Γ1(F;Ω) and Lip(Df;Ω)
	4 Sup-Inf explicit minimal Lipschitz extensions for 1-ﬁelds
	5 Sup-Inf explicit minimal Lipschitz extensions for functions from Rm maps to Rn
	6 Absolutely minimal Lipschitz extensions
	6.1 Finite domain
	6.2 Inﬁnite domain

	Acknowledgment
	References


