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1. Introduction
An interesting class of nonlinear wave equations consists of the semilinear Schréodinger equations

iur = upp + muy/r + klulPu, p#0, k#0 (1.1)

for u(t,r) € C, where p € R is a nonlinearity power, & € R is the nonlinearity coefficient, and m € R is a
spatial-derivative coefficient. When m is a positive integer, this wave equation (1.1) physically describes a
general model for the slow modulation of radial waves in a weakly nonlinear, dispersive, isotropic medium
[24] in m + 1 dimensions, with radial coordinate . When m is zero, the equation similarly is a model
for slow modulation of waves in a one-dimensional, weakly nonlinear, dispersive medium, where r is the
full-line coordinate. In all other cases Eq. (1.1) can be interpreted instead as modelling the slow modulation
of two-dimensional radial waves in a planar, weakly nonlinear, dispersive medium containing a point-source
disturbance at the origin, represented by an extra modulation term (m — 1)u,./r [2]. This interpretation can
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be applied more generally for m # 2. Hereafter we will call (1.1) the radial gNLS (generalized nonlinear
Schrodinger) equation and write

m=n-—1 (1.2)

without any restriction on n € R.

Exact solutions have an important role in the study of the radial gNLS equation (1.2), particularly
for understanding blow-up, dispersive behavior, attractors, and critical dynamics, as well as for testing
numerical solution methods. Stability and global behavior of solutions to the initial-value problem depend
on [9,24] the effective dimension n = m + 1, the nonlinearity power p, and the sign of the interaction
coefficient k. Specifically, for p > 4/n > 0 and k > 0, some solutions exhibit a finite time blow-up such that
|u(t,r)| = oo as t = T < oo. In the case p = 4/n > 0, which is known as the critical power, a special class
of blow-up solutions is rigorously known to have the form [24]

u(t,r) = (T — t)fn/zU(S) exp(i(w+7r2/4)/(T —t)), €=r/(T —t), w0, (1.3)

which is invariant under a certain pseudo-conformal subgroup in the full symmetry group of Eq. (1.1), where
U(€) satisfies a complex nonlinear second-order ordinary differential equation (ODE)

U’ + (n— D)W +wU + k|UM"U = 0. (1.4)

In the supercritical case p > 4/n > 0, a general class of blow-up solutions is believed [24] to asymptotically
approach an exact similarity form

u(t,r) = (T — t)fl/pU(f) exp(iwln((T — ¢)/T)), &=r/VT —t, w#0, (1.5)

which is invariant under a certain scaling subgroup in the full symmetry group of Eq. (1.1), where U(§)
satisfies a more complicated complex nonlinear second-order ODE

U'+((n—1)¢" = 3HOU' — (w+1i/p)U + k|UIPU = 0. (1.6)

Both ODEs (1.4) and (1.6) are, however, intractable to solve by standard ODE integration techniques [8,16]
such as symmetry reduction and integrating factors. In fact, as summarized in recent work [2], the only
explicit solutions which are known to-date for n # 1 (m # 0) consist of the obvious constant solution
U = (—w/k)"*exp(i¢) for the ODE (1.4).

In this paper we will obtain new explicit exact solutions to the radial gNLS equation (1.1) for n # 1
(m # 0) by applying a symmetry group method which has been used successfully in previous work [4—6]
to find explicit blow-up and dispersive solutions to semilinear radial wave equations and semilinear radial
heat equations with power nonlinearities in multi-dimensions. The method uses the group foliation equa-
tions associated with one-dimensional subgroups of the point symmetry group of a given nonlinear partial
differential equation (PDE) [17]. These equations consist of an equivalent first-order PDE system whose
independent and dependent variables are respectively defined by the invariants and differential invariants
of a given point symmetry subgroup. Each solution of the system geometrically corresponds to an explicit
one-parameter family of exact solutions of the original nonlinear PDE, such that the family is closed under
the given point symmetry subgroup, which represents a symmetry orbit in the solution space of the PDE. In
the case of a PDE with power nonlinearities, the form of the resulting group-foliation system allows explicit
solutions to be found by a systematic separation technique in terms of the group-invariant variables. We
will use an improved version of this technique, which is able to yield a much wider set of solutions.
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Our results include explicit blow-up solutions having the group-invariant forms (1.3) and (1.5), plus
explicit blow-up solutions with a non-invariant form, in addition to explicit dispersive solutions, explicit
standing wave solutions, and explicit monopole solutions. Among the new solutions, some are found to hold
only for non-integer values of n — 1 (= m), which we interpret as radial planar solutions in the presence of
a modulation point-source at the origin.

Section 2 provides a short review of the method of group foliation and related applications to nonlinear
PDEs. In Section 3, the group-foliation method is applied to the symmetry group of the radial gNLS equation
(1.1). The improved separation technique used for finding explicit solutions of the group foliation equations
is then introduced in Section 4, and the resulting exact solutions of the radial gNLS equation along with
their basic analytical features are summarized in Section 5. Finally, some concluding remarks are made in
Section 6.

2. Method of group foliation

The construction of group foliations using admitted point symmetry groups for partial differential equa-
tions is originally due to Lie and Vessiot [25] and was revived in its modern form by Ovsiannikov [17]. An
outline of this construction in general goes as follows.

Let F =0 be a given PDE system of order N > 1 with M > 2 independent variables, admitting a group
G of point symmetries. Then the solution space of F' = 0 is a union of orbits defined by the action of G as
a transformation group on solutions. Provided that the action of G is regular and projectable, each orbit
can be geometrically described as a solution of an invariantized system of PDEs, called the group resolving
system, formulated in terms of the invariants and differential invariants of the symmetry group G. This
invariantization of the solution space of F' = 0 is most easily carried out in jet space by five main steps:

(1) formulate the given PDE system F = 0 as set of surface equations in the jet space of order N using the
given variables;

(2) express the jet-space variables in all of the surface equations in terms of the invariants and differential
invariants (up to Nth order) of the symmetry group G;

(3) choose M of the lowest order invariantized variables to be the new independent variables, and take all
of the remaining invariantized variables to be the new dependent variables;

(4) derive the compatibility conditions that come from having the new dependent variables be functions of
the new independent variables;

(5) append the set of compatibility equations to the set of invariantized surface equations.

This set of equations comprises the group-resolving system which defines the invariantization of the original
PDE system F' = 0. Moreover, the original dependent variables can be recovered from the invariantized
variables by solving a G-invariant system of differential equations. Since the solutions of the group resolving
system geometrically correspond to the orbits of G in the solution space of F' = 0, each orbit thereby
determines a family of solutions to F' = 0 such that the family is closed under the action of G.

The method of group foliation was first applied successfully to find exact solutions to nonlinear PDEs
in Refs. [14,15,12,21,22,11] when the group G of point symmetries is infinite-dimensional, and later it was
developed in Refs. [4-6] when the point symmetry group G is finite-dimensional.

These two basic approaches have been used in many recent papers (see, e.g. [20,23]) for obtaining exact
solutions of nonlinear diffusion equations and nonlinear wave equations. In a different direction, the for-
mulation of group foliations of nonlinear PDEs by using exterior differential systems has been studied in
Refs. [7,10].
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3. Symmetries and group foliations

The group of point symmetries of the radial gNLS equation (1.1) for n # 1 (m # 0) is well-known [13,19]
to be generated by the following point transformations acting on (¢,r, u, @):

phase rotation  Xphas, = iud/0u —iud/du  for all p, (3.1)
time translation  Xians, = 0/0t  for all p, (3.2)
scaling  Xgcal, = 2t0/0t +1rd/0r — (2/p)ud/Ou — (2/p)ud/du  for all p, (3.3)
inversion  Xinyer, = t20/0t + trd/0r — (2t/p + ir? /4)ud /Ou

— (2t/p —ir?/4)ud/0u  only for p = 4/n. (3.4)

Note the inversion (3.4) is called a pseudo-conformal transformation, and the special power p = 4/n for
which it exists is commonly called the critical power.

On solutions u = f(t,r) of the radial gNLS equation (1.1), the one-dimensional symmetry transformation
groups arising from the separate generators (3.1)-(3.4) are given by

u = exp (i) f (¢, 1), (3.5)
u= f(t—e,r), (3.6)
w=A"2PFNT2 AT ), (3.7)
u=(1+et)"2Pexp (—ier?/(4 + 4et)) f(t/(1 + et),7/(1 + €t))  only for p = 4/n, (3.8)

with group parameters —oo < € < 00, 0 < A < 00, 0 < ¢ < 27. The full transformation group of point
symmetries is obtained by compositions of these transformations (3.5)—(3.8).

A group foliation can be constructed using any linear combination X of symmetry generators (3.1)—(3.4)
such that X has a regular projectable [16] action on (¢,7). In particular,

X = Clxphas. + CQXtrans. + C3Xsca1. + C4Xinver. (39)
projects to (cz + 2c3t + c4t?)0/0t + (car + catr)0/0r, whose action on (¢,7) is regular if and only if
c34+c3+ci#0 (3.10)

(with ¢4 = 0if p # 4/n). For any symmetry generator X of the form (3.9) with the constraint (3.10), a group
foliation consists of converting the radial gNLS equation (1.1) into a system of first-order equations, called the
group resolving system, for the orbits of the one-dimensional symmetry group generated by X. This system
is naturally formulated in terms of a complete set of invariants x(t,r), v(¢,r, u), v(t,r,u) and a complete
set of first-order differential invariants G(t,r,u, us, u,), G(t,r, @, @y, 4y ), H(t, 7w, up,w,), H(t,r, @, i, 0,)
of X, which always can be chosen so that the phase-rotation symmetry (3.1) leaves x invariant and acts
equivariantly on v,v,G, H,G, H. As a consequence, the solution space {u = f(t,r)} of the radial gNLS
equation (1.1) can be recovered from the phase-equivariant solution space {(G = g(x,v,v), H = h(z,v,0))}

of the group-resolving system by integration of the first-order complex differential equations for w(t, r)

G(t,r, u,us,uy) = g(x(r,t),v(t,r,u), v(t,r,a)),
H(t,r,u,up, ur) = h(z(r,t),v(t,r,u), v(t,r,u)), (3.11)

where this pair of differential equations can be reduced to two quadratures due to their built-in invari-
ance with respect to the two-dimensional symmetry group G generated by X and X pas.. These two



S.C. Anco et al. / J. Math. Anal. Appl. 427 (2015) 759-786 763

quadratures thereby produce a two-parameter family of radial gNLS solutions u = f(¢,7,¢1, ) from each
phase-equivariant solution (G = g(z,v,v), H = h(x,v,v)) of the group-resolving system. Note that the in-
variance of the differential equations (3.11) under phase-rotations is essential for having a sufficiently large
symmetry group to allow integrating them to quadratures.

We now set up the group-resolving systems for each of the symmetry generators given by time-translation
(3.2), scaling (3.3), and inversion (3.4). A general remark is that group-resolving systems arising from
different choices of symmetry groups G are not related to each other by a point transformation on
(z,v,9,G,G,H,H), while the form of any specific group-resolving system depends on the complexity of
the expressions for the symmetry generator X and for the invariants x,v,v and differential invariants
G,G,H, H. Accordingly, we will leave for other work the consideration of group-resolving systems given
by linear combinations of the generators (3.1)-(3.4), such as an optimal set with respect to conjugacy in
the full symmetry group, since such systems have a more complicated form that makes it harder to find
explicit solutions by separation of variables. (Also see the similar situation for the semilinear wave equation
in Ref. [4].)

3.1. Time-translation-group resolving system
To proceed, we first write down the obvious invariants
r=r, v=u, V=1 (3.12)

SatiSfying Xtrans.w = Xtrans.v = Xtrans.ﬁ =0 and additionauy Xphas.x = 0, Xphas.v = i’l), Xphas.rD = —iv.
Similarly, we write down the obvious differential invariants

G=u, H=u, (3.13)

G = iG, xW g o= iH, where XY s the first-order

phas. trans.

prolongation of the time-translation generator (3.2) and Xélh)as. is the first-order prolongation of the phase-

rotation generator (3.1). Here z, v and v are mutually independent, while G and H are related by equality

satisfying XV ¢ =xU g =0and XV

trans. trans. phas.

of mixed r,t derivatives on u; and w,, which gives
D,.G=D:H, (3.14)

where D,., D; denote total derivatives with respect to r,t. Furthermore, v, v, G, H are related through the
radial gNLS equation (1.1) by

iG— Tl_nDT(Tn_lH) = kpltp/25p/2. (3.15)

Now we put G = G(z,v,0), H = H(z,v,0) into Egs. (3.14)-(3.15) and use Eq. (3.12) combined with the
chain rule to arrive at a first-order system

G.+HG, - GH, + HG; — GH; =0 (3.16a)
iG—(n—1)H/x — H, — HH, — HHy = ko' ?/25P/2 (3.16b)

with independent variables x,v,v, and dependent variables G, H (and their complex conjugates). These
equations will be called the time-translation-group resolving system for the radial gNLS equation (1.1).

The respective solution spaces of Eq. (1.1) and system (3.16) are related by a group-invariant mapping
that is defined through the invariants (3.12) and differential invariants (3.13), and that preserves phase-
rotation symmetry.
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Lemma 1. Phase-equivariant solutions (G = g(z,|v|)v, H = h(z,|v|)v) of the time-translation-group re-
solving system (5.16) are in one-to-one correspondence with two-parameter families of solutions u =
f(t,r,c1) exp(ice) of the radial gNLS equation (1.1) satisfying the time-translation invariance property

flt+ercr) = f(t,r (e c1))exp(ica(e, c2)) (3.17)

(in terms of group parameter €) for some ¢1(e,c1) and ¢a(e,ca), with é1(0,¢1) = ¢1, ¢2(0,¢2) = 0. The
parameters ci, co arise as the constants of integration of the pair of first-order DEs

upr = h(r,u,a), ur = g(r,u,u) (3.18)
which are invariant under the time-translation symmetry (3.2) and the phase-rotation symmetry (3.1).

The proof of Lemma 1 will be given in Section 4.1. Through the correspondence stated in this lemma,
time-translation invariant solutions of the radial gNLS equation (1.1) with the two-parameter form

u= f(r,c1)exp(icy) (3.19)
are characterized by the simple condition
G=0 (3.20)

on phase-equivariant solutions of the time-translation-group resolving system (3.16). This establishes a direct
relationship between classical symmetry reduction of the radial gNLS equation (1.1) under time-translation
and a reduction of the time-translation-group resolving system (3.16) under condition (3.20).

Lemma 2. There is a one-to-one correspondence between two-parameter families of static solutions (3.19)
of the radial gNLS equation (1.1) and phase-equivariant solutions of the time-translation-group resolving
system (3.16) that satisfy condition (3.20).

3.2. Scaling-group resolving system

We proceed by writing down the invariants and differential invariants determined by the scaling generator
(3.3) and its first-order prolongation. A simple choice of invariants is given by

x=t/r?, v=r?Pu, 5=1r¥Pg (3.21)
SatiSfying Xscal. T = Xgeal? = Xgeal.? = 0 and Xphas.x = 07 Xghas.v = iv; }(phas.fl7 = —iv. The sim-
plest differential invariants G(¢,r,u;) and H(t,r, u,) satisfying Xgial_G = Xii;l_H = 0 and XS}I)&S_G = iG,

XY H —iH consist of

phas.
G = r2¥2/py,  H =142y (3.22)

Here the invariants x, v and v are again mutually independent, while the differential invariants G and H
are related by equality of mixed r,t derivatives on u; and w,, which gives

DT(T_Q_Q/pG) _ Dt(T_l_g/pH). (3.23)
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In addition, v, v, G, H are related through the radial gNLS equation (1.1) by
ir=272/PQ — P D, (P22 ) = kT 272 Py 202, (3.24)

Now we put G = G(z,v,v), H = H(z,v,v) into Egs. (3.23)—(3.24) and apply the chain rule with Eq.
(3.21) to get a first-order system

2(1+1/p)G + H, + 22G, — (2/p)(vG, + vGy) + GH, — HG, + GH; — HG; = 0 (3.25a)
iG+ (2—n+2/p)H + 2cH, — (2/p)(vH, + vHy) — HH, — HHy = ko' +P/25P/? (3.25h)

with independent variables x,v,, and dependent variables G, H (and their complex conjugates). These
equations will be called the scaling-group resolving system for the radial gNLS equation (1.1).

Similarly to the group foliation based on time-translation, here the respective solution spaces of Eq. (1.1)
and system (3.25) are related by a group-invariant mapping, as defined through the invariants (3.21) and
differential invariants (3.22), preserving phase-rotation symmetry.

Lemma 3. Phase-equivariant solutions (G = g(z,|v|)v, H = h(x, |v|)v) of the scaling-group resolving system
(3.25) are in one-to-one correspondence with two-parameter families of solutions u = f(t,r, c1)exp(ica) of
the radial gNLS equation (1.1) satisfying the scaling invariance property

)\Q/pf()\QtJ\T, c1) = f(t,r,é1(\ e1)) exp(iéa(A, e2)) (3.26)

(in terms of group parameter \) for some ¢1(X\,c1) and éa(\ ca), with ¢ (1,¢1) = ¢1, ¢2(1,¢2) = 0, where
c1,co are the constants of integration of the pair of first-order DEs

U = r_2_2/pg(t/r2,r2/pu,r2/pﬂ), Uy = r_1_2/ph(t/r2,r2/pu,r2/pﬂ) (3.27)
which are invariant under the scaling symmetry (3.3) and the phase-rotation symmetry (3.1).

The proof of Lemma 3 is given in Section 4.2. Through the steps in this proof, a simple correspondence
can be derived between similarity solutions of the radial gNLS equation (1.1) and a particular class of
solutions of the scaling-group resolving system (3.25) as follows.

Lemma 4. There is a one-to-one correspondence between two-parameter families of similarity solutions
_ ..—2/p 2 .
uw=r""Pf(t/r", c1) exp(icy) (3.28)

of the radial gNLS equation (1.1) and phase-equivariant solutions of the scaling-group resolving system (3.25)
that satisfy the condition

H +2xG = —(2/p)v. (3.29)

This correspondence establishes a relationship between classical similarity reduction of the radial gNLS
equation (1.1) under scaling symmetry and a reduction of the scaling-group resolving system (3.16) under
condition (3.29).

3.3. Inversion-group resolving system
From the inversion generator (3.4), we first write down the mutually independent invariants

r=t/r, v=r"2exp(ir?/(4t))u, ©=r"'?exp(—ir?/(4t))u (3.30)
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satisfying Xinver.Z = Xinver.? = Xinver.¥ = 0 and Xphas. = 0, Xphas. ¥ = iv, Xphas. ¥ = —iv. Next we write
down the simplest choice of mutually independent differential invariants G(t,r, u, ut, u,-) and H (¢, r, u, us, u,)
satisfying X\ G =X g =0and X" ¢=ic, XV g =iH:

inver. inver. phas. phas.

G = ¥ 2 exp(ir®/(46)) (ue + rup /t + (n/(28) +ir/(46))u) | (3:31a)
H = v/ exp(ir?/ (41)) (uy + iru/(2t)) . (3.31b)

These differential invariants are related by equality of mixed r,t derivatives on u; and u,, and by the radial
gNLS equation (1.1), which yields

D, (T—Q—W exp(—ir?/(44))(G — r2H/t + (ir* / (42) — nr? /(2t))v))
=D, (r_l_"/Q exp(—ir?/(4t)) (H — ir2v/(2t))) , (3.32)
and

(G —r*H/t+ (ir'/(4t*) — nr® /(2t))v)
=72 exp(ir?/(40)) D, (1722 (H — ir2v/(20)) exp(~ir?/(41)))
= ko' T2/mg2/n, (3.33)
Putting G = G(z,v,v), H = H(x,v,v) into Egs. (3.32)—(3.33) and applying the chain rule with Eq. (3.30),
we get a first-order system
(2+n/2)G + 2G, — (n)2)(vGy, + 0G5) + GH, — HG, + GH; — HG; =0 (3.34a)
iG+ (2—n/2)H +zH, — (n/2)(vH, + 0Hy) — HH, — HHy = kv't2/m52/" (3.34b)
with independent variables x,v,v, and dependent variables G, H (and their complex conjugates). These
equations will be called the inversion-group resolving system for the radial gNLS equation (1.1).
The respective solution spaces of Eq. (1.1) and system (3.34) are related by a group-invariant mapping

that is defined through the invariants (3.30) and differential invariants (3.31) similarly to the group foliations
based on time-translation and scaling, and that preserves phase-rotation symmetry.

Lemma 5. Phase-equivariant solutions (G = g(z, |v])v, H = h(x, |v|)v) of the inversion-group resolving sys-
tem (3.34) are in one-to-one correspondence with two-parameter families of solutions u = f(t,r,c1) exp(icg)
of the radial gNLS equation (1.1) satisfying the pseudo-conformal invariance property

(14 et) ™2 exp(—ier? /(4 + 4et)) f(t/(1 + €t), 7 /(1 + €t), ¢1)
= f(t,r,é1(e,c1)) exp(iCa(e, c2)) (3.35)

(in terms of group parameter ¢) for some ¢1(€,¢1) and (e, c2), with ¢1(0,¢1) = ¢1, é(0,c2) = 0, where
c1,co are the constants of integration of the pair of first-order DEs

wy + (r/t)u, + (ir?/(4%) +n/(2t))u

= 272 exp(—ir?/(4t))g(t/r, 7™/ ? exp(ir? / (4t) )u, 7% exp(—ir?/ (4t))), (3.36a)
ur +ir/(2t)u

= p /2 exp(—ir?/(4t))h(t/r, P2 exp(ir?/(4t))u, P2 exp(—ir?/(4t))u) (3.36D)
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which are invariant under the inversion (pseudo-conformal) symmetry (3.4) and the phase-rotation symme-
try (3.1).

A proof will be given in Section 4.3. Through the steps in the proof, there is a simple correspondence
between pseudo-conformal solutions of the radial gNLS equation (1.1) and a particular class of solutions of
the inversion-group resolving system (3.25).

Lemma 6. There is a one-to-one correspondence between two-parameter families of pseudo-conformal solu-
tions

u=r"""%exp(—ir?/(4t)) f(t/r, c1) exp(ics) (3.37)

of the radial gNLS equation (1.1) and phase-equivariant solutions of the inversion-group resolving system
(3.34) that satisfy the condition

G =0. (3.38)

This result gives a direct relationship between classical reduction of the radial gNLS equation (1.1) under
the pseudo-conformal symmetry group and a reduction of the inversion-group resolving system (3.16) under
condition (3.38).

4. Solutions of the group-resolving systems

We will now explain how a group-invariant map relating solutions (G = g(z,v,v), H = h(x,v,v)) of a
group-resolving system and two-parameter families of solutions u = f(¢,7,¢1) exp(icy) of the radial gNLS
equation (1.1) arises from integration of the pair of differential equations (3.11).

Let y be a canonical coordinate given by Xy = 1 where X is the symmetry generator used in constructing
the group foliation. A change of variables in the differential equations (3.11) via the point transformation
(t,r,u,u) = (y,x,v,v) then yields v, = §(x,v,v) and v, = h(z,v,v), where § and h are each given by a
linear combination of G and H with coefficients depending on z,v,v. This pair of first-order differential
equations for v(y, z) inherits the invariance of the differential equations (3.11) with respect to the symmetry
generators X and Xphas., S0 consequently, g and h can be restricted to have the phase-equivariant form
G(z,v,7) = §(z, |v|)v and h(z,v,v) = h(z,|v|)v. Hence the first-order differential equations can be written
as a pair of parametric ODEs

vy = §(x, [ol)v,  ve = A, o)) (4.1)

exhibiting explicit symmetry invariance with respect to X = 9/0y and Xphas. = iv0/0v — 100/00.
It is straightforward to integrate these ODEs (4.1) after v = Aexp(i®) is expressed in polar form, giving

A, =AReg(z,A), @, =Img(z,A), (4.2)
Ay = AReh(z,A), &, =Imh(z,A). (4.3)

In the case when Re § # 0, a further change of variables given by the hodograph transformation (y, z, A, ®) —
(A, z,y, ®) converts the polar ODEs (4.2)—(4.3) into the system

y» = —Reh(w,A)/Reg(z,A), ya=1/(ARej(z,A)) (4.4)
®, =Imh(zx,A) — Reh(z, A)Im j(z, A)/Re j(x, A), &4 =Imj(z,A)/(ARej(z, A)) (4.5)
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for y(z, A) and ®(x, A). The general solution of this system (4.4)—(4.5) is given by the line integrals

y=rc1+ / ARegl(aj,A) dA — f};z?g: j; dz, (4.6)
v
¢ =co+ %d/l + (Im h(z, A) — Re B(a}:{,eé)(ir’nj)(m, A) )dx (4.7)
¥
in terms of an arbitrary curve « in the (x, A) plane. These expressions then implicitly determine
A= filz,y—c), e=co+ folz,y—c), (4.8)
whence
v = f(z,y — c1)exp(icz) (4.9)

for some function f = f1exp(ifz). Next, in the remaining case Reg = 0, the ODEs (4.2)-(4.3) imply
D, g = 0 which leads directly to the general solution

D =co+ /Im h(z, A(x))dz + yIm § (4.10)

with A(z) being determined up to an integration constant ¢; from the first-order ODE

% = AReh(z, A). (4.11)
Hence
A= fi(z,c1), ®=co+ fola,c1) + (Img)y, (4.12)
which thereby determines
v= f(x,y,c1)exp(icz), |f|y =0, (argf), = const. (4.13)

for some function f = fjexp(i(f2 + (Im§)y)). Finally, changing variables (y,z,v,v) back to (t,r,u,u) in
the formulas (4.9) and (4.13), we obtain a two-parameter family of solutions u = f(¢,r,¢1) exp(ice) of the
radial gNLS equation (1.1).

We will next explain the separation technique for finding explicit solutions of the group-resolving systems
(3.16), (3.25), (3.34) for the radial gNLS equation (1.1). These systems can be written in the general form

(GTELG\I;@» - <—ikv1+2’/2vp/2> (4.14)

where ¥ and T are quadratically nonlinear first-order differential operators that possesses the following two
properties:
(1) homogeneity

Y(av + Bu’o®, yv 4+ Mb5?) = vu + u’s?, (4.15a)

U(aw + BoP0%) = vo + b + e 152 4 gy Thypatt—l (4.15Db)

with «, 8, €, k, A\, v, u denoting functions only of x;
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(2) phase invariance

Xphas, L (009, 0P 15%) = i1 (v o, vP Tt (4.16a)

X phas, U (0" T150) = i@ (o T150). (4.16b)

Based on these properties (4.15) and (4.16), a system (4.14) can be expected to have phase-equivariant
solutions given by the separable power form

H = hy(x)v + ho(z)0* 0%, a #0, (4.17)
G = —U(hy(z)v 4 ho(z)v™ 0% — iko' TP/ 25P/2 a4 0. (4.18)

In particular, the homogeneity properties (4.15) show that the v term in H will produce terms in W(H) and
Y (G, H) that contain the same powers v,09*14% already appearing in H and G. Note that these expressions
(4.17)-(4.18) for (H, G) have the equivalent phase-equivariant form

H = h(z,|v))v, G=g(z,|v))v (4.19)
given by
h=hy + ho|v|?®, g=—iklv|P —v — p|v** — (e + K)|v|**, a#0, (4.20)
where v, p, € + k are certain functions of hy(x) and ho(z).

The separation of variables ansatz (4.17)-(4.18) for (H, G) is more general than the two-term ansatzes
used in previous work [4-6] where the terms in G were restricted to contain the same powers as the terms

(H> = <h1>v+ <h2>va+15a, a # 0.
G g1 g2

Under the improved ansatz (4.17)—(4.18), a group-resolving system (4.14) will reduce to a single equation

in H, e.g.

containing the monomial powers v, v4115®, p2atlig2e gdatlgda o 1+p/25p/2 yatl+p/250+0/2 with coefficients
that depend on the complex functions hy(x), ho(x), the exponents a, p, and the dimension n. From all possible
balances among these monomial powers, five cases arise:

a=-p/2; a=p/2; a=p/4 a=p/6; a#—-p/2,p/2,p/4,p/6. (4.21)

In each case, the separate coefficients of the monomials must vanish, resulting in an overdetermined system
of algebraic-differential equations for the unknowns

Re hy(z),Im hy(z), Re ha(z), Im ha(x), a, p, n. (4.22)
Such systems can be solved by a systematic integrability analysis, which we have carried out using the
computer algebra program CRACK [26]. A typical computation is shown in the webpage: lie.ac.brocku.ca/
twolf/papers/AnFeWo2015 /readme. txt.

4.1. Results for the time-translation-group resolving system

The overdetermined systems of algebraic-differential equations that arise from reduction of the time-
translation-group resolving system (3.16) under the separation of variables ansatz (4.17)-(4.18) are found
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to admit non-zero solutions (hi(x), ha(x)) only in the cases a = p/2, a = p/4, and a = 1/n. For p # 0 and
n # 1, the solutions are given by:

hi = hy = 0; (4.23)
hi =Rehy =0, (z7'hy) =0,
a=1/n, n#0; (4.24)
hi=2-n)z™, Rehy=0, ho®=2k(2—n)/n,
a=p/4, p=2/(2—n), n#2; (4.25)
hi=2—-n)x™', Rehy=0, hy?=—k,
a=p/4, p=2B83-n)/(n—2), n#23, (4.26)
hi=2-n)z™, Imhy=0, hy?=(2-nk,
a=p/4, p=2B-n)/(n—2), n#23; (4.27)
hi=Imhy =0, hh+(n—1)z 'hy+k=0,
a=-1/2, p=-1, (4.28)

Imh; =Imhy =0, hi+hi>+(n—1)z"th =0,

th + (hl + (TL — 1)$71)h2 + k=0,

a=-1/2, p=-1; (4.29)
Imhy =Imhy =0, b+ (22%hy + (n — D)a)h} — (n — 1)hy =0,
Ry + (hy + (n— Da Hhy + k=0,
a=-1/2, p=—1. (4.30)

It is simple to integrate the ODEs in Eqs. (4.24), (4.28), (4.29). The ODEs in Eq. (4.30) can be solved
in terms of Bessel functions by the following steps.
ODE (4.30) for hy(z) has an integrating factor x—2, which yields

Ry 4 h? + (n— 1Dz thy = Cy (4.31)

with C; # 0. (Note the case C; = 0 is covered by Eq. (4.29).) This first-order ODE (4.31) is a Riccati
equation which can be converted into Bessel’s equation by the transformation hy = (z'="/2f)"/(z'="/2 f),

giving
P+ af = (P4 Crat)f =0, v = {,11/_271/? o2 (4.52)
The form of solutions depends on the sign of C;:
fo = Cody, (\/—Chz) + C5Y, (v/—Ciz) for Cy <0, (4.33)
fo=Col,(\/Ciz) + Cge”iK,,( Chz) for Cq > 0. (4.34)
Hence
hi=f]f,+ve™t, v=+(1-n/2)>0 (4.35)

yields the general solution for hi(z). Then ODE (4.30) for hs(z) becomes
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("2 fyha) = —ka"/2 f,. (4.36)

To integrate this Eq. (4.36), we consider the cases C; > 0 and Oy < 0 separately.
For the case C; < 0, we will use the Bessel function identity

L1 (2) = F(F L (2)). (4.37)

First apply this identity to the right-hand-side of Eq. (4.36) with z = /|C1|z and p = v F1 = Fn/2:

n/2p _ ' f, = —(/1/|Cila"2 f, 1), n<2
e fy = : (4.38)
x1+yfv - (\/ |1/Cl|xn/2fv+1)/a n 2 2
Then Eq. (4.36) can be directly integrated to get
hy — (k/\1C1) fu—1/fo + Caz™™2/f,,  n<2 (439)
—(k/\1C) fosr1/fo + Caz™™2/f,, n>2

Eq. (4.35) can be written in a similar form through the identity (4.37) with z = /|Ci|z and p = v =
+(1—n/2):

) VIG -/ fe, n <2
hl{—\/ICHIfVH/fV, n>2" (4.40)

Hence we obtain

hy = £/ |C1| fxny2/ fli—ny2; (4.41)
ho = £(k/\/|C1) fns2/ fit—ny2) + Cax ™"/ fri_n/al, (4.42)

where the signs are determined by +(1 —n/2) > 0, and where f, is given by the linear combination of Bessel
functions (4.33).
The case Cy > 0 is similar but uses the modified Bessel function identity

2T fa(z) = T fu(2)). (4.43)

This leads to
hy = \/C_lf$n/2/f|17n/2|7 (4.44)
ha = —(k/NC1) fns2/ fr—nya) + Caxz ™2/ fir1_p oy, (4.45)

where the signs are again determined by (1 — n/2) > 0, while f, is given by the linear combination of
modified Bessel functions (4.34).

Taking into account special cases in the integration of ODEs (4.24), (4.28), (4.29), (4.30), we obtain 12
solutions for (hi(x), ha(x)) from Egs. (4.23)-(4.30). We now list the resulting solutions for (H, G).

Proposition 1. For p # 0 and n # 1, the ansatz (4.17)—(4.18) yields 12 phase-equivariant solutions of the
time-translation-group resolving system (3.16):
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H=0, G=-ik|v/Py; (4.46)
H =iCyz[v[*"v, G= (1012x2|v|4/” + Cynfo/™ — ik|v|p) v,
n#0, Cp#0; (4.47)

o= ((2 )zt +iy/2k(1 — 2/n)|v|1/<2*”>) v,

G = (i(4 — ) V/2k(1 — 2/n)a V) 4 ik(1 — 4/n)|v|2/<2*”>) v,

p=2/2-n), k(1-2/n)>0, n#2; (4.48)
H= ((2 et i\/E|u\(3—”>/<"—2)) v, G=0,

p=2B8-n)/(n—2), k>0, n#23; (4.49)
H= (2= n)ae™ 5 /= nklp| " 9/C) 0, =0,

p=2B-n)/(n—2), k(2—n)>0, n+23; (4.50)
H = (—(k/n)x + Ciz*~™)|v| v, G =0,

p=-1, n#0; (4.51)
H=2z(C, — klna)p|t, G=0,

p=-1, n=0; (4.52)
H= ((2 —n)(z+ Crz" )1 4 (Cy + (k/(2n)) ) |v| 1) — (k/n)x|v|_1) v, G=0,

p=-1, n#0,2; (4.53)
H = (z(z®+C1) 7' (2= (kCilnz + Cy)|v| ") = (k/2)zv| ") v, G =0,

p=-1, n=0; (4.54)
H=((Inz+C1) 'z "1+ (Co+ (k/4)2?)|v[ ") = (k/2)z|v| ") v, G =0,

p=-1, n=2; (4.55)

—1
H=+yC (CQJ\I—n/Q\( C12) + C3Y]1_p 2( Cﬂ’))
. ((O2J:Fn/2( Cra) + C3Yn/2(v/Cra)) (1 + (k/C)|v| 1) + C4I7n/2|v|71) v,
G = iCl’U,
p=-1, £(1-n/2)>0, C;>0; (4.56)
‘ ~1
H= vV Cl (CQI\I—n/2|( CliL') + Cgem‘lin/le‘l_n/m( C1ZE)>
% ((Calna(VCrz) + Coe™ ™2 Ko (V/C1) (1 = (k/C1)[o| ™) 4 Caa™"[o] ") v,
G = —iClv,
p=-1, +(1-n/2)>0, Ci>0. (4.57)

Solutions (4.49)—(4.55) satisfy the translation-invariance condition (3.20).

For each phase-equivariant solution (G = g(z,|v|)v, H = h(x,|v|)v) of the time-translation-group re-
solving system (3.16), the differential invariants (3.13) of X¢rans. yield a pair of DEs (3.18) which take the
form

vy =u =G =g(z, |v))v, vy, =u, =H = h(z,|v|)v (4.58)
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expressed in terms of the invariants © = r, v = u, v = u and the canonical coordinate y = t of Xt,ans.. These
DEs determine a two-parameter family of solutions u = f(¢t,r, ¢1) exp(icz) of the radial gNLS equation (1.1),
corresponding to orbits of the two-dimensional symmetry group G generated by Xrans. and Xphas.. In the
notation (4.1), with § = g and h = h, the explicit polar form u = Aexp(i®) of the solution families is given
by the line integral formula (4.6)—(4.7) in the case Re § # 0 and the integration formula (4.10)—(4.11) in the
case Re g = 0. Hence, these formulas establish a group-invariant mapping from phase-equivariant solutions
of the time-translation-group resolving system (3.16) into a class of solutions of the radial gNLS equation
(1.1) satisfying the time-translation invariance property (3.17), where

é1=c1—€ ¢C3=0, when Reg#0, (4.59)
¢é1=c1, C=(Img)e, when Reg=0. (4.60)

An inverse mapping can be constructed in each case by the following steps.

Consider the case of solutions of the radial gNLS equation (1.1) having the two-parameter form u =
f(t+ c1,7)exp(ice) with |f|., # 0 holding in some open domain in the (¢,r) plane. Under the change of
variables t = y, r = z, u = v, each such solution determines a function (4.9) from which the differential
invariants (3.13) of X¢,ans. are given by

G=wu=v,=gy+c,z)v, H=u =v,=h(y+c1,z)v (4.61)

as written in terms of the functions g = (In|v| +iargv), and h = (In|v| +iargv),. These two functions are
related by the differential identity

D,G=DyH (4.62)
and the radial gNLS equation
iG = 2" Dy (2" H) + ko' tP/2gP/2, (4.63)

Now, from the relation |v| = [f(y + ¢1,2)|, since |f|c, = |f|y # 0 holds locally in the (y,z) plane, the
implicit function theorem can be used to express y 4+ ¢; = F(z,|v|) in terms of some function F. When this
expression is substituted into g and h, they each become a function of just 2 and |v|. Hence the differential
invariants (4.61) become phase-equivariant functions of x,v,v, which satisfy the time-translation-group
resolving system (3.16) as consequence of Eqs. (4.62)—(4.63).

Finally, consider the case of solutions of the radial gNLS equation (1.1) given by the two-parameter
form u = f(¢,7,c1) exp(ice) with |f|; = 0, (arg f); = const., and |f|., # 0 holding in some open domain
in the (¢,7) plane. Each such solution determines a function (4.13) after the change of variables t = y,
r = x, u = v. The differential invariants (3.13) of Xians. again have the form (4.61) in terms of two
functions g = (In|v| 4+ iargv), and h = (In|v| + iargv),, satisfying Eqs. (4.62) and (4.63). Now, since
|fle = |fly = 0 and |f|s, # 0 hold locally in the (y,z) plane, the implicit function theorem can be applied
to the relation |v| = |f(y, x,c1)|, giving ¢; = F(x, |v|) in terms of some function F. This expression allows
¢1 to be eliminated from h which then yields a function of just z and |v|, while ¢ = (In|f| + iarg f),
reduces to a constant as a consequence of |f|, = 0 and (arg f), = const.. The differential invariants (4.61)
thereby become phase-equivariant functions of z,v,v, which satisfy the time-translation-group resolving
system (3.16) due to Eqs. (4.62)—(4.63).

This completes the proof of Lemma 1.



774 S.C. Anco et al. / J. Math. Anal. Appl. 427 (2015) 759-786

4.2. Results for the scaling-group resolving system

The overdetermined systems of algebraic-differential equations obtained by reduction of the scaling-group
resolving system (3.25) under the separation of variables ansatz (4.17)-(4.18) are found to admit non-zero
solutions (hi(x),ha(x)) only in the cases a = p/2, a = p/4, a # —p/2,p/2,p/4,p/6. For p # 0 and n # 1,
this yields the solutions:

h1 = hy = 0; (4.64)
hy = —i/(2z), hy =0; (4.65)
hi =Rehy =0, hi=0,
a=1/n, p=2/n, n#o0; (4.66)
hi=2-n, Rehy=0, hy?=2k(2—n)/n,
a=p/4, p=2/(2—n), n#2; (4.67)
hi=2-n, Imhy=0, hy?=k(2-n),
a=p/4, p=2B-n)/(n—2), n#23,; (4.68)
hi=2—n, Rehy=0, hy?=—Fk,
a=p/4, p=2B8-n)/(n—2), n#23, (4.69)
hi=2-n, hy=—-k/2,
a=-1/2, p=-1; (4.70)
hi1 =0, he=—k/n,
a=-1/2, p=-1, n#0,2; (4.71)
hi=—1, hy = —ika,
a=-1/2, p=-1, n=3; (4.72)
hi = —i/(2z), ho =k/4,
a=-1/2, p=-1, n=—4 (4.73)
hi=6—1/(2z), ho = —k/2,
a=-1/2, p=-1, n=-4 (4.74)
hy=2-n—i/(22), Imhy =0, h3=—kn(n+2),
a=1/n, p=4/n, n*—n—4=0; (4.75)
hi=2-n—i/(2z), Rehy =0, hy?=—k,
a=1/n, p=4/n, n*—n—-4=0, k>0 (4.76)
hy =2/3—i/(2x), Rehy =0, hy®=F,
a=3/4, p=3, n=4/3, k<0 (4.77)
hy=-1-1/(2z), hgo = —i(2k/5)x,
a=-1/2, p=-1, n=3; (4.78)

Imhy; = —1/(4z), Imhy =0, 2xhy+ (4—Rehi)hs —k=0,
42*(Rehy) — 2z(Rehy — 6)Rehy — 1/(8z) =0,
a=-1/2, p=-4, n=-1; (4.79)
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Imhy =—1/(4z), Imhy =0, 2zhy+ (4—Rehi)ha—k=0,
42%(Rehy)” +42(5 — Rehy)(Rehy)’ — 2(Rehi)? + 12Rehy +1/(82%) = 0,
a=-1/2, p=—-4, n=-1 (4.80)

The ODEs in Eq. (4.79) can be solved in terms of Bessel functions by the following steps. First, the
Riccati transformation Rehy = —22%(z~1f)’/f converts the first-order nonlinear ODE for Reh; into the

second-order linear ODE
22 f" - 2xf — (2 —x72/64)f = 0. (4.81)
A change of variables = 1/(82) and f(z) = 2"/ f(2) transforms this ODE (4.81) into Bessel’s equation
P af (2 -9/4)f=0 (4.82)

whose general solution is a linear combination of Bessel functions .J3/5 and Y3/5. Then the general solution
for ODE (4.81) is given by

f = (82)7/2(C1daya(1/ (82)) + CaYay2(1/(82))). (4.83)
This yields the general solution for Re hq(z),

_1C1J12(1/(8z)) + CoY15(1/(8x))

el = ) G T (1/50) + CaYa a1/ G)) .
Next, the remaining ODE for ha(z) in Eq. (4.79) becomes
(xfhe) = (k/2)f (4.85)
which can be directly integrated to get
- _ 0181(1/(8:r)) — CgCl(l/(Bl‘)) + 03
he = 419) (1= 5 e e + Cora ) (450

in terms of the Sine integral Si(z) and Cosine integral Ci(z) [1].
Similarly, the ODEs in Eq. (4.80) can be solved in terms of Coulomb functions by the following steps.
First, the second-order ODE for Re hq(z) reduces by direct integration to a first-order ODE

42*(Rehy) — 22(Rehy — 6)Rehy —1/(82) +C, =0 (4.87)
with C; # 0. (Note the case Cy = 0 is covered by Eq. (4.79).) This ODE (4.87) is a Riccati equation
which can be converted into a Coulomb wave equation by the transformations Rehy = 2(zf(2))’/f(z) and
z =1/(8x), giving

"+ (1 =Ci/z—2/22)f =0. (4.88)
The general solution is given by

f = CzFl(Cl/Q, Z) + CgGl(Cl/Q, Z) (489)

in terms of the regular and irregular Coulomb wave functions Fy, and G, [1]. Hence
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\/ 4 + C%(CQFo(Cl/Z 1/(8$)) + CgGo(Cl/Q, 1/(81’)))

Rehy = —C1/(82) + =g e b (C1/2, 1 (82)) + Cs G (Cr /2, 1/(32)) (4.90)
vields the general solution for Re hy (). Next, the ODE for hy(x) remaining in Eq. (4.80) becomes
(xfh2) = (k/2)f. (4.91)
By directly integrating this ODE, we obtain
ko, (CoFi(C1/2,1/(8€)) + C5G1(C1/2,1/(8€)))d€ (4.92)

he = 20(CoF1(C1/2,1/(8z)) + C5G1(C1/2,1/(8x)))

Altogether from Eqs. (4.64)-(4.80) we obtain 17 solutions for (hj(x),h2(x)). We now list the resulting
solutions for (H, G).

Proposition 2. For p # 0 and n # 1, the ansatz (4.17)—(4.18) yields 17 phase-equivariant solutions of the
scaling-group resolving system (3.25):
H=0, G=-ik|v|Pv; (4.93)
H=—(i/2)z ", G=(-(n/2)z~ "+ (i/4)z~2 — ik[v[") v; (4.94)
H =iCy|v|*™, G= (iC’lz|v|4/” + (Cin — ik)|v|2/”) v,
p=2/n, n#0; (4.95)

H= (2—n:|:i\/mw\p/2) v,

G= (ik(l —4/n) P F /2R — 2/n)(4 — n)\u|p/2) v,

p=2/2-n), nn—2)/k>0, n#2 (4.96)
H=(2=n% VA2 - n)lof?)v, G=0,

p=2B8-n)/(n—2), k(2—n)>0, n#*23; (4.97)
H= (Q—n:Fi\/E|v|p/2> v, G=0,

p=2B3—-n)/(n—2), k>0, n#23; (4.98)
H=2-n-(k/2)]")v, G=0,

p=—1; (4.99)
H=—(k/n)v|"'v, G=0,

p=-1, n#0,2 (4.100)
H = (-1—ikzjv| v, G= (k2| —iklv|™") o,

p=-1, n=3; (4.101)
H=(—(i/2)z7 "+ (k/d)v] v, G= (/x> +22"" = (k/4z  v] "),

p=-1 n=-4 (4.102)
H=(6-1i/22) — (k/2)lv| ) v, G= (427" + (i/4)z" 2+ (k/2)x |v| ™) v,

=—1, n=—4 (4.103)

T
Il
—~ T

2 n—(i/2)z"t £ /—kn/(n + 2)\v|2/") v,
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( (n+4)/(2n+4) +i/(4x))a™ F /—kn/(n + 2)m_1|v|2/n) v,

p=4/n, n'-n-4=0, kn<0; (4.104)
H= (2 —n—(i/2)a7" £ i\/E|v|2/”) v,
G = ((-4/0+3) 41/ (2™ 5 VR )

p

=4/n, n*-n—-4=0, k>0; (4.105)

H=(2/3-(i/2)z '+ i\/—_k:|v|3/2) v,
G= (—(8/3)3:_1 + (/4272 F V—k(i/z — 8/3)|0]*/? - 2ik|v\3) v,

p=3, n=4/3, k<0 (4.106)
H=(-1-(i/2)z" —i(2k/5)z|v| ") v,
G = (7(1/2):1771 + (1/4)3:72 + i(4k2/25)x2|'u\72 - i(3k/5)|v\71) v,

p=-1, n=3; (4.107)
H- (C’1 sin(1/(8 )) Cacos(1/(8z)) — (k/8)(C1Si(1/(8z)) — CoCi(1/(8x)) + Cs)|v|~*

4z ((8zCy — Co) sin(1/(8z)) — (8zC2 + C1) cos(1/(8z)))

/(4 + <k/4>|v|1)v,

G- <C1 sin(1/(8x)) — Cy cos(1/(8x)) — (k/8)(C18i(1/(8z)) — C2Ci(1/(8x)) + C3)|v[ !
822((8zCy — Cs)sin(1/(8x)) — (82C5 + Cy) cos(1/(8z)))

+1/x +i/(82%) — (k/(8x))|v|1>v,
p=-1, n=-4 (4.108)

s VAT C(CoFy(Ch/2,1/(32)) + C5Go(C1 /2,1/(82)))
= (“21 ~O0/(80) 4 S E € /3, 1(80)) + CoGh (o2, 1/ (50))

k fo, (C2F1(C1/2,1/(8€)) + C3Gr(Ch/2, 1/(85)))615'@_1)
22(CoF1(C1/2,1/(8x)) + C3G1(C1/2,1/(8%)))

_ . - VA + CFH(CoFy(C1/2,1/(8x)) 4+ C3Go(C1/2,1/(8x)))
G= ((1 —1C1/2)(A +1/(82))/z 16:52(021?1(21/2 1/(82) + 0351(001/27 1/(82)))
kfc (CoF1(C1/2,1/(88)) + C3G1(C1/2,1/(88)))dE o 1)
422(C2F1(C1/2,1/(8x)) + C3G1(C1/2,1/(87)))
p=-1, n=-4 (4.109)

None of these solutions satisfy the scaling-invariance condition (3.29).

By means of the invariants « = t/r2, v = r?/Pu, © = r?/P and the canonical coordinate y = (1/2)Int of
Xscal., we can write the differential invariants (3.22) of Xca1. in terms of x, y-derivatives

G =r’Dw = v, + (22) 'v,, H =rDv — (2/p)v = —2zv, — (2/p)v. (4.110)

Hence, each phase-equivariant solution (G = g(z, [v|)v, H = h(z, |v|)v) of the scaling-group resolving system
(3.25) yields a pair of DEs (3.27) given by
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vy =22G + H + (2/p)v = (2zg(x, |v]) + h(z, |v]) + 2/p)v, (4.111a)

—(22) 7Y (H + (2/p)v) = —(22) "L (h(z, Jv]) + 2/p)v. (4.111b)

Vg

These DEs determine a two-parameter family of solutions u = f(¢, 7, ¢1) exp(icy) of the radial gNLS equation
(1.1), corresponding to orbits of the two-dimensional symmetry group G generated by Xgca. and Xphas.. In
polar form u = r~2/P Aexp(i®), the solution families are given by the line integral formula (4.6) (4.7) in
the case Reg # 0 and the integration formula (4.10)—(4.11) in the case Re§ = 0, using the notation § =
2xg+h~+2/pand h = —(2z)~*(h+2/p). This establishes a group-invariant mapping from phase-equivariant
solutions of the scaling-group resolving system (3.25) into a class of solutions of the radial gNLS equation
(1.1) satisfying the scaling invariance property (3.26), with the integration constants given by expressions
(4.59)—(4.60) in terms of the group parameter A = exp(e). An inverse mapping can be constructed by the
same steps explained for the time-translation-group resolving system.

This completes the proof of Lemma 3. The proof of Lemma 4 corresponds to the integration case § = 0.

4.3. Results for the inversion-group resolving system

The overdetermined systems of algebraic-differential equations arising from reduction of the inversion-
group resolving system (3.34) under the separation of variables ansatz (4.17)-(4.18) with p = 4/n admit
non-zero solutions (hi(x), he(z)) only in the cases a = 2/n, a = 1/n, a # —2/n,1/n,2/n,2/(3n). For
n # 0, 1, the solutions are given by:

hy = hy = 0; (4.112)
hy =Rehy =0, (zhy) =0,
a=1/n; (4.113)
hi=2-n, Imhy=0, hy?=—kn/(n+2),
a=1/n, n*—n—-4=0, kn<O0; (4.114)
hi=2-mn, Rehy=0, hy?=—k,
a=1/n, n*—n—-4=0, k>0 (4.115)
h1=2/3, Reho=0, hy*>=Ek,
a=1/n, n=4/3, k<0 (4.116)
hy =TImhg =0, xhh+4hy —k=0,
a=-1/2, n=—4 (4.117)
Imh; =TImhy =0, xh) —h?+6h; =0, zhy+ (4—hi)hg—k=0,
a=—1/2, n=—4 (4.118)

Imhy; =Imhy =0, 2°h} —x(2hy — 9)h} — 2h1(hy —6) =0,
.’EhIQ + (4 — h1)h2 — k=0,
a=-1/2, n=—A. (4.119)
The ODEs in Egs. (4.113), (4.117), (4.118) are simple to solve, while the ODEs in Eq. (4.119) can be
solved in terms of Bessel functions by the same steps used to solve the similar ODEs in Eq. (4.30). Altogether

from Eqgs. (4.112)—(4.119) we obtain 9 solutions for (hi(x), ho(x)). We now list the resulting solutions for
(H,G).
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Proposition 3. For n # 0,1, the ansatz (4.17)(4.18) yields 9 phase-equivariant solutions of the inversion-
group resolving system (3.34) with p = 4/n:

H=0, G=—ik[v|*"v; (4.120)
H=iCyz o™, G = (inx’2|v|4/” + Crnaz |/ — ik|v|4/”) v

Cy # 0; (4.121)
- (z/3ii\/—_k|v|3/2) v, G= (j:(8/3)\/—_k|v\3/2 —i2k|v|3> v
n=4/3, k<0 (4.122)
H:(z—nimwm) v, G=0,
n?—n—-4=0, kn<o0; (4.123)

H= (2 —niix/E|v|2/") v, G=0,

n?—n—-4=0, k>O0; (4.124)
H=(Ciz~* +k/4)|v| v, G=0,
n=—4; (4.125)
H= ((1 + C12%) 716 + (k/4)(Coz® — 3)|v|™) + (k/4)|v|71) v, G=0,
n=—4; (4.126)
H= (\/ ( CQJg \/ /$ +03Y3 \/ 01/117 )
( (Cada(\/C1/x) + C3Ya(y/Cr/x)) (1 + (k/C1)2?v|~h) + Cylv|~ 1) )
G = 101427211,
n=-4, Ci>0; (4.127)
) -1
H= (Jcl (x(C’glg(\/Cl /) + O3 Ky (/O /x)))
( (Cola(\/Ch Jz) + Cae2 Ko (\/Cr J2)) (1 — (k/C1)22 o] 1) + Calv|~ 1) )
G = —iCyz %,
n=—4, C;>0. (4.128)
Only solutions (4.123)—(4.126) satisfy the pseudo-conformal-invariance condition (3.38).
The invariants (3.30) and the canonical coordinate y = —1/t of Xjnver. can be used to write the differential
invariants (3.31) of Xjyyer. in the form of x, y-derivatives
G =r*(Dyw+ (r/t)Dyv) =2 2v,, H=rDv— (n/2)v=—zv, — (n/2)v. (4.129)

Then each solution (G = g(z, |v|)v, H = h(x, |v|)v) of the inversion-group resolving system (3.34) yields a
pair of DEs (3.36) given by

vy, = 2°G = 2%g(z, |v|)v, v, = —2 HH + (n/2)v) = -z~ (h(z, [v]) + n/2)v (4.130)
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which determines a two-parameter family of solutions u = f(¢,, ¢1) exp(ica) of the radial gNLS equation
(1.1), corresponding to orbits of the two-dimensional symmetry group G generated by Xinyver. and Xphas. -
These solution families are given by the polar form u = 7~2/? A exp(i(® —r2/(4t))) obtained from the line in-
tegral formula (4.6)-(4.7) in the case Re § # 0 and the integration formula (4.10)(4.11) in the case Re § = 0,
where § = 22¢ and h= —x71(h+n/2). This establishes a group-invariant mapping from phase-equivariant
solutions of the inversion-group resolving system (3.34) into solutions of the radial gNLS equation (1.1)
satisfying the pseudo-conformal invariance property (3.35) such that the relations (4.59)—(4.60) hold. An
inverse mapping can be constructed using the same steps explained for the time-translation-group resolving
system.

This completes the proof of Lemma 5, while the proof of Lemma 6 corresponds to the integration case
g=0.

5. Main results

Here we will write out all of the radial gNLS solutions u(t,r) arising from Propositions 1, 2, and 3, via
the quadrature formulas (4.6)—(4.7) and (4.10)—(4.11).

Theorem 1. The radial gNLS equation (1.1) has the following exact solutions arising from the explicit
solutions of the group resolving systems (3.16), (3.25), (3.34) forn # 1:

u = (ca/k)YP exp(icy — icot); (5.1)
. 2 .
- . icar 2ik _
uw=(co+ c3t) " ?e (10 — + o + cat)! np/2)’
(c2 + cat) xp (ict s+ cal) Cg(np—2)(2 3t)
p#2/n, n#0, c3#0; (5.2)
icyr? i

ik
—In |CQ + 03t|),

u=(cy+ c3t) "2 ex (ic E
<2 3) p ! 4(02+Cgt) C3

p=2/n, n#0, c3#0; (5.3)
u=(£y/n(n—2)/(2k)> " ((c2 + (n— 4)15)/7“)71_2 exp (ic1 +i(1 — n/2)r?/(co + (n — 4)t)),

p=2/(2—n), nn—2)/k>0, n#2; (5.4)
u=(k(n—3)%/(2- n)3) ™)/ (6=2n) (r + 027'3_")(2_”)/(3_“) exp(icy ),

p=23-n)/(n—2), k(2—-n)>0, n#23,; (5.5)
u=(c3(n— 2)2/k)(n72)/(672n)r2_" exp(icy + icor™™?),

p=2B8-n)/(n—2), k>0, n#23, c2#0; (5.6)

—k/cs + plon/? (Cg.]|1,n/2|( cer) + C3Y‘1,n/2|(\/%7“))
-

X (1 + 05/z_1(02J|1,n/2|( c62) + c3Y]1-n/2)(V62)) 2 dz)) exp(icy + icgt),

C4q

p=-1, ¢g>0; (5.7)
= (k/06+7’1 n/2 (CQI|1 n/Q‘(\/_T)—’_CSK‘l n/2|(\/_r))

r

X (1 + 05/2_1(CQI|1_,L/2|( c62) + 3K j1_pnso( c6z)) 2 dz)) exp(ic; — icgt),

Cq

p=—1, ¢cg>0; (5.8)
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= (—k:rZ/(Zn) +oegr? " 4 o) exp(icy),

p:—:[’

n #0,2;

u = (ca/(rt"/?)) exp (ic1 — ir?/(4t) — 2ikrt>? /(5co) + ikt* ) (25¢3)),

p= _13
u = (ca/r)exp (ic; — iktr/cy + ik*t*/(3c3)),

p=-1

n=3;

’ Tl:3,

= (=kr?/4+ cslnr 4 c) exp(icy),

u =

= ((k/8)r* + csr®/t* + cot®) exp(icy

u =

p= _17
(—(k/2
p=-—1

p:_17

((k/c6)t2 +

X (1 +c5 / 271(62J3(\/C—62) + Cng(\/%Z))iz

p:_la

= ((k/cﬁ

= (k/8)((cor® 4 8cst) cos(r?/(8t)) +

X (1 +ocs / 2 Heal3(v/e62) + c3K3(y/c62)) 2 dz)) exp (icy + ice/t —ir?/(4t)),

-1

p
+
p

p

p=3,

n=2;
)2 Inr 4 372 + ¢2) exp(icy),

, n=0;

n = —4;

r/t

C4

n=-4, cg>0;

—ir?/(4t)),

(/1) (e2J3(v/cor /) + esY3(V/eer /1))

)%+ (7 /1) (e2I3(VVeor /t) + esKs(y/cer/t))

r/t

n

, n=-4, ¢ >0;

(/KL + 3/n)/2) " (1 4 et/ 20-2/m) T2 iy —

8/(1 +V17) = (£VI7T—1)/2, n=(1+V17)/2, kn <O0;
(28— 3n) /k)"™ P27t~ 2 0 2 exp (e — ir?/(41) + iear™ 2427,
8/(1+V17) = (£V17T—1)/2, n=(1£V17)/2, k> 0;
(—16K)~Y3r2/3(4(1 + cat)) "2/ 3 exp (icr —

n=4/3, k<O0;

r?/(8t)
/ Y €2(0181(6) — ¢5Ci(€)) + (5€ — ) sin(€) + (caf + ) cos(¢)

201+ 20s0) /(81 + e21),

(037°2 — 8cot) sin(r2/(8t)))

((c2 — e3€)sin() —

x exp (ic; — ir?/(8t)),

p:_17

n = —4;

(c3 + c2€) COS(@)Q

dz)) exp (icl —icg/t — iTz/(4t));

ir?/(41)),

dg

781

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
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u=—(kr*/4) (c3Fi(c2,7%/(8t)) + caG1(c2,7%/(8L)))

2 /(8t) . .
/ (C3F7,1(02,£) + C4G'Ll<02a§))
X

(C3F1(CQ,§) + C4Gl(02u£))2

p=-1, n=-4 c#0, (5.21)

d¢ exp(ic; — ir?/(8t) —icyInt),

where

1S 13
Fir(p.§) = [+ Fulp2)dz, Gis(p§) = [+72Gulp 2z, o0

Cé Ce

Here Si(z) and Ci(z) denote the Sine integral and Cosine integral; Fr(p,x) and Gpr(p,x) denote the
regular and irregular Coulomb wave functions. (See Ref. [1].)
Remark 1. Solutions (5.2), (5.7)—(5.9), (5.12), (5.13) come from the time-translation-group resolving sys-
tem (3.16). Solutions (
Solutions (5.14)—(5.16) come from the inversion-group resolving system (3.34). Of the remaining solutions,
(

1
(5.1) and (5.3)—(5.6) come from both the time-translation-group and scaling-group resolving systems, while

5.10), (5.11), (5.20), (5.21) come from the scaling-group resolving system (3.25).

(5.17)-(5.19) come from both the inversion-group and scaling-group resolving systems.

The full group of point symmetries (3.5)—(3.8) for the radial gNLS equation (1.1) can be applied to each
of the solutions u = f(¢,r) listed in Theorem 1. Phase rotations (3.5) and scalings (3.7) change only the
constants appearing in these solutions, while time-translations (3.6) at most shift ¢ by a new constant.
In contrast, inversions (3.8) have a non-trivial action on solutions, which is summarized as follows: (5.1)
with p = 4/n is transformed to the p = 4/n case of (5.2) up to phase shift (via ¢/(1 + cst) = (1/c3) —
(1/c3)/(1+cst)); (5.2) with p = 4/n is unchanged up to phase shift; (5.5) with p =4/n =2(3—n)/(n —2)
is transformed to (5.17) up to time-translation; (5.6) with p = 4/n = 2(3 —n)/(n — 2) is transformed to
(5.18) up to time-translation; (5.9) with n = —4 is transformed to (5.14) up to time-translation; (5.7) with
n = —4 is transformed to (5.15) up to time-translation; (5.8) with n = —4 is transformed to (5.16) up to
time-translation; (5.14)-(5.18) are unchanged; (5.19) is transformed to

u = (—16k)/3r23(t(1 + (ca + c3)t))"2/?
x exp (icy — ir? (1 +2(ca + ¢3)t) /(8t(1 + (c2 + ¢3)t))),
p=3, n=4/3, k<0 (5.22)

(5.4) up to time-translation with p = 4/n = 2/(2 —n) is also transformed to (5.22); (5.20) and (5.21) are
respectively transformed to

u = (k/8)((car® + 8cst(1 + cst)) cos(r? /(8¢(1 + cst)))
+ (c37? — 8cat(1 + cst)) sin(r?/(8t(1 + cst))))
r2/(8t(1+cst)) ) ) ) )
o / §(c281(§) — e3Ci(§)) + (3§ — c2) sin(§) + (c2f 42' c3) cos(§) de
2 ((c2 = e3€) sin(€) — (c3 + c2€) cos(€))
x exp (ic; —ir?/(8t(1 + c5t)) —ics?/(4(1 + c5t))),

p=—1, n=-—4, (5.23)
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and

u = —(kr®/4)(csFi(ca, v/ (8t(1 + c71))) + caG1(ca, 7/ (8t(1 + crt))))

r2/(8t(1+crt))

/ c3Fii(ca,§) + caGii(ca, §)
(c3Fi(c2,€) + caGr(c2,€))?

dg

x exp (icy —ir?/(8t(1 + crt)) — icrr? /(4(1 + crt)) — ico In(t/ (1 + e71))),
p=—1, n=-4, ¢ #0. (5.24)

These solutions (5.22)-(5.24) fall outside of the solutions listed in Theorem 1 up to time-translations,
scalings, and phase shifts.
Hence we have the following result.

Theorem 2. For p = 4/n, the pseudo-conformal symmetry subgroup (3.8) applied to the exact solutions
(5.1)-(5.21) of the radial gNLS equation (1.1) yields three additional exact solutions (5.22)—(5.24).

Finally, we note that solutions (5.21) and (5.24) do not converge if ¢cg = 0 (in the integrals of the Coulomb
functions), while solutions (5.20) and (5.23) do not converge if ¢z = ¢4 = 0 when ¢z # 0.

5.1. Analytical features

We now discuss some basic analytical features of the solutions in Theorem 1 and Theorem 2. Firstly,
the solutions will be divided into two classes: (I) solutions (5.1)-(5.12) in which the allowed values of n are
positive integers; (II) solutions (5.13)—(5.24) in which the allowed values of n are non-positive integers or
non-integers. Class (I) describes n-dimensional radial waves and monopoles of the gNLS equation (1.1), (1.2),
whereas class (II) is interpreted as describing two-dimensional radial waves and monopoles of the planar
gNLS equation (1.1) containing an extra point-source term (m — 1)u,./r [2] with a parameter m = n — 1
(which is applicable for any value of n € R).

Secondly, within each class (I) and (II), the solutions will be categorized by their dynamical behavior:
static, i.e. u = f(r); time-periodic, i.e. u = f(r)exp(iwt); dispersive, i.e. |u| — 0 for ¢ — oo; blow-up,
ie. |[ul = oo for t - T < oo; non-dispersive, i.e. |u| bounded away from 0 for ¢ — co. Additionally, the
smoothness of the solutions at r = 0 will be classified by the conditions: lim,_,¢ |u| < co and lim,_,¢ |u,| = 0,
i.e. regular; lim, o |u| < oo and lim,_,q |u,| # 0, i.e. conical; lim,_,q |u| = oo, i.e. singular.

Thirdly, the invariance property of each solution with respect to the symmetry group of the gNLS equation
will be listed.

A summary of these results is presented in Tables 1, 2, and 3.

6. Concluding remarks

Out of the 24 gNLS solutions (5.1)—(5.24) we have obtained in Theorems 1 and 2, the time-translation
invariant solutions (5.5), (5.9), (5.12), (5.13), the pseudo-conformal invariant solutions (5.2) for p = 4/n and
(5.17) were derived in recent work [2] studying group-invariant solutions of the radial gNLS equation (1.1)
in multi-dimensions, while the general non-invariant form of solution (5.2) for p # 4/n appears in Ref. [18]
(without a derivation).

The remaining 18 solutions are new (to the best knowledge of the authors). Relative to the symmetry
group (3.5)(3.8) of the radial gNLS equation (1.1), 15 of these new solutions are group-invariant and the
other 3 new solutions are non-invariant, as summarized in Table 3.
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Table 1
Behavior of solutions of n-dimensional radial gNLS equation (1.1)-(1.2).
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Solution Nonlin. coeff. k Power p # 0 Dimen. n > 1 Dynamical behavior Regularity at r =0
(5.1) #0 any any time-periodic regular
(5.2) #0 #2/n any co/cs > 0, dispersive regular
ca/cs < 0, blow-up regular
(5.3) #0 2/n any ca/c3 > 0, dispersive regular
ca/cs < 0, blow-up regular
(5.4) >0 2/(2 —n) #2 non-dispersive singular
(5.5) <0 (6 —2n)/(n —2) #2,3 static cg = 0, regular
co # 0, singular
(5.6) >0 (6 —2n)/(n —2) #2,3 static singular
(5.7) #0 — any time-periodic c3 = c5 = 0, regular
cg # 0, singular
cs # 0, singular
(5.8) #0 -1 any time-periodic c3 = ¢5 = 0, regular
cs # 0, singular
cs # 0, singular
(5.9) #0 -1 #2 static c3 = 0, regular
cg # 0, singular
(5.10) #0 -1 3 dispersive singular
(5.11) #0 -1 3 non-dispersive singular
(5.12) #0 -1 2 static cs = 0, regular
cg # 0, singular
Table 2

Behavior of solutions of 2-dimensional radial gNLS equation (1.1) with a point source-term.

Solution Nonlin. coeff. k Power p # 0 Source coeff. m Dynamical behavior Regularity at r =0
(5.13) #0 -1 -1 static regular
(5.14) #0 -1 -5 non-dispersive regular
(5.15) #0 -1 -5 non-dispersive regular
(5.16) #0 -1 -5 non-dispersive regular
(5.17) <0 8/(1 +V17) (V17T =1)/2 co > 0, dispersive singular
c2 < 0, blow-up singular
(5.17) <0 8/(1 — V/17) — (V17T +1)/2 non-dispersive conical
(5.18) >0 8/(1+ V17) (V17 -1)/2 dispersive singular
(5.18) >0 8/(1 —/17) —(V17+1)/2 dispersive conical
(5.19) <0 3 1/3 dispersive conical
(5.20) #0 -1 -5 non-dispersive regular
(5.21) #0 —1 -5 non-dispersive cs = 0, regular
cs # 0, conical
(5.22) <0 3 1/3 dispersive conical
(5.23) #0 -1 -5 non-dispersive regular
(5.24) #0 -1 -5 non-dispersive cs = 0, regular

cs # 0, conical

Altogether, these 24 solutions encompass a wide range of different dynamical behaviors: static; time-
periodic; dispersive; blow-up; and non-dispersive. In particular, one case of solution (5.3) exhibits a similarity
blow-up (1.5) in which |u| — oo in a finite time ¢ (though only for the subcritical power p = 2/n), and another
case of this solution displays dispersion such that |u| — 0 for long times ¢ — oo (again for the subcritical
power p = 2/n). Other solutions exist for special nonlinearity powers p =2/(2 —n), p = (2n —6)/(2 — n)
which are not distinguished by the symmetry structure of the radial gNLS equation (1.1).

A detailed discussion of the interesting analytical features of all of the solutions will be given in a
forthcoming paper [3].

The method we have used in the present work can be applied more generally to find explicit exact solutions
to other complex (U(1)-invariant) semilinear evolutions in n > 1 dimensions, such as derivative-type gNLS
equations iu; = gy + i(alu|Pu, + b(JulP)zu) and mKdV-type equations us = tgqy + aluPug, + b(JulP)yu in
one dimension, and Landau—Ginzburg equations iu; = Au + iau + b|uPu, Cahn—Hilliard equations u; =
A(Au+ au+ blu|Pu), and Kuramoto-Sivashinsky equations uy = A2?u+aAu+b|Vu|Pu in multi-dimensions.
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Table 3
Symmetry invariance of radial gNLS solutions.
Solution Power p # 0 Invariance group generator
(5.1) any Xtrans. — c2Xphas.
(5.2) 4/n €2*Xerans. + €3¢2Xscal. — kXphas. + €3> Xinver.
(5.2) #2/n,4/n non-invariant
(5.3) 2/n 2c2Xtrans. + €3 Xscal. — 26X phas.
(5.4) 2/(2 —n) 2¢2Xirans. + (1 — 4)Xscal
(5.5) (6 —2n)/(n —2) Xtrans.
(5.6) (6 —2n)/(n —2) Xirans.
(5.7) -1 Xtrans. T 6 Xphas.
(58) —1 Xtrans., — CGXphas,
(59) —1 Xtrans,
(5.10) -1 non-invariant
(5.11) -1 non-invariant
(5.12) —1 Kirans.
(5.13) -1 Xrans.
(5.14) -1 Xinver. (also Xgcal. when ¢z = 0 or ¢z = 0)
(5.15) —1 Xinver
(5.16) —1 Xinver,
(5.17) 8/(1 £ V17) Xinver. (also Xscal. when ¢z = 0)
(5.18) 8/(1 £ V17) Xinver
(5.19) 3 Xscal. + 2c2Xinver.
(5.20) -1 Kscal.
(5.21) -1 Xscal. = 2Xphas.
(522) 3 Xgcal. + 2(02 + CB)Xinver.
(523) -1 Xscal. + 2¢6 Xinver.
(5.24) -1 Xscal. + 2¢7Xinver. — c2Xphas.
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