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Abstract

In this paper, by Morse theory we will compute the critical groups
at zero for a functional I : WO1 P(Q) — R defined by setting

I(u)zl/ |Vu|pdw+1/ |Vu|2dx—/F(x7u)dx,
pJa 2 Ja Q

where p > 2, Q is a bounded domain in RN, F(z,u) = [ f(x,t)dt and
we assume that f is resonant at zero for the spectrum of —A in WO1 2(0).
As an application of this critical groups estimates, some multiplicity
results are also given.

Keywords: Quasilinear elliptic equations; Resonant; Morse theory
MR (2010) Subject Classification: 35J92, 35J35, 35B34

1 Introduction

Let 2 be a bounded domain in RY (N > 1) with smooth boundary 9. We
study the quasilinear elliptic problem

—Apu— Au = f(x,u) in Q, (L1)
u =0 on 0f),
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where 2 < p < oo, A, denotes the p-Laplacian operator defined by Aju =
div(|Vu|P~2Vu). This equation arises naturally in various contexts of physics,
we refer to [2, 3] for details and further references.

In this paper, we assume that

(fo) f €CHQ x R,R) with f(z,0) = 0, and satisfies the following condition:

|f'(@,w)] < e(l+[u™?), YueR, z€Q,

for some constants ¢ > 0 and ¢q € [2, p*), where p* = Np/(N —p) if p < N and
p* = 400 if N < p, then it is well known that the weak solutions of equation
(1.1) correspond to the critical points of the C? functional I : W, 7(Q) — R

defined by
1 1 ,
=— [ |[VulPde + - [ |Vu|*de — [ F(z,u)dx,
P Ja 2 Jq Q

where F(z,u) = [} f(z,t)dt, and Wy (Q) is the Sobolev space endowed with
the norm

lull = 1Vall, = ( / Vupda)Vr.

In what follows, we denote by 0 < A\ < Ay < A3 < -+ the eigenvalues of
—Ain W,(2), and let 1y be the first eigenvalue of —A,, in W, () (see [25]).

In recent years, there are a lot of literatures studying the existence of
solutions for (1.1). For example, using the following conditions

Am < f1(2,0) < Appq, © € Q,

and
F(z,u) < ﬂ|u|p+C, reN, uek,
p

where m > 1 and C' > 0, the paper [6] proves that (1.1) has at least two
nontrivial solutions by an extension of three critical point theorem. For the
case of (1.1) with right-hand side having p-linear growth at infinity, i.e.,

S, u)

u|—oo |ulP~2u

=Aga(=4y),

where o(—A,) is the spectrum of —A, in W, ”(Q), the paper [10] gets the ex-
istence of one nontrivial solution. In the papers [15, 29|, the authors study the
problem (1.1) with concave and convex nonlinearities, and obtain the existence
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and multiple solutions. In [30], the existence of nodal solution to a quasilinear
problem with (p, ¢)-Laplacian and reaction term that makes coercive the cor-
responding energy functional is investigated via variational methods besides
truncation techniques.

The main aim of this paper is to give some results on the critical groups
of an isolated critical point of I and its applications to the existence and
multiplicity of solutions of (1.1) by Morse theory. Therefore, we need the
following notions (see [7, 28]). Let uy be an isolated critical point of I with
I(up) = ¢ € R, and U be an isolated neighborhood of ug, the group

Ci(l,ug) = H(I°NU, I°NU\ {up}), *x=0,1,2,---

is called the -th critical group of I at ug, where I¢ = {u € Wy, P(Q) : I(u) < ¢},
and H,(-,-) are the singular relative homological groups with a coefficient group
F. It follows from the excision property of the homology groups that the critical
groups are independent of the choices of U, hence they are well defined.

Now, let us recall some results of the critical groups estimates of an iso-
lated critical point ug for the functional I. Using a finite dimension reduction
procedure, the authors in [8, 9] prove that if 1”(uy) is injective, then the Morse
index p of ug is finite and

C*(I, Uo) k. (S*#F,

where g is defined as the supremum of the dimensions of the subspaces of
Wy P(Q) on which I”(up) is negative definite. Moreover, in the case in which
I"(up) is not injective, they have proved that the number of nontrivial critical
groups of [ in wug is finite, and the same result for 1 < p < 2 can be found
in [23]. For other qualitative results of the critical groups for the p-Laplacian
equations, we refer to [11, 13] for details and further references. For the case
of ug = 0, the author of [32] assumes that there exist a > 0 and m > 1 such
that

%Amug < F(z,u) < %)\mHuQ, forx e, 0< |ul <a,
and proves that the functional I has a local linking at 0 and
Ca,,(1,0) # 0,
here and in the sequel, we assume that
dy, = dim{ @< ker(—A — X))}

Motivated by [9, 33], combining the minimax methods and Morse theory, we
want to compute exactly the critical groups at zero for the resonant quasilinear
elliptic equation (1.1). More specifically, we make the following assumptions:
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(f1) there exist & > 0 and m > 1 such that
f(2,0) =N\, F(z,u) < %)\mUQ, for jul <, z€9Q,
(f1)" there exist @ > 0 and m > 1 such that
f(2,0) = A\, Fz,u)> %)\muQ + Clul?, for |u| < a, z €Q,

where C' > 0 and 2 < 0 < p.

Without loss of generality, we can assume that u = 0 is an isolated critical
point of equation (1.1). Our first result in this paper reads as follows.

Theorem 1.1. Assume 2 < p < 0o and (fy) holds.

(i) If (f1) holds, then
C.(1,0) = 0.4, ,F.

(13) If (f1)" holds, then
Ci(1,0) = 0.4, F.

Remark 1. (1) Assume that f(z,u) = A\yu+ |u/?~! with 2 < 6 < p, we know
that (f1)" is satisfied, but from [8] or [9, Lemma 2.2], we know that 1”(0) is
not injective, then our result is new.

(2) Note that for the semilinear elliptic equation, i.e., p = 2, this result is
due to the paper [33], now we can generalize the same result to the quasilinear
equation (1.1) with p > 2. However, in our theorem there are many difficulties
to get the critical group estimates for the functional I. For example, the
space Wy (Q) with p > 2 is not a Hilbert space, then we can not get a space
decomposition according to the eigenfunctions which is the basis of linking
theorem; Moreover, the second derivative of I in each critical point is not a
Fredholm operator from VVO1 P(Q) to its dual space, so that the generalized
Morse splitting lemma does not work. In spite of these difficulties, using the
results in [9, 33] we are able to compute the critical groups at zero for the
functional [.

As a byproduct of Theorem 1.1 we also obtain some multiplicity results.
Before stating the results, let us recall the following notions. Let ¢, > 0 be
the eigenfunction of p;, and py = inf{\ € o(—=A,) : A > puy}. If we assume
V1 = span{p; }, and denote by

Vi = {ue W) - / (o) udz = 0},
Q

4



then we have
W,?(Q) = Vi@ Vit (1.2)

From [21], we know that there exists p; < 71 < pg such that

/ﬂ |\VulPdx > ﬁ/Q |u[Pdz, for any u € V/*. (1.3)

Moreover, we make the following assumptions:

(f2) there exist M >0 and A < & such that

1
F(z,u) — —pi|ulf < Mul?, for |u| > M, z € Q,
b

(f3) there exists uy < n < i such that

and our results read as follows.

Theorem 1.2. Assume 2 < p < oco. If (fo) and (f2) hold, then equation (1.1)
has at least four montrivial solutions in each of the following cases:

(i) (f1) holds with m > 3;
(17) (f1) holds with m > 2.

Theorem 1.3. Assume 2 < p < oco. If (fo) and (f3) hold, then equation (1.1)
has at least one nontrivial solution in each of the following cases:

(i) (f1) holds with m # 2;
(17) (f1) holds with m # 1.

The proofs of our theorems are based on the critical groups estimates both
at zero and at infinity for the functional I. By condition (f3), we will prove
that the functional I is coercive on W, *(Q), and note that for the p-Laplacian
operator, using the condition

1
lim (F(x,u) — —pi|ul’) = —oc0, z € Q, (1.4)
p

|u|—o00



the paper [24] also get the same result. Obviously, because of the existence of
Laplacian operator, we only need (fy) which is weaker than (1.4). For other
results of the p-Laplacian equation we refer to [5, 12, 16, 17, 22| and references
therein.

This paper is organized as follows. In Section 2, some preliminaries on
Morse theory are given. The proofs of Theorem 1.1-1.3 are given in Sections
3-5, respectively. In the sequel, the letter C' will be used indiscriminately to
denote a suitable positive constant whose value may change from line to line.

2 Preliminaries

In this paper, we will apply the minimax methods and the Morse theory to
prove our theorem. Therefore, we recall some notions and results (see e.g.,
[7]). Let E be a real Banach space and ® € C'(E,R).

Definition 2.1. The functional ® is said to satisfy Palais-Smale (for short
(PS)) condition if every sequence {u,} C E with

®(u,) being bounded, ®'(u,) — 0, as n — oo, (2.1)
possesses a convergent subsequence.

Let K ={ue E: ®(u) =0}, for a < inf ®(K), the =-th critical group of
® at infinity is defined by

Ciu(®,00) = H (E, D), x=0,1,2,---.

If we denote

(2

P(u,t) = ZrankC*(q),u)ti, P(oo,t) = Z:rcm/fC'*(CI)7 oo)t’,

then the Morse inequality for the functional @ is as follows: there is a polyno-
mial Q(t) with nonnegative integer as its coefficients such that

> P(uj,t) = P(co,t) + (1+£)Q(2). (2.2)

UjEK

We also need the following critical point theorems.



Proposition 2.2. ([26]) Assume that ® satisfies (PS) condition, ®(0) = 0
and ® has a local linking at 0 with respect to E =V ® W, i.e., there exists
p > 0 such that

P(u) <0, ueV, flull <p; ®(u) >0, uecW, 0<|luf <p,
then Cy(®,0) # 0, where k = dim(V') < oo.

Proposition 2.3. ([4]) Assume that E = H~ ® H' and ® satisfies the (PS)
condition. If ® is bounded from below on H™ and ®(u) = —o0 as ||ul| — oo
with uw € H™, then Cy(®,00) # 0, where d = dim(H ™) < oo. Moreover, there
exists a solution ug such that Cy(®, ug) # 0.

Next, we recall some results in [8, 9]. We assume that (fy) holds and ug
is an isolated critical point of the functional I. Since p > 2, the second order
differential of I in wug is given by

(I" (ug)v, w) = /(1 + | Vuo|P~2) (Vo | Vw)dz
Q
+ /(p— 2)| V[P~ (Vuo | Vo) (Ve | Vw)dz (2.3)
Q
- fl(xv U(])UWd[L',
Q
for any v,w € Wy (Q), where (-,-) denotes the duality pairing, and (-|-) de-

notes the scalar product in R¥.
Since uy € C*(), we have

b(z) = [Vue|P~D/2Vuy € L®(Q).

Let H,, be the closure of C§°(€2) under the scalar product
(0, W)y = /[(1 + [B]*) (Vo[ Vw) + (p = 2)(b] Vo) (0| V) da,
Q

then H,, is isomorphic to Wy *(Q), and for uy = 0 we get that H,, = W, *(Q).
Since p > 2, W, ?(Q) € H,, continuously. Using (fo), I"(u) can be extended
to a Fredholm operator Ly, : H,, — H; defined by setting

(Lyyv,w) = (v, W)y, — /Qf’(ac,uo)vwdm, (2.4)



for any v,w € H,,. So we can consider the natural splitting H,, = H~ &
H°® H*, where H—, H°, HT are, respectively, the negative, null, and positive
spaces, according to the spectral decomposition of L, in L*(Q2), and H~, H°
have finite dimensions. From standard regularity theory (see [19]),

H™ @ H° ¢ WyP(Q) N L=(Q).
If we set W = Ht* NW,?(Q) and V = H- @ H°, then we get the splitting
WP (Q) =V @ W. (2.5)

Lemma 2.4. (Lemma 4.6 of [8]) There exist r € (0,6) and p € (0,7) such that
for any v € V.1 B,(0) there exists one and only one w € W N B,(0) N L>($2)
such that for any z € W N B,.(0) we have

flo+w+u) < f(v+2+wup).
Moreover W is the only element of W N B,.(0) such that
(f'(ug+v+w),2) =0 VzeW

So we can introduce the map ¢ : VNB,(0) = WNB,(0) defined by ¢ (v) =
w and the function ¢ : VN B,(0) — R defined by ¢(v) = I(ug + v + ¥(v)),
which is a continuous map by [8]. Moreover, we have that

Lemma 2.5. ([9, Lemma 2.2]) For anyv € VN B,(0), z € V, w € V, we
have

Y €C(Q),4(0) =0, ¥'(0) =0,
(P'(v), 2) = (I'(uo + v + ¥ (v)), 2),
(P"(v)z,w) = (I"(uo + v+ P(v))(z + ¢'(v)(2)), w). (2.6)
Lemma 2.6. ([8, p. 286]) If (fo) holds, then

Ci(lug) = Ci(p,0), *=0,1,2,---.

3 Critical groups at zero

Without loss of generality, we can assume that ug = 0 is an isolated critical
point of equation (1.1). First, using (f1) we will show that the functional I has
a local linking at 0, and for the similar results with p = 2 we refer to [26, 27|
for details and further references.



Lemma 3.1. If (fo) and (f1) hold, then we have

Cu (1,0) £ 0. (3.1)

Proof. We set
H1 = @igm_lker(—A — /\z),

HQ = @jzmker(—A — )\j),

and Wy = Hy NW,?(Q). Since p > 2, the standard regularity theory (see [19])
gives

Hy, € WP (Q) N L>2(Q),
then we get the splitting
WOLP(Q) - H1 @ W1~

We first prove that there exists p > 0 such that

I(u) <0, forue Hy, ||u] <np,
I(u) >0, forue Wy, 0<l|ul<p.

(1) Let ¢ > 0 such that A\,,_1 < Ay, —e. By (fo) and (f1), there exists
p < v < px such that

F(z,u) > =(Am —)u®> = Clu", Vu e R, z € Q,

N | —

this together with the fact that H; is a finite dimensional space gives

1 1
I(u) = —/ |Vu]”d$+—/ ]Vu|2d9:—/F(9:,u)dx
P Ja 2 Ja Q
A 1
< Cllulp+ 252 [ e~ 500 —2) [ JuPde -+ Clalp
Q Q

2
< Cllull” = Cllull* + Cllull,

then using p > 2 there exists p > 0 such that I(u) <0 as |Jul| < p.
(2) By conditions (fy) and (f1), there exists p < v < p* such that

1
F(z,u) < §Amu2 +Clul”, VueR, z€Q,



then for v € W we have

I(u) = 1/ \Vu]pdx+1/ ]Vu|2dx—/F(x,u)dx
P Ja 2 Jq Q

1 1 1
> —/ \Vu\pd:p—i——/ \Vu]Qd:p——/)\mUde—C’/ lu|”dx
pJa 2 Ja 2 Jo Q

1 14
> ~[[ull” = Cllul]”,
p
which implies that there exists p > 0 such that I(u) > 0 as 0 < ||ul| < p.
Now using the results in Proposition 2.2, we complete the lemma. 0
Proof of (i) in Theorem 1.1: Using (f;) and (2.3), in the particular case

ug = 0, we have

(I'"(0)v, w) = /

Q

—/(Vv\Vw)d:p—/\m/vwdx,
Q Q

(Vv\Vw)dx—/f’(m,O)vwdac
Q

where v, w € W, " ().
Therefore, the Fredholm operator Ly : Hy — H in (2.4) is defined as

(Lov, w) = (v, w)o — /Qf’(x, 0)vwdz

& /Q(V21|Vw)dx—)\m/ﬂvwdx, o

where v, w € Hy = W,*(€). Now, we consider the natural splitting
We?(Q)=H @H @ HT,

which H—, H°, H* are, respectively, the negative, null, and positive spaces,

according to the spectral decomposition of Ly in L?(Q2). Obviously, by (3.3)

we know that

H_ = @igm,lker(—A — )\i)y HO = ker(—A — )\m), (34)

and

H" = @jompker(=A = )),

Moreover, H~, H have finite dimensions.
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Since p > 2, Wy (Q) € Wy *(Q) continuously. Similar to (2.5), if we define
V=H @H, W=H"nW,*Q),

then we get the splitting
WiP(Q) =V e W. (3.5)

Now, using Lemma 2.5 we know that
o: (H @ H)NB,(0) =R
is a C* function. Moreover, for any z,w € H- @ H", by (2.6) and (3.2) we have
(©"(0)z,w) = (I"(0)z, w)
= /Q(Vv|Vw)dx — /Qf’(:z:, 0)vwdz

= /(Vv|Vw)dx—)\m/de$,
Q Q

then ¢”(0) is a Fredholm operator with kernel H°. Meanwhile, Lemma 2.6
implies that

Ci(1,0) = Ci(p,0), *=0,1,2,---. (3.6)

Next, for the rest of the proof, we follow the methods in [33]. From the
Shifting theorem (see [7]), there exist a ball B centered at 0, and a C' map
h:BNH"— H- such that

Cu(,0) = Oy (2,0), *=0,1,2,--, (3.7)

where @(u) = p(u+ h(u)) for any v € H, and d,,,_; = dim(H").
By (3.7) and Lemma 3.1 we get

Co(,0) = Ca,,,(1,0) #0,
which is equivalent to 0 being an isolated local minimum of ¢, so
Ci(9,0) = 6. oF,
this together with (3.6) and (3.7) gives
Ci(1,0) = 044, ,F.

The proof is completed. [
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Next, we give the proof of (f1)’.
Lemma 3.2. If (fo) and (f1)" hold, then by (3.4) we have
Ca,, (I,0) # 0, where d,, = dim(H~ & H®). (3.8)

Proof. Similar to Lemma 3.1 above, we only need to prove that there exists
p > 0 such that

I(u) <0, forue H & H° |ul <p,
I(u) >0, forueW, 0<|ul <p.

(1) By (fo) and (f1)’, there exists p < v < px such that
1
F(z,u) > 5/\mu2 +Clul’ = Clu", VueR, z Q. (3.9)

For u € H~ & H which is a finite dimensional space, (3.9) implies that

—1/ |Vu|pdx+1/ |Vu|2da:—/F(x,u)dx
P Ja 2 Jq Q
< 1/ \vuypdx—c/(\uw— ") dz

P Ja 0

< Cllu” = Cllul|® +Cllull”,
then using 2 < § < p < v < px there exists p > 0 such that /(u) < 0 as
[ull < p.
(2) By the conditions (fy) and (f1)’, for € > 0 satisfying A1 > A + €,
there is p < v < p* such that

1
F(z,u) < i(Am +e)ul + Clul’, VueR, z €Q,

which implies that, for u € W,

/!Vu]pdx+ /]Vu| dw—/ F(x,u)dzr
m )\m

/\Vu]pd + +1/ u?dr — +6/ udr — C /]u]”da:
2 Ja 2 Q

> Lfull? — Clful”,
p

then there exists p > 0 such that I(u) > 0 as 0 < [Ju]| < p. We complete the
lemma. U

12



Proof of (ii) in Theorem 1.1: Set dy = dim(H"). Similar to (3.6) and
(3.7), we have

Ci(1,0) = Ci(9,0) = Ci(g—do)(9,0), *=10,1,2,---. (3.10)
By Lemma 3.2 we get
C1clo (@7 O) 75 07
which is equivalent to 0 being an isolated local maxmum of ¢, so
C*(&) 0): 5*,d0F7
this together with (3.10) gives
C* (], O) — 5*7de'

The proof is completed. O

4  Proof of Theorem 1.2

Let
C[f@t) £t>0
Jelz,t) = {o +t <0,

and . .
Ii(u)——/ ]Vu|pdx+—/ |Vu|2dx—/Fi(x,u)dx,
P Ja 2 Jo Q

where Fi(z,u) = [ f(z,s)ds. It is well known that the critical points of I,
are exactly the weak solutions of equation (1.1) (cf. [14]).

Lemma 4.1. If (fo) and (f2) hold, then
(1) I and I are coercive on Wy (Q),
(2) I and Iy satisfy the (PS) condition.

Proof. (1) For the functional I, by contradiction, we assume that there is a
sequence {u,y C WyP(Q) such that

I(u,) < C, as |Ju,|| — oo. (4.1)

If we set v, = %, then ||v,|| = 1 and there is a vy € W, ”(Q) such that

[lwnll?

v, — v, weakly in W, (),
v, — V0, strongly in LP(Q), (4.2)
v () = vo(x), a.e. x € €.
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From the condition (f3), we get
1
F(x,u) — —pi|ulP < Mul® +C, foru e R, z € Q, (4.3)
p

this together with (4.1) gives

C < I(uy) N 1/(‘an’p—ﬁb1’vn|p)dl’_
Q

[unl[P = Nunl? — p

C + Clu,|?

[[en 7

b

then by 2 < p we obtain

limsup/ |V, [Pdx §,u1/ |vo|Pda.
Q Q

n—oo

On the other hand, we get that

”1/ |vo[Pdz < / \Vvo|pdm§liminf/ Vv, |[Pdz,
Q [9) n—oo  Jq

which implies that
/ |Vuo|Pde = ,ul/ lvo|Pdz, and v, — vy in W, P(Q).
Q Q

Then we get ||vg]| = 1, and by (4.2) we have
|un(x)] = +o0, ae. z €. (4.4)

Using the Fatou lemma, (4.3) and (4.4) give

1
I(uy) > —/ \vunde:p—/(F(m,un)—ﬂ\unyp)dx
2 Ja Q p

> ﬁ/ ]unlzdaj—)\/ lu, |*dx — C
2 Jo Q

— +00, as n — 00,

this is a contradiction. The case of I (/_) is similar.
(2) The (PS) condition follows from the Theorem 3 in [6]. O

Lemma 4.2. Let e; > 0 be the eigenfunction associated with \y. If (f1) (or
(f1)') holds, then there exists t > 0 such that I(tte;) < 0.
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Proof. By (f1), for € > 0 small there exists p < v < p* such that

F(r,u) > =My —e)u®> = Clul”, Vu €R, x € Q.

N —

Then by m > 3, we get
tP Mtf?
I (tey) = u/ ]Vel\pdx—i—i/ le1|2dx
P Ja 2 Q

A — €)12
—(%/ |el|2dx+C|t|”/ lea |V dz
Q Q

< CJtf = CJt)* + e,
<0, ast> 0 small

The other cases are similar. O

Proof of Theorem 1.2. Since the functional I, I are coercive on W, (),
Lemma 4.1 implies that

Using Lemma 4.2, the functional I has a positive critical point u; and a neg-
ative critical point us which are all at negative energy such that

C*(I, Ul) = C* ([, UQ) = (5*70F. (46)

Using the Mountain pass lemma in [1], we know that equation has a solution
ug such that (see [7])
CI(I> ’LL3) 7é 0.
The next claim can be found in [31, p. 412], and for the reader’s convenience
we sketch a proof of it.
Claim :
C* (I, ’LL3> = (5*711[?. (47)
Using (2.4), for the isolated critical point uz we can define V.= H~ & H° C
H,,, and Lemma 2.6 implies that there exists

¢:VNB,0) =R

such that
C*(I,’U,g) :C*((,0,0), *:071727"' ) (48)
and

Ci(p,0) = C1(I,usz) #0. (4.9)
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Set m =dimH ~ and n =dimH", we know that m < 1.
If n =0, then 0 is a nondegenerate critical point of ¢ (see [7]), and

Ci(p,0) = dupmlF,

which implies that (4.7) holds.
If n # 0, then 0 is a degenerate critical point of ¢, and from the Shifting
theorem (see [7]), we have

Co(0,0) = Co_p(3,0), *=0,1,2,--, (4.10)

where @(u) = ¢|go.
Case A. If m = 1, then Cy(®,0) # 0, which is equivalent to 0 being an
isolated local minimum of @, so

Ci(9,0) = 6, oF,

then (4.7) holds.
Case B. If m =0, then (4.10) implies that

Cu(,0) = C,(3,0), +=0,1,2,-- . (4.11)

Next, we show n = 1. For ker ¢”(0) to be nontrivial it amounts to saying that
1 is the first eigenvalue of the following linear eigenvalue problem

—div((1 + [b))Vu+ (p — 2)(b, Vu)rnb) = Af'(z,us)u, in Q, ulsq = 0.

From [18] or [20, Sect. 6.1], this first eigenvalue is simple, then n = 1, which
implies that
Ci(I,uz) = Ci(9,0) = C(p,0) = 0,1 F.

Moreover, using (f;) with m > 3 or (f;) with m > 2, Theorem 1.1 gives
that there exists d > 2 such that

C.(I,0) = 6, 4F,

which implies that ug # 0.
Now, Morse inequality (2.2) for I gives that

(=1 + (=1)"+ (=1)° + (-1)" = (-1)",

this is a contradiction. So equation (1.1) has at least four nontrivial solutions.
The proof is completed. O
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5 Proof of Theorem 1.3

Now, we give the proof of Theorem 1.3. First we deduce by standard arguments
that the functional satisfies the (PS) condition (cf. [9]).

Lemma 5.1. If (fo) and (f3) hold, then I satisfies the (PS) condition.

Proof. Using (fo), we need only to prove that if there is a sequence {u,} C
Wy P(Q) satisfying (2.1), then {u,} is bounded in W," (). Arguing by con-

tradiction, we assume |[|u,|| — oo as n — oco. Let z, = 22— then there exists

llwnll?

z € I/VO1 () such that, passing if necessary to a subsequence,

Zn — 2 weakly in W, (),
Zn = 2 strongly in LP(€),
Zn —> % a.e. r € (.

For any v € W,”(Q), from (2.1) we have
/ |V, [P 2 Vu, Vodz + / Vu,Vodr — / flz,up)vde = o(1)|Ju,||.  (5.1)
Q Q Q

Now dividing (5.1) by |[lu,|P~!, and then taking v = z, — 2, we derive by
the assumption (f3) that

lim [ |V2,[P?V2,V(z, — 2)dxr = 0,
Q

n—oo

then from the fact that —A, is of type ST (see [14]), we conclude that z, — z
in WyP(Q) with ||z]| = 1.
Moreover, dividing (5.1) by ||u,[[P~!, from (f3) we infer that

—Ayz = n|2|P22, 2 € WiP(Q). (5.2)

Using 1y < 1 < @, equation (5.2) has zero as the only solution, thus we
conclude z = 0, which is a contradiction. The proof is completed. O]

Lemma 5.2. If (fo) and (f3) hold, then form (1.2) we have
(1) I(u) — —o0, as u € V; and ||u| — oo,
(2) 1(u) — +o0, as u € V- and |Jul| — oo.
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Proof. (1) Using (fo) and (f3), for £ > 0 small we have

1+

F(z,u) > [ulf = C, YueR, x e,

which implies that

1
—1/|Vu|pdx+—/|Vu\2dx—/F(ac,u)dx
/|vu|de+ /|v %dz — “1+€/| Pdz + C

p1+e€
Y- 1—)H P+ Cllull* + C

— —00, as Hu|| — 0.

(2) Similarly, for £ > 0 small we have

F(x,u)gu_€|u|p+0, VueR, e,

then by (1.3) it implies that

1 1
——/ |Vu|pdx+—/ |Vu|2dx—/F(x,u)dx
Q
/\vuypdx+ /yvu| dz — _€/|u|pdaj—0
P Ja

_p( =) ul” —

then I(u) — +o0, as HuH — 00. The proof is completed. O

Proof of Theorem 1.3. From Lemma 5.1, we know that [ satisfies the (P.S)
condition, and using Lemma 5.2 and Proposition 2.3, we get that there exists
a solution ug of equation (1.1) such that

Cl(‘[> UO) 7é 0.
Using (f1) with m # 2 or (f1)" with m # 1, Theorem 1.1 gives that
Ci(1,0) = 0, 4FF, where d # 1,

which implies that equation (1.1) has at least one nontrivial solution uy. The
proof is completed. [
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