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1. Introduction

We consider a class of Kolmogorov operators of the form

1 Po d
L= ;am + 3 bijwi0s, + 0, (t,z) ERXRY, (1.1)

ij=1

where 1 < py < d and B = (b;;) is a constant d x d matrix. If py = d then £ is a parabolic operator while
in general, for pg < d, £ is degenerate and not uniformly parabolic. Some structural assumptions on B
implying that £ is a hypoelliptic operator will be introduced and discussed below.

Operators of the form (1.1) appear in several applications in physics, biology and mathematical finance.
We recall that £ is the linearized prototype of the Fokker—Planck operator arising in fluidodynamics (cf. [7]).
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Moreover £ was extensively studied by Kolmogorov [24] as the infinitesimal generator of the linear stochastic
equation in R?

dXt = .B)(tdt-i-O'dVVt7 (12)

where W is a pp-dimensional standard Brownian motion and ¢ is a d X pg matrix such that

with I, being the py x po identity matrix. A particular case of (1.2) is the well-known Langevin equation
from kinetic theory, which in simplified form reads

dX} = dw,
dX? = X}dt,

where W is a real Brownian motion, and whose generator is the Kolmogorov operator

1
Eazlxl + xla:m + 8t7 (t,.’tl,.’tg) € RS' (13)

We also refer to [5] for a recent study of Navier—Stokes equations involving more general Kolmogorov-type
operators.

In mathematical finance, Kolmogorov equations arise in models incorporating some sort of dependence
on the past: typical examples are Asian options (see, for instance, [21,2,35,14]) and some volatility models
(see, for instance, [18] and [13]).

It is natural to place operator £ in the framework of Hérmander’s theory; indeed, let us set

Xj =0z, j=1,...,p0, and Y =(Bx,V)+0, (1.4)

where (-,-) and V = (0,,,...,0,,) denote the inner product and the gradient in R? respectively. Then £
can be written as a sum of vector fields:

1 Po
_ 2
L= 3 g X7 +Y.
j=1
Under the Hérmander’s condition

rank (Lie(Xy,...,X,,,Y)) =d+1, (1.5)

operator £ is hypoelliptic and Kolmogorov [23] and Hérmander [19] constructed an explicit fundamental
solution of Lu = 0, which is the transition density of X in (1.2). We remark that X is a Gaussian process
and condition (1.5) turns out to be equivalent to the non-degeneracy of the covariance matrix of X; for any
positive ¢ (see, for instance, [22] and [36]).

Operator £ in (1.1) is the prototype of the more general class of Kolmogorov operators with variable
coefficients. The study of general Kolmogorov operators has been successfully carried out by several authors
in the framework of the theory of homogeneous groups: Folland [10], Folland and Stein [11], Varopoulos
et al. [42] and Bonfiglioli et al. [4] serve as references for the analysis of homogeneous groups. We recall
that Lanconelli and Polidoro [26] first studied the non-Euclidean intrinsic geometry induced by Kolmogorov
operators and Polidoro [37], Di Francesco and Pascucci [8] proved the existence of a fundamental solution
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under optimal regularity assumptions on the coefficients; in particular, Polidoro [37] generalized and greatly
improved the classical results by Weber [43], I’in [20], Sonin [41] and Gencev [16] where unnecessary
Euclidean-type regularity was required.

The intrinsic Lie group structure modeled on the vector fields Xi,...,X,,,Y and the related non-
Euclidean functional analysis (Holder and Sobolev spaces) were studied by several authors, among others
Polidoro and Ragusa [38], Di Francesco and Polidoro [9], Bramanti et al. [6], Manfredini [30], Lunardi [29],
Kunze et al. [25], Nystrom et al. [32], Priola [39] and Menozzi [31]. When dealing with intrinsic Holder
spaces, Taylor-type formulas (and the related estimates for the remainder) form one of the cornerstones for
the development of the theory. Classical results about intrinsic Taylor polynomials on homogeneous groups
were proved in great generality by Folland and Stein [11]. Recently, Bonfiglioli [3] derived explicit formulas
for Taylor polynomials on homogeneous groups and the corresponding remainders by adapting the classical
Taylor formula with integral remainder.

The main result of this paper is a new and more explicit representation of the intrinsic Taylor polynomials
for Kolmogorov-type homogeneous groups. The distinguished features of our formulas are as follows:

i) in [11] and [3], Taylor polynomials of order n are defined for functions that are differentiable up to order
n in the Euclidean sense; the constants in the error estimates for the remainders (that is, the differences
between the function and its Taylor polynomials) depend on the norms of the function in the Euclidean
Holder spaces. Conversely, in this paper we define n-th order Taylor polynomials for functions that are
regular in the intrinsic sense and the constants appearing in the error estimates depend only on the
norms of the intrinsic derivatives up to order n. At the best of our knowledge, a similar result under
such intrinsic regularity assumptions only appeared in [1], but limited to the particular case of the
Heisenberg group. Moreover, the fact that we assume intrinsic regularity on the function, as opposed
to Euclidean one, allows us to yield some global error bounds for the remainders when the function
belongs to the intrinsic global Holder spaces. This represents another key difference with respect to the
existing literature, where such bounds are only local;

ii) since the vector fields X7, ..., X,, do not commute with Y, there are different representations for the
Taylor polynomials depending on the order of the derivatives: specifically, the representation in [11]
and [3] is given as a sum over all possible permutations of the derivatives. Thus, computing explicitly
the n-th order Taylor polynomials can be very lengthy since the number of terms involved grows pro-
portionally to d. On the contrary, even though our Taylor polynomials are algebraically equivalent to
those given by Folland and Stein [11] and Bonfiglioli [3], in Theorem 2.10 we determine a privileged
way to order the vector fields so that we are able to get compact Taylor polynomials with a number
of terms increasing linearly with respect to the order of the polynomial itself (see (2.12) below); this is
quite relevant for practical computations, as we will show through a simple example in Section 3.1;

iii) besides the theoretical interest, our result might be useful for diverse applications. For instance, in
the recent works by Lorig et al. [27] and Pagliarani and Pascucci [33] the authors have developed a
perturbative technique to analytically approximate the solution of a parabolic Cauchy problem with
variable coefficients. The Taylor polynomials of the coefficients and of the terminal datum play an
important role in this technique. For instance, the short-time precision of the approximation turns out
to be dependent on the regularity of the terminal datum. Within this prospective, an intrinsic Taylor
formula represents a crucial ingredient in order to extend such results to the case of ultra-parabolic (i.e.
po < d) Kolmogorov operators with variable coefficients. In particular, the intrinsic regularity of the
coefficients and of the terminal datum can be exploited to improve the accuracy of the approximate
solutions. We refer to Section 3.4 for further details.

The paper is organized as follows: in the next section we state the structural hypothesis on the matrix B,
we give the definition of intrinsic Hélder spaces and we state our main result. In Section 3 we review
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and compare with the previous literature (Sections 3.1 and 3.2) and present examples and applications
(Section 3.4). In Section 4 we prove some results that are preliminary to the proof of the main theorem,
which will be eventually proved in Section 5.

2. Holder spaces and Taylor expansions

As first observed by Lanconelli and Polidoro [26], operator £ in (1.1) has the remarkable property of
being invariant with respect to left translations in the group (R x R%, o), where the non-commutative group
law “o” is defined by

(t,z)o(s,&) = (t+s,eSBx+§) , (t,x),(s,€) € R x R%. (2.6)
Precisely, we have
(Lu9)(t,2) = (Lu)((s,€) o (t,2)),  (t,2),(5,€) € Rx R,
where
u 9 (t,z) = u((s, €) o (¢,2)).
Notice that (R x R?, o) is a group with the identity element Id = (0,0) and inverse (¢,z)~! = (—t, —e~"Px).

Lanconelli and Polidoro [26] proved that the Hérmander’s condition (1.5) is equivalent to the following
one: for a certain basis on R, the matrix B takes the form

% % x %k
B1 % * ok

B=1| 0 B * ok (2.7)
0 0 B, x

where each Bj is a p; X p;j—1 matrix of rank p; with
-
po=pi = =pe>1, Y pi=d,
§=0

and the #-blocks are arbitrary. Moreover, if (and only if) the *-blocks in (2.7) are null then £ is homogeneous
of degree two with respect the dilations (D(X)),., on R x R? given by

D(X) = diag(A%, My, NIy, -, A7 ),
where I, are p; X p; identity matrices: specifically, we have
(LuM)(t,z) = N (Lu) (D) (), (t,x) e Rx R XA >0,
where

uM (t,2) = u(DN)(t, ).
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Throughout this paper we assume the following standing

Assumption 2.1. B is a d X d constant matrix as in (2.7), where each block B; has rank p; and each *-block
is null.

Remark 2.2. Under Assumption 2.1, the matrix B uniquely identifies the homogeneous Lie group (in the
sense of Folland and Stein [11])

Gp = (R xR% 0,D(N)).

We define the D(A)-homogeneous norm on Gp as follows:

d
It )llp =12+ lelm, lels =D |y,
Jj=1

where (gj)1<j<q are the integers such that
D)) = diag()\2,)\q1, e ,)\Qd).
For any ¢ € R x R?, we denote by
Dp(¢,r) ={z e RxR*|||¢" oz, <r}
the open ball of radius r, centered at {, in the homogeneous group Gp.
Remark 2.3. There exist two constants C; > 1 and Cs > 0, both depending only on B, such that

ICozlp < Cr(lConlly+ln"oz,), 2, ¢ €RxRY,

1
@|Z—C| < ||C_1 OZHB < Colz — ¢J*r T, for |z—C|,{§_1 ozHB <1.

The first inequality implies that ||-|| 5 is a quasi-norm, while the second formula shows that the intrinsic
distance is locally equivalent to the Euclidean one. For a proof we refer to [30], Proposition 2.1.

Next we introduce the notions of B-intrinsic regularity and B-Hoélder space. Let X be a Lipschitz vector

field on R x R%. For any z € R x R%, we denote by & — X () the integral curve of X defined as the unique
solution of

{d%e‘sx(z) =X (e2%(2)), 0 eR,
X (2)|5=0 = 2.
Explicitly, if X € {Xq1,---,X,,,Y} is one of the vector fields in (1.4), we have

eXi(t,x) = (t,x+0e;), i=1,---,po, Y (t,x) = (t+6,e°Bx), (2.8)
for any (t,7) € R x R%.

In order to define a gradation for the homogeneous group Gp (see Section 2.4 in [3]), we associate a
formal degree mx € Ry to each X € {Xy,---,X,,,Y} in the following canonical way:
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Assumption 2.4. The formal degrees of the vector fields Xy, -+, X}, and Y areset asmyx, = 1for 1 < j < po
and my = 2.

Next we recall the general notion of Lie differentiability and Holder regularity.

Definition 2.5. Let X be a Lipschitz vector field and u be a real-valued function defined in a neighborhood
of z € R x R%. We say that u is X-differentiable in z if the function § — u (e’°¥(2)) is differentiable in 0.
We will refer to the function z — ‘u (e9%(z)) |5:0
when the dependence on the field X is clear from the context.

as X -Lie derivative of u, or simply Lie derivative of u

Definition 2.6. Let X be a Lipschitz vector field on R x R? with formal degree mx > 0. For o €]0, mx], we
say that v € C% if the semi-norm

fulgg = sup (&) ~ulo)
ox 2€RxRI |(5|ﬁ
SeR\{0}

is finite.
Now, let © be a domain in R x R?. For any z € Q we set
§. =sup {0 €]0,1] | X (2) € Q for any § € [-4,4]} .
If Qp is a bounded domain with Qg C Q, we set

0, = min J,.
z€Qo

Note that dg, €]0,1].

Definition 2.7. For a €]0,mx], we say that u € C§ () if for any bounded domain Qo with Qp C Q, the
semi-norm

u (9% (2)) — u(z
HUHC%(QO) = sup ‘ ( ( )) ( )}

z€QQ |(5
0<|8]<oq,

o
mx

is finite.
Now we define the intrinsic Holder spaces on the homogeneous group Gg.

Definition 2.8. Let « €]0, 1], then:

i) ue C’%’O‘ ifueCyandue Cg foranyi=1,...,p. For any u € C’%’a we define the semi-norm
Po
lulloge = llullog + D llulcg -
i=1
i) ue leg’a if u€ Cy and 0,,u € C%,a for any i =1,...,pg. For any u € 0113’0‘ we define the semi-norm
Po
el = lllogss + 3 19aullgne

=1
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iii) For k € N with £ > 2, u € Cg’a if Yu ¢ Cg—z,a and O,,u € Cg_l’o‘ for any i = 1,...,po. For any
k,« .
u € C'5" we define the semi-norm

Po
lull gt o= [Vl gr 20 + Y 100, ull gt -

i=1

«
,loc

on a domain Q of R x R%, and the related semi-norms H-||C;;,a(ﬂo) on bounded domains Qg with Qy C Q.

Similarly, according to Definition 2.7, we define the spaces C’g" () of locally Holder continuous functions

Remark 2.9. The following inclusion holds: C]];’ffoc C Cg:{;; for 0 <k <kand 0 < o < a < 1. Moreover

we have C]];’D‘ - C]’;’(l"cc for k£ > 0.

In the sequel, 3 = (81, -+ ,B4) € N will denote a multi-index. As usual
d d
8:=> 8 and pl:=[] (8
j=1 j=1

are called the length and the factorial of 3 respectively. Moreover, for any = € R%, we set

xﬁzxfl---xgd and 8526528511~-~853.

We also introduce the B-length of 5 defined as

r

1Bl = (2i+1)|8"]

=0

where 81 € N¢ is the multi-index

ﬁl[j} :: {5k for pi—1 <k < pi, (2.9)
0  otherwise,
with
Pi =po+p1+--+pi, 0<i<m, (2.10)
and p_; = 0. We are now in position to state our main result.
Theorem 2.10. Let © be a domain of R x R?, o €]0,1] and n € Ng. If u € OB oc () then we have:
1) there exist the derivatives
YEPue Cp 2 llee ), o< 2%+ |8l <m
2) for any ¢ € Q there exist r¢, Re > 0 such that m CQ and
u(2) — TG, 2)| < cnllullepn ool 025, 2€DpCr,  @11)

where cp ¢ s a constant that depends on B and ¢, while Tyu((, ) is the n-th order B-Taylor polynomial
of w around ¢ = (s,&) defined as
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Tou(C, z) = Z %(Ykﬁfu(s,f))(t—s)k(x—e(t_s)Bg)B, z = (t,2) € RxR% (2.12)
0<2k+[Blp<n A

3) if ue Cg® then we have
YFoPu e Cpm2hBlme g 0 < 2k 4 |Blp < m, (2.13)
and

’u(z) - Tnu(C,z)‘ < cpllul e 2, €ERx RY, (2.14)

oyellc oz
where cg 1s a positive constant that only depends on B.

A direct consequence of estimate (2.14) in the particular case n = 0 is the following

Corollary 2.11. A function u € C%’a if and only if there exists a positive constant ¢ such that
lu(z) — u({)] ScH{*lozH(;, 2,( e R x RY,

i.e. w is B-Hélder continuous in the sense of Definition 1.2 in [37].

For a comparison between intrinsic and Euclidean Hélder continuity we refer to Proposition 2.1 in [37].
Corollary 2.12. If u € Céif:)i’a(ﬂ), then there exists Oyu € C’%’ﬁ‘oc(Q). Moreover, we have

Ou(t,x) = Yu(t,z) — (Bx, Vu(t, x)). (2.15)

Proof. In Theorem 2.10 we take ¢ = (¢,z), z = (¢t + J, z) and note that, in this case, the spatial increments
become

z—e’Br = —§Bx+ 0(6?) as 6 — 0.

Now, by Theorem 2.10 all the spatial first-order derivatives exist and

d
w(z) = Torp1u(C, 2) = u(t+ 6,2) —u(t,z) — Y u(t, z) + 62 Oz, u(t, x)(Bx); + O(5?), as 6 — 0.
i=1
Since
IC o 2| = (6,2 — e Pa)IFH = O8] ), as 6 — 0,
we get
d
u(t+9, ””35 “UT) 2y + 3 (Ba)ida,u(tx) = O3 %) as 5 0.
i=1

This implies that the time-derivative exists and formula (2.15) holds. Now, it also easily follows that d;u €
Ch%c(€) since all the derivatives appearing in the right-hand side of (2.15) are in C3;5,.(). O
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3. Comparison with known results, examples and applications
3.1. Taylor formulas for homogeneous Lie groups

Our results can be seen within the more general setting of homogeneous Lie groups (cf. [11]). A Lie group
G = (R, ) is said to be homogeneous if there exists a family of group automorphisms of G, (D)0, called
dilations, of the form

D)\(.’L’l,...,.TN):()\011‘1,...,)\01\]561\/), A>0,

for some 1 < 01 < 09 < --- < on. The existence of such dilations implies that the exponential map Exp
between the Lie algebra g and G is a global diffeomorphism whose inverse is denoted by Log. Moreover,
we have a privileged basis on g, the Jacobian one, whose elements are the left-invariant vector fields Z;
uniquely defined by

Zi‘z:OEBa:i i:17...,N.

In this framework it is natural to define the intrinsic degree of Z; as o; and the Dy-homogeneous norm

N
lzle =) la
i=1

Following [3], the n-th order intrinsic Taylor polynomial P, f(xg, ) of a function f around the point z, can

1
o

be defined as the unique polynomial function such that
F(@) = Puf(wo,2) = O(lag " #alg™)  as |zg" * 2l =0,

for some ¢ > 0. For f € C™*! existence and uniqueness of P, f was proved in [11]; under the same hypothesis,
a more explicit expression and a better estimate of the remainder was given in [3]. Precisely, in the latter
the author proved that

Puf(w0,2) = (o) + 3 DI oy (g wa) - Logy, (a5 w). (3.16)
k=1 ’

1<ig, i <N
I=(i1,.-ig), o(I)<n
Here o(I) := 4104, + - - + 40y, denotes the intrinsic order of the operator Zy := Z;, --- Z;, and Log; is the
i-th component of the Log map in the basis {Z1,...,Znx}.

Note that, in general, operators Z; do not commute. Therefore, formula (3.16) typically involves a large
number of terms. In the special case of a Kolmogorov-type group, the Taylor polynomial (2.12) is much
more compact that (3.16) because we can exploit the fact that all but one of the Z; coincide with Euclidean
derivatives and thus commute with each other; moreover, our increments along the integral curves of the
vector fields are different from those in (3.16). We illustrate this fact in the following example.

Let us consider the simplest Kolmogorov group, namely the one induced by the operator defined in (1.3).

B= ((1) 8) : (3.17)

and the dilations D()) take the following explicit form:

This case corresponds to the matrix

D(/\)(t,l‘l,l‘g) = ()\Qt,/\xl,)\3x2), (t,xl,l‘z) € R x R?.
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Moreover, if z = (¢, 21, 22), ( = (s,£1,&2), then we also have
Coz=(s+t,m1+ &, 72 + & +161), (roz=(t—s,m1—&,22— & — (t— 5)&).

The components of left-hand side vector in the previous formula are exactly the increments appearing
in (2.12). With regard to formula (3.16), we have

Z(J:K lea:ma Z2:am23
while the corresponding components of the Log map are

_ _ _ t—s)(x1 — &1
Logo(( ™ 02) =15, Logy((™ o) =m—&, Loga((™02) = ap— & — (1 — s)y — D&,
Note that the first two components coincide with the increments mentioned above while the third one is
different. It follows that, up to order two, the two versions of the Taylor polynomial coincide. On the other

hand, according to our definition, the third and fourth polynomials are given by

TG, 2) = Tou(G, 2) + 708, u(Q) (1 — €0)° + YO u(Q) (o1 — €t — ) + Dru( 2 — & — (1~ 9)60),
Tau(C,2) = Tyu(C, 2) + iailu@)(xl —&)t+ %Yailu@(xl — &) (t—s)
+ %qu(o(t - 5)2 + 02, 05, u(C) (1 — &1)(m2 — &2 — (t — 5)&1),

while, according to formula (3.16), we have

Tyu(,2) = Tau(G,2) + (YO, + 0, Y JulQ) a1 — €0)(t — 5) + 308, u(Q) w1 — &0)°

+ Oz, u(C) ($2 —&—(t—s)& — %),

Tau((, ) = TyulG, )+ V2 u(Q)(t — )° + 30 u(Q) (s — &)’

1
+ g(yail + 81‘1Y6I1 + 831Y)U(C)(J:1 - 51)2(15 - S)

(t —s)(x1 — 51))_

+ a:rzaz1u(g)(ml - 61)(372 - 52 - (t - 8)61 - D)

Notice that the above expressions of the Taylor polynomials can be proved to be algebraically equivalent
by using the identity 0., Y = Y0y, + O,

3.2. Intrinsic Hélder spaces in the literature

Intrinsic Holder spaces play a central role in the study of the existence and the regularity properties
of solutions to Kolmogorov operators with variables coefficients. Slightly different notions of Hélder spaces
have been proposed by several authors (see, for instance, [30,29,34,9,14]): note that some authors introduce
only the definition of C%’O‘ and 0123’0‘. Indeed, the definition of C}S’a is technically more elaborate because it
involves derivatives of fractional (in the intrinsic sense) order and therefore is sometimes omitted.

In [30] and [9], C%* is defined as the space of functions that are bounded and Hélder continuous with
respect to the homogeneous group structure: precisely, a function u € C%’a on a domain Q of R x R? if
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|ula,p.0 = sup|u(z)| + sup lulz) —ul)] _ (3.18)
Q

g S T Tl
Note that by adopting this definition, the estimate for the remainder of the Oth order Taylor polynomial
trivially follows. Corollary 2.11 shows that definition (3.18) is equivalent to Definition 2.8-i). Similarly,
Frentz et al. [14] define the following norm in the space C’}B’O‘:

Po
u(z) — Thu((, z
[u|14a,B,0 = |u|a,B0 + Y [02,u]a,B,0 + sup [l )7 : ﬁ’a )
2 e g2
=1 z#£C¢

Various definitions of the space C'5*(Q) are used in the literature. Manfredini [30] requires bounded and
Holder continuous second order derivatives, while Di Francesco and Polidoro (9] and Frentz et al. [14] also
require the function u and its first py spatial derivatives to be Holder continuous. Precisely, Manfredini [30]
introduces the norm

Po Po
M
[ul5¥e 5.0 7= suplul + - sup [0uul + 37 10ra, ulom0 + Vula s,

i=1 i,j=1

while Di Francesco and Polidoro [9] and Frentz et al. [14] define

Po Po
Ul24a,8.9 = U,z + D 0ntlapo+ Y 0.2 ulapao+ Yu
i=1 ij=1

a,B,Q2-

In light of the main result of this paper, the Taylor formula in Theorem 2.10, the notion of Hélder spaces in
Definition 2.8 turns out to be optimal in the sense that it is given under more explicit and less restrictive
assumptions compared to the literature.

8.3. Ezamples of functions in C7,.

For comparison, we give some examples of functions with different intrinsic and Euclidean regularity. We
set d =2 and B as in (3.17) corresponding to the prototype Kolmogorov operator in (1.3).

Example 3.13. Consider the function u : R x R? — R given by u(t,z1,22) = |r2 — ¢|, with ¢ € R. This
function is particularly relevant for financial applications since it is often related to the payoff of so-called
Asian-style derivatives. Clearly u is Lipschitz continuous in the Euclidean sense, but intrinsically we have
u € Cgloc(R x R?) because 9,,u € Cj 1, (R x R?) and u € C3,, (R x R?). Note that u ¢ C5, (R x R?)
because u is not Y-differentiable in xo = ¢: nevertheless a (2.14)-like estimate for n = 2 and a = 1 holds for
two points z,{ € R x R? sharing the same time-component, i.e.

u(z) —u(Q)] < w2 — &2l <NI¢T oz, 2= (ta), (= (1€ ERxR™

Example 3.14. As a variant of the previous example let us consider the function v : R x R?> — R given
by u(t, 1, 25) = |z — ¢|?, with ¢ € R. This time u € C*1/2, that is differentiable with Hélder continuous
derivatives in the Euclidean sense, but intrinsically we have u € 01237110(; (R x R?) because d,,u = 0 and

3 1
Yu(t,l'h.’liz) = 51'1 |.’L'2 - C| 2 Sgn(xQ - C) € C%,lloc'

Also in the present example the function shows higher intrinsic regularity than the Euclidean one.
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Example 3.15. Tt is easy to check that any function of the form u(t,x1,z2) = f(x2 — ta1) is constant along
the integral curves e?¥ (2) = (t + 8,1, o + 6x1) for any z € Q. Therefore, we have Y« = 0 for any n € N.
In this particular case, we have that v € C B, b if and only if u € C[7' in the Euclidean sense.

Example 3.16. The following function belongs to c%e B.loc but only to C’loC :

Y S G
ybly, L2) —
|z2] if 1 =0.

Indeed w is continuous and smooth on {z # 0}; in particular, u € C>! ({z1 # 0}) and u € C’B L ({1 #0}).

loc

On the plane {z; = 0} the Euclidean derivative 9,,u does not exist in 25 = 0 for any ¢ and thus u ¢ 01203

for any « € (0,1]. On the other hand, 0, u, Oy, ., v and Yu exist on {x1 = 0} and they are all equal to 0.
and 0,,u € C%

In particular, we have 0,,,,u,Yu € Cy- oo

Toc Moreover, one can directly prove that 0y, 5, u
Yue Céw 1oc and thus, u € C’B loc:

8.4. Analytical approximations for ultra-parabolic operators and application to mathematical finance

The literature on asymptotic methods for stochastic differential equations is vast: in the last decades
particular attention to applications in mathematical finance has been paid, as it is well documented by
the recent book Friz et al. [15]. In the case of ultra-parabolic operators, asymptotic expansions based on
Euclidean Taylor formulas have been proposed by several authors, see for instance [40,17,12], who used
different techniques to prove error estimates (e.g. Malliavin calculus, potential analysis etc.).

In a series of papers, two of the authors have proposed a Gaussian perturbative method to carry out a
closed-from approximation of the solution of the backward Cauchy problem
Lu(t,z) =0, (t,x) € [0, T[ xR4, (3.19)

u(T, z) = ¢(x), x € RY, .

under rather general assumptions on the infinitesimal generator £ associated to a stochastic equation. For
a recent and thorough description of such approach the reader can refer to [27,33] for the locally-parabolic
case and to [28] for a more general setting including integro-differential equations. In this section we consider
a variable-coefficients ultra-parabolic operator of the type

Po
L= % 3 05j(t,)00rs, + (B, V) + 0, tER, z€RY (3.20)
i,j=1
where (ai;)1<s,j<p, is a positive definite py x py matrix and B is as in (2.7). We give a summary description
of such technique and briefly show how the intrinsic Taylor formula of Theorem 2.10 is the cornerstone of
an optimal extension to the ultra-parabolic setting py < d. What follows is only a sketch meant to provide
the reader with the basic arguments used in the complete proof, which will be appearing in a forthcoming

paper. The intuitive idea is to approximate £ by a sequence of operators (Ln)n No defined as

1 o« _
=3 E Thaij(2,2)0p,2; + (B, V) + 0, Z=(t,7),z = (t,7) € R x RY,
ij=1

and take advantage of the fact that the Kolmogorov operator £y that is obtained by freezing the coefficients
of £, i.e.
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1290

Lo = 5 Z i(2) 03,0, + (B, V) + 04,

ij=1

admits the explicit fundamental solution T'g(z, () = T'9(0,0; 2! o ¢) where

) o 1 < _1 1 o _ tesB 6SB* s
ro(o,o,t,z)_7(%)6['%)'@p( S(C7 W), >), C(t) 0/ AesB ds, (3.21)

with A;; = a;;(2) for 1 <4,5 < pg and A;; = 0 for py < 7,5 < d. Now, in the parabolic framework considered
in the aforementioned works, i.e. when py = d and B = 0, the operator Ly reduces to a heat operator and
its fundamental solution T to a standard Gaussian function that satisfies the symmetry property

(€ — )i (t, a5 8,€) = C(s — t)V,The(t, 135, €), (3.22)

and the upper bounds

(S _ t) \15\2*71

|x — f\”|8ffgeat(t, T; 5,5)‘ < cost - TB (¢, 3 5, €), n €Ny, € Ng. (3.23)

In this setting, by assuming the coeflicient functions a;; € CN-1(R¥1) in the Euclidean sense and taking
Tha;; equal to the Euclidean n-th order Taylor polynomial, the authors proved a small-time asymptotic
expansion result of the type

N
u(t,z) = uo(t,2) + Y Guto(t,@) + Ru(t,w),  Ru(tw) =0 ((T—1)

n=1

N+14+my, -~
2 ) ast — 1.

(3.24)

Here ug is the explicit solution of the Cauchy problem (3.19) with £ = Ly and (Gy)n>1 is a family of
differential operators, acting on z, that can be explicitly computed using the Taylor polynomials (T5,a4;),,~ -
The positive exponent m,,, contributing to the asymptotic rate of convergence, depends on the regularity
of the terminal datum ¢: for instance, m, = k + 1 if ¢ € C*1.

The key ingredients in order to derive (3.24) are the symmetry (3.22), the estimates (3.23) and the fact
that these are expressed in terms of the reminder of the Euclidean Taylor polynomials. In the ultra-parabolic
case, when py < d and B as in (2.7), the symmetries and the estimates for I'g in (3.21) are expressed in

terms of the intrinsic metric as opposed to the Euclidean one. Namely, we have
(§— e DBa)To(t,255,6) = C(s —t)VaTo(t, 23 5,8), (3.25)

and

(s—t) e |D0(\/s — t)(f—e(s_t)Bx)mafFo(u:r;s,f){ < cost-Ty (¢, z; s, €), n €Ny, g€ Ng, (3.26)

where (Dg(A))aso is the family of (d x d)-matrices given by
Do(N) = diag(Mpy, NIy, -, AT ), A > 0.

Note that the term (£ — e(*~Bz) appearing in (3.25) is exactly the vector of the increments in the intrinsic
Taylor polynomials centered at z = (¢,z). Thus, using symmetry (3.25) and the Gaussian-type estimates
(3.26) along with Theorem 2.10, it is possible to prove an asymptotic expansion of the form (3.24) by
analogy with the parabolic case: in this case we expand the coefficients a;; through the Taylor polynomials
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T,a;; as defined in (2.12), under the weaker assumption a;; € Cg’l(Rd“). Such approximation turns out
to be optimal to several extents. In particular, the benefit in exploiting the intrinsic regularity is twofold:
(i) first, since the intrinsic Taylor polynomial is typically a projection of the Euclidean one, we avoid taking
up terms in the expansion that do not improve the quality of the approximation; (ii) secondly, since the
bound in (3.24) also depends on the regularity of the datum ¢, the rate of convergence is typically higher.
This is particularly relevant in the financial applications (see (3.27) below).

The interest for seeking approximate solutions for degenerate (3.20)-like operators is justified by their
connection with stochastic differential equations and by their vast impact in numerous applications. As
a matter of example, we consider the problem arising in mathematical finance of pricing path-dependent
options of Asian style. To fix the ideas, let us denote by X! a risky asset following the stochastic differential
equation

dX} = o(XH X} AWy,

where W is a real Brownian motion. The averaging prices for an arithmetic Asian option are described by
the process X2 satisfying

dX? = X/dt.
By usual arbitrage arguments, the price of an Asian option with terminal payoff p(X1, X2) is given by
’U,(t, Xt17 Xt2) =E, [@(X’ll"v X%)L

where u solves the Cauchy problem (3.19) with

L= M Oz, 0, + 10z, + O
Typical payoff functions are given by
Vfix(T1,x2) = (% — K)+ (fixed strike arithmetic Call),
Ofio(T1, T2) = (ml - %)4_ (floating strike arithmetic Call). (3.27)

Under suitable regularity and growth conditions, existence and uniqueness of the solution to the related
Cauchy problems were proved in [2]. Even in the standard Black&Scholes model (i.e. with o constant),
the arithmetic average X? is not log-normally distributed and its distribution is not trivial to analytically
characterize. The aforementioned technique yields closed-form approximations equipped with sharp error
bounds. We emphasize that the accuracy of the approximation depends on the intrinsic regularity of the
payoff function: as a remarkable example we have g, € C']lg’}loc (see Example 3.13) and therefore the
short-time asymptotic convergence for the fixed strike arithmetic Call is of order (N 4 3)/2. This is an
interesting point because the same approximating technique would return a slower asymptotic convergence,
namely (N +2)/2, if we would only take into account the Euclidean regularity of the payoff, i.e. pgy € ot

loc*

4. Preliminaries

In this section we collect several results that are preliminary to the proof of Theorem 2.10. We first recall
that under the standing Assumption 2.1, the matrix B takes the form
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OPOXPO 0:00 Xp1 77 Opoxprq O;Do XPr
By 0p1 xp1 Oplxwfl 0p1 XPpr

B = | Opaxpo By o Opyxproy Opoxp, , (4.28)
Oprxpo Oprxpl e B, Oprxpr

where 0p,xp, is a p; X p; null block. We also recall notation (2.10) for pr with k& = 0,...,7r. As a direct
consequence of (4.28), we have that for any n <r

017va1 XPpo Oﬁn—l Xp1 77 Oﬁn—l XPr—n Oﬁn—1><(ﬁr*ﬁr—n)
_1:[1 B Op,. xp1 T Op., xpr—n Op,. x (B —Pr—n)
= n+1
Bn = Oanrl XPpo H2 BJ T 0pn+1 XPr—n 0pn+1 X (Pr—Pr—n) s (429)
]:
OerpO Oprxpl T H BJ Oprx(ﬁr_ﬁr—n)
j=r—m+1
where
n
Bj =B,B,_1---Bj.
j=1
Moreover B™ = 0 for n > r, so that
5B —~ B",
P =1+ o (4.30)
h=1
where Iy is the d x d identity matrix.
We also recall the notation (2.9): for any z = (z1,...,24) € R?and n = 0,...,r, we denote by zl"l e R?
the projection of z on {0}P»—1 x RP» x {0}¢~P». Then R can be represented as a direct sum:
Rd:@Vn, Vpi={zM|zeRY, n=0,...,rn
n=0
Remark 4.17. By (4.29) it is clear that
Bwve @V, wveR’ (4.31)
k=n
and if v € Vj then
B € V,, n=0,...,m (4.32)

More precisely, let us set

Oﬁn71><100 Oﬁn,—lx(T—Po)

Bn = Hl B 0p,, x (r—po) )
j:

O(ﬁrfﬁn)XPO O(ﬁrfﬁn)x(rfpo)
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where the p, X pp matrix [ B; has full rank. Then we have

Jj=1

B"v = Byv, v €V,

and the linear application B,, : Vo — V,, is surjective but, in general, not injective. For this reason, for any
n=1,---,r, we define the subspaces Vj ,, C V, as

VO,n = {.13 S V(]|QL‘] =0 VJ ¢ HB,n}a

n
with IIp,, being the set of the indexes corresponding to the first p,, linear independent columns of [[ B;.

Jj=1
It is now trivial that the linear map

By Vo — Vi
is also injective. Notice that

Voor SVor—1 S-S Vo1 € Voo:=W. (4.33)

4.1. Commutators and integral paths

In this section we construct approximations of the integral paths of the commutators of the vector fields
X1,...,Xp, and Y in (1.4). In the sequel we shall use the following notations: for any v € R% we set

d
YO =3 vid,..
i=1

)

Hereafter we will always consider v € V. In such way YU(O will be actually a linear combination of

X1,...,Xp,. Moreover we define recursively
Yy = [y y] =y Dy —yy-b  peN (4.34)
Remark 4.18. By induction it is straightforward to show that for any u € C*(R x R?), we have
Y, ™y = (B"v, Vu), n €N,

with B™v € V,, by (4.32).

«

loes OPerator Yv(n) can be interpreted as a composition of Lie derivatives.

When applied to functions in Cg”
Indeed we have the following.

Lemma 4.19. Let n € N and u € CRY . Then, for any v € Vo and k € NU{0} with 2k +1 < n, we have

k YN
Yv( u € nglg(’f L

Proof. If k = 0, the thesis is obvious since, by assumption, J,,u € Cg;;f for i = 1,...,po. To prove the
general case we proceed by induction on n. If n < 2 there is nothing to prove because we only have to
consider the case k = 0. Fix now n > 2. We assume the thesis to hold for any m < n and prove it true
for n + 1. We proceed by induction on k. We have already shown the case k = 0. Thus, we assume the



1070 S. Pagliarani et al. / J. Math. Anal. Appl. 435 (2016) 1054-1087

statement to hold for k € NU {0} with 2(k +1) + 1 < n+ 1 and we prove it true for k + 1. Note that, by
definition (4.34) we clearly have

YDy = YRy — Y Y, Py,

with v € V. Then the thesis follows by inductive hypothesis and since, by definition of intrinsic Holder
n—1,a
space, Yu € CB,loé . O
Next we show how to approximate the integral curves of the commutators Yv(k) by using a rather classical
technique from control theory. For any n € {0,...,7}, z = (t,2) € Rx R% § € R and v € Vj, we define

iteratively the family of trajectories (7( 6k)( ))k as
%()rgn)< )= 52n+1Y(n)( )= (t,a: + 62n+1an)7 (4.35)
We also set
k k
ns @) =006, o<ksr (4.37)

Lemma 4.20. For anyn € {0,--- ,r}, (t,7) ER x R%, § € R and v € V we have
W5 2) = (tx + Sup(Ov),  k=mn,...m (4.38)
where

_ Byl
Spn(0) =6"T1B "y and S, ,(5) = (-1 TIBT N %5%', E=n+1,...,7

heNk—n
[h|<r

(4.39)
with |h] = hy 4+ -+ + hg.

Proof. Fix n = 0 and proceed by induction on k. The case k = n is trivial. Now, assuming (4.38)-(4.39) as
inductive hypothesis and noting that S(—J) = —Sk(d), we have

'yf)k(;rl)(t,x) = 6_62Y( 1(:21%)( (%()n k)( ,x)))) —e Y (Vf, ,5)( oY (t x + Spr(0)v )))
— 0% (7(" k) (t 152 (0°B (1‘ + Sn,k(é)v>>) — %Y (t 152 0°B (z+ Snk(0)v) — Sn,k(5)1)>
= (t, e 5B (6623 (z 4 Snk(0)v) — Sn,k(d)v)) = (t, x+ Sy i(0)v — 675235n7k(5)v>.

On the other hand, by (4.30) we have

4 S (0)0 — G ()0 = o+ S (6)0 — (1 +Z jB) 52J)S e

Jj=1

_z<i( By 5%)5 k(8)v =2+ S xy1(d)v,

=

and this concludes the proof. O
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Remark 4.21. Note that
Spi(6) =6FHBE 1S, 1 (5), n<k<r

with

_ _ Byl
Spn(0):=0 and S, (8) := (=1 e TIBr N %5%', E=n+1,...,7

by

heNk—n
k—n<|h|<r
Then we deduce from (4.38) that
75 (2) = (o + 0 BRY) + (0,8, k(0)0),  n<k. (4.40)

It is important to remark that §n,r(5) =0 and, by (4.31), we have

T
Ser@®ve P Vi, k=n,....m (4.41)
j=k+1
since v € Vj, then by (4.32) we have

%(fén)(z) = (t,z) + (0,0°""*B™), with B"v € V.
Thus, by using notation (2.9), for any k =n,...,r we have
((§n’k(5)v)m] <cpld@Hel,  j=k+1,...,r, SER, (4.42)
where the constant cg depends only on the matriz B. If |v| = 1, (4.42) also implies

1G5 @) ozl = 127 o5 @ = || (6o + 841 BR) + (0, 5,0(0)0) o (1)

_ H (0, =62+ Bry — G, 1, (6)v) HB = |-6%+1Bky — 5, (8)v]p < cpld). (4.43)

Next we show how to connect two points in R x R? that only differ w.r.t. the spatial components by only

(n,k)

moving along the integral curves ~ previously defined.

T
Lemma 4.22. Let n € {0,---,r}, ¢ = (t,§) € Rx R4, y € @ Vi and the points ( = (t,&), for k =

k=n
n—1,---,r, defined as
— . (n=1,k) _ Wk _
Cn—1 =G, Gk = Yo (Ch—1), vk = TRl ok = |wk|, k>mn,

where wy, is the only vector in Vo C Vo such that BFw,, = y[k] + f[k] — f,[cli]l Then:
i) for any k € {n,--- ,r} we have:

Note that, in particular, ¢, = ¢+ (0,y);
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i) there exists a positive constant cg, only dependent on the matrix B, such that
IS o ¢l < ealyls, (4.45)

forany k=n,---,r and 0 < 9 < 0.

Proof. We first prove i). The second identity in (4.44) easily stems from (4.41) and by definition of vy
and 6. We then focus on the first one. By Remark 4.17, it is easy to prove that

by < enlet +y M — gl | (4.46)
Moreover, by (4.42) we get
€0 — €l | <epldlH, j=k+1.m (4.47)

We proceed by induction on k. For k = n the thesis immediately follows by (4.46). We now fixn < k <r—1
and assume the estimate to hold for any n < h < k. By (4.46) we have

k
1 1 1
Spg1 < CB|§[1€+1] + y[k+1] _ é-][ck+1]|2<k+1)+1 < CB’y[k+1]|2(k+1)+1 +ep Z |£’[lk+1] - }[ij'll]|2(k+1)+1
h=n
(by (4.47))
) k
< CB}y[k+1]|2(k+1)+1 +ep E 5}“
h=n

and the thesis for k + 1 follows by inductive hypothesis.
We now prove ii). As first step we prove that

H (%()::;Lk) (Ckfl))_l ° quHB < cslylb.
By equations (4.38), (4.43) and (4.44) we get
H (71(,2;51’]6)(%71))_1 ° Ck*lHB = ||(t, k=1 + Sn—1,£(8)vr) "' o (t, &r—1)||

= [1(0, -1 = (§k—1 + Sn—1.k(6)vk))l 5
= [0, =Sn—1,k(0)vi)l g < cBOk < cBlY|B-
This estimate along with equations (4.43) and (4.44) allow us to conclude. Precisely, applying the quasi-
triangular inequality we get
k
HC;lOCHBSCBZHCi_l"Ci—lHBSCB|y|B- 0
i=n

We conclude the section with the following remark that allows to control the homogeneous distance
between two points along the same integral curve of Y.

Remark 4.23. By (2.8) and (2.6) we have

[zt o e (2)||5 = (Y (2) oz, =102, 2eRxRY seR (4.48)
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5. Proof of Theorem 2.10
Theorem 2.10 will be proved by induction on n, through the following steps:

e Step 1: Proof for n = 0;

e Step 2: Induction from 2n to 2n + 1 for any 0 < n < r;

o Step 3: Induction from 2n 4+ 1 to 2(n+ 1) for any 0 < n <r —1;
e Step 4: Induction from n to n + 1 for any n > 2r 4 1.

A brief explanation is needed: the proof of Theorem 2.10 cannot be carried out by a simple induction on n,
due to the qualitative differences in the Taylor polynomials of different orders. For instance, one could
suppose the theorem to hold for n = 2 and consider a function u € CSB’O{OC. By the inclusion property

C38,. € OB
all the derivatives of second B-order do exist, i.e.
YESu e Cf 2 Plee ok 4 |g]p < 2.
However, T3u also contains the derivatives of B-order equal to 3. These are exactly
Oz zy 2.ty YOp,u 1 <i,j,k < po,
whose existence is granted by definition of C’]?;,’i‘oc, and the Euclidean derivatives
Oz, u, po <1 <p,

whose existence must be proved, as it is not trivially implied by definition of C’%ﬁoc. In general, such problem
arises every time when defining the Taylor expansion of order 2n+ 1, n =1,...,r, i.e. when the Euclidean
derivatives w.r.t. the variables of level n appear for the first time in the Taylor polynomial. This motivates
the need to treat the inductive step from 2n to 2n+1 in a separate way and therefore the necessity for Step 2
and Step 3 in the proof. Eventually, Step 4 is justified by the fact that, when n > 2r 41, the existence of the
Fuclidean partial derivatives w.r.t. any variable has already been proved and thus the proof goes smoothly
without any further complication.

We now try to summarize the main arguments on which the proof is based. Roughly speaking, in order
to prove the estimate (2.11) (and (2.14)), we shall be able to connect any pair of points z,{ € R x R% and
to have a control of the increment of u along the connecting path. The definition of C3;'7,. (and Cz®) does
only specify the regularity along the fields Y and (0, )1<i<p,, but does not give any a priori information
about the regularity along all the other Euclidean fields (9y,)p,<i<d- It seems then clear that, when trying
to connect z and ¢, we cannot simply move along the canonical directions (e;)1<i<q. We shall indeed take
advantage of Lemma 4.22 in order to go from ¢ to z by using the integral curves v(™*) and then control the
increment of u along the connecting paths by exploiting the estimates contained in Remark 4.21.

To simplify the exposition, for each point listed above, we will first prove the inductive step on the global
version (Part 3) of Theorem 2.10, in order to keep the proof free from additional technicalities needed to
prevent the possibility of the integral curves v("*) to exit the domain Q. At the end of the section we will
sketch the main guidelines through which the proof of the local version (Part 1 and Part 2) will become a
straightforward modification of the global one. In order to prove the main theorem we will need to state

three auxiliary results, which will be proved step by step along with Theorem 2.10.
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Proposition 5.24. Let u € 0123n+1,a with a € ]0,1] and n € Ny with n < r. Then, there exist the Euclidean
partial derivatives O ,u € C’%’O‘ for any pp,—1 <1 < p, and

Y((be))u(z) = Oy, u(z2), z € R x RY, (5.49)

UI

with (vf"))§n71<i§ﬁn being the family of vectors such that vz(n) € Vo, with B"vz(") = e;. Note that such

family of vectors is univocally defined (see Remark 4.17).

Proposition 5.25. Let o € ]0,1], n € No with n < r, m € {0,1} and u € C3""™*. Then, for any max{n —
1,0} <k <randv eV with [v| =1, we have:

‘u(fyl()%—l,k)(z)) — Tgn+mu(z,7£?6—1,k)(z))‘ < CBHU||CJZBn+m,a|(S|2n+m+a7 »=(t,z) eRxRY GEeR,

(5.50)
where cg s a positive constant that only depends on B.

Proposition 5.26. Let a € ]0,1], n € Ng with n <r, m € {0,1} and u € C5"t"™*. Then, we have:

n—1
|u(t, @) = Tongmu((t, @), (8,2 + )| < cpllullcznima €T, (tz) eRxRY, e PV,
j=0

where cp is a positive constant that only depends on B.

Propositions 5.25 and 5.26 are particular cases of the main theorem and are preparatory to its proof. We
will also make repeated use of the following.

Remark 5.27. Let n € No, m € {0,1} and u € C3"7"™. Then, by Definition 2.8, we have Y"™u € O,
Therefore, by the Euclidean mean-value theorem along the vector field Y, for any z = (¢,z) € R x R? and
§ € R, there exists ¢ with |6| < |§] such that

u(e‘sy(z)) —u(z) — Z ngu(z) =" (Y"u(esy(z)) - Y"u(z)) ,

=1

and thus, by Definition 2.6 along with Assumption 2.4,

m+tao

‘u(eéy(z)) —u(z) =S :qu(z)‘ < llullgznsmald™t ™3, §E€R, zeRxRZ
i=1

5.1. Step 1
Here we give the proofs for

— Proposition 5.25 for n = 0, m = 0;
— Theorem 2.10 (Part 3) for n = 0.

We start by recalling that:

Tou(z,C) = u(z), z,( € R x R4,



S. Pagliarani et al. / J. Math. Anal. Appl. 435 (2016) 1054-1087 1075

Proof of Proposition 5.25 for n = 0, m = 0. We prove the thesis by induction on k. For k£ = 0 the estimate
(5.50) trivially follows by combining definitions (4.37) and (4.35) with the assumptions v € Vp, |v| =1 and
ue Cg foranyi=1,...,po.

We now assume the thesis to hold for k > 0 and we prove it true for £+ 1. We recall (4.36) and set

82y ( (0,k) (0,k+1) _ (—1,k+1)

0,k 52
=2 A= 71(;,5 )(30)7 2 =€ z1), =, (%), am=e O (z3) = Yos(2) =T (2)-

Now, by triangular inequality we get

[l @) — ()| £ X fuz) — uz-)l,

and thus, (5.50) for k + 1 follows from the inductive hypothesis and from the assumption v € C$. O
We are now ready to prove Part 3 of Theorem 2.10 for n = 0.

Proof of Theorem 2.10 (Part 3) for n = 0. We first consider the particular case z = (t,z), ¢ = (¢,€), with
z,& € RY. Precisely, we show that, if u € C%’O‘ we have

u(t,2) = u(t,€)| < cpllullcoale — €|, teR, z,€eR” (5.51)

By the triangular inequality, we obtain
Ju(t, ) — u(t, )] < > Ju(G) = u(G)l,

=0

where the points (, = (t,&), for kK = —1,0,--- ,r, are defined as in Lemma 4.22 by setting n = 0 and
v =x — . The estimate (5.51) then stems from (5.50) with n = 0, combined with (4.44).
We now prove the general case. For any z = (¢,z), ( = (5,&) € R x R, by triangular inequality we get

Ju(2) = u(Q)] < Ju(z) = u(e""M ()] + [u(e"Y(()) — u(¢)]
= [u(t, @) —u(t,e""IPE) + |u(e V() — u(Q)]. (5.52)

Now, to prove (2.14), we use (5.51) to bound the first term in (5.52), u € C¢ to bound the second one, and
we obtain

u(z) = w(O)] < eallulleoa ¢ 0 2llE, 2= (t,2), (=(5,6) ERx R,
which concludes the proof. O
5.2. Step 2
Throughout this section we fix n € {0,--- ,r} and assume to be holding true:

— Proposition 5.24 forany 0 <n <n-—1,ifn > 1;
— Theorem 2.10 for any 0 < n < 2n.
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Then we prove:

— Propositions 5.25 and 5.26 for n =n, m = 1;
— Proposition 5.24 for n = n;
— Theorem 2.10 (Part 3) for n = 2n + 1.

This induction step has to be treated separately because we cannot assume a priori the existence of the
first order Euclidean partial derivatives w.r.t. the n-th level variables. Therefore, we introduce the following
alternative definition of (27 4 1)-th order B-Taylor polynomial of u that does not make explicit use of the

derivatives (8ﬁﬁ71+iu)1§i§pﬁ:

Trau(Ge) = 3 (YH00u(0)) (t = )" (z — =)

0<2k+|B| p<27+1
glnl—o

1
kB!

+ Z Y((VTLL)) (x _ eB(th)g)i, z=(t,z), (=(s,§) ER X Rd, (5.53)
i=pr-1+1 v

with (’Ul(ﬁ));ﬁf_1<i<ﬁf being the family of vectors such that vl(ﬁ) € Vp,n with Bﬁvgﬁ) =e;.

Remark 5.28. The Taylor polynomial Th;41u is well-defined for any u € 01237‘11-(1)-01 '*. In fact, by Lemma 4.19

we have
0, _ .
Y((n))u € CB’clvocv Pa—1 <1 < Dn-

On the other hand, by using the inclusion of the spaces C5 10 . and the inductive hypothesis (Theorem 2.10,
Part 1), the Euclidean derivatives

6?“(4)7 0<|8lp<2n+1, g =o,

are well defined. Therefore, by combining the inductive hypothesis on Proposition 5.24 and Lemma 4.19,
we have

YEQu(¢) e Cyni 2 Pl o <ok 4 |plp <2n+1, B =0

In particular, by analogous arguments, if u € C?H’a we have that
Y((n))u eC%, a1 <i<pn (5.54)
YEQu(¢) e APl g <ok 4 |plp <2n+1, B =0 (5.55)

Remark 5.29. By simple linear algebra arguments, it is also easy to show that for a given a € [0,1],
ne{0,---,r}and u € C,23"+1’a, we have

Pn
2 (Y(ﬁ)) (C)) (B")i =YJu((), (E€RxRY veVy,

i
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5.2.1. Proof of Propositions 5.25 and 5.26, forn=mn and m =1

We prove Propositions 5.25 and 5.26 on T2n+1u for n = n and m = 1. Note that, after proving Propo-
sition 5.24 for n = n, the two versions of the Taylor polynomials T2n+1u and Th;41u will turn out to be
equivalent.

Proof of Proposition 5.25 for n = n, m = 1. We assume u € C’Q"'H * and we have to prove that for any

max{n —1,0} <k <r, veVy,with |v] =1, and z = (t,2) € R x Rd, we have

w(W P (@) = Tansau(200 @) + B P ), (5.56)
with
IRYS P ()] < ellullgarena 0P, 2= (ta) eRxRY, SER. (5.57)

We prove (5.57) by induction on k.

k)

Proof for £k = max{n — 1,0}: because of the particular definition of '71(;75’ we have to treat separately the

casesn=0,n=1and n > 1.
Case n = 0: by (4.37) and (4.35) we have

75 2) = ult,z + 8v),

and thus, by (5.53), (5.56) for k = 0 reads as

Po
u(t,z + 6v) =u(t,z)+ 6 Z O, u(t, )v; + Ri}l’o) (2).

i=1

Now, by the standard mean-value theorem, there exist (;)i=1,...p, With v; € V5 and |v;] < |v| < 1, such
that

Po
u(t,z + ov) —u(t,z) =0 Z Oz, u(t, x + 00;)v;,

=1

and thus

R( ! O) 62 (Op,u(t, x + 00;) — Oy, u(t, z))v;

=0

Note that 0,,u € C’ ' for any 1 < i < pg because u € C1 '“ by assumption. Therefore estimate (5.57) stems
from Part 3 of Theorem 2.10 for n = 0.

Case n = 1: by (4.35) we have
Yog () = u(t,z +v),

and thus, by (5.53), (5.56) for k£ = 0 reads as

2 Po
u(t,z + dv) = u(t, z) +6Z€) u(t, x)v; + 'Z(’“)xmj u(t, r)vv;
i=1 i,j=1

53 Po 0.0
Z Oz a2, u(t, )vi050) +R( )( ).
i,5,l=1
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Now, by the mean-value theorem, there exist (0; j.x)1<i,jk<po, With v; jr € Vo and |v; ;x| < |v| < 1, such
that

(52 Po 3 Po ~
u(t,z + dv) — u(t, ) 528wbu (t,x)v ~ 9 Oz, u(t, x)vivj = a1 Z Oz, u(t, © 4 005 j 1 )vivjv1,
Cig=1 " iygl=1
and thus
(0 O) 53 Po
v,(% (Z) = ? Z (aﬂﬁi,r]‘@zu(tvm + 66i’j,l) - 8171‘,17j’517lu(t7 x))vivjvl'
T igi=1

Note that Oy, z;2,u € C’%’o‘ for any 1 < 4,j,1 < pg since, by assumption, u € C’%’O‘. Estimate (5.57) then
stems from Part 3 of Theorem 2.10 for n = 0.

Case n > 1: by (4.35) we have
,yl(fafl,'ﬁfl)(z) = u(t,x + 527’1—1371—11})7

and thus, by (5.53), (5.56) for k = n — 1 reads as

DPr—1
u(t,z + §*" B ) = u(t,x) + 67! Z g, u(t,x)(B" 1), + Riﬁ;—l’n_l)(z).
i1=pn—2+1

Now, by the mean-value theorem, there exists a family of vectors (v;)p, ,<i<p, ., With v; € Vz_1 and
|v;] < |B" !v| < ep, such that

pn 1
u(t,r +0*" 1B ) —wu(t,x) = 62"t Z g u(t, x4+ 62" ;) (B™ o),

i=pp—2+1

and thus,

Pa—1
RISV () =621 N (O, u(t, o+ 0277 15;) — Oy, u(t, @) (B M)
1=pp-2+1
Pa—1 ~ _ _
=5ty (E)xiu(t, @+ 02 71) — To(9p,u) ((t,2), (2 + 52"*@-))) (B" )i
1=pm—2+1

Now, by (5.55) in Remark 5.28, we have J,,u € C’ for any pr_o < i < psp_1. Therefore estimate (5.57)
stems from Part 3 of Theorem 2.10 for n = 2.

Inductive step on k: we assume the thesis to hold true for a fixed max{n — 1,0} < k < r and prove it true
for k + 1. Consider thus v € Vj 41 with |v| = 1. Set

T2ﬁ+1u(<7 Z) = T2ﬁ+1u(<a Z) - U(C), Z7< €eRx Rdv

and

(n 1k)(

1,k 2 _ 52
20 = %, 71(;715 )(ZO)v 22266 Y(Zl)v 23 = Vy,—s b Y(

(n—1, k+1)( )

ZQ)a 24 =€ 23) Vo6

(5.58)
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According to this notation we have

R£?6_17k+1)(2) = “(71(;n6 : kH)( )> - T2ﬁ+1“<z 71(;"5 B kH)(Z)) = u(24) — Tons1u(20, 24) = 26: G,
i=1
with
G1 = u(z4) — u(z3) Zﬁ: i z3), G2 = u(z3) — u(z2) — T2ﬁ+1u(227 23),
i=1
Gs = i (_Zz)iyi“(@) +u(z2) — u(z1), Gy = Toniru(z1, 20) + u(z1) — u(zo),

_ - (_52) Yi Y’L — YZ'
G5 =3 (Viulen) = Y'u(2) = Tarmiya u<22,23>),

n
Go = Tons1u(z2, 23) — Tant1u(21, 20) — Tan1u(Z0, 2a) Z (a—i)+1Y "u(z2, 23).

Now, by applying Remark 5.27 with n = n, m = 1, on G; and G3, and by using the inductive hypothesis
on G2 and G4 (note that by (4.33) Vo k41 C Vo.x), we have

|G1+GQ+G3+G4| §CB||’LLHCI23?L+1,a‘(5|2ﬁ+1+a, z = (t,l’) eR XRd, §eR.

2n+1,c 2(n—i)+1,a

To bound G, it is enough to observe that, by Definition 2.8, u € Cy implies Y'u € Cjp , for
any ¢ = 1,--- ,n. Therefore, the bound follows by applying Part 3 of Theorem 2.10 for n = 2(n — i) + 1,
combined with (4.43).

In order to estimate Gg and conclude the proof, we need to distinguish on whether & = max{n — 1,0},
k=nor k>n.
Case k > n: there is nothing to prove because, by definitions (5.53) and (5.58), we have Gg = 0.

Case k = n: first note that, in this case, the term Gg reduces to

Go = Tont1u(z2, 23) — Tonsru(z1, 20) = T2ﬁ+1u(22771(,?:51’ﬁ)(22)) Tgnﬂu(zl,%() —Ln )( 1))
and by definition (5.53), along with (4.40)-(4.41), we get
Pn

|Gs| = ‘6%“ Z (Yv(?ﬁ))u(zl) — Y(ﬁ))u(,zQ)) (Bﬁv)i

i=pr—1+1

(by Remark 5.29 with n = n and since v € Vp 741 C Vo)

_ ’62ﬁ+1(yv(ﬁ)u(zl) _ y(ﬁ)u(@))‘ <

v =

(by hypothesis u € C3*""* and thus, by Lemma 4.19, Vi e Cy* C 0g)

g CB ||UHC]23ﬁ+1,a |(5|2ﬁ+1+a.
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Case k = max{n — 1,0}: we only need to prove the case n > 0. We first consider n > 2. We have

G = T2ﬁ+1u(227’71()n_ i 1)(22)) T2n+1U(21,7("_ i 1)(Zl)) T2n+1u(zo,’7( s - n)(zo))
+Z —iy41Y” u(zg,%(}” S 2)).
=1

fyl(fl:él,ﬁfl) (Z) _ (t, T — 52(77,—1)4—13'77.—1,0)7

r

71(]1,’16—1771) (Z) — (t,l’ 4 52ﬁ+1BﬁfU + gﬁflﬁ(é‘)i}), Sﬁ,17ﬁ((s)v S @ ij,

j=n+1
and thus, by definition (5.53), we obtain
) Pra—1
Ge =2 N (Op,u(z1) — On,ulz2) + %02, Yu(z2)) (B 'v); — 67" Z Yﬁn) (20) (B™); =
i=pr—2+1 i=pn_141 Vi

(by Proposition 5.24 for n =n — 1)

Pa—1

=0t N (VT u(z) - Y u(z) + 82V (2D V(=) (B o)

(by applying Remark 5.29 with n =7 — 1 and n = 7, and since v € Vo5 C Vo 1)

— 52(7‘1—1)-{-1 (Yv(ﬁ_l)u(zl) _ Yv(ﬁ_l)u(ZQ) + 52Y7J(7_’_1)Yu(22)) _ 52ﬁ+1Yvﬁu(ZO) _

since, by definition (4.34), Y"1y = Y» 4+ YY1
v v v

_ 52(ﬁ—1)+1(yv(ﬁ—1)u(zl) — Y Dy (zy) + 52vi(ﬁ—1)u(22)) + 0 (Yu(z) — Yiu(z0)) = ZFZ

with

Py = 52—+t (Yv(ﬁ_l)u(zl) — Y " Du(zy) + 52YYv(ﬁ_1)u(zz)) ,

Fy = 68*" (Y u(z2) — Y u(z1)) Fy = 6" (Y] u(z1) — Y u(z0)) -

Now, to bound F3 it is sufficient to note that, by Lemma 4.19, Y(ﬁfl)u € C?B’a and thus the bounds directly
follow by applying Remark 5.27 with n = 1 and m = 0. To bound the terms F, and F3 we use that, by
Lemma 4.19, Y,?u € C]O3 . The estimate for F3 then follows by Part 3 of Theorem 2.10 for n = 0 along with
equation (4.43), whereas the one for F; is a consequence of the inclusion C%a C C¢ and of Remark 5.27.
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Finally, the case n = 1 is analogous, but Gg contains two more terms:

62 Po
Fy= 7 (O 2, u(22) = D,y u(21) ) 0305,
ig=1
53 Po
Fs=—5 D (Onyy i (22) = O, oy u(z1)) Vi 01,
i,j,l=1

which can be estimated by using that 0, 2, 2, u € C%’O‘ C Cy and Oy, z,u € 0113’0‘ C C{'}H for any 1 <
ia j7 l S Po- a

Proof of Proposition 5.26 for n = n and m = 1. We assume u € C’?H’O‘ and we prove that, for any

0<k<n,

u(t,z+§) = T2ﬁ+1u((t7x)7 (t,z + f)) + Ry (t,x,ﬁ),

with
k—1
|Ba(t.2,€)| < enllullgzpoa e, (t2) eRxRY, e PV
j=0

We prove the thesis by induction on k. For & = 0 there is nothing to prove since Rj (t,:L',O) = 0. Now,
assume 0 < k <7, £ € P, V; and v € Vj,. Then

=0
Rﬁ(t7l‘?§+lu) :Fl +F27
with

Fi=u(t,z + £+ v) — Toau((t,z +v), (L, + £+ v))
Fy = Tonpu((t, 4+ v), G,z + £+ v)) — Toapru((t,2), (L + €+ v)).

We can apply the inductive hypothesis on F; and obtain the estimate

1] < callullgansr €551 < cpllullgansr.alt + v,
Recalling (2.12), F5 can be written as
1 1
F, = Z —Pu(t,x +v) &P — Z Z —— 10%u(t, x) EPv?
|7z ’ 1~ Jx e ’
0<|8| g <2741 ﬁ 0<|Blp<2n+1 0<|vy|p<2n+1-|B|p 6'7.
glil=o0 if i>k glil=o0 if i>k ~=~[kK]

= Y S (afu(t, T +v) — > l, 0P u(t, x) m)gﬁ

|
0§|5|BS2ﬁ+1ﬁ 0<|vIp<2n+1-|Blp
glil=o0 it i>k -

= Z i'(@fu(t,x—l—v) —T%H,w‘B@fu((t,w),(t,x—i—v)))fﬁ.

o<|glgp<2a+1 "’
glil=o if i>k

By Remark 5.28, we get 0°u € C’2Bﬁ+1_|6|3’a. Now, if |8|p > 1, we can apply Part 3 of Theorem 2.10 for
n=2n+1—|3|p on O%u and get



b S. Pagliarani et al. / J. Math. Anal. Appl. 435 (2016) 10541087
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|08 u(t, @+ v) = Ton 1151, 00u((t, 2), (£ 3+ 0))] |6°] < enllull gapenaloff T2 F g 1
< cB||UHc2?L+1 - ‘é’ + ’U|2n+1+0t

On the other hand, if | 5| = 0 then we have to estimate

1
u(t,z +v) — E — OQu(t, ) v”
0<|v|g<2a+1 7
ey F]

Recall that, by definition, we have |y|p = (2k + 1)|y] if v = y*. Now, set
ji=max{i > 0| (2k + 1)i < 27 + 1}, (5.59)

and note that 7 > 1 because k < nn. By Remark 5.28 and the mean-value theorem, there exists a family of
vectors (ﬁ")nezi where

I} = {neNg|n=n" and s = (2k +1);}, (5.60)

such that v, € Vg, |,| < |v| and

v v"
u(t,z +v) — E —u(t,x) = E — Ou(t,  + vy).
051715 S Bk ’ neT;, "
y=yl*

Therefore, we obtain

]u(t,z+v)— > —8” tx]—\z Tu(t,x + Uy) — 3;’u(t,x))’:

0<|vlp<2n+1 7 neIJ
=~

_‘ Z (8 u(t, x4 vy) — Tont1—(2k+1);On u(( ),(t,x—kﬁn)))v"‘ <

7761'7
(by Remark 5.28, 91u € C2 =17 41 thus by Part 3 of Theorem 2.10 with n = 27 + 1 — (2k + 1)5)

< cpllullgzrere 7| T A T

nGIJ
(since |v,| < |v] and by (5.60))

2n+1+a 2n+1+«a

< callullparrra o < cpllullparnalé + vl

which concludes the proof. O

5.2.2. Proof of Proposition 5.24 forn=mn
To start we show that if u € 02n+1 “ then for any z = (t,7), ( = (t,£) € R x R? we have

|u(t,z) = Taar1u ((£,€), (t,2))| < cpllull gzrroa o — €5 (5.61)
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Define the point z = (¢, ) with

It follows that

—68 i 5 Al —
(x_w)ﬁ_{m €)% if |Blp < 2a+1, AR =0, (5.6

0, it |8]p <27 +1, B #£ 0,
and
|z —z[p <|x—¢l, [T —¢|B <|z—¢|B.
Then we write
u(t,z) = Tonyru((£,€), (t,2)) = Fi + Fa,
with
Py =u(t,x) = Doppru((t,2), (62), P = Toapu ((t,2), (8 2)) — Toasru ((8,€), (1,2)) -

Applying Proposition 5.26 with n = 7 and m = 1, we obtain

2n+1+4+a

‘Fl‘ < CB||UHCIQ3FL+1,O< |$ — :le < CB||UHC%7L+1,04 |Qj — §|QB'FL+1+C¥.

Now, by (5.62) we have
Pa ~
B= Y 5(00ua) - o) e-9"— Y YDutoe -9

\m;3[§]2ﬁ+1 i=pn_141
plnl=o

Moreover, by Remark 5.28 we have 9%u € C’éﬁﬂ*lﬁl&a and therefore, if |3|p > 0, by Part 3 of Theorem 2.10
forn=2n+1—|8|p, we get

= - 2n+14+a— _
|(02u(t. 2) - 0fu(t,)) (v = | < cnllullgrals — €57 | — € < cplfulcgon.ale — g3+,
In order to conclude the proof of (5.61), we only have to prove

Pa ~ B
]u(t,@—u(t,s)—' Yo YRult &)@ - €);] < enllullgzrera |z — 3T (5.63)

£ v,
Jj=Pn-1+1

We set the points (; = (¢,&;), for i =n —1,--- ,r, as defined in Lemma 4.22 for n = n and v =z — £. By
(4.44) we have

T2ﬁ+1u(<i—17 Cl) = U(Ci—l)a 1= ﬁv ceen T
and

|6i|§CB|§3_£|B§CB|x_£|Ba i:ﬁ,...,r. (564)
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It is now clear that

r

u(t,z) —u(t,§) — Z Y((n)u( t,6)(x —&); =u(¢) — Toen1u(Cro1,Cr) = Z (U(Cz) — Tonp1u(Cion, Ci))7

Jj=Pn-1+1 K i=n

and formula (5.63) follows from Proposition 5.25 along with (5.64).
We are now ready to prove (5.49) for n = n. For any ¢ € {ps—1+1,...,pa} and § € R, set © = £ + Je;
n (5.61), where e; is the i-th vector of the canonical basis of R%: we obtain

u(t, &+ de;) — u(t, &) — 6Y (n)u( &) =0(|6]" =), asd— 0.
This implies that 0., u(t, ) exists and

Oou(t,€) = Y Du(t,€) teR, £€RY i=pa1+1,...,Pn.
Finally, by Remark 5.28 we have Yv(g?)u € C%* and thus 8,,u € Cy°.

Remark 5.30. Incidentally we have just proved a special case of Part 3 of Theorem 2.10 for n = 2n + 1,

namely the case when there is no increment in the time variable. Precisely we have shown that, for any

function u € C’?H, we have

|ut, z) = Tons1u((t,€), (t,2))| < eplluflgensiale —EFHF, teR, z,6eR% (5.65)

5.2.8. Proof of Part 3 of Theorem 2.10 for n = 2n + 1

Relation (2.13) is a trivial consequence of Remark 5.29 (see (5.54)(5.55)) along with Proposition 5.24 for
n = n. We next prove estimate (2.14): by (2.13), for any z = (¢,z) and ¢ = (s, ), the B-Taylor polynomial
Toni1u(C, 2) is well defined. Define the point ¢, := e =Y (¢) = (t,e=*)B¢) and note that ¢; and z only
differ in the spatial variables. Moreover, we have

Cfl o0z = (O,x - e(t*S)B§> , (Tloz= (t — s, — e(tfs)Bf) ,

and therefore
HCl_lozHB = |‘T*e(tis)B£|B = HCilOZHB' (5.66)
Now write
w(z) = Tonsru((, 2) = F1 + F,

with

F = u(z) — Toat1u(Cy, 2), Fy = Tonqu(Cr, 2) — Tonr1u(C, 2).
By (5.65) in Remark 5.30 along with (5.66), we obtain the estimate

|F| < epllullganera ¢ o 2|5

A convenient rearrangement of the terms in the Taylor polynomials allows us to estimate F5. Precisely, we
have
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Yk9Pu
Be Y m@ueY)e ety Y T gy

IBls<2n+1 """ 2k+|B| 5 <2n+1

— )k
= % LT (5) D R Gt k!) Y 0lu(Q) | (@ —ePg)7.

|8]B<27+1 2k<2n+1—6|B

Now, by (2.13) we have 0°u € C’;ﬁﬂ_‘BIB’a and thus, by Remark 5.27 we obtain

1 2i+1—|8|g+o . _ _
IBol < flullgze D Slt—sl™ 2 o — OB < epluflggrerall (T o T,

B!

|8lp<2n+1

and this concludes the proof.
5.8. Step 3
Fix n € {0,--- ,r — 1}. Assume to be holding true:

— Proposition 5.24 for any 0 < n < n;
— Theorem 2.10 for any 0 < n < 2n + 1;

we have to prove:

— Propositions 5.25 and 5.26 forn =n+ 1, m = 0;
— Part 3 of Theorem 2.10 for n = 2n + 2.

In this case, the proof is relatively simpler if compared to the one of Step 2. This is because we do not
need to prove the existence of the Euclidean derivatives of the higher level. Hence the proofs are simpler
versions of those in Step 2. We skip the details for the sake of brevity.

5.4. Step 4

Here we fix a certain n > 2r 4+ 1, suppose Theorem 2.10 true for any 0 < n < n and prove Part 3 of
Theorem 2.10 for n = n 4 1. To prove the claim, we will first consider the case with no increment w.r.t.
the time variable, as we have done in Step 2. In that case, we used the curves 7:}7’(;“ (2) in order to increment
those variables w.r.t. which we had no regularity in the Euclidean sense: then we applied Proposition 5.25 to
estimate the increment along such curves. This time, this will not be necessary because, since n+1 > 2r+1,
the existence of the Euclidean derivatives is ensured along any direction by the inductive hypothesis.
Proof of Part 3 of Theorem 2.10 for n = n + 1. Recall that, by hypothesis, u € C;H'l’a with n > 2r + 1.
It is easy to prove that, for any z = (t,2), ( = (s,£) € RY, we have

u(t, z) = Trpau((t,€), (¢, 2))| < e |ul

cnvia |z —E[FHTE (5.67)

The proof of the latter identity is identical to that of Proposition 5.26. Precisely, under the assumption
n > 2r 4+ 1, the technical restriction made on the spatial increments in Proposition 5.26 can be dropped
and the proof proceeds exactly in the same way, by making sure that the constant cp in (5.67) is actually
independent of n.

The proof of Part 3 of Theorem 2.10 then follows exactly as in Step 2, by using the estimate (5.67)
instead of (5.65). O
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5.5. Proof of the local version of Theorem 2.10 (Part 1 and Part 2)

The proof of the local version of Theorem 2.10 is based upon the same arguments used to prove its global
counterpart. The main additional difficulty arising when proving Part 1 and Part 2, is to make sure that all
the integral curves used in the proof to connect z to ¢ do not exit the domain 2. There comes the necessity
to take z in a small ball centered at ¢ with radius r. In particular, we have to check that all the connecting

curves are contained in a bigger ball with radius R > r, compactly contained in 2, in order to bound the

remainder in (2.11) by means of the Cj3} . norm of u on such ball.

To synthesize, the proof could be summarized as follows. First prove the Taylor estimate (2.11) for two

points z, ¢ € R x R? with the same time-component (estimate (5.65)); this also proves the existence of those

Fuclidean derivatives whose existence is not directly implied by definition of g:?oc and thus proves Part

1 of the theorem. To do this, one can proceed as in Proposition 5.24: precisely, one would first apply the
local version of Proposition 5.26, whose proof is exactly analogous to its global counterpart, to control the
increment of u between ¢ and Z. Secondly, one would define the points ( = (¢,&) for k=n—1,--- 7, by
means of the curves of Lemma 5.24 and thank to (4.44)—(4.45), obtain the bound

|6k|+HCk_10<HBSCB|x_£|BSCBr) k=n,...,r

This would ensure that each point ( is inside the domain €2, for any r suitably small, and would allow to
control the increment of u between (;_; and (; by means of the local version of Proposition 5.25. The latter
preliminary result can be proved analogously to the global case, by making use of the bounds (4.43) and
(4.48) to control the distance of each curve 'y:f”f (z) from (.

Eventually, the proof of Part 2 for two general points z,( € R x R? follows by moving along the integral
curve of Y to control the increment in the time-variable and by using the bound (4.48) to check that
=Y (() € Q.
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