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mean curvature along the boundary. As an application, we will state some rigidity
theorems on the conformal class of static metrics.
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1. Introduction

Let (M, go) be a compact n-dimensional Riemannian smooth manifold with n > 2 and nonempty smooth
boundary OM (possibly non-connected). Let R,, denote the scalar curvature of (M,go) and let hy, =
divg,ng, denote the mean curvature of M in (M, go), in the direction of the exterior conormal 7 = 7,.
If n = 2 then K,y = Ry,/2 denotes the Gaussian curvature and hy, = rg, denotes the geodesic curvature
of the curve M with respect to go.

We recall that the conformal class of a metric g on M, say [g], is the set of metrics of the form § = u?g,
where p is a positive smooth function defined on M. Escobar [4] had dealt with the following question:

Given a metric g € [go] with Ry = Ry, in M, and hg = hg, on OM, when is g = go ¢
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In Corollary 2 of [4], Escobar obtained the following result: Let g € [go] satisfying Ry = Ry, < 0 and
hg = hgy < 0. Then g = go. In an opposite direction, in [3], Escobar also described the conformally flat
metrics g € [d;;] on the ball B = {# € R” | |z| < 1}, with n > 3, having constant scalar curvature
and constant mean curvature on dB. By this classification theorem, there is a non-compact set of metrics
g € [0;5] with Ry =0 and hy = 1.

Min-Oo [9] conjectured the following: Let g be a metric on the upper hemisphere S satisfying the following
properties: The scalar curvature Ry > n(n — 1), the induced metric on 0S? agrees with the standard metric
on OSY, and the boundary OSY is totally geodesic in S'. Then, g is isometric to the standard metric gs»
on ST . Despite Min-Oo’s conjecture is false (see the counterexample due to Brendle, Marques and Neves [2]),
Hang and Wang [6] proved Min-Oo’s conjecture is true among metrics that are conformal to gsn . Namely,
they proved the following

Theorem B. (See Theorem 5.4 of [6].) Let g € [gsn| on S%}. Assume that the scalar curvature Ry > R
n(n —1) and g = gsy on the boundary 9S%. Then g = ggy .

gsn —

The upper hemisphere S* is a static manifold, that means there is a smooth function f satisfying the
equation

{fRicv2f+(Af)go, in M\ OM, Q)

f>0in M\ OM, and f =0, on OM.

As a solution of (1), we take the height function f(z) = x,11, for all x = (z1,...,2,41) € S. Taking the
trace in (1), we see that static manifolds are solutions of ,Cgsi f =0, where

1
Lgf = Aqf + Rgf7 (2)
n—1
for some smooth function f that is positive in M and vanishes on M.

Our first theorem says the following;:

Theorem 1. Let go be a metric on M and g = p?go a metric in the conformal class [go] such that g = go
on OM. Let f € CY(M)NC?*(M \ OM) positive almost everywhere satisfying

/f(Rg — Ry, )dvolg, +2 / fhg = hgo)dH;Lo_l = 0. (3)
M oM

If [1 Lgof (1 — p=2)dvoly, >0 then g = go.

Theorem 1 requires no condition on the first eigenvalue Ay = \{(Lg,) of the operator L,,. However, the
first eigenvalue
: o Ry o ) 2
M = nt{ [ (Ve — =2 g)dvoly, | ¢ € CE(M), [ Pavol,, = 1)
M M
satisfies Lg001 + A1 = 0, for some C? eigenfunction p1 = ¢1(Ly,,) that is positive in M and vanishes
along the boundary dM. Thus, by Theorem 1, we have

Corollary 2. Let g = pgo € [go] satisfying g = go, on OM. Let 1 be the eigenfunction corresponding to the
first eigenvalue Ay = A\(Ly,). Assume [,, ©1(Rg — Rg,)dvolg, >0 and My [y, p1(1 — p~2)dvoly, < 0. Then
9=9o-
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As a consequence of Corollary 2, since static metrics g on M satisfy Ai(Ly) = 0, it follows
Corollary 3. Let go be a static metric on M and g € [go] such that g = go on OM. If Ry > Ry then g = go.
Another consequence of Theorem 1, using that Ly, (1) = —L- Ry, is

Corollary 4. Let g = pgo be a metric in the conformal class [go] such that g = go on OM. Assume that

[y~ Ryyivoly, +2 [ (hy = byt =0, ()
M oM

If [1; Rgo(1 — p=2)dvolg, > 0 then g = go.

Araujo [1] studied the functional

F(g):/Rgdvolg+2/hgdH;—1 (5)
M oM

restricted to the subset of metrics My, = {g | avoly(M) + bA,(OM) = 1}. Araujo [1] proved that the
critical points of F' are the Einstein metrics with umbilical boundary that satisfy b(n — 1)R, = 2nah,. It is
worthwhile to point out that assumption (4) of Corollary 4 does not imply F'(g) > F(go), since the volume
and area elements dvoly,, d’i‘-[go_1 in (4) do not vary with the metric g.

By Gauss—Bonnet Theorem, Corollary 4 in dimension 2 can be rewritten as

Corollary 5. Let (M, go) be a surface with smooth boundary OM. Let uw € C*(M) with uw = 0 on OM and
consider the metric g = e*“gy. Assume

/ K, dvoly, + / KgdHy > 2mx(M).
M oM

If [1; Kgo(1 — e ?")dvolgy, > 0 then u =0 in M.

Llarull [8], confirming a Gromov’s conjecture, proved that if g is any metric on the whole sphere S™
satisfying g > go and Ry > Ry, = n(n — 1) then g = gg». For domains in S%, Hang and Wang [7] proved
the following

Theorem C. (See Proposition 1 of [7].) Let €2 be a smooth domain in S% and let g € [gsz] in Q, satisfying
Ry >n(n—1) and g = gsp on 9Q. Then, either g = gsy, in 2, or g > gsr and hy < thi.

Our next theorem says the following:
Theorem 6. Let gy be a metric on M satisfying Ry, > 0 and Lgy f < 0, for some f € C*(M\OM)NC*(M)
positive almost everywhere. Let Q be a smooth domain in M and let g = gy, where u € C?(Q) N CO(Q) is
positive with plaq = 1. Assume further that x{,<1yRg > X{u<1}Rg,- Then, it holds

p>11inQ, and hy < hy, in 0Q. (6)

In addition, if Ry > Ry, in Q) then both inequalities in (6) are strict, unless g = go.
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Theorem 6 above can be applied for static metrics as they satisfy Ai(Lq,) = 0. More generally, as a
consequence, we have

Corollary 7. Let gg be a metric on M with Ry, > 0 and Al(ﬁgo) > 0. Let Q C M be a smooth domain and
let g = u%go be a metric in the conformal class [go] satisfying g = go on OM, where u € C*(2) N CY(Q).
Assume further that X (,<1yRg > X{u<1}Rgo- Then, it holds

g>go in, and hy < hg, in 0N. (7)
In addition, if Ry > Ry, in ), then both inequalities in (7) are strict, unless g = go.
Finally, using Theorem 6 with f =1, we have

Corollary 8. Let gy be a metric on M with Ry, = 0. Let Q@ C M be a smooth domain. Let g = p?go be a metric
in the conformal class [go] satisfying g = go on OM, where p € C*(2) N C°(Q). Assume x{,<13Rg > 0.
Then, it holds

g>go in ), and hy < hg, in 0NQ.
In addition, if Ry > 0 in Q, then both inequalities above are strict, unless g = go.

2. Proof of Theorem 1

First, consider the case n = 2 and write g = e?“gg, with u € C?(M \ OM)NC*(M). Since g = gy on M,
one has u|sps = 0. The geodesic curvatures kg, kg, satisfy

du
n

— u —
= Kge" — Kgy = Kg — Kgy, ON OM, (8)

0

where 1 = ngy, is the outward unit normal vector of (OM, go). Furthermore, the Gaussian curvatures K,
K, of (M, go) and (MM, g), respectively, satisfy

Agou— Ky + Kge* =0, in M. (9)

Using that u|sar = 0, by (8), (9) and integration by parts,” we obtain

_ _ L0, 0f  ,0(e7?")
e Dy f = [ fAg(e )+ [ (e =~ f )
/ A[ / on on

M
IZM%(G%) /—+2/f

oM

- / [~2f e (Agy — 2| Duf2,) + Mgy f] +2 / F(s5g = Figy)
OM

2fe_2“ ng2“ — 2|Du|30) + Ay, f]

E\E

+/w%_%)

oM

2 Hereinafter, for aesthetics reasons, we will sometimes omit the volume and area elements in the integrals.
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Thus, since Ay, f = Ly, f — 2K, f, we obtain

/e*%(Agof + 2K, f) = /(cgof +4fe”?|Dul?)
M

M

+/2f(Kg—Kgo)+/2f(l$g—l€go).

M oM

Hence,

/[,gof “u_ )= /4fe_2“|Du|

+/2f(Kg—Kgo)+/2f(/<;g—ngo).

M oM

By hypothesis, [,, Lg,f(1 — e **)dvoly, > 0 and [,,2f(Ky — Kg,) + [5,,2f (kg — kg,) > 0. Hence,

Du = 0, which together the fact that u|sps = 0, imply that g = go.
4
Now, we assume n > 3 and write g = un—2gg, for some u € C?(M \ OM) N C(

with u =1 on M. The mean curvatures hg, = divg,ng, and hy = divgn, satisfy

M), positive in M and

- 2 n - 2
Ou _ 22 g i hy) = =2 (hy — hy,), on OM, (10)

on 2(n—1) 2(n—1)

where ) = 14,. Furthermore, the scalar curvatures R, and R, satisfy

n — 2 n — 2 n+2
Aju— "= R T2 R =0, in M. 11
o T qm 1) et T am =) » (11)

Let A be a constant to be chosen soon. Using that u|gys = 1, integrating by parts we obtain

/“Aﬁgofzﬂlmgouk +34( W2

M
_ _ af ou
A—1 1\ A2 2 _
= /(f/\u Agou+ fAN = Du""[Duly, ) + an )\fa77

M oM

- / (P2 Agyt + FA — 1)u* 2 Dul2,) + Ay, /]
M
“2) / F(hg

/f)\u)‘ Y n721)(R oU— Ryu

/Agof /f

)+ A = D% Dul?)]

Hence,
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N B n—2 ., n—2 / A-14ni2
@t =N T ) = At [ R
M M

+ [ A= [t 2D,

M M
_n=2) _
2(71— 1>/\8!4\ f(hg hgo)'

Now, we choose A =1 — 242 = =4 We obtain

/u%cgof:/fn}igl +/(£gof—%f)
M M

M
4n+2 —2n 2
B [, + 2 [ - ).
M oM

Therefore, we have

—4 4 2 —2n
[ et -1 =8 [ b,

(n
M

M
1 2
+m/f(Rg—Rgo)+m/f(hg—hgo)-
M oM

By hypothesis, g = uﬁgo satisfies (3) and fM Ly, f(1— u%) > 0. Thus, it follows that Du = 0. Since
ulopr = 1, one has w = 1 in M; hence g = gg. Theorem 1 is proved.

3. Proof of Theorem 6

First, consider the case n = 2 and rewrite g = e?“go with u € C2(2)NC°(Q). Since u|pq = 0 the geodesic
curvatures kg, g, satisfy

du
an

= Kge" — Kgy = Kg — Kgy, i O, (12)
where 1 = 7y, is the outward unit normal vector of (9€2, go). Furthermore, the Gaussian curvatures K, K,
of (2, g0) and (€2, g), respectively, satisfy

Agou= K, — Kje*. (13)

Let @ = min{u,0}. It turns out that u is continuous and, in the sense of distributions, it holds Agu <

X{u<0}Qgou. One can see it by observing that u = lim. o ue, where u. = %(u — Vu? + €2). Hence, in
the sense of distributions, Ayt < X{u<0}Qgo% = X{u<o}(Kygy — Kge*) < X{u<o} Kgo (1 — e?*), since
X{u<0}Kg = X{u<0}Kg,-

Let Ay = X{u<0} K go (1 — e?%). Tt holds that A, = Aj; is a nonnegative continuous function, and
Agu < Ag, in Q,

in the sense of distributions. The function Ay is Lipschitz in Q. In fact, given z,zo € Q, if either z,zo €
{u <0}, or z,xg € {u > 0}, we have |4z (x) — Az(zo)| = X{u<0}|K0(J:)62“(I) — Ko(wg)e?™®0)| < cd,, (x, x0),
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for some ¢ > 0, since Koe?* € C'(Q). Thus, we assume that u(z) < 0 and u(xg) > 0. In this case,
[Aa(z) = Aa(zo)| = [Aa(z)] = |Kg(2)|(1 — €**) < (max|Ky,|)(e*7) — (")) < cdy, (z,29), for some
¢ >0, since u € C1(Q).

Now, let ¥ : © — R be a solution of the Dirichlet problem:

Ag, v = Ay, in Q, and v|pq = 0.

Since Ay is Lipschitz in Q we have v € C?(Q) (see Theorem 8.34, p. 211, of [5]). Furthermore, since
Ag,(u—1) <0and (u—10)|po = 0, one has © < @ < 0. This implies 1 —e** < 1—€” and X{a<o} < X{o<0}
hence Az < Ay in , since K4, > 0. Hence,

Ag,v < Az, in Q, and 0|pn = 0.

Let v : M — R be defined by

o(z) = o(x), if z € Q;
)0, ifzeM\Q

We have A, is Lipschitz, since v € C?(Q), and v satisfies
Agv < Ay, in M,
in the sense of distributions, and v|gp = 0. Let w be a solution of the Dirichlet problem
Agw=A4,, in M, and w|sn = 0.

Since € is a domain in M, it follows v = 0 in a neighborhood U of OM in M, hence A, = 0 in U, hence
w € C%(M). Furthermore, we have A, (v —w) <0, (v —w)|anr =0 and v = 0 in Y. These imply w < v <0
and

= s 27 ]
Z o 0 on OM (14)

In addition, we also have A, < A, since K,, > 0 in M. Hence, Ay w < A,. Thus, the metric § = e**gy
satisfies

Kg = 672W(K90 - Agow)
> e 2 (Kyy — Au) = €72 (K gy — X{uw<0 K go (1 =€)

= €_2w<K90(1 - X{w<0}) + X{w<0}K9062w)
= Kgo'

The last equality follows just analyzing the cases w < 0 and w = 0. Furthermore, by (14), one has kj =
99 4 kgy > k
on go =— "go-

Since w < 0 and, by hypothesis, L,, f < 0, for some f € C?*(M \ M) N C*(M) positive a.e., we obtain
L f(1—e72) > 0. By Theorem 1, one has § = go, hence w = 0. This implies v = v = @ = 0, hence u > 0.
Hence, g > go. Moreover, using u > 0 and u|sq = 0, one has g—;‘ < 0, hence, by (8), it follows that K, < kg, .

Now, assume further K, > K, in . Using (13), one has Agu < 0. Since g—;‘ < 0 and ulgg = 0, by
interior maximum principle and Hopf Lemma, it follows that v = 0 in €, provided u = 0 somewhere in

or g—z = 0 somewhere on Of).



636 E. Barbosa et al. / J. Math. Anal. Appl. 437 (2016) 629-637

Now, let us consider the case n > 3. We rewrite g = = go, for u € C?(Q) positive and satisfying u = 1
on 0. Let & = min{1,u}. The function @ is continuous in  and satisfies ii|pq = 1. Furthermore, Ay, it <
X{u<1}Qg,t, in the sense of distributions. One can see it, by observing that @ = lim_,o(“3* — . (“51)),
where ¢ (t) = v/12 + €2. Thus, using Xfu<1}Rg = X{u<1}Rgo = 0, by (11), we obtain

n—2 n+2

mX{u<l}(Rgou - Rg“””) (15)

Agoﬁ S

n — 2 _ _n+
= gy el

N

A

= Az u, in Q,

in the sense of distributions, where Az = 41(7;—121))({730}1%90(1 — ﬂﬁ) As in the two-dimensional case we
observe that Az > 0 is Lipschitz in Q.
Let ¥ € C?() be a solution of the Dirichlet problem

Ayt —Azv=0 and ¥lpo =1

(see Theorem 8.34, p. 211, of [5]). By the strong maximum principle, one has v > 0 in Q. Furthermore,
since Ay, (v —u) — Ag(v —u) > 0 and (a — 0)|pn = 0, also by the strong maximum principle, we have that

v < u < 1. We obtain that x(5<1} = X{a<1) and 1— gz >1 —@a-2. This implies Ay > Ag, since Ry, > 0.
Hence,

Agv—A30 <0, in M, and v]pg = 1.

Let v : M — R be defined by

o(x), if z € Q;
v(z) = _
1, ifxe M\ Q.

Note that v <1 in M and A, is Lipschitz. Furthermore, it holds
Agv—Ayw <0, in M, (16)

in the sense of distributions.
Let w € C?(M) be a solution of the Dirichlet problem

Agw—A,w=0, in M, and wlgy = 1. (17)
Since A, > 0, by the strong maximum principle, —w cannot achieve a nonnegative maximum in M \ OM,
unless w is constant. Hence w > 0, since w|gpr = 1. Furthermore, by (16) and (17), we have Ay (w —v) —
Ay(w —wv) >0, in M, in the sense of distributions, and w — v = 0 in M. Again by the strong maximum
principle, we obtain w < v <1 in M, hence A,, > A,. Thus, by (17),

Agw—Ay,w <0, in M, and w|pn = 1. (18)

Consider the metric § = wﬁgo. By (11), the scalar curvatures R and Ry, satisfy
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_ntz dn—1
Rg = w™ =2 (Rgow — ?Z)Agow)
n 4(n—1
> w_"_tg(Rng - 75:_ 5 )Aw w)
n+2 ne2

w2 ((1 - X{w<1})Rgow + X{w<1}R90wm)
= Rgo'

The last equality follows just by analyzing the cases w < 1 and w = 1. Furthermore, since w < 1 and

wlon = 1, we have %—7:]’ >0 on OM. By (10), the mean curvatures hgy, and hy satisfy

2(n—1) ow
ot o 8_172}%'
Since 1 — wa=2 < 0, and, by hypothesis, there exists f € C?(M \ OM) N C'(M) positive a.e. such that
—4
Ly, f <0, it follows that L4, f(1 — w==2) > 0. By Theorem 1, it holds § = go, hence w = 1. This implies
that v = v = @ = 1, hence u > 1. Thus, g > go. Moreover, since u > 1 and u|gps = 1, we also have 3_15 <0,
hence hy < hyg,.

Now, we assume further Ry, > R, in Q. Since v > 1 and Ry, > 0, by (11), one has Ay u < 0. Thus, if

u = 1, somewhere in €, or g—z = 0, somewhere in 92, then, by interior maximum principle or Hopf Lemma,

it holds u = 1 in 2. Theorem 6 is proved.
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