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1. Introduction

The Korteweg—de Vries (KdV) equation and the Benjamin Bona Mahony equation (BBM) are two typical
examples associated with the effects of dissipation, dispersion, nonlinearity and also provide a description
of the propagation of waves with small amplitude in water or soliton in other liquid medium. The KdV
equation is described as follows:

Up + Uggq + Uy + vty = 0.
The BBM equation is an alternative to the KdV equation [1] which is described as follows:
Ut — Utgy + Uy + Uy = 0.

The well-posedness of KAV equation has been tremendously researched, including the whole line, quarter
plane, periodic domain or finite domain [11,7,3,4,15,12]. There are also some results of the well-posedness
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of the BBM equation [8,13,16,5,18]. Since the term w,, plays an very important role in BBM equation,
this leads some difficulties to get the well-posedness of it. L. Rosier and B.Y. Zhang proved the unique
continuation property for small data in H(T) of BBM equation in periodic domain [16]. J.L. Bona and
N. Tzvetkov gave some sharp well-posedness results for the BBM equation in the quarter plane [5], they
showed that the initial-value problem is globally well posed in H® if s > 0. M. Francius, E. Pelinovsky and
A. Slunyaev introduced the wave dynamics of the following equation [10]:

U — Utze — ClUzer + Collg + U, = 0, (11)

where C1,Cy € R. Let C; = 0, Cy = 1, then Eq. (1.1) comes to be BBM equation. In the limit of weakly
nonlinear long wave, Eq. (1.1) is asymptotically closed to KAV equation (see, for instance [9]). Let C; = —1,
Cy =1, then Eq. (1.1) comes to be the so-called KdV-BBM equation:

Up — Utz + Ugze + Ugp + Uty = 0.

In this paper, we consider the KdV-BBM equation with nonhomogeneous boundary-value conditions de-
scribed as follows:

{ Ut — Upzg + Uz + Uy +uuy =0, u(z,0)=dé(z), z€][0,L], t>0, (1.2)

w(0,t) = hi(t), w(L,t) =ha(t), wuy(L,t)= hs(t).
Our aim is to show the well-posedness of the system (1.2) in the space H*(0, L) when the initial value and
boundary value are drawn from the product space H*(0,L) x H**(0,T) x H*2(0,T) x H*3(0,T'), where T

is any positive constant and s; = so = s3 = s — 1 for any s > 1. Throughout this paper, for any s > 0,
H#(0, L) denotes the Sobolev space

HS(O,L) = {f : (OaL) - R? Hf”HS(O,L) = H(l - 83)8/2f}|L2(0,L) < OO}

Its dual space is denoted by H~*(0, L). With the definition of Sobolev space, we define the following two
product spaces:

Xor = H*T(0,L) x H*(0,T) x H*(0,T) x H*(0,T),
Es,T — HS—H(O,L) % Hs+1/2+e(O7T) % Hs+1/2+e(O7T) % H‘9+1/2+€(07T),

where s > 0 and € is any positive constant number. With these definitions, we can give the main results of
this paper.

%
Theorem 1.1 (Local well-posedness). For any T > 0, L > 0, s > 0 and (¢, h ) = (¢, h1,ha, hg) € X1 be
given, there exists a T* € (0,T] depending only on ||(¢, h)||x, . such that there exists a unique solution u
of Eq. (1.2) with u € C([0, T*], H**1(0, L)).

%
Theorem 1.2 (Global well-posedness). For any T > 0, L >0, s > 0 and (¢, h ) = (¢, h1, he, h3) € Es 1 be
given, there exists a unique solution u of Eq. (1.2) with u € C([0,T], H*T(0, L)).

We first present various linear estimates of the linearized KdV-BBM equation associated to Eq. (1.2) in
Section 2. With the help of these estimates, we discuss the nonlinear problem of KdV-BBM equation (1.2)
and give its local well-posedness in section 3. The global well-posedness is presented in section 4.
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2. Linear estimates

In this section, we will discuss the following linearized system associated to Eq. (1.2),

ut_utxx+uwxx+uac :f7 u(x,O) :¢($), HAIS [O7L]7 tzoy (2 1)

w(0,t) = hi(t), w(L,t) =ha(t), uz(L,t) = hs(t). '
We first consider the linear problem only with initial value ¢(z) as follows:

Ut — Utgy + Upze + Uz =0, u(z,0) =0o(x), x€]0,L], t>0, (2.2)

u(0,t) =0, w(L,t) =0, wu,(L,t)=0. '

The linear operator of Eq. (2.2) in the space L?(0, L) is described as follows
A=—(1-0>)"1d2 +0,).

Multiply both sides of Eq. (2.2) by u and integrate over (0, L) with respect to x. This leads to the following
estimate:

Sl

L
/u +u?)dz] = —u?(0,t) < 0. (2.3)
0

Since the solution u of Eq. (2.2) can be written in the form wu(z,t) = Wy(t)¢(x), where Wy(t) is the
semigroup generated by the infinitesimal generator A [14]. According to (2.3), we know that the semigroup
Wo(t) is a Co-semigroup in the space H'(0, L) and

Wollzro.)y <1, Nlul ) a0,y < N9lleo,r)-
So, we have the following proposition.

Proposition 2.1. For any ¢ € H'(0, L), the solution u(x,t) = Wo(t)¢(x) of Eq. (2.2) satisfies

t

a0y + 40070 = 16l o

0

and ||W0(t)||H1(O,L) <1.

In order to make it convenient to get the estimate of f, we write Eq. (2.1) in the following form and let
¢ =0 and h = (0,0,0).

{ut:Au+]7, u(r,0)=0, z€][0,L], t=>0, (2.4)

w(0,t) =0, wu(L,t) =0, wu.(L,t)=0,
where f = (1 —82)7f.
Proposition 2.2. For any f € L'(0,t; H1(0, L)), the solution u of Eq. (2.4) satisfies

lu( a0,y < Clfllzro,6a-10,0))
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Proof. Since the mild solution u of Eq. (2.4) has the form

u(z,t) = [ Wo(t —7)f(x,7)dr.
/

Using the generalized Minkowski’s inequality, we have

laC Ol = | / Wolt — 7)F (@, 7)drll s 0.1

t Lt
}/Wot—r m7d7'| dm1/2 /’/Wot—rfmxrdﬂ dau‘)l/2
0 0 0

“(
-/

/L|Wot—7' flx,7)| d:c) dT—I—/ /\Wot—r)fw(g;T)‘ dw) 2ar

0

/ [Wa(t = D0 o 1yt

< 2/||ﬂ\Hl(o,L)dT
0

= 2| fllzr 0.1 0,1))-
Since f: (1 — 0%)~1f and according to the definition of Sobolev space, we have
lu(s 1o,y < CllfllLro,6m-10,0))- O

Next, we consider the nonhomogeneous boundary-value linear problem

(2.5)

U — Utgr + Ugge + Uy = 0, U(ZL’,O) =0, ze¢€ [O,L], t>0,
w(0,t) = hi(t), w(L,t) =ha(t), wuy(L,t)= hs(t).

We use the method of Laplace transform on the time ¢ and get the explicit solution of Eq. (2.5). After
taking Lapace transform on Eq. (2.5), we have

{ su(x, 8) — Sgzy(x, s) + umgﬂg 8) + Uy(x,s) = (E u(z,0) = ¢(x), «€]0,L], (26)
u(0,s) = hl(s), u(L,t) = ha(s), uz(L,t) = hs(s),
where
+o0
a(x,s) = e Stu(z, t)dt
(2, / (&.1)
and

+oo
hj(s) = /e—sthj(t)dt, j=1,2,3.
0
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The solution 4(x, s) of Eq. (2.13) can be written in the following form:
3
iz, 5) =Y Ci(s)eM @7,
j=1
where \;(s), j = 1,2, 3, are the three solutions of the following characteristic equation
s—s\+ X+ A =0, (2.7)

and Cj(s), j = 1,2, 3, solve the following equations,

Cl(S) + 02(8) + Cl (S) = }All(s),
C1(s)eM ) 4 Cy(s)er2(5) 4 Cy(s)ers(®) = hy(s), (2.8)
C1(8)M1(8)eM ) 4 Cy(s)Aa(5)e2() + C3(s)A3(s)es () = iLg(s)

Let Ay = ip be one of the three roots of A in Eq. (2.7). Then we have

_i(p*—p)
p?+1

)

and the other two roots of A:

N =P —1-
N = VPP Py, = VP P> ip

p?+1 ’ p?+1

Solving Eq. (2.8) with Cramer’s rule, we can get C;(s), j = 1,2, 3 as follows:

C; = j=1,2,3,

where A(s) is the determinant of the coefficient matrix of Eq. (2.8) and Aj(s) the determinants of the
matrices that are obtained by replacing the ith-column of A(s) by the column vector (hy(s), ha(s), hs(s)),
7 =1,2,3. Taking inverse Laplace transform of %, we have:

d+1i00 d+1i00

3
_ 1 1 AJ<S) Aj(s)x
u(z,t) = 57 / ez, s) g 57 / Als) e ds

d—io0 d—ioc0

for any 0 > 0. We can also write the solution u; of Eq. (2.5) with he = hg = 0 as follows:

3 d+1i00
1 st 85,1(8) 5 (s)27,
— —o L eIt ds = t)h 2.
=25 [ eSS i s)ds = W0, (29)
- d—ioco

~

where A 1 (s) is obtained from Aj(s) with /1 (s) = 1, ha(s) = ha(s) = 0. With the same method we can get
uz(x,t) and uz(x,t) with hi(t) = hs(t) = 0 and hy(t) = ha(t) = 0 respectively. So we can write ug(x,t) in
the general form:

3 d+ioco
Z / %ﬁ?&ﬂs)%k(s)ds = Wi (), (2.10)
J=1 6 700
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for k = 1,2,3. Because the right-hand side of Eq. (2.10) is continuous with ¢ for any § > 0 and the left

hand-side of Eq. (2.10) does not depend on §, we can take 6 = 0 and change Eq. (2.10) to the following
form:

3 “+100 3 0
| A r(5) s qors 1 Ajr(5) 5 coren
1) = - st =7, )\](s)zh d o st =7, )\](s)zh d
ug(z, 1) ; 5 / e “AG) e k() s+;2m, NOE 5) e k(s)ds
- 0 - —io0

= Iip(x,t) + H(x,t),

for k = 1,2,3. Since we have let s = s(p) = i(p> — p)/(p* + 1), we can write Ij(z,t) and IIj(z,t) in the
following equivalent forms:

“+o00

3 +

H=> = / Pt 0 RnP) 05p) gy

o2 At(p) dp *
1

and
+oo B
-y L ot A7 (p)a D (P) Os(p) 5
Ilk “ t B ; 27'('7, / e € Af(p) 8p h’k: (P)dp
- 1

where ;Lz(p) = hi(s(p)), AT (p), A;fk(p), )\j(p) are obtained from A(s), Ajx(s), Aj(s) by replacing s
with s(p), for j, k = 1,2,3, respectively. We also point out that A~ (p) = A*(p) and A (p) = Ajk( ) for

jok=1,2,3, and hy; (p) = b} (p).
The following two lemmas will play a very important role in proving the estimate about the boundary-

value hj, 7 =1,2,3.

Lemma 2.1. Let K f be the function defined by

+oo

Kf(x)= /e'y(”)”:f(u)du, for any f € L*0,+o0),

0

where y(v) is a continuous complez-valued function defined on (0,400) and satisfies the following conditions:
(i) There exist 6 >0 and b > 0 such that

o 1B1(®)]

0<v<s§ v

>b , and Rey(v) >0 ;

(ii) There exists a complex number a + i such that

lim 1)

v—+oo UV

=qa+iS.
Then there exists a constant C' such that for all f € L*(0,+00),
1K fllz20.1) < CUEROF (O L2(0,400) + 1220, 100))-
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Proof. Using Hélder inequality, we have

1 +oo 9
”Kf”QL?(O,l) < / ( / eRe(’Y(V)):L’ | f(l/) | dl/> dx
0
1 400 +oo
= [ [ ereeer gy av [ er o | ie) | dedo
0 0 0
+o0

1
(/eRe w(u)+v(£))zdl«> | f(v) || f(&) | dvdE
0

—~

(RO 4 1)
Re(v(v) +~(€)) | fW) | £(§) | dvdg

H / |R:m<u g é)') i

| / ) 17

IN

c\.é- o\

—; =i

€57 £ ()| 20, +00)
L2(0,400)

dv

12 (0,400)

L2(0,400)

Observe that

e 1 ey
€70 £ 0.00) < —= €O g0y, Jor amy € (0,400)

R
and under the condition (i), we have

3 c
| Re(y(p€) +(8)) | = E+1 for any €€ (0,+00).

Using the generalized Minkowski’s inequality, we have

| [ L

H / RV | f(ug) | Edp
L2(0,400) Y(p€) + (&)

L2(0,4-50)

W) | f(ug) | Edp
Re(y(pg) +7(8))

dp

L2(0,400)

—+o0
1
SC/ S — 6Rev(~)f. 200400
/ \//_14(]-"’_,“) || ()”L (0,40)
< CHeRev(-)

T z2(0,400)

for some constant C' > 0. Using the same argument, we can also have the following inequality

+o0

So, we complete the proof. O

<Ol fCz2(0,400)-
L2(0,+00)

YIJMAA:21163
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Using Lemma 2.1, we can directly have the following Lemma 2.2.

Lemma 2.2. Fized a > 0. Define function G f as follows

a

GI(@) = [, for any 1 € L2(0.0),
0

where ¥(+) is a continuous and real-valued function defined on the interval [0,a] which is also C* on (0,a).
v(p) also satisfies the condition that: there exists a constant Cy such that

1

— 7 <C1, for any 0<p<a.
|7 (1) |

Then there exists a constant Co such that the following inequality holds

G fllz20,0) < C2ll fll22(0,0)

With the help of Lemma 2.1 and Lemma 2.2, we can discuss the regularity of the solution uj of Eq. (2.5)
with h; =0, 4 € {1,2,3}\{k}, for k =1,2,3.

Proposition 2.3. There exists a constant C such that

luillo@+mr0,0)) < CllhallLz@+),  sup ] 0zu1 (2, )| L2@®+) < Cllhalp2®+)s (2.11)
L

re

for all hy(t) € L*(RT); and also

sup ||0zzur (@, <) |L2@+y < 1hallar ey, (2.12)
z€[0,L]

for all hy(t) € HY(RT).

+
Proof. We first give the explicit estimate of )\j(p), A*t(p), and L\Aj%((l)p)), Jj = 1,2,3. We write AT (p) in

another form
AT (p) = Ay + Ay + As,
where

+ +
Ar = AT 1(p) = (M (p) — AS (p))e?z (P2 (o),

+ +
Ay = AF,(p) = (M (p) — A (p))ett (P)H2s (o)

s

Ay = A1 (p) = (A5 (p) = Af ()M (DM @),
With easy calculation, we have the following estimates

Alilp) 1 A4 (p) A4 (p)

~ — —_— 7N1

At(p)  p’ At(p) 7 At(p) 7

as p — +o0o. According to Lemma 2.1, Lemma 2.2, we know that there exists a constant C' such that
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I 5 e Aj:l(p) 2 ReAJ.r(p) 1 2 ]{ 8S(p) 2d
1Dl < g;fzgm-e o) i 0552 .

: ds(p) _ p*+4p’+p—1
Since o = ()2

~ 1 as p — 400, we have

oo
A+
1160000 <€ [ 1 (0)Pdp
1
Let & = s(p)i, we have p ~ € and d€ ~ dp as p — +0oo. So, we have the following estimate:

1D 00y <C [ 1B (p)[2de

<C | |h(6)]2dg

0\8 0\8

< Ol Z2 @y
With the same method, we also have
10211 (5 )| Loy (0,2) < Cllhall 2@+,
I 1T1(-, )| y0,0) < Cllhallz2 @+,
10111 (-, )| a0,y < Cllha||l L2y
So we get
utlle@+;mro,0)) < CllhllL2@+)-
Now, we shall discuss the regularity of I (z,t) on the interval [0, L].

, AT (p) -+
ezs(p)t)\j( ) )\Jr(P)I’is/( )hl (p)dp

1

J=1

)

1

iwt )+ AT (O(w)z
5 | ¢ AT (O(w))e™s

[
Me

O\ér »-\ér

1

.
Il

where 0(w) is the solution of the equation w = s(p), for p > 1. Using Plancherel theorem on ¢, we have

A (B(w))e Oe |1 (iw) 2 dw

3 T
10211 (2, ) 172 (0,100) < CZ /
j:l

2
|y (iw) |2 dw.

3
<CY o) sup ewwmz)’w@w

0<z<1 A*(0(w))

o\g
5 -+

Using the estimates of /\;“( ), A7+1((pp)), j =1,2,3, we have the following inequality
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01 sy €€ / i (i)

Jlo

< Clhal2(0,400)
Using the same strategy, we can also get the following estimate
[11(2, )l 22(0,400) < Cllh1llL2(0,400)>
and

102111 (2, )| 20, 400) < Cllh1ll£2(0,400)>

11 (2, )2 (0,4-00) < Cllh1l[22(0,400)-
Clearly,
81;]1 (iE, t) — 8II1 ($0, t)

SR oy @)y A 0@)) L
22_/6 AF(O(w)) (X 0@) _ A (0) )A+(9(w)) By (iw)dw.

Observe that

1001 (2,) = O T2 (20, 1) 320400

3 +oo , N )
<5 (6(w)) (0N _ e[| 2O,
u A (0())
J=1 0
S C||h1||L2(0,+oo)'

Using Fatou’s lemma, we have
ili% ||89c]1 (ZE, t) —0:1h (130, t) H%Z(O.—&-oo)

1

o A (0(w)) lim (ex\f((’(w))z _ eA;“(B(w))xo)

J x—0

NE

O\g

2‘ AT (0(w))
A+

1

I
=T

So we have proved 9,11 (z,-) € Cy([0, 1]; L%(0, +00)) with

Sl[lp] 10211 (2, )| 22(0,400) < CllP1ll£2(0,400)
x€(0,1

for all h; € L?(0,+00). Using the same method, we can also get the following estimate
I (z,-) € Cy(]0,1]; L*(0, +00)),
with

sup |11 (z, )l 22(0,400) < CllP1ll22(0,400)-
z€[0,1]
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It’s obvious that I has the same property as I;. So we have proved (2.11). Similarly, we can also get (2.12).
The proof is complete. O

Since the processes of getting the regularities of us and ug are similar to that presented in the proof of
Proposition 2.3, we only give the results in the following proposition and omit the proof.

Proposition 2.4. There exists a constant C such that
luzllc@+;m10,0)) < CllhallL2®+y, SFP ] 10zuz (2, )| L2ty < Cllh2|lL2 @+,
z€[0,L

lusllc@+;mro,0)) < Cllhsllrz@wey,  sup ||Ozus(z,-)||L2@+y < Cllhsl| 2wy,

z€[0,L]
for all ha(t) € L*(R™), hs(t) € L*(RT); and also

sup |[|Ozaua(, )| 2@ty < Cllhz|l g1 w4y, SI{JPL] |0zzus(z, )| L2+) < Cllhs|l g m+ys
0,

z€[0,L z€
for all ho(t) € HY(RY), hs(t) € HY(RT).
We can write the solution of Eq. (2.5) in the following abstract form
u(t) = > W;(t)h;, (2.13)
j=1
where W is defined in (2.10). Let’s define a new product space

Hor = HY(0,T) x H*(0,T) x H(0,T),
—
for s > 0 and T > 0, and the norm of h(t) = (h1, ha, hs) in the space Hs 1 as follows

12l 7 = (1allre o,y + 1Pl 0,7y + s o,2)
Using the estimates we have got in Proposition 2.3, Proposition 2.4, we have the following theorem directly.
Theorem 2.1. There exists a unique solution u(x,t) of Eq. (2.5) with
u(z,t) € Cy(0, +o00; HY(0, L)), uy € Cy([0, L); L*(0,+00)) and g, € Cp([0, L]; H (0, 4+00)).

Moreover there exists a constant C, such that

— —
ullc(o,400;m1(0,)) < CllR 240 4oes for any h € Ho too;

— —
sup [[ue (2, )| 22(0,400) < Cll |20 40 for any b € Ho 1 oos
z€[0,L)

— —
Sup [tz (7, )| F1(0,400) < Cl R34y oy for any h € Hi 4o
z€[0,L]

Now, let’s discuss the Kato-smoothing property of Eq. (2.2). Let ¢* be the zero extension of ¢, namely
¢* =¢on (0,L) and ¢* =0 on R\ (0,L). Then, we have
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o, t) = W(t)¢",
where the semigroup W(t) is generated by the linear operator A, which is defined by
Af =-(1-0)7" 0} +0.)f, for feD(A)=H'R).
We also assume that vy is the solution of the following problem

V¢ — Vtzg + Vgae + 02 =0, 0(z,0)=0, for z€][0,L], t>0,
v(0,1) = 9(0,1) = & (1),

v(L,t) = 0(L, t) = & (1),

Vg (L, t) = 04(L, t) = &3(2).

(2.14)

5
As what we did in (2.10), we have v, = W3(t) £ and the following result.

Proposition 2.5. We can write the solution of Eq. (2.1) in another form:
- . —
u(z,t) = Wo(t)p = W(t)o* — Wi(t) €,
—
for any ¢ € L?(0,L), where ¢* and & = (&1,&2,&3) are defined as above.

In order to have more precise estimates of the solution u(t) of Eq. (2.1), the following Lemma will be
used.

Lemma 2.3. There exists a constant C, such that for any ¢* € H'(R), the solution (x,t) = W (t)¢* satisfies
the following estimate

sup 0:9(z, ) 22(0,400) < CllO* |11 (R)> (2.15)
S
and also

suﬁ 10220(2, )| L2(0,400) < CllO* | 52(R), for any ¢* € H?(R). (2.16)
S

Proof. We first solute the following linear equation
Ut — Vtge + Uz + gz = 0,  0(x,0) = ¢ (x), (2.17)

where z € (—o00,+00), t > 0. Using Fourier transform on z, we can have the solution of the Eq. (2.17) as

follows
- . ie3-9),
o(x,t) = K(x,t) % ¢"(x), where F[K(z,t)]=K({ t)=e €41 7,
and

F[axﬁ(xa t)] = Zf’ﬁ(f, t)

oA i -8),
=i§¢*(€) e

Then, we have the following estimate
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+oo +oo +oo 9
/ |0, 0(x, t)|?dt = / / e TS (€, t)de| dt
—o0 —00  —00
+oo +oo R 2
RGP
= [| [ e e @ag an
i(€3-¢€)

Let £ = 4(n), where £ is the solution of the equation

+oo  +oo
L, A
/ / ige e et G (¢)d¢

e = We have the following estimate,

2
dt

9 +oo  +oo
it / ’ / ()™ e 34 () o ()

+oo
[ [ tstne s o a

“+o0

/ i () oy (m))o (o) [Pt

=

< / ()21 ) 1’ () 2dn
+

<c / (1 -+ 12)|d(n)|2dn

= Cll¢llin m)-

Using Fatou’s lemma and the similar process in the proof of Proposition 2.3, we can have the continuity
of 9,0(x,t) on x. So we proved (2.15). With the same method, we can also prove (2.16) and we omit the
details. O

The following estimate follows from Theorem 2.1, Proposition 2.5 and Lemma 2.3.
Proposition 2.6. The solution u(x,t) of Eq. (2.2) satisfies the following properties
u, € Cp ([0, L]; H (0, +00)), for any ¢(z) € H'(0,L);
Uy € Cp ([0, L]; HZ(0,+00)), for any ¢(z) € H*(0,L);
moreover, there exists a constant C such that

sup ||uz (2, )l L2 (0,400) < Cll@l a1 (0,1)5
z€[0,L]

Sup |[uaa (@, )l L2(0,400) < CllllH2(0,1)-
z€[0,L]

The following results reveal the regularity of the solution w of Eq. (2.1) concerned with the non-
homogeneous term f.

Proposition 2.7. Let T > 0 be given and ¢ = hy = ha = hg =0 in Eq. (2.1), the solution u of Eq. (2.1) has
the following regularities:
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Sl[lpL] e (2, 201y < CllfllLrorm-1(0,0)), for any f € L'(0,T; H'(0,L));
x€|0,

st | uze (2, ) L20.m) < CllfllLr(0,1:22(0,1)), for any f € LY0,T; L*(0,L).
xz€[0,L

Proof. It’s equivalent to discuss the property of solution u of Eq. (2.4) with f = (1-0%)~1f. With semigroup
theory, we can write the solution u of Eq. (2.4) in the following form:

u(z,t) = /Wo(t - T)f(x,T)dT.
0

‘We have

t

g (z,t) = / B [Wo(t — 7) f(z, 7)]dr.

0

Using the generalized Minkowski’s inequality, we have

T T
2 1/2
JusteBll20ry = [ [ | [ 0.Watt = ) Fi(ryar ae)
0 0
T T
2 1/2
S/(/lc%[Wo(t—T)fH at)*dr
0 0
For
sup |Ju(z,t)|| g w+y < Clléll o,z
z€[0,L]
we have
T
s 1/2
sup |[|ug (2, t)||L2(0,7) </ sup / L [Wo(t — 7)f]2dt) " 2dr
z€[0,L] z€[0,L]

sc/wyumw@m
0

= CHleﬂ(O,T;H%O,L))y

for any f € L'(0,T; H(0,L)). Since f = (1 — 82)~1 f and according to the definition of Sobolev space, we
have

sup |[u(z,t)|lz20,1) < CIfllLr(o,msm-1(0,0))
z€[0,L]

for any f € L*(0,7; H=1(0,L)). With the same strategy, we also have

sup ||uge(z, ')HL%(O,T) < CHf||L1(O,T;L2(O,L))7
z€[0,L]

for any f € L*(0,T; L?(0, L)). The proof is complete. 0O
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3. Local well-posedness

In this section, we will discuss the following full nonlinear IBVP problem

Ut — Utgy + Ugpy + Uy +uty =0, u(z,0)=¢(x), x€][0,L], t>0, (3.1)
w(0,t) = hi(t), w(L,t) = ha(t), u.(L,t)= hs(t). ‘
For convenience, we give the following declaration. For any given T'> 0, L > 0 and s > 0, we denote
Kyr:=C(0,T; H**1(0,L)), with ||lul|k, » = [[ullco,r:me+1(0,1)), for any u € Ky r.
The space K, r has the following very useful property.
Lemma 3.1. Let s > 0 be given. There exists a positive constant C, such that for any u,v € K 1,
T
/ 1(1 = 82) ™ 0u(uv) | ro+1(0,1)dt < CT?|Jul ik, ]|Vl 1, - (3.2)
0

Proof. For the definition of Sobolev space, we have
11 = )7 0 (ul, ) )l mre+1(0,0) < lult)o( )l e (0,19
for any s > 0. When s = 0, using Gagliardo—Nirenberg interpolation inequality [6], we have

lu( v )l 20,0y < lwlt)llze o,y lv(t)llz2(0,z)
1/2 1/2
< C(lul>B)lz2.n) + lul )l ato ) I (o B) | ot M0 B 220,y

< Cllul O, v )l a1 0,2)-

So we have

T

/ 11 = 2) 7 0 (ul, ) )l 0,0y dt < CT|[ull iy 1l o -
0

When s = 1, because

luC, t)o( Ol < 2(lul vl t)lL2o,0) + 102 (ul )v( 1)l z20,1))

and
)0 (s BDll 20,2y < Ol )20,y + s D120 1 et Y2 ) ol 22010
< C(llu( )lz2(0,0) + llua (5 Ollz20,2)) vl z2(0,1)
< ClluC, t)|[ar o, [[v¢ O a1 0,1)
and also

luz (- D)o )l 20,2y < Cllul, Ol 0,0y |0 )l 0,L)-

So, we have
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T

/ 11 = 92) 7 0 (ul, ) )l 20,0 dt < CT? |l iy 1 1l .
0

< CT2||UHK1,T||U||K1,T'

Estimate (3.2) with case 0 < s < 1 follows form the nonlinear interpolation theory developed by Bona and
Scott [2]. The proof for the case s > 1 is similar, so we omit the details. The proof is complete. O

For the following forced linear system

{ Ut — Utgx + Ugrx + Uy = f> U(I’,O) = d)(x)a HAS [O7L]7 t Z O’ (3 3)

u(0,t) = hi(t), u(L,t)=ha(t), wus(L,t)=ha(t),

using the linear estimates we have got in Section 2, we know that for any (¢, H) € Xor and f €
LY(0,T; H-*(0, L)), we have the following estimate of the solution u of Eq. (3.3)

el o e < CUND )0, + 1F 20,7303 (0,20)): (3-4)

where C' is a positive constant independent of (&, l_i) € Xo,r and f. We can also have the estimate of the
solution u of Eq. (3.3) in the space K for the any s > 0.

Lemma 3.2. Let T >0, L >0, s >0, f € L*(0,T; H*~'(0, L)) and (9, H) € Xsr be given, Eq. (3.3) admits
a unique solution u € Ky with

—

lull, » < CUI(D, M)lx..o + [Ifl220,7;m:-1(0,1)))5 (3.5)
where C is a positive constant independent of (¢, fz) € X, and f.

Proof. We first consider the case s = 1. According to Eq. (3.3), let v = u, then we have

{ UVt — Vg + Uggg + Vg = [z, 0(2,0) = ¢p(x), x€][0,L], t>0, (3.6)
v(0,t) = g1(t), v(L,t) = g2(t), va(L,t) = gs(t),
where
91(t) = ux(0,1),  g2(t) = ua(L,t) and  gs(t) = usa(L,1),
and we denote gﬁ; = (g1(t), 92(t), g3(t)). Using (3.4), we directly have
vl &0 < CUN Dz, 90 + 1 fzllro,msm-1(0,1)))- (3.7)

According to Prop. 2.3, Prop. 2.4, Prop. 2.6 and Prop. 2.7, we have

lg1(llz20,0) < CUI@l 10,y + 1R1llz2(0,7) + [Ih2llL2(0,7) + [h3ll2 0,7y + I fll22 0,751 (0,1)))
lg2()llz20,Ly < CUIDllEr0,) + [1h1llz20,7) + llP2llz2(0,7) + B3l 20,7y + 1flr 0,155 -10,2)))s

lgz()llz0,Ly < CUDllm20,) + [Pl 0,7y + P2l 1 0,7) + A3l 10,1y + 1 f1I210,7522(0,2)))-

With (37) and ||u||K1T < 2(||UI|KO,T + ”uJK”Ko,T)? we get
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-

[l < CU[(D, ) x1 7 + 1l L1 0,722 (0,1)))-

Since (3.3) has shown the result of the case s = 0, we can get the results of case of 0 < s < 1 with interpo-
lation. We can also use the iteration method to prove (3.5) for the case s > 1. The proof is complete. O

The following theorem shows the local well-posedness result for Eq. (3.1) in K, r for any s > 0.

Theorem 3.1. Let T' > 0, L > 0 and s > 0 be given, for any (¢,ﬁ) € X1, there exists a T* € (0,7
depending only on ||(¢7}_£)||XS,T and a unique solution u € K, p+ of Eq. (5.1). Moreover, for any T' < T*,
there exists a neighbourhood B(0,r) in X1 such that there exists a unique solution u of Eq. (3.1) in the
space K 0 for any (¢, i_i) € B(0,r).

Proof. We can write the solution u of Eq. (3.1) in the following form
¢
up = Wo(t)d + Wi(t)h — /Wo(t —7)(1 — 03710, (u?/2)dr, (3.8)
0

where Wy (t) = (Wi (t), Wa(t), Ws(t)) is defined as in (2.10). Let
Gsﬂﬂ” = {U € KSﬂa ”UHKs,e < 7“},

where 6 and r are positive numbers and will be determined later. It’s obvious that the set G g, is a closed,
convex, bounded and complete metric space induced from K, . For any (¢,h) € X and v € G5g,,, we
define a map I' as follows

I(v) =Wy(t)o + Wb(t)f_i — /Wo(t —7)(1 = 03710, (v?/2)dr.
0

Using Lemma 3.1 and Lemma 3.2, we have

0
IT() k.0 < Coll($ W) x, r + Ch / 11 = 82) 71 0u(v*/2) | o410, (T)dT
0

< Coll(¢, 1) ||x.. - + C1O|[v]%

5,9’

where 0 < 8 < T'. Since

]
[(v1) —T'(ve) = — / Wo(t —7)(1 — 82)71833(11%/2 — U%/Q)(T)dT
0
1 )
-1 / Wolt — 7)(1 — 02) L0, [(v1 + v2) (01 — v2)](7)dr,
0

so we have
IT(v1) = T(v2)llk. , < CO|Jor + v2llk, 4 llvr — va2lk, -

We choose proper 0 < § < T and r such that
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)

r=2Co|(6, B) || x. 1
0<Cif?r<i

then we have
Tk, <1,

for any v € G5, and we also have

1
IP(v1) = P(v2)llxe. 0 < Sllor =2l o

for any vy, v2 € G g,r. It means that the map I' is a contraction map in G g, and the fixed point u = I'(v)
is the unique solution of Eq. (3.1) in G5 ¢ ,. The proof is complete. O

4. Global well-posedness

Theorem 3.1 shows the result of local well-posedness of Eq. (3.1) in the time interval (0,7*), where T*
locate in (0,7 and only depends on ||(¢, H)HXO,T- If Eq. (3.1) has the well-posedness in [0, 7], that means T"*
may be equal to T', then we say that Eq. (3.1) is global well-posed. In this section we will discuss the global
well-posedness of Eq. (3.1). The space E; r has been defined in Section 1, we restate it in the following

Eyr = H*M(0,L) x H*T/27(0,T) x H /20, T) x H*P1/24<(0, T),

where s > 0 and € is any positive constant.
The following result gives a global priori H?*-estimate for smooth solutions of Eq. (3.1).

Proposition 4.1. For any given T'> 0, L > 0 and s > 0, there exists a continuous nondecreasing function
Ag: RY = R such that

sup_|[u(,t)l| e+ 0,0y < As([[(,h)]
0<t<T

ES‘T)7 (41)

for any smooth solution u of Eq. (3.1).

Proof. Let u be a smooth solution of Eq. (3.1) and u = v + w, where v be the solution of the following
Eq. (4.2)

(4.2)

V¢ — Vtgz + Vzax + Vg = 0, U(LIJ,O) = ¢($)7 YIS [Oa L], t>0,
v(0,t) = h1(t), v(L,t)=ha(t), wv.(L,t) = hs(t),

with ¢(z) = (1 —2)h1(0) + xh2(0) — (1 — x)(h3(0) — h2(0) + h1(0)) and w be the solution of the following
Eq. (4.3)

{ Wt — Wigy + Wagr + Wy + WWy = —(VW), — vV, x € [0,L], ¢>0, (4.3)
0. '

w(az,O) = (b(x) - 1/)(‘%')» w(O,t) =0, w(Lvt) =0, wI(Lut) =
Using Sobolev embedding theorem [17], we have

sup |hi(t)] < Ccllhi(O) | grr2tepo,r 1=1,2,3,
0<t<T
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where € is any positive constant. Since ¥(z) = (1 — z)h1(0) + zh2(0) — (1 — z)(h3(0) — ha(0) + h1(0)), we

have
191l r3/24¢0,) < 3C ol |7 (t)]
< 3CC[h (Ol /240,11 + P2 ()| r2e0,1 + N3Ol 1724 0,17)
< 3CC(& 1)y r-
and

%
||(Z5 - ’@[}HHl(O,L) < 3006”((;57 h )”EO,T'

By Lemma 3.2, we have

— -
S oG Dllmasze,ny < CIW: PIlIx,joyer < ACC (D, B) 0,z

Multiply both sides of Eq. (4.3) by w and integrate over (0, L) with respect to z, we have

L L
d
GOl + 02D 000) = O [ 102Gl + [ 00 0a (- 01ds).
0 0
Using the Sobolev embedding theorem, we have
L
/IwQ(',t)vx(nt)\dﬂ: < sup o (- )lllw( )220, 1)
/ 0<z<L

< Cellv )l sz 0,0 1w O Z2 0,1

and

L
/va(-,t)v(nt)w(wt)ldxﬁ sup vz (- )| [lo(, )| 20,0 [lw (-, )l £2(0,1)
J 0<z<L

< ClloC,DZpsroe 0.0, 0 Dll 20,10,
where € is any positive constant. So we have the following estimate
d 2
—Nw( D) ar0,0) < Cellol, )| msrareo,nylw( )l a0,y + Cellv( Ol s 2400.1)-
dt (0,L)

Using Gronwall’s inequality, we have

t t
Dl o) < (0o + Co [ NoCm) Brsrsneio ydr)esn{Ce [ ot m)lmaseo.rydr},
0 0

sup [lw(-, )|l mr0,L) < (16 = Yllai0.2) + CT sup [[o(-, )| Ha/240(0.1))
0<t<T 0<t<T

~exp{CT sup |[v(-t)|gara+eo,r) }-
0<t<T
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With the estimates above, we have the following estimate

sup w8 0.0y < (BOCN(G. By 5 + 16CCTN (6. B, 1) eap{(4CCTN (6. F) 0.

we have proved (4.1) is true for s = 0.
Next, we consider the case s = 1. Let w = u,, then we have
Wi — Wiga + Werzx + Wy + (Uw)$ = Oa ’LU("E,O) = ¢I(x), T € [Oa L]) t Z Oa
U)(O,t) :gl(t)7 U}(L,t) ZQQ(t), ww(L7t) :g3(t)a

where (g1, g2, 93) = (uz(0,t), uz (L, t), Uz (L, 1)) = ¢. For any 0 < T" < T, we have
||wHK0,T/ < O||(¢CE7§)||XO,T + CT/2HU’||K0,THU}HK0,T/'

Choose proper 77 < T such that 0 < CT"||u| k, , < 3, then we have

lwllxy o < 2C[(¢h DI x0.2-

—

Since T" only depends on ||u| k, » and |u| k, , only depends on |(¢,h)| &, .-, we know that 7" only depends
on |(¢,h)| g, - Using Hahn-Banach extension theorem, we have the following estimate

—

wllxo » < CLl(@, h) ]| -

So, we have proved that (4.1) is true for s = 1.

We will use the nonlinear interpolation theory presented by Bona and Scott to prove (4.1) is true when
0 < s < 1. Let’s first introduce the nonlinear interpolation theory briefly, more details can be found in [2].
Let Ko and K; be two Banach spaces satisfying K; € Ky with the inclusion map being continuous. Let
f € Ky and we define

G(f,t) = inf {If = gllco +tlgllx, }, for any ¢ > 0.

For any 6 € (0,1) and p € [0, +o0], we define
+oo
(Ko, K1lop = Kop = {f € Ko : [|fllop = ( / G(f, t)pt_gp_ldt)l/p < fo0}.
0

It’s obvious that Ky, is a Banach space. Let its norm be given as ||||g,,. We point out that (61,p1) < (62,p2)
means that

01 < (92, or
0y =0, and p1 > ps.

So, (61,p1) < (02, p2) implies Ey, ,,, C Kp, p, with the inclusion map being continuous. The following result
Lemma 4.1 is cited from [2].

Lemma 4.1. Let Kg and K{ be two Banach spaces satisfying K{ C Kg with inclusion map being continuous,
j =1,2. For any A € (0,1) and p € [1,+o0], we define a map U satisfying the following conditions (i)
and (ii)
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(i) \I/:K/{)p—>Kg and for any f,geKi’p
197 — Wgllz < Collflliey .+ llgllcs IILF — gl
and
(i) U :K{ — K? and for any h € K}
1Rz < Collhllry DRIk
where C; : R+ — R" are continuous and nondecreasing functions, j =0, 1.
Then if (A, p) < (0,q), ¥ maps K; , into Kj  and
1941k, < CUIfll ) fllcy . for any f € K},
where C(r) = 4Cy(4r)=9C1(3r)?, for any r > 0.
In order to use Lemma 4.1 to prove (4.1) is true for any 0 < s < 1, we give the following declaration:

K& :EO,Ta -K—11 :ELT, Kg:o([ovT]le(()?L))v K%:C([OaT]aH2(0,L))

%
Let T be the solution map of the Eq. (3.1) and denote the solution u of Eq. (3.1) as u = I'(¢, h ). For any
give s € (0,1), let ¢ =2 and 0 = s, then

E; 7.

q — s,

K02,q = C([O,T];HS+I(O,L)), K91

It’s obvious that (4.1) satisfies (ii) of Lemma 4.1 when s = 1 which has already been proved. We need only
to verify the condition (i) of Lemma 4.1. Let u; = I'(¢1, h1) and ug = T'(¢2, he) and v = u; — ug, then v is
the solution of the following equation

{ V¢ — Uiz + Vppe + Vg + (gv)m = Oa ’U(iL’, O) = (rbl(x) - ¢2(.’£), HS [Oa L}, t Z Oa
U(O,t) = hl)l(t) — h271(t), U(L,t) = hl)g(t) — h272(t), Vg (L,t) = h173(t) — hz)g(t),

where & = (uy + u2)/2. Using Lemma 3.2 for the case s = 0, for any 0 < T’ < T, we have

oll, - < C(I(d1, 1) = (82, h2) | x0.2 + 1(€0)all 20,71 (0,1))
< O(I(dr: 1) = (62, ha)llx0.2 + CT" 1€ ko2 10l 5, -

Since

1€l 0,2 < Do(l[(D1; )l 2o x + [[(D2, h2)l o 1)
we choose proper T”, such that 0 < CT"?||¢| k, » < 3, then we have

1

2||(¢1,Hl) — (62, h2) || g -

H’U”KO’T/ S

Since T" only depends on ||{||k, , and ||{||k, , only depends on |[(¢1, i_L‘l)||E01T + ||(¢27E2)||E0,Tv we know
that 7" only depends on ||(¢1, k1)l gy~ + ||(¢2, h2)| By - Using Hahn-Banach extension theorem, we have
the following estimate
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||UHKO,T < AO(H((blai_il)HEo,T + H(¢27}_7:2)HEO,T>||(¢17H1) - (¢27E2)||E0,T’

and the condition (i) in Lemma 4.1 is satisfied. Then, using Lemma 4.1, we know that (4.1) is true for any
0<s<l.
When 1 < s < 2, we let v = u,. According to Eq. (3.1), we have

UVt — Utz + Ve = (UU)m, u(m, 0) = ¢z(x)a S [07 L]a t Z 07
v(0,1) = 01(t),  v(L;t) = g2(t),  va(L,t) = g3(t),

where ¢ = (g1,92,93) = (uz(0,1),uz(L, ), uge (L, t)). Applying Lemma 3.2, for any 1" € (0,T], we have
the following estimate

”'UHKS,LT/ < CH((ba h)”EsT + CT’ZHUHKS—LT”'UHKS,LT/7

where C' is a positive constant independent of 7' and ((b,l_i). We choose some proper 7" such that 0 <
CT'?||ullk,_,» < %, then we have

Iollx,, < 2CN(¢ D)5, -

Since 7" only depends on ||u||x,_, , and according to the result we have proved that (4.1) is true for any

0 < s < 1, we know that 7" only depends on ||(¢, )| g,_, , and we have

oll,-s 7 < Asmr (1 D)2 )N (S D),

So we have the following estimate

— —

lullg.r < CAs—1([(&, D)l oy )@, D) | 2 -
For the case s > 2, estimate (4.1) can be proved using the iteration method. The proof is complete. O
The global well-posedness of Eq. (3.1) follows directly from Proposition 4.1.

Theorem 4.1. For any T > 0, L > 0, s > 0 and (¢, 7) = (¢, h1,ha,hs3) € Eqp, there exists a unique
solution u of Eq. (3.1) with uw € C([0,T], H**1(0, L)).
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