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In this paper, we consider the Korteweg–de Vries–Benjamin Bona Mahony equation 
on a finite domain with initial value and nonhomogeneous boundary conditions. This 
particular problem arises from the phenomenon of long wave with small amplitude 
in fluid. We get the global well-posedness of this system.
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1. Introduction

The Korteweg–de Vries (KdV) equation and the Benjamin Bona Mahony equation (BBM) are two typical 
examples associated with the effects of dissipation, dispersion, nonlinearity and also provide a description 
of the propagation of waves with small amplitude in water or soliton in other liquid medium. The KdV 
equation is described as follows:

ut + uxxx + ux + uux = 0.

The BBM equation is an alternative to the KdV equation [1] which is described as follows:

ut − utxx + ux + uux = 0.

The well-posedness of KdV equation has been tremendously researched, including the whole line, quarter 
plane, periodic domain or finite domain [11,7,3,4,15,12]. There are also some results of the well-posedness 
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of the BBM equation [8,13,16,5,18]. Since the term utxx plays an very important role in BBM equation, 
this leads some difficulties to get the well-posedness of it. L. Rosier and B.Y. Zhang proved the unique 
continuation property for small data in H1(T) of BBM equation in periodic domain [16]. J.L. Bona and 
N. Tzvetkov gave some sharp well-posedness results for the BBM equation in the quarter plane [5], they 
showed that the initial-value problem is globally well posed in Hs if s ≥ 0. M. Francius, E. Pelinovsky and 
A. Slunyaev introduced the wave dynamics of the following equation [10]:

ut − utxx − C1uxxx + C2ux + uux = 0, (1.1)

where C1, C2 ∈ R. Let C1 = 0, C2 = 1, then Eq. (1.1) comes to be BBM equation. In the limit of weakly 
nonlinear long wave, Eq. (1.1) is asymptotically closed to KdV equation (see, for instance [9]). Let C1 = −1, 
C2 = 1, then Eq. (1.1) comes to be the so-called KdV–BBM equation:

ut − utxx + uxxx + ux + uux = 0.

In this paper, we consider the KdV–BBM equation with nonhomogeneous boundary-value conditions de-
scribed as follows:{

ut − utxx + uxxx + ux + uux = 0, u(x, 0) = φ(x), x ∈ [0, L], t ≥ 0,
u(0, t) = h1(t), u(L, t) = h2(t), ux(L, t) = h3(t).

(1.2)

Our aim is to show the well-posedness of the system (1.2) in the space Hs(0, L) when the initial value and 
boundary value are drawn from the product space Hs(0, L) ×Hs1(0, T ) ×Hs2(0, T ) ×Hs3(0, T ), where T
is any positive constant and s1 = s2 = s3 = s − 1 for any s ≥ 1. Throughout this paper, for any s ≥ 0, 
Hs(0, L) denotes the Sobolev space

Hs(0, L) =
{
f : (0, L) → R; ‖f‖Hs(0,L) :=

∥∥(1 − ∂2
x)s/2f

∥∥
L2(0,L) < ∞

}
.

Its dual space is denoted by H−s(0, L). With the definition of Sobolev space, we define the following two 
product spaces:

Xs,T = Hs+1(0, L) ×Hs(0, T ) ×Hs(0, T ) ×Hs(0, T ),

Es,T = Hs+1(0, L) ×Hs+1/2+ε(0, T ) ×Hs+1/2+ε(0, T ) ×Hs+1/2+ε(0, T ),

where s ≥ 0 and ε is any positive constant number. With these definitions, we can give the main results of 
this paper.

Theorem 1.1 (Local well-posedness). For any T > 0, L > 0, s ≥ 0 and (φ, 
−→
h ) = (φ, h1, h2, h3) ∈ Xs,T be 

given, there exists a T ∗ ∈ (0, T ] depending only on ‖(φ, −→h )‖Xs,T
such that there exists a unique solution u

of Eq. (1.2) with u ∈ C([0, T ∗], Hs+1(0, L)).

Theorem 1.2 (Global well-posedness). For any T > 0, L > 0, s ≥ 0 and (φ, 
−→
h ) = (φ, h1, h2, h3) ∈ Es,T be 

given, there exists a unique solution u of Eq. (1.2) with u ∈ C([0, T ], Hs+1(0, L)).

We first present various linear estimates of the linearized KdV–BBM equation associated to Eq. (1.2) in 
Section 2. With the help of these estimates, we discuss the nonlinear problem of KdV–BBM equation (1.2)
and give its local well-posedness in section 3. The global well-posedness is presented in section 4.
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2. Linear estimates

In this section, we will discuss the following linearized system associated to Eq. (1.2),{
ut − utxx + uxxx + ux = f, u(x, 0) = φ(x), x ∈ [0, L], t ≥ 0,
u(0, t) = h1(t), u(L, t) = h2(t), ux(L, t) = h3(t).

(2.1)

We first consider the linear problem only with initial value φ(x) as follows:{
ut − utxx + uxxx + ux = 0, u(x, 0) = φ(x), x ∈ [0, L], t ≥ 0,
u(0, t) = 0, u(L, t) = 0, ux(L, t) = 0.

(2.2)

The linear operator of Eq. (2.2) in the space L2(0, L) is described as follows

A = −(1 − ∂2
x)−1(∂3

x + ∂x).

Multiply both sides of Eq. (2.2) by u and integrate over (0, L) with respect to x. This leads to the following 
estimate:

d

dt

[ L∫
0

(u2 + u2
x)dx

]
= −u2

x(0, t) ≤ 0. (2.3)

Since the solution u of Eq. (2.2) can be written in the form u(x, t) = W0(t)φ(x), where W0(t) is the 
semigroup generated by the infinitesimal generator A [14]. According to (2.3), we know that the semigroup 
W0(t) is a C0-semigroup in the space H1(0, L) and

‖W0(t)‖H1(0,L) ≤ 1, ‖u(·, t)‖H1(0,L) ≤ ‖φ‖H1(0,L).

So, we have the following proposition.

Proposition 2.1. For any φ ∈ H1(0, L), the solution u(x, t) = W0(t)φ(x) of Eq. (2.2) satisfies

‖u(·, t)‖2
H1(0,L) +

t∫
0

u2
x(0, τ)dτ = ‖φ‖2

H1(0,L),

and ‖W0(t)‖H1(0,L) ≤ 1.

In order to make it convenient to get the estimate of f , we write Eq. (2.1) in the following form and let 
φ = 0 and 

−→
h = (0, 0, 0). {

ut = Au + f̃ , u(x, 0) = 0, x ∈ [0, L], t ≥ 0,
u(0, t) = 0, u(L, t) = 0, ux(L, t) = 0,

(2.4)

where f̃ = (1 − ∂2
x)−1f .

Proposition 2.2. For any f ∈ L1(0, t; H−1(0, L)), the solution u of Eq. (2.4) satisfies

‖u(·, t)‖H1(0,L) ≤ C‖f‖L1(0,t;H−1(0,L)).
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Proof. Since the mild solution u of Eq. (2.4) has the form

u(x, t) =
t∫

0

W0(t− τ)f̃(x, τ)dτ.

Using the generalized Minkowski’s inequality, we have

‖u(·, t)‖H1(0,L) = ‖
t∫

0

W0(t− τ)f̃(x, τ)dτ‖H1(0,L)

≤
( L∫

0

∣∣ t∫
0

W0(t− τ)f̃(x, τ)dτ
∣∣2dx)1/2 +

( L∫
0

∣∣ t∫
0

W0(t− τ)f̃x(x, τ)dτ
∣∣2dx)1/2

≤
t∫

0

( L∫
0

|W0(t− τ)f̃(x, τ)|2dx
)1/2

dτ +
t∫

0

( L∫
0

|W0(t− τ)f̃x(x, τ)|2dx
)1/2

dτ

≤ 2
t∫

0

∥∥W0(t− τ)f̃(·, τ)
∥∥
H1(0,L)dτ

≤ 2
t∫

0

‖f̃‖H1(0,L)dτ

= 2‖f̃‖L1(0,t;H1(0,L)).

Since f̃ = (1 − ∂2
x)−1f and according to the definition of Sobolev space, we have

‖u(·, t)‖H1(0,L) ≤ C‖f‖L1(0,t;H−1(0,L)). �
Next, we consider the nonhomogeneous boundary-value linear problem{

ut − utxx + uxxx + ux = 0, u(x, 0) = 0, x ∈ [0, L], t ≥ 0,
u(0, t) = h1(t), u(L, t) = h2(t), ux(L, t) = h3(t).

(2.5)

We use the method of Laplace transform on the time t and get the explicit solution of Eq. (2.5). After 
taking Lapace transform on Eq. (2.5), we have{

sû(x, s) − sûxx(x, s) + ûxxx(x, s) + ûx(x, s) = 0, u(x, 0) = φ(x), x ∈ [0, L],
û(0, s) = ĥ1(s), u(L, t) = ĥ2(s), ux(L, t) = ĥ3(s),

(2.6)

where

û(x, s) =
+∞∫
0

e−stu(x, t)dt

and

ĥj(s) =
+∞∫
0

e−sthj(t)dt, j = 1, 2, 3.



JID:YJMAA AID:21163 /FLA Doctopic: Partial Differential Equations [m3L; v1.204; Prn:1/03/2017; 11:18] P.5 (1-23)
J. Li, K. Liu / J. Math. Anal. Appl. ••• (••••) •••–••• 5
The solution û(x, s) of Eq. (2.13) can be written in the following form:

û(x, s) =
3∑

j=1
Cj(s)eλj(s)x,

where λj(s), j = 1, 2, 3, are the three solutions of the following characteristic equation

s− sλ2 + λ3 + λ = 0, (2.7)

and Cj(s), j = 1, 2, 3, solve the following equations,⎧⎪⎪⎨⎪⎪⎩
C1(s) + C2(s) + C1(s) = ĥ1(s),
C1(s)eλ1(s) + C2(s)eλ2(s) + C3(s)eλ3(s) = ĥ2(s),
C1(s)λ1(s)eλ1(s) + C2(s)λ2(s)eλ2(s) + C3(s)λ3(s)eλ3(s) = ĥ3(s).

(2.8)

Let λ1 = iρ be one of the three roots of λ in Eq. (2.7). Then we have

s = i(ρ3 − ρ)
ρ2 + 1 ,

and the other two roots of λ:

λ2 =
√
ρ4 − ρ2 − 1 − iρ

ρ2 + 1 , λ3 = −
√

ρ4 − ρ2 − 1 − iρ

ρ2 + 1 .

Solving Eq. (2.8) with Cramer’s rule, we can get Cj(s), j = 1, 2, 3 as follows:

Cj = Δj(s)
Δ(s) , j = 1, 2, 3,

where Δ(s) is the determinant of the coefficient matrix of Eq. (2.8) and Δj(s) the determinants of the 
matrices that are obtained by replacing the ith-column of Δ(s) by the column vector (ĥ1(s), ̂h2(s), ̂h3(s)), 
j = 1, 2, 3. Taking inverse Laplace transform of û, we have:

u(x, t) = 1
2πi

δ+i∞∫
δ−i∞

estû(x, s)ds =
3∑

j=1

1
2πi

δ+i∞∫
δ−i∞

est
Δj(s)
Δ(s) eλj(s)xds

for any δ > 0. We can also write the solution u1 of Eq. (2.5) with h2 = h3 = 0 as follows:

u1(x, t) =
3∑

j=1

1
2πi

δ+i∞∫
δ−i∞

est
Δj,1(s)
Δ(s) eλj(s)xĥ1(s)ds ≡ W1(t)h1, (2.9)

where Δj,1(s) is obtained from Δj(s) with ĥ1(s) = 1, ĥ2(s) = ĥ2(s) = 0. With the same method we can get 
u2(x, t) and u3(x, t) with h1(t) ≡ h3(t) ≡ 0 and h1(t) ≡ h2(t) ≡ 0 respectively. So we can write uk(x, t) in 
the general form:

uk(x, t) =
3∑

j=1

1
2πi

δ+i∞∫
est

Δj,k(s)
Δ(s) eλj(s)xĥk(s)ds ≡ Wk(t)hk, (2.10)
δ−i∞
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for k = 1, 2, 3. Because the right-hand side of Eq. (2.10) is continuous with δ for any δ ≥ 0 and the left 
hand-side of Eq. (2.10) does not depend on δ, we can take δ = 0 and change Eq. (2.10) to the following 
form:

uk(x, t) =
3∑

j=1

1
2πi

+i∞∫
0

est
Δj,k(s)
Δ(s) eλj(s)xĥk(s)ds +

3∑
j=1

1
2πi

0∫
−i∞

est
Δj,k(s)
Δ(s) eλj(s)xĥk(s)ds

≡ Ik(x, t) + II k(x, t),

for k = 1, 2, 3. Since we have let s = s(ρ) = i(ρ3 − ρ)/(ρ2 + 1), we can write Ik(x, t) and II k(x, t) in the 
following equivalent forms:

Ik(x, t) =
3∑

j=1

1
2πi

+∞∫
1

es(ρ)teλ
+
j (ρ)xΔ+

j,k(ρ)
Δ+(ρ)

∂s(ρ)
∂ρ

ĥ+
k (ρ)dρ

and

II k(x, t) =
3∑

j=1

1
2πi

+∞∫
1

e−s(ρ)teλ
−
j (ρ)xΔ−

j,k(ρ)
Δ−(ρ)

∂s(ρ)
∂ρ

ĥ−
k (ρ)dρ

where ĥ+
k (ρ) = ĥk(s(ρ)), Δ+(ρ), Δ+

j,k(ρ), λ
+
j (ρ) are obtained from Δ(s), Δj,k(s), λj(s) by replacing s

with s(ρ), for j, k = 1, 2, 3, respectively. We also point out that Δ−(ρ) = Δ+(ρ) and Δ−
j,k(ρ) = Δ+

j,k(ρ) for 

j, k = 1, 2, 3, and ĥ−
k (ρ) = ĥ+

k (ρ).
The following two lemmas will play a very important role in proving the estimate about the boundary-

value hj , j = 1, 2, 3.

Lemma 2.1. Let Kf be the function defined by

Kf(x) =
+∞∫
0

eγ(ν)xf(ν)dν, for any f ∈ L2(0,+∞),

where γ(ν) is a continuous complex-valued function defined on (0, +∞) and satisfies the following conditions:

(i) There exist δ > 0 and b > 0 such that

Inf
0<ν<δ

‖Reγ(ν)‖
ν

≥ b , and Reγ(ν) > 0 ;

(ii) There exists a complex number α + iβ such that

lim
ν→+∞

γ(ν)
ν

= α + iβ.

Then there exists a constant C such that for all f ∈ L2(0, +∞),

‖Kf‖L2(0,1) ≤ C(‖eReγ(·)f(·)‖L2(0,+∞) + ‖f(·)‖L2(0,+∞)).
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Proof. Using Hölder inequality, we have

‖Kf‖2
L2(0,1) ≤

1∫
0

( +∞∫
0

eRe(γ(ν))x | f(ν) | dν
)2

dx

=
1∫

0

+∞∫
0

eRe(γ(ν))x | f(ν) | dν
+∞∫
0

eRe(γ(ξ))x | f(ξ) | dξdx

=
+∞∫
0

+∞∫
0

( 1∫
0

eRe(γ(ν)+γ(ξ))xdx

)
| f(ν) || f(ξ) | dνdξ

≤
+∞∫
0

+∞∫
0

(eRe(γ(ν)+γ(ξ)) + 1)
Re(γ(ν) + γ(ξ)) | f(ν) || f(ξ) | dνdξ

≤
∥∥∥∥

+∞∫
0

eReγ(ν) | f(ν) |
| Re(γ(ν) + γ(ξ)) |dν

∥∥∥∥
L2(0,+∞)

‖eReγ(·)f(·)‖L2(0,+∞)

+
∥∥∥∥

+∞∫
0

| f(ν) |
| Re(γ(ν) + γ(ξ)) |dν

∥∥∥∥
L2(0,+∞)

‖f(·)‖L2(0,+∞).

Observe that

‖eReγ(μξ)f(μξ)‖L2(0,∞) ≤
1
√
μ
‖eReγ(·)f(·)‖L2(0,+∞), for any μ ∈ (0,+∞)

and under the condition (i), we have

ξ

| Re(γ(μξ) + γ(ξ)) | ≤
C

ξ + 1 , for any ξ ∈ (0,+∞).

Using the generalized Minkowski’s inequality, we have

∥∥∥∥
+∞∫
0

eReγ(ν) | f(ν) |
Re(γ(ν) + γ(ξ))dν

∥∥∥∥
L2(0,+∞)

=
∥∥∥∥

+∞∫
0

eReγ(μξ) | f(μξ) | ξdμ
Re(γ(μξ) + γ(ξ))

∥∥∥∥
L2(0,+∞)

≤
+∞∫
0

∥∥∥∥eReγ(μξ) | f(μξ) | ξdμ
Re(γ(μξ) + γ(ξ))

∥∥∥∥
L2(0,+∞)

dμ

≤ C

+∞∫
0

1
√
μ(1 + μ)dμ‖e

Reγ(·)f(·)‖L2(0,+∞)

≤ C‖eReγ(·)f(·)‖L2(0,+∞)

for some constant C > 0. Using the same argument, we can also have the following inequality

∥∥∥∥
+∞∫
0

| f(ν) |
Re(γ(ν) + γ(ξ))dν

∥∥∥∥
L2(0,+∞)

≤ C‖f(·)‖L2(0,+∞).

So, we complete the proof. �
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Using Lemma 2.1, we can directly have the following Lemma 2.2.

Lemma 2.2. Fixed a > 0. Define function Gf as follows

Gf(x) =
a∫

0

eiγ(μ)xf(μ)dμ, for any f ∈ L2(0, a),

where γ(·) is a continuous and real-valued function defined on the interval [0, a] which is also C1 on (0, a). 
γ(μ) also satisfies the condition that: there exists a constant C1 such that

1
| γ′(μ) | ≤ C1, for any 0 < μ < a.

Then there exists a constant C2 such that the following inequality holds

‖Gf‖L2(0,a) ≤ C2‖f‖L2(0,a)

With the help of Lemma 2.1 and Lemma 2.2, we can discuss the regularity of the solution uk of Eq. (2.5)
with hi ≡ 0, i ∈ {1, 2, 3}\{k}, for k = 1, 2, 3.

Proposition 2.3. There exists a constant C such that

‖u1‖C(R+;H1(0,L)) ≤ C‖h1‖L2(R+), sup
x∈[0,L]

‖∂xu1(x, ·)‖L2(R+) ≤ C‖h1‖L2(R+), (2.11)

for all h1(t) ∈ L2(R+); and also

sup
x∈[0,L]

‖∂xxu1(x, ·)‖L2(R+) ≤ ‖h1‖H1(R+), (2.12)

for all h1(t) ∈ H1(R+).

Proof. We first give the explicit estimate of λ+
j (ρ), Δ+(ρ), and 

Δ+
j,1(ρ)

Δ+(ρ) , j = 1, 2, 3. We write Δ+(ρ) in 
another form

Δ+(ρ) = A1 + A2 + A3,

where

A1 = Δ+
1,1(ρ) = (λ+

3 (ρ) − λ+
2 (ρ))eλ

+
2 (ρ)+λ+

3 (ρ),

A2 = Δ+
2,1(ρ) = (λ+

1 (ρ) − λ+
3 (ρ))eλ

+
1 (ρ)+λ+

3 (ρ),

A3 = Δ+
3,1(ρ) = (λ+

2 (ρ) − λ+
1 (ρ))eλ

+
1 (ρ)+λ+

2 (ρ).

With easy calculation, we have the following estimates

Δ+
1,1(ρ)

Δ+(ρ) ∼ 1
ρ
,

Δ+
2,1(ρ)

Δ+(ρ) ∼ 1,
Δ+

3,1(ρ)
Δ+(ρ) ∼ 1,

as ρ → +∞. According to Lemma 2.1, Lemma 2.2, we know that there exists a constant C such that
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‖I1(·, t)‖2
L2(0,1) ≤

3∑
j=1

+∞∫
1

∣∣∣∣Δ+
j,1(ρ)

Δ+(ρ)

∣∣∣∣2(eReλ+
j (ρ) + 1

)2∣∣∣∣ĥ1
+

(ρ)∂s(ρ)
∂ρ

∣∣∣∣2dρ.
Since ∂s(ρ)∂ρ = ρ4+4ρ2+ρ−1

(ρ2+1)2 ∼ 1 as ρ → +∞, we have

‖I1(·, t)‖2
L2(0,L) ≤ C

+∞∫
1

|ĥ1
+

(ρ)|2dρ.

Let ξi = s(ρ)i, we have ρ ∼ ξ and dξ ∼ dρ as ρ → +∞. So, we have the following estimate:

‖I1(·, t)‖2
L2(0,L) ≤ C

∞∫
0

|ĥ1
+

(ρ)|2dξ

≤ C

∞∫
0

|ĥ1(ξ)|2dξ

≤ C‖h1‖2
L2(R+).

With the same method, we also have

‖∂xI1(·, t)‖L2(0,L) ≤ C‖h1‖L2(R+),

‖II 1(·, t)‖L2(0,L) ≤ C‖h1‖L2(R+),

‖∂xII 1(·, t)‖L2(0,L) ≤ C‖h1‖L2(R+).

So we get

‖u1‖C(R+;H1(0,L)) ≤ C‖h1‖L2(R+).

Now, we shall discuss the regularity of I1(x, t) on the interval [0, L].

∂xI1(x, t) =
3∑

j=1

1
2π

+∞∫
1

eis(ρ)tλ+
j (ρ)eλ

+
j (ρ)xΔ+

j,1(ρ)
Δ+(ρ) s

′(ρ)ĥ1
+
(ρ)dρ

=
3∑

j=1

1
2π

+∞∫
0

eiωtλ+
j (θ(ω))eλ

+
j (θ(ω))xΔ+

j,1(θ(ω))
Δ+(θ(ω)) ĥ1(iω)dω,

where θ(ω) is the solution of the equation ω = s(ρ), for ρ ≥ 1. Using Plancherel theorem on t, we have

‖∂xI1(x, ·)‖2
L2(0,+∞) ≤ C

3∑
j=1

+∞∫
0

∣∣∣∣λ+
j (θ(ω))eλ

+
j (θ(ω))xΔ+

j,1(θ(ω))
Δ+(θ(ω))

∣∣∣∣2|ĥ1(iω)|2dω

≤ C

3∑
j=1

+∞∫
0

|λ+
j (θ(ω))|2

(
sup

0≤x≤1
|eλ

+
j (θ(ω))x|2

)∣∣∣∣Δ+
j,1(θ(ω))

Δ+(θ(ω))

∣∣∣∣2|ĥ1(iω)|2dω.

Using the estimates of λ+
j (ρ), Δ+

j,1(ρ)
+ , j = 1, 2, 3, we have the following inequality
Δ (ρ)
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‖∂xI1(x, ·)‖2
L2(0,+∞) ≤ C

3∑
j=1

+∞∫
0

|ĥ1(iω)|2dω

≤ C‖h1‖2
L2(0,+∞)

Using the same strategy, we can also get the following estimate

‖I1(x, ·)‖L2(0,+∞) ≤ C‖h1‖L2(0,+∞),

and

‖∂xII 1(x, ·)‖L2(0,+∞) ≤ C‖h1‖L2(0,+∞),

‖II 1(x, ·)‖L2(0,+∞) ≤ C‖h1‖L2(0,+∞).

Clearly,

∂xI1(x, t) − ∂xI1(x0, t)

=
3∑

j=1

1
2π

+∞∫
0

eiωtλ+
j (θ(ω))(eλ

+
j (θ(ω))x − eλ

+
j (θ(ω))x0)

Δ+
j,1(θ(ω))

Δ+(θ(ω)) ĥ1(iω)dω.

Observe that

‖∂xI1(x, t) − ∂xI1(x0, t)‖2
L2(0.+∞)

≤
3∑

j=1

1
2π

+∞∫
0

∣∣∣∣λ+
j (θ(ω))(eλ

+
j (θ(ω))x − eλ

+
j (θ(ω))x0)

∣∣∣∣2∣∣∣∣Δ+
j,1(θ(ω))

Δ+(θ(ω))

∣∣∣∣2dω
≤ C||h1||2L2(0,+∞).

Using Fatou’s lemma, we have

lim
x→0

‖∂xI1(x, t) − ∂xI1(x0, t)‖2
L2(0.+∞)

≤
3∑

j=1

1
2π

+∞∫
0

∣∣∣∣λ+
j (θ(ω)) lim

x→0
(eλ

+
j (θ(ω))x − eλ

+
j (θ(ω))x0)

∣∣∣∣2∣∣∣∣Δ+
j,1(θ(ω))

Δ+(θ(ω))

∣∣∣∣2dω
= 0.

So we have proved ∂xI1(x, ·) ∈ Cb([0, 1]; L2(0, +∞)) with

sup
x∈[0,1]

‖∂xI1(x, ·)‖L2(0,+∞) ≤ C‖h1‖L2(0,+∞)

for all h1 ∈ L2(0, +∞). Using the same method, we can also get the following estimate

I1(x, ·) ∈ Cb([0, 1];L2(0,+∞)),

with

sup
x∈[0,1]

‖I1(x, ·)‖L2(0,+∞) ≤ C‖h1‖L2(0,+∞).
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It’s obvious that II 1 has the same property as I1. So we have proved (2.11). Similarly, we can also get (2.12). 
The proof is complete. �

Since the processes of getting the regularities of u2 and u3 are similar to that presented in the proof of 
Proposition 2.3, we only give the results in the following proposition and omit the proof.

Proposition 2.4. There exists a constant C such that

‖u2‖C(R+;H1(0,L)) ≤ C‖h2‖L2(R+), sup
x∈[0,L]

‖∂xu2(x, ·)‖L2(R+) ≤ C‖h2‖L2(R+),

‖u3‖C(R+;H1(0,L)) ≤ C‖h3‖L2(R+), sup
x∈[0,L]

‖∂xu3(x, ·)‖L2(R+) ≤ C‖h3‖L2(R+),

for all h2(t) ∈ L2(R+), h3(t) ∈ L2(R+); and also

sup
x∈[0,L]

‖∂xxu2(x, ·)‖L2(R+) ≤ C‖h2‖H1(R+), sup
x∈[0,L]

‖∂xxu3(x, ·)‖L2(R+) ≤ C‖h3‖H1(R+),

for all h2(t) ∈ H1(R+), h3(t) ∈ H1(R+).

We can write the solution of Eq. (2.5) in the following abstract form

u(t) =
3∑

j=1
Wj(t)hj , (2.13)

where Wj is defined in (2.10). Let’s define a new product space

Hs,T = Hs(0, T ) ×Hs(0, T ) ×Hs(0, T ),

for s ≥ 0 and T > 0, and the norm of 
→
h(t) = (h1, h2, h3) in the space Hs,T as follows

‖
→
h‖Hs,T

≡ (‖h1‖2
Hs(0,T ) + ‖h2‖2

Hs(0,T ) + ‖h3‖2
Hs(0,T ))

1
2 .

Using the estimates we have got in Proposition 2.3, Proposition 2.4, we have the following theorem directly.

Theorem 2.1. There exists a unique solution u(x, t) of Eq. (2.5) with

u(x, t) ∈ Cb(0,+∞;H1(0, L)), ux ∈ Cb([0, L];L2(0,+∞)) and uxx ∈ Cb([0, L];H1(0,+∞)).

Moreover there exists a constant C, such that

‖u‖C(0,+∞;H1(0,L)) ≤ C‖
→
h‖H0,+∞ , for any

→
h ∈ H0,+∞;

sup
x∈[0,L]

‖ux(x, ·)‖L2(0,+∞) ≤ C‖
→
h‖H0,+∞ , for any

→
h ∈ H0,+∞;

sup
x∈[0,L]

‖uxx(x, ·)‖H1(0,+∞) ≤ C‖
→
h‖H1,+∞ , for any

→
h ∈ H1,+∞.

Now, let’s discuss the Kato-smoothing property of Eq. (2.2). Let φ∗ be the zero extension of φ, namely 
φ∗ = φ on (0, L) and φ∗ = 0 on R \ (0, L). Then, we have
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ṽ(x, t) = W̃ (t)φ∗,

where the semigroup W̃ (t) is generated by the linear operator Ã, which is defined by

Ãf = −(1 − ∂2
x)−1(∂3

x + ∂x)f, for f ∈ D(Ã) = H1(R).

We also assume that vb is the solution of the following problem⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
vt − vtxx + vxxx + vx = 0, v(x, 0) = 0, for x ∈ [0, L], t ≥ 0,
v(0, t) = ṽ(0, t) = ξ1(t),
v(L, t) = ṽ(L, t) = ξ2(t),
vx(L, t) = ṽx(L, t) = ξ3(t).

(2.14)

As what we did in (2.10), we have vb = Wb(t)
→
ξ and the following result.

Proposition 2.5. We can write the solution of Eq. (2.1) in another form:

u(x, t) = W0(t)φ = W̃ (t)φ∗ −Wb(t)
→
ξ ,

for any φ ∈ L2(0, L), where φ∗ and 
→
ξ = (ξ1, ξ2, ξ3) are defined as above.

In order to have more precise estimates of the solution u(t) of Eq. (2.1), the following Lemma will be 
used.

Lemma 2.3. There exists a constant C, such that for any φ∗ ∈ H1(R), the solution ṽ(x, t) = W̃ (t)φ∗ satisfies 
the following estimate

sup
x∈R

‖∂xṽ(x, ·)‖L2(0,+∞) ≤ C‖φ∗‖H1(R), (2.15)

and also

sup
x∈R

‖∂xxṽ(x, ·)‖L2(0,+∞) ≤ C‖φ∗‖H2(R), for any φ∗ ∈ H2(R). (2.16)

Proof. We first solute the following linear equation

ṽt − ṽtxx + ṽx + ṽxxx = 0, ṽ(x, 0) = φ∗(x), (2.17)

where x ∈ (−∞, +∞), t ≥ 0. Using Fourier transform on x, we can have the solution of the Eq. (2.17) as 
follows

ṽ(x, t) = K(x, t) ∗ φ∗(x), where F[K(x, t)] = K̂(ξ, t) = e
i(ξ3−ξ)
ξ2+1 t

,

and

F[∂xṽ(x, t)] = iξ ˆ̃v(ξ, t)

= iξφ̂∗(ξ) · e
i(ξ3−ξ)
ξ2+1 t

.

Then, we have the following estimate
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+∞∫
−∞

|∂xṽ(x, t)|2dt =
+∞∫

−∞

∣∣∣∣
+∞∫

−∞

eixξiξ ˆ̃v(ξ, t)dξ
∣∣∣∣2dt

=
+∞∫

−∞

∣∣∣∣
+∞∫

−∞

iξe
i(ξ3−ξ)
ξ2+1 t

eixξφ̂∗(ξ)dξ
∣∣∣∣2dt.

Let ξ = ψ(η), where ξ is the solution of the equation i(ξ
3−ξ)

ξ2+1 = η. We have the following estimate,

+∞∫
−∞

∣∣∣∣
+∞∫

−∞

iξe
i(ξ3−ξ)
ξ2+1 t

eixξφ̂∗(ξ)dξ
∣∣∣∣2dt =

+∞∫
−∞

∣∣∣∣
+∞∫

−∞

iψ(η)eiηteixψ(η)φ̂(ψ(η))ψ′(η)dη
∣∣∣∣2dt

=
+∞∫

−∞

∣∣∣∣F−1[iψ(η)eixψ(η)φ̂(ψ(η))ψ′(η)](t)
∣∣2dt

=
+∞∫

−∞

∣∣iψ(η)eixψ(η)φ̂(ψ(η))ψ′(η)
∣∣2dt

≤
+∞∫

−∞

|ψ(η)|2|φ̂(ψ(η))|2|ψ′(η)|2dη

≤ C

+∞∫
−∞

(1 + η2)|φ̂(η)|2dη

= C‖φ‖2
H1(R).

Using Fatou’s lemma and the similar process in the proof of Proposition 2.3, we can have the continuity 
of ∂xṽ(x, t) on x. So we proved (2.15). With the same method, we can also prove (2.16) and we omit the 
details. �

The following estimate follows from Theorem 2.1, Proposition 2.5 and Lemma 2.3.

Proposition 2.6. The solution u(x, t) of Eq. (2.2) satisfies the following properties

ux ∈ Cb,x([0, L];H1
t (0,+∞)), for any φ(x) ∈ H1(0, L);

uxx ∈ Cb,x([0, L];H2
t (0,+∞)), for any φ(x) ∈ H2(0, L);

moreover, there exists a constant C such that

sup
x∈[0,L]

‖ux(x, ·)‖L2(0,+∞) ≤ C‖φ‖H1(0,L),

sup
x∈[0,L]

‖uxx(x, ·)‖L2(0,+∞) ≤ C‖φ‖H2(0,L).

The following results reveal the regularity of the solution u of Eq. (2.1) concerned with the non-
homogeneous term f .

Proposition 2.7. Let T > 0 be given and φ = h1 = h2 = h3 = 0 in Eq. (2.1), the solution u of Eq. (2.1) has 
the following regularities:
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sup
x∈[0,L]

‖ux(x, ·)‖L2(0,T ) ≤ C‖f‖L1(0,T ;H−1(0,L)), for any f ∈ L1(0, T ;H−1(0, L));

sup
x∈[0,L]

‖uxx(x, ·)‖L2(0,T ) ≤ C‖f‖L1(0,T ;L2(0,L)), for any f ∈ L1(0, T ;L2(0, L).

Proof. It’s equivalent to discuss the property of solution u of Eq. (2.4) with f̃ = (1 −∂2
x)−1f . With semigroup 

theory, we can write the solution u of Eq. (2.4) in the following form:

u(x, t) =
t∫

0

W0(t− τ)f̃(x, τ)dτ.

We have

ux(x, t) =
t∫

0

∂x[W0(t− τ)f̃(x, τ)]dτ.

Using the generalized Minkowski’s inequality, we have

‖ux(·, t)‖L2(0,T ) =
[ T∫

0

∣∣ T∫
0

∂x[W0(t− τ)f̃ ](τ)dτ
∣∣2dt]1/2

≤
T∫

0

( T∫
0

|∂x[W0(t− τ)f̃ ]|2dt
)1/2

dτ.

For

sup
x∈[0,L]

‖u(x, t)‖H1(R+) ≤ C‖φ‖H1(0,L),

we have

sup
x∈[0,L]

‖ux(x, t)‖L2(0,T ) ≤
T∫

0

sup
x∈[0,L]

( T∫
0

|∂x[W0(t− τ)f̃ ]|2dt
)1/2

dτ

≤ C

T∫
0

‖f̃(·, t)‖H1(0,L)dτ

= C‖f̃‖L1(0,T ;H1(0,L)),

for any f̃ ∈ L1(0, T ; H1(0, L)). Since f̃ = (1 − ∂2
x)−1f and according to the definition of Sobolev space, we 

have

sup
x∈[0,L]

‖u(x, t)‖L2(0,T ) ≤ C‖f‖L1(0,T ;H−1(0,L)),

for any f ∈ L1(0, T ; H−1(0, L)). With the same strategy, we also have

sup
x∈[0,L]

‖uxx(x, ·)‖L2
t (0,T ) ≤ C‖f‖L1(0,T ;L2(0,L)),

for any f ∈ L1(0, T ; L2(0, L)). The proof is complete. �
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3. Local well-posedness

In this section, we will discuss the following full nonlinear IBVP problem{
ut − utxx + uxxx + ux + uux = 0, u(x, 0) = φ(x), x ∈ [0, L], t ≥ 0,
u(0, t) = h1(t), u(L, t) = h2(t), ux(L, t) = h3(t).

(3.1)

For convenience, we give the following declaration. For any given T > 0, L > 0 and s ≥ 0, we denote

Ks,T := C(0, T ;Hs+1(0, L)), with ‖u‖Ks,T
= ‖u‖C(0,T ;Hs+1(0,L)), for any u ∈ Ks,T .

The space Ks,T has the following very useful property.

Lemma 3.1. Let s ≥ 0 be given. There exists a positive constant C, such that for any u, v ∈ Ks,T ,

T∫
0

‖(1 − ∂2
x)−1∂x(uv)‖Hs+1(0,L)dt ≤ CT 2‖u‖Ks,T

‖v‖Ks,T
. (3.2)

Proof. For the definition of Sobolev space, we have

‖(1 − ∂2
x)−1∂x(u(·, t)v(·, t))‖Hs+1(0,L) ≤ ‖u(·, t)v(·, t)‖Hs(0,L),

for any s ≥ 0. When s = 0, using Gagliardo–Nirenberg interpolation inequality [6], we have

‖u(·, t)v(·, t)‖L2(0,L) ≤ ‖u(·, t)‖L∞(0,L)‖v(·, t)‖L2(0,L)

≤ C(‖u(·, t)‖L2(0,L) + ‖u(·, t)‖1/2
L2(0,L)‖ux(·, t)‖1/2

L2(0,L))‖v(·, t)‖L2(0,L)

≤ C‖u(·, t)‖H1(0,L)‖v(·, t)‖H1(0,L).

So we have

T∫
0

‖(1 − ∂2
x)−1∂x(u(·, t)v(·, t))‖H1(0,L)dt ≤ CT 2‖u‖K0,T ‖u‖K0,T .

When s = 1, because

‖u(·, t)v(·, t)‖H1(0,L) ≤ 2
(
‖u(·, t)v(·, t)‖L2(0,L) + ‖∂x(u(·, t)v(·, t))‖L2(0,L)

)
,

and

‖u(·, t)vx(·, t)‖L2(0,L) ≤ C(‖u(·, t)‖L2(0,L) + ‖u(·, t)‖1/2
L2(0,L)‖ux(·, t)‖1/2

L2(0,L))‖vx‖L2(0,L)

≤ C(‖u(·, t)‖L2(0,L) + ‖ux(·, t)‖L2(0,L))‖vx‖L2(0,L)

≤ C‖u(·, t)‖H1(0,L)‖v(·, t)‖H1(0,L),

and also

‖ux(·, t)v(·, t)‖L2(0,L) ≤ C‖u(·, t)‖H1(0,L)‖v(·, t)‖H1(0,L).

So, we have
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T∫
0

‖(1 − ∂2
x)−1∂x(u(·, t)v(·, t))‖H2(0,L)dt ≤ CT 2‖u‖K0,T ‖u‖K0,T

≤ CT 2‖u‖K1,T ‖u‖K1,T .

Estimate (3.2) with case 0 < s < 1 follows form the nonlinear interpolation theory developed by Bona and 
Scott [2]. The proof for the case s > 1 is similar, so we omit the details. The proof is complete. �

For the following forced linear system{
ut − utxx + uxxx + ux = f, u(x, 0) = φ(x), x ∈ [0, L], t ≥ 0,
u(0, t) = h1(t), u(L, t) = h2(t), ux(L, t) = h3(t),

(3.3)

using the linear estimates we have got in Section 2, we know that for any (φ, �h) ∈ X0,T and f ∈
L1(0, T ; H−1(0, L)), we have the following estimate of the solution u of Eq. (3.3)

‖u‖K0,T ≤ C(‖(φ,�h)‖X0,T + ‖f‖L1(0,T ;H−1(0,L))), (3.4)

where C is a positive constant independent of (φ, �h) ∈ X0,T and f . We can also have the estimate of the 
solution u of Eq. (3.3) in the space Ks,T for the any s ≥ 0.

Lemma 3.2. Let T > 0, L > 0, s ≥ 0, f ∈ L1(0, T ; Hs−1(0, L)) and (φ, �h) ∈ Xs,T be given, Eq. (3.3) admits 
a unique solution u ∈ Ks,T with

‖u‖Ks,T
≤ C(‖(φ,�h)‖Xs,T

+ ‖f‖L1(0,T ;Hs−1(0,L))), (3.5)

where C is a positive constant independent of (φ, �h) ∈ Xs,T and f .

Proof. We first consider the case s = 1. According to Eq. (3.3), let v = ux then we have{
vt − vtxx + vxxx + vx = fx, v(x, 0) = φx(x), x ∈ [0, L], t ≥ 0,
v(0, t) = g1(t), v(L, t) = g2(t), vx(L, t) = g3(t),

(3.6)

where

g1(t) = ux(0, t), g2(t) = ux(L, t) and g3(t) = uxx(L, t),

and we denote 
−−→
g(t) = (g1(t), g2(t), g3(t)). Using (3.4), we directly have

‖v‖K0,T ≤ C(‖(φx, �g)‖X0,T + ‖fx‖L1(0,T ;H−1(0,L))). (3.7)

According to Prop. 2.3, Prop. 2.4, Prop. 2.6 and Prop. 2.7, we have

‖g1(t)‖L2(0,L) ≤ C(‖φ‖H1(0,L) + ‖h1‖L2(0,T ) + ‖h2‖L2(0,T ) + ‖h3‖L2(0,T ) + ‖f‖L1(0,T ;H−1(0,L))),

‖g2(t)‖L2(0,L) ≤ C(‖φ‖H1(0,L) + ‖h1‖L2(0,T ) + ‖h2‖L2(0,T ) + ‖h3‖L2(0,T ) + ‖f‖L1(0,T ;H−1(0,L))),

‖g3(t)‖L2(0,L) ≤ C(‖φ‖H2(0,L) + ‖h1‖H1(0,T ) + ‖h2‖H1(0,T ) + ‖h3‖H1(0,T ) + ‖f‖L1(0,T ;L2(0,L))).

With (3.7) and ‖u‖K1,T ≤ 2(‖u‖K0,T + ‖ux‖K0,T ), we get
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‖u‖K1,T ≤ C(‖(φ,�h)‖X1,T + ‖f‖L1(0,T ;L2(0,L))).

Since (3.3) has shown the result of the case s = 0, we can get the results of case of 0 < s < 1 with interpo-
lation. We can also use the iteration method to prove (3.5) for the case s > 1. The proof is complete. �

The following theorem shows the local well-posedness result for Eq. (3.1) in Ks,T for any s ≥ 0.

Theorem 3.1. Let T > 0, L > 0 and s ≥ 0 be given, for any (φ, �h) ∈ Xs,T , there exists a T ∗ ∈ (0, T ]
depending only on ‖(φ, �h)‖Xs,T

and a unique solution u ∈ Ks,T∗ of Eq. (3.1). Moreover, for any T ′ < T ∗, 
there exists a neighbourhood B(0, r) in Xs,T such that there exists a unique solution u of Eq. (3.1) in the 
space Ks,T ′ for any (φ, �h) ∈ B(0, r).

Proof. We can write the solution u of Eq. (3.1) in the following form

ut = W0(t)φ + Wb(t)�h−
t∫

0

W0(t− τ)(1 − ∂2
x)−1∂x(u2/2)dτ, (3.8)

where Wb(t) = (W1(t), W2(t), W3(t)) is defined as in (2.10). Let

Gs,θ,r = {v ∈ Ks,θ, ‖v‖Ks,θ
≤ r},

where θ and r are positive numbers and will be determined later. It’s obvious that the set Gs,θ,r is a closed, 
convex, bounded and complete metric space induced from Ks,θ. For any (φ, �h) ∈ Xs,T and v ∈ Gs,θ,r, we 
define a map Γ as follows

Γ(v) = W0(t)φ + Wb(t)�h−
t∫

0

W0(t− τ)(1 − ∂2
x)−1∂x(v2/2)dτ.

Using Lemma 3.1 and Lemma 3.2, we have

‖Γ(v)‖Ks,θ
≤ C0‖(φ,�h)‖Xs,T

+ C1

θ∫
0

‖(1 − ∂2
x)−1∂x(v2/2)‖Hs+1(0,L)(τ)dτ

≤ C0‖(φ,�h)‖Xs,T
+ C1θ

2‖v‖2
Ks,θ

,

where 0 < θ ≤ T . Since

Γ(v1) − Γ(v2) = −
θ∫

0

W0(t− τ)(1 − ∂2
x)−1∂x(v2

1/2 − v2
2/2)(τ)dτ

= −1
2

θ∫
0

W0(t− τ)(1 − ∂2
x)−1∂x[(v1 + v2)(v1 − v2)](τ)dτ,

so we have

‖Γ(v1) − Γ(v2)‖Ks,θ
≤ Cθ2‖v1 + v2‖Ks,θ

‖v1 − v2‖Ks,θ
.

We choose proper 0 < θ ≤ T and r such that
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{
r = 2C0‖(φ,�h)‖Xs,T

,

0 < C1θ
2r ≤ 1

2 ,

then we have

‖Γ(v)‖Ks,θ
≤ r,

for any v ∈ Gs,θ,r, and we also have

‖Γ(v1) − Γ(v2)‖Ks,θ
≤ 1

2‖v1 − v2‖Ks,θ
,

for any v1, v2 ∈ Gs,θ,r. It means that the map Γ is a contraction map in Gs,θ,r and the fixed point u = Γ(v)
is the unique solution of Eq. (3.1) in Gs,θ,r. The proof is complete. �
4. Global well-posedness

Theorem 3.1 shows the result of local well-posedness of Eq. (3.1) in the time interval (0, T ∗), where T ∗

locate in (0, T ] and only depends on ‖(φ, �h)‖X0,T . If Eq. (3.1) has the well-posedness in [0, T ], that means T ∗

may be equal to T , then we say that Eq. (3.1) is global well-posed. In this section we will discuss the global 
well-posedness of Eq. (3.1). The space Es,T has been defined in Section 1, we restate it in the following

Es,T = Hs+1(0, L) ×Hs+1/2+ε(0, T ) ×Hs+1/2+ε(0, T ) ×Hs+1/2+ε(0, T ),

where s ≥ 0 and ε is any positive constant.
The following result gives a global priori Hs-estimate for smooth solutions of Eq. (3.1).

Proposition 4.1. For any given T > 0, L > 0 and s ≥ 0, there exists a continuous nondecreasing function 
Λs : R+ → R

+ such that

sup
0≤t≤T

‖u(·, t)‖Hs+1(0,L) ≤ Λs(‖(φ,�h)‖Es,T
), (4.1)

for any smooth solution u of Eq. (3.1).

Proof. Let u be a smooth solution of Eq. (3.1) and u = v + w, where v be the solution of the following 
Eq. (4.2) {

vt − vtxx + vxxx + vx = 0, v(x, 0) = ψ(x), x ∈ [0, L], t ≥ 0,
v(0, t) = h1(t), v(L, t) = h2(t), vx(L, t) = h3(t),

(4.2)

with ψ(x) = (1 − x)h1(0) + xh2(0) − x(1 − x)(h3(0) − h2(0) + h1(0)) and w be the solution of the following 
Eq. (4.3) {

wt − wtxx + wxxx + wx + wwx = −(vw)x − vvx, x ∈ [0, L], t ≥ 0,
w(x, 0) = φ(x) − ψ(x), w(0, t) = 0, w(L, t) = 0, wx(L, t) = 0.

(4.3)

Using Sobolev embedding theorem [17], we have

sup
0≤t≤T

|hi(t)| ≤ Cε‖hi(t)‖H1/2+ε[0,T ], i = 1, 2, 3,
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where ε is any positive constant. Since ψ(x) = (1 − x)h1(0) + xh2(0) − x(1 − x)(h3(0) − h2(0) + h1(0)), we 
have

‖ψ‖H3/2+ε[0,L] ≤ 3C sup
0≤t≤T ;i=1,2,3

|hi(t)|

≤ 3CCε(‖h1(t)‖H1/2+ε[0,T ] + ‖h2(t)‖H1/2+ε[0,T ] + ‖h3(t)‖H1/2+ε[0,T ])

≤ 3CCε‖(φ,
−→
h )‖E0,T ,

and

‖φ− ψ‖H1(0,L) ≤ 3CCε‖(φ,
−→
h )‖E0,T .

By Lemma 3.2, we have

sup
0≤t≤T

‖v(·, t)‖H3/2+ε(0,L) ≤ C‖(ψ,−→h )‖X1/2+ε,T
≤ 4CCε‖(φ,

−→
h )‖E0,T .

Multiply both sides of Eq. (4.3) by w and integrate over (0, L) with respect to x, we have

d

dt

(
‖w(·, t)‖2

L2(0,L) + ‖wx(·, t)‖2
L2(0,L)

)
≤ C

( L∫
0

|w2(·, t)vx(·, t)|dx +
L∫

0

|w(·, t)v(·, t)vx(·, t)|dx
)
.

Using the Sobolev embedding theorem, we have

L∫
0

|w2(·, t)vx(·, t)|dx ≤ sup
0≤x≤L

|vx(·, t)|‖w(·, t)‖2
L2(0,L)

≤ Cε‖v(·, t)‖H3/2+ε(0,L)‖w(·, t)‖2
L2(0,L),

and

L∫
0

|vx(·, t)v(·, t)w(·, t)|dx ≤ sup
0≤x≤L

|vx(·, t)|‖v(·, t)‖L2(0,L)‖w(·, t)‖L2(0,L)

≤ Cε‖v(·, t)‖2
H3/2+ε(0,L)‖w(·, t)‖L2(0,L),

where ε is any positive constant. So we have the following estimate

d

dt
‖w(·, t)‖H1(0,L) ≤ Cε‖v(·, t)‖H3/2+ε(0,L)‖w(·, t)‖H1(0,L) + Cε‖v(·, t)‖2

H3/2+ε(0,L).

Using Gronwall’s inequality, we have

‖w(·, t)‖H1(0,L) ≤
(
‖w(·, 0)‖H1(0,L) + Cε

t∫
0

‖v(·, τ)‖2
H3/2+ε(0,L)dτ

)
exp

{
Cε

t∫
0

‖v(·, τ)‖H3/2+ε(0,L)dτ
}
,

sup
0≤t≤T

‖w(·, t)‖H1(0,L) ≤
(
‖φ− ψ‖H1(0,L) + CεT sup

0≤t≤T
‖v(·, t)‖2

H3/2+ε(0,L)
)

· exp
{
CεT sup ‖v(·, t)‖H3/2+ε(0,L)

}
.

0≤t≤T
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With the estimates above, we have the following estimate

sup
0≤t≤T

‖w(·, t)‖H1(0,L) ≤
(
3CCε‖(φ,�h)‖E0,T + 16CCεT‖(φ,�h)‖2

E0,T

)
exp{4CCεT‖(φ,�h)‖E0,T },

we have proved (4.1) is true for s = 0.
Next, we consider the case s = 1. Let w = ux, then we have{

wt − wtxx + wxxx + wx + (uw)x = 0, w(x, 0) = φx(x), x ∈ [0, L], t ≥ 0,
w(0, t) = g1(t), w(L, t) = g2(t), wx(L, t) = g3(t),

where (g1, g2, g3) = (ux(0, t), ux(L, t), uxx(L, t)) = −→g . For any 0 < T ′ ≤ T , we have

‖w‖K0,T ′ ≤ C‖(φx, �g)‖X0,T + CT ′ 2∥∥u‖K0,T ‖w‖K0,T ′ .

Choose proper T ′ ≤ T such that 0 < CT ′‖u‖K0,T ≤ 1
2 , then we have

‖w‖K0,T ′ ≤ 2C‖(φ′
x, �g)‖X0,T .

Since T ′ only depends on ‖u‖K0,T and ‖u‖K0,T only depends on ‖(φ, �h)‖E0,T , we know that T ′ only depends 
on ‖(φ, �h)‖E0,T . Using Hahn–Banach extension theorem, we have the following estimate

‖w‖K0,T ≤ C1‖(φ,�h)‖E0,T .

So, we have proved that (4.1) is true for s = 1.
We will use the nonlinear interpolation theory presented by Bona and Scott to prove (4.1) is true when 

0 < s < 1. Let’s first introduce the nonlinear interpolation theory briefly, more details can be found in [2]. 
Let K0 and K1 be two Banach spaces satisfying K1 ∈ K0 with the inclusion map being continuous. Let 
f ∈ K0 and we define

G(f, t) = inf
g∈K1

{‖f − g‖K0 + t‖g‖K1}, for any t > 0.

For any θ ∈ (0, 1) and p ∈ [0, +∞], we define

[K0,K1]θ,p = Kθ,p =
{
f ∈ K0 : ‖f‖θ,p =

( +∞∫
0

G(f, t)pt−θp−1dt
)1/p

< +∞
}
.

It’s obvious that Kθ,p is a Banach space. Let its norm be given as ‖‖θ,p. We point out that (θ1, p1) < (θ2, p2)
means that {

θ1 < θ2, or
θ1 = θ2, and p1 > p2.

So, (θ1, p1) < (θ2, p2) implies Eθ2,p2 ⊂ Kθ1,p1 with the inclusion map being continuous. The following result 
Lemma 4.1 is cited from [2].

Lemma 4.1. Let Kj
0 and Kj

1 be two Banach spaces satisfying Kj
1 ⊂ Kj

0 with inclusion map being continuous, 
j = 1, 2. For any λ ∈ (0, 1) and p ∈ [1, +∞], we define a map Ψ satisfying the following conditions (i) 
and (ii)
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(i) Ψ :K1
λ,p → K2

0 and for any f, g ∈ K1
λ,p

‖Ψf − Ψg‖K2
0
≤ C0(‖f‖K1

λ,p
+ ‖g‖K1

λ,p
)‖f − g‖K1

0
;

and

(ii) Ψ :K1
1 → K2

1 and for any h ∈ K1
1

‖Ψh‖K2
1
≤ C1(‖h‖K1

λ,p
)‖h‖K1

1
,

where Cj : R+ → R
+ are continuous and nondecreasing functions, j = 0, 1.

Then if (λ, p) ≤ (θ, q), Ψ maps K1
θ,q into K2

θ,q and

‖Ψf‖K2
θ,q

≤ C(‖f‖K1
λ,p

)‖f‖K1
θ,q

, for any f ∈ K1
θ,q,

where C(r) = 4C0(4r)1−θC1(3r)θ, for any r > 0.

In order to use Lemma 4.1 to prove (4.1) is true for any 0 < s < 1, we give the following declaration:

K1
0 = E0,T , K1

1 = E1,T , K2
0 = C([0, T ];H1(0, L)), K2

1 = C([0, T ];H2(0, L)).

Let Γ be the solution map of the Eq. (3.1) and denote the solution u of Eq. (3.1) as u = Γ(φ, 
−→
h ). For any 

give s ∈ (0, 1), let q = 2 and θ = s, then

K2
θ,q = C([0, T ];Hs+1(0, L)), K1

θ,q = Es,T .

It’s obvious that (4.1) satisfies (ii) of Lemma 4.1 when s = 1 which has already been proved. We need only 
to verify the condition (i) of Lemma 4.1. Let u1 = Γ(φ1, �h1) and u2 = Γ(φ2, �h2) and v = u1 − u2, then v is 
the solution of the following equation{

vt − vtxx + vxxx + vx + (ξv)x = 0, v(x, 0) = φ1(x) − φ2(x), x ∈ [0, L], t ≥ 0,
v(0, t) = h1,1(t) − h2,1(t), v(L, t) = h1,2(t) − h2,2(t), vx(L, t) = h1,3(t) − h2,3(t),

where ξ = (u1 + u2)/2. Using Lemma 3.2 for the case s = 0, for any 0 ≤ T ′ ≤ T , we have

‖v‖K0,T ′ ≤ C
(
‖(φ1,�h1) − (φ2,�h2)‖X0,T + ‖(ξv)x‖L1(0,T ′;H−1(0,L))

)
≤ C

(
‖(φ1,�h1) − (φ2,�h2)‖X0,T + CT ′ 2‖ξ‖K0,T ‖v‖K0,T ′ .

Since

‖ξ‖K0,T ≤ Λ0(‖(φ1,�h1)‖E0,T + ‖(φ2,�h2)‖E0,T ),

we choose proper T ′, such that 0 < CT ′ 2‖ξ‖K0,T ≤ 1
2 , then we have

‖v‖K0,T ′ ≤
1
2‖(φ1,�h1) − (φ2,�h2)‖E0,T .

Since T ′ only depends on ‖ξ‖K0,T and ‖ξ‖K0,T only depends on ‖(φ1, �h1)‖E0,T + ‖(φ2, �h2)‖E0,T , we know 
that T ′ only depends on ‖(φ1, �h1)‖E0,T + ‖(φ2, �h2)‖E0,T . Using Hahn–Banach extension theorem, we have 
the following estimate
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‖v‖K0,T ≤ Λ0(‖(φ1,�h1)‖E0,T + ‖(φ2,�h2)‖E0,T )‖(φ1,�h1) − (φ2,�h2)‖E0,T ,

and the condition (i) in Lemma 4.1 is satisfied. Then, using Lemma 4.1, we know that (4.1) is true for any 
0 < s < 1.

When 1 < s < 2, we let v = ux. According to Eq. (3.1), we have{
vt − vtxx + vxxx = (uv)x, u(x, 0) = φx(x), x ∈ [0, L], t ≥ 0,
v(0, t) = g1(t), v(L, t) = g2(t), vx(L, t) = g3(t),

where −→g = (g1, g2, g3) = (ux(0, t), ux(L, t), uxx(L, t)). Applying Lemma 3.2, for any T ′ ∈ (0, T ], we have 
the following estimate

‖v‖Ks−1,T ′ ≤ C‖(φ,�h)‖Es,T
+ CT ′ 2‖u‖Ks−1,T ‖v‖Ks−1,T ′ ,

where C is a positive constant independent of T ′ and (φ, �h). We choose some proper T ′ such that 0 <
CT ′ 2‖u‖Ks−1,T ≤ 1

2 , then we have

‖v‖Ks−1,T ′ ≤ 2C‖(φ,�h)‖Es,T
.

Since T ′ only depends on ‖u‖Ks−1,T and according to the result we have proved that (4.1) is true for any 
0 < s < 1, we know that T ′ only depends on ‖(φ, �h)‖Es−1,T and we have

‖v‖Ks−1,T ≤ Λs−1(‖(φ,�h)‖Es−1,T )‖(φ,�h)‖Es,T
.

So we have the following estimate

‖u‖Ks,T
≤ CΛs−1(‖(φ,�h)‖Es−1,T )‖(φ,�h)‖Es,T

.

For the case s ≥ 2, estimate (4.1) can be proved using the iteration method. The proof is complete. �
The global well-posedness of Eq. (3.1) follows directly from Proposition 4.1.

Theorem 4.1. For any T > 0, L > 0, s ≥ 0 and (φ, 
−→
h ) = (φ, h1, h2, h3) ∈ Es,T , there exists a unique 

solution u of Eq. (3.1) with u ∈ C([0, T ], Hs+1(0, L)).
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