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1. Introduction

This paper is concerned with the blow-up criteria to the strong solution with vacuum for the three-
dimensional compressible isentropic radiation hydrodynamics (RHD) equations. The system is used in
various astrophysical contexts [18] and in high-temperature plasma physics [17]. The couplings between
fluid field and radiation field involve momentum source and energy source depending strongly on the spe-
cific radiation intensity derived by the so called radiative transfer integro-differential equation [28]. In
particular, if the matter is in the local thermodynamical equilibrium (LTE), the system can be governed by
the following Navier—Stokes—Boltzmann equations:

1
“L+Q-VI=A,, (v,Qt,z)cR" xS5% xR xR,

C

pe + div(pu) =0, (1.1)

1
(pu + —2Fr> +div(pu ® u + P,.) + Vp,,, = divT,
¢ t
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where p(t,z), u(t,z) = (u1,us,us) and I(v,,t,2) denote the density, velocity field and specific radiation
intensity, respectively.

In this system, S? is the unit sphere in R?, v is the frequency of photon and € is the travel direction of
photon. The associated material pressure p,, is given by the state equation

pm = Ap” (1.2)

for some positive constant A and adiabatic index v > 1. Meanwhile, the stress tensor T equals
T =p(Vu+ (Vu) ") + A (divu) I, (1.3)
where I3 is the 3 x 3 unit matrix, x> 0 and A+ % 1t > 0 are the shear viscosity coefficient and bulk viscosity

coefficient, respectively. These ensure the ellipticity of the Lamé operator.
As to the radiation part, the radiation flux F;. and the radiation pressure tensor P, are defined by

F, ://I(U,Q,t,x)Qdev, P, = 1//I(v,Q,t,:r)Q@Qdev,
c
0 $2 0 g2

and the collision term A, in radiation transfer equation can be expressed as

A, =S — ool + // (5031’ - a;I)dQ’dv’,
0 S2

in which I' = I(v/,Q',t,2); S = S(v,Q,t,2) > 0 denotes the rate of energy emission due to spontaneous
process; o, = 04(v,,t,x,p) > 0 is the absorption coefficient that may also depend on the mass density p;
The differential scattering coefficient o, has two different state transitions:

os=0s(v > 0,9 -Q,p) =0(p), ol =0s(v—=>2,Q-Q,p)=0(p).

Studying the radiation hydrodynamics equations is challenging because of its complexity and mathemat-
ical difficulty. For Navier-Stokes—Boltzmann equations, under some physical assumptions with the mass
density away from vacuum, the local classical solution of the Cauchy problems was studied by Chen—
Wang [6]. Ducomet and Necasové [7,8] established the global weak solutions and the large time behavior in
1-D space. The local existence of strong solutions with vacuum was first established by Li-Zhu [23] when
the initial data are arbitrarily large. They [22] also considered the formation of singularities to classical
solutions when the initial mass density is compactly supported. For the inviscid radiation hydrodynamics
equations (i.e., Euler-Boltzmann equations), we refer to [15-17,24].

As it was shown in [22], if we assume o, = 0, from the induced process and LTE assumption, the
Navier—Stokes—Boltzmann system (1.1) can be rewritten into

1ItJrQ-w:—Ka (I-B(v), (v,Qtz)eR x5* xR xR?,
C

Pt + le(p’LL) = 07

(pu), + div(pu ® u) + Vp, = 1 //Ka (I — B(v)) QdQdv + divT,
c
Sz

0
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where B(v) represents the energy density of black-body radiation and K, (v,t,z,p) > 0 (K. (v,t,2,0) = 0)
is the absorption coefficient. So, the impact of radiation on dynamical properties of fluid vanishes when
I = B(v), i.e., the system serves as the Navier-Stokes equations. For the rigorous justification of this type
of limit, we refer to [9]. In the study of the Navier—Stokes equations, there are two well-known blow-up
criteria for the strong (smooth) solutions: the Serrin-type (also called LadyZenskaja—Prodi-Serrin-type)
criterion and the Beal-Kato—-Majda type criterion.

We first present some results about incompressible fluid. Assuming 7% is the maximal existence time of
the local strong (smooth) solutions, Serrin [29] first gave a Serrin-type criterion: if T < oo, then

lim
T—T*

ul Ls(0,T;L") = OO,
for any (r, s) with % + % < 1,3 < r < oco. Later, Fabes, Jones and Riviere [10] extended the above criterion
to the case % + % = 1. Beirdo da Veiga also obtained a Serrin-type criterion by using the velocity and the
pressure [2] or the gradient of velocity [3].

The BKM-type criterion was first established by Beal, Kato and Majda in [1]: if T* < oo, then

Jim e(t) 21 0,7:) = 00,

where w = V x u is the vorticity. Although it was shown for the Euler equations describing the motion of
inviscid fluids, the same assertion also holds for Navier—Stokes equations. To see more BKM-type criteria,
we refer to Chae—Choe [5] for controlling only two components of the vorticity, Kozono-Taniuchi [19] for
extending to the marginal space BMO, He [11] for controlling any single component of the vorticity.

For the Cauchy problem of compressible Navier—Stokes equations, Huang, Li and Xin [13] established a
BKM-type criterion: If T* < oo, then

Jim D)1 0r:2) = 00,

where D(u) = 2(Vu+ VuT) is the deformation tensor, and the Serrin-type criterion [14]: If 7* < oo, then

lim (

Ty |p||L°°(O,T;L°°) + H\/ﬁuHLS(O,T;LT)) = 00,

where % + % <1, 3 <r < oo. Moreover, if A < 7u, then

lim
T—T*

P||L°°(O,T;Loo) = 0.

By applying the Lamé operator, Sun et al. [30] obtained a blow-up criterion in bounded domain under
condition A < Tu: if T* < oo, then

Tlngl* [p()[| Lo 0,7,y = 00

Wen-Zhu [32] extended this to non-isentropic flow with

A (@)l o.7:2) + 10(#) ]| L 0.7:2)) = 00
under the assumption 3\ < 29u.

On the other hand, when coupled with parabolic equations, some similar blow-up criteria can be proved for
models like liquid crystal fluids, magnetoelectrical fluids and viscoelastic fluids, see [12,25], [27,33] and [26],
respectively. Whereas, there are few results on the blow-up mechanism for Navier—Stokes equations coupled
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with a hyperbolic equation. The main purpose of our paper is to give both a Serrin-type and a BKM-type
criterion for strong solutions to system (1.1), which can be viewed as the Navier—-Stokes equations coupled
with a transport equation. The interesting point is that we will give a same BKM-type criterion but a
different Serrin-type criterion for using the LP(p € [2,3]) norm of the density gradient to control the higher
order radiation terms.

Throughout this paper, we use the following notations

Notations.

(1) Some simplified notations for standard homogeneous and inhomogeneous Sobolev spaces:

1CF 9lx = [1fIx + lgllxs 1fllxinxe = [1fllx, + 11l xe

|flp = Ifllze@sy, [fllwme = [[fllwmemsy, [Flls = [1Flm: s,

£ (v, 0ty 2, p(t, )] x, (et w5203y = |[1f (v, L, -, p(t, ))||X2(R3)||X1(R+st)a

1£ (0, 2, t, 2, p(t, ) | xR+ x52:xa (10,71 xR2) = [ (0, 255 pC, Nxa 0,115 | x, (Rt 52y
b= {fe Llloc(RS) Aflpr = \ka|L2 < oo}, [flpr = HfHDk(]R3)7

D' = {f € L°(R%) : | flpr = |V f|z2 < o0},

where 0 < T < oo is a constant, X, X1, and X5 are some Sobolev spaces.
(2) G = (2u+ N)divu — py, is called the effective viscous flux.
(3) f = ft +u- V[ denotes the material derivative.

Next we make some assumptions on the physical coefficients o, and o.

Assumption A. Let o, = 75(v) = v,Q" - Q)p,

. > 0 satisfy
i
// // LA dv’ dev—i—// LdQ'dv’ < C,
g2 0 0

0

ol =7.,(v = v, Q- Q)p, where the functions s > 0 and

S

v
"

A1
aid@’dv’) dQdv < C,

(1.5)

where \; =1 or 5, and Ao = 1 or 2. Here we denote by C a generic positive constant depending only on

the fixed constants u, A, v, ¢, T and the norms of S, where G € (3, 6] and will be given in (2.3).

Assumption B. Let o, (v, Q,t, 2, p) = 74(v,Q, t,xz, p)p, for

Ip()los + [Vp(t)] < 400, for r € [2,4], (1.6)
then we have
[Ta(v, 2t 2, p(t, @) || L2 Lo R+ x 52;50 (R3)) < M (|p(t)]o0),
[Va(v, Q,t, 2, p)l| L2nLoe mt x52:m@®3)) < M(|p(t)]oo)(IVA(H)] + 1), (1.7)
| (@a); (v, 2,8, 7, p)l| L2+ x52:mR3)) < M (|p(t)]oc)(lpe ()] + 1),

where M = M(-) denotes a strictly increasing continuous function from [0, 00) to [1,00), and &, (v, , ¢,
x,p) € C([0,T); L*(R* x §% L=(R?))).
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Remark 1.1. These assumptions are similar to the assumptions in [17] for the local existence of classical
solutions to the Euler-Boltzmann equations with initial mass density away from vacuum and the assump-
tions in [24] for the local existence of regular solutions to the Euler-Boltzmann equations with vacuum. The
evaluation of these radiation quantities is a difficult problem of quantum mechanics and their general form
is not known. However, a general expression of ¢, and o4 used for describing Compton Scattering process
in [28] satisfies Assumptions A and B.

The rest of this paper is organized as follows. In Section 2, we give basic lemmas and review on the results
of local existence of smooth solutions to (1.1). The main result of this paper is Theorem 2.2 which includes
a Serrin-type and a BKM-type blow-up criterion and is stated in the end of Section 2. Section 3 is devoted
to detailed energy estimates to prove the Serrin-type criterion. In Section 4, we will give the outline of the
proof of the BKM-type criterion.

2. Preliminaries and main results

In this section, we will give our main results. Before stating our main results, we would like to give some
preliminaries which will be used throughout the paper.

2.1. Preliminaries

In this section, we recall some known facts and elementary inequalities that will be used later. We begin
with the following well-known Gagliardo—Nirenberg inequality which can be found in [21].

Lemma 2.1. (Gagliardo—Nirenberg inequality.) For p € [2,6], ¢ € (1,00) and r € (3,00), there exists a
positive constant C, depending only on q and r, such that for any f € H* and g € LY N DY", we have

[flp < CLIL™ V™

q(r—3) 3r
3r+q(r—3) |vg| 3r+q(r—3)
r .

l9l0e < Clylq

The following inequalities are direct inference from the Gagliardo—Nirenberg inequality, which will be
used in our paper frequently:

‘U|6 < C‘U|D1, |u|<>o < C|U|D10D2> |U‘OO < CHu”Wl’q'

We now state Minkowski’s inequality [4], which will be used to estimate terms with integral over (0, c0)

like ||| L2(r+ x 52:0((0,7]; L7 (R3))) -
Lemma 2.2. (Minkowski’s inequality.) For all 1 < p < q < 0o, we have

HHf('axQ)HLP(Xl)HLG(XZ) < H”f(xl? ')”L‘I(Xz)HLP(Xl) :

The following BKM-type inequality was proved in [1] for impressible case and in [14] for compressible
case. This inequality will be used later to estimate |Vu|o and ||Vullp2npe.

Lemma 2.3. For 3 < q < oo, there is a constant C(q) such that the following estimate holds for all Vu €
L?NnDYa:

[Vulso < C(q) (|divulas + |V X uloo) In (e + [V?uly) + C(q)|Vulz + C(g).
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Then, we recall some elementary facts on the weak LP-space [4] which is defined as

Lp = {f € Lioe| /111, = sup (r (meas[|f(z)] > r])7) < oo}.
r>0

It is worth mentioning that
LPS LY, Mflley, < Mfllee, L3 = L.

We also know that the weak LP-space belongs to the family of Lorentz spaces LP'4. It turns out that the
weak LP-space coincides with LP>*°. For the details of the real interpolation and Lorentz space, we refer to
the book of Triebel [31]. By Proposition 2.1 in [20] we have the following Holder inequality in Lorentz space.

Lemma 2.4. Let 1 < py,p2 < oo with % - p% + p% < 1landlet1 < q,q2 < co. Then for f € LP*% and
g € LP>%2 it holds that fg € LP9 with

1 fgllLea < Cllfllzrraillgllireae for ¢ =min{qi, g2},

where C' is a positive constant depending only on p1, p2, q1 and gs.
2.2. The main result

Via the radiative transfer integro-differential equation in (1.1) combining with the definitions of F,. and P,
the system (1.1) can be written as

Y ia.viea,
C

pe +div(pu) =0,

. (2.1)
(pu)y + div(pu @ u) + Vpy, + Lu = —% / / A,QdQdv,
0 S2
where the Lamé operator L is defined by
Lu = —plu — (A + p)Vdivu.
The initial data are given by
Ii—o = In(v,%,2), (p,u)|i=0 = (po(x),uo(x)), (v, x) € RT x § x R3, (2.2)
where
In(v,Q,z) € L*(RT x S%; H' nWH(R3)), po >0,
po € HnWhinL!, wyeD!nD? (2.3)
(Io, po,ug) — (0,0,0), as |z| = oo, V (v,Q) € RT x §2
For simplicity, we look for solutions with far field behavior
I(z,t) = 0, p(z,t) = 0, u(z,t) = 0 as |z| = 00, t >0, ¥ (v,Q) € RT x §2. (2.4)

First, we recall the local existence of strong solutions to Cauchy problem (2.1)—(2.2).
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Theorem 2.1. (23] Let the Assumptions A and B hold, and

1S (v, Q,t, )| L2 R+ x 52,01 ([0,00); HL AW 1.3 (R3)))NC1 ([0,00); L1 (RF x 2, LINL2(R3))) < +00.
Assume the initial data (I, po,uo) satisfy (2.3) as well as the initial layer compatibility condition

oo

1
Lug + Vp?, + - / / A%0dQdv =/pog (2.5)
0 S2

for some g1 € L%. Then there exists a time T and a unique strong solution (I, p,u) on RT x .82 x[0,T] xR? to
Cauchy problem (2.1)-(2.2). That is (I, p,u) is the solution of (2.1)—(2.2) in sense of distribution. Moreover,
(I, p,u) satisfies the following reqularities, for some G € (3, 6],

I€L*R" x S%C(0,T); H' n W), I, € L*(RT x §%,C([0,T]; L* N LY)),

peC0TEH NWhINLY), p, € C([0,T); L* N LY),

u € C([0,T);D' N D*) N L*([0,T]; D*7), u, € L*([0,T]; DY), /pu, € L>([0,T); L?).
Theorem 2.2. Let the assumption of Theorem 2.1 hold and (I, p,u) be a strong solution to (2.1)-(2.2) in

RT x 2 x [0,T] x R3. If 0 < T* < 400 is the mazimum time of existence of the strong solution, then we
have

e 1. Serrin-type:

Tli,n% (||P||L°°(0,T;L°°) + IVpullps,7;z7) + ||VP||L2(O,T;LI7)) =0 (2.6)

for any p € [2,3] and any r and s satisfying

2 3
- +-<1, 3<r<oo. (2.7)

s T

o 2. BKM-type:
lim sup ||D(U)HL1(O’T;L00) = 00, (2.8)
T—T*

where D(u) = &(Vu+ VuT) is the deformation tensor.

Remark 2.1. From p = —pdivu, we know that if
divullLio,1;z<) < C,
we can get
ol Lo 0,150y < C.
Thus, we can replace ||divul|L1(o,7;z00) in (2.6) by ||l £oe (0, 7;150)-

Remark 2.2. It should be pointed that our criteria depend only on the fluid field, in other words, the
radiation terms can be controlled by the fluid terms. More precisely, the BKM-type criterion is the same
as the isentropic compressible Navier-Stokes equations, while, for the Serrin-type criterion, the L? norm of
the density gradient should be involved to control some radiation terms.
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3. Proof of Serrin-type criterion

Let 0 < T < T* be arbitrary but fixed. Assume that (p,u,I) is the strong solution to the problem
(2.1)=(2.2). Suppose that T < co. We will prove the Serrin-type part of Theorem 2.2 by a contradiction
argument. We assume, for any T < T*

ol Loe 0, 750) + [IV/PullLs 0,525 + IV pllL2(0,7300) < Mo < 00, (3.1)
where Mj is independent of T'.

The first key step in the proof of Serrin-type criterion is to derive some norms of I under the conditions
of Theorem 2.2 and assumption (3.1). To show this, we need the following lemma which is concerned with
the estimates of the effective viscous flux G and vorticity w.

From the first and second equations of (1.1), we have

o0

1
AG = div pu—i—g//A,«Qdev ,
0 $2
17
phw =V x pu—f——//Aerde
c
0 52

Thus, following the standard LP-estimate of elliptic system, we have

Lemma 3.1. Under assumption (3.1), it holds that

VG2 + |Vwlz < C | |puel2 + [pu - V| + //Aerde (3.2)
0 S2 2
and
[VGle + [Vwlg < C | |ptfe + //ATQdev
. ’ (3.3)
<c | |vils + //ATQdev
0 s2 6

Here and in what follows, the same letter C denotes various generic positive constants depending only
on w, A, p, v, ¢, T, My and the initial data.

The next lemma is to estimate the radiation intensity I.

Lemma 3.2. Under the assumption that ||p||Le(o,r;L) < Mo, it holds for any 0 <T < T* that

o

sup //|I|12, + Ay + |A[2dQdv < C for p € [2,00). (3.4)
0t<T S

Proof. Multiplying the radiative transfer equation in (2.1) by p|I|P~2I and integrating over R3, we have
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1 d r
s T < 18bl = [ (0wt [ [otaean | i1ras
0 S2

R3

N (3.5)
_ v
+ |1 1//?|05|M|I'\pd§2’dv'.
0 S2
Noting that
(oo}
oa—l—//a;dQ’dv' >0,
0 S2
we get
7o T < IS + 112+ 11, / / Joaleel T a6 !
0
o 2
v
<|SZ+CH2+ //U|US|OO|I/|de’dv/ (3.6)
0 2
< ISP+ o1 [ ]2, dQ’dv’ [ 112dQd
< IS, + CII, + v,_g|‘78|oo v 111, .
0 S2 0 S2
Then integrating (3.6) over (0,00) x 52, we get
d I2dQdv <C S12dQdv + C I12dQd
a | |p U= | |p v+ | |p v
0 5 5 (3.7)

+C//// /2|as|2 dQ'dv’dQdw - //|I|dedv

0 S22 0 §2

From (1.5) and (1.7), we have

d r 2 r 2
E//mpd(ldv < C+C//\I\pdﬂdv.
0 S2 0 S2

Applying Gronwall’s inequality to the above inequality we obtain the first item of (3.4).
For the rest two items we have the fact that

//\Arﬁ,dﬁdv gc//|5|§d9dv
0 52 0 S2
o0 2 o0
C  max o0+ / / oldQYdv’ / / [1]2d02dv
(v,Q2)€[0,00) x 52
0 S2

0 0 52

+C//// /2|05|2 dQY'dv’dQdw - //|I|pdﬂdv<C

0 52 0 §2
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and

//|Ar|pd§2dv

0 S2

o0 o o0 o0 2
g//\5|pd9dv+ (//|I|§d9dv)§(// ga—f—//G;dQ’dv’ deU>§

0 S2 0 S2 0 §2 0 S2 IS
// // /2\03|2 dev dev //|1| dQdv 5_ c. O

S2 0

0

Next we give the estimate for velocity w of fluids. From the standard energy estimate, it can be easily
obtained that

sup_ Py < lpoly 0T <T" (3.8)
0<t<
and
swp (Iiuli+10) + [Ivufar<c, o<T < (39)
0<
0

The estimate on Vu will be given in the following lemma.

Lemma 3.3. Under assumption (3.1), it holds for any 0 < T < T* that

sup [V, + / |/puc ()2t < C. (3.10)
0<t<T )

Proof. Multiplying the momentum equations in (2.1) by u; and integrating the result equations over R3,
we have

1d
33 [ Va0 ) aiva)de + [ plusas
R3 R3
o (3.11)
1
= —/pu -Vu - upde —|—/ Pmdivuzdr + p ///Arut - QdQdvdz.
R3 R3 R3 0 $2
For the first term on the right-hand side of (3.11), Cauchy’s inequality yields
1
/pu Vu-uder < = / [ dx—i—C/ lu - Vul*dz. (3.12)

R3 R3

Keeping in mind that L], coincides with the Lorentz space L™, it follows from Lemma 2.4 that

2 _ 2 2
[ ol Vuds = [9u pulfa < €yl
R3
Please cite this article in press as: Y. Li, S. Xi, Blow-up criteria for three-dimensional compressible radiation hydrodynamics
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- 2r 27
Recalling that L7222 with 3 < 7 < oo is a real interpolation space of L#12 and L2"232, where 71, ro and

r satisfy 3 < 11 < r < ry < oo and % =+ —, we thus deduce from Lemma 2.1, Sobolev embedding
inequality and % + % < 1 that

/p|u Vul|?dz < C|lpulldr [Vu| 2 [Vul| 2r
w 2 -2 Zrp—2
R3

< Clypulz, IVulz” IVuléllwlz IVUI
< Clypulz, Vuly ™ [Vulg
<o) (||\/5u||za + 1) IVul2 +5|Vul2, for3 <7 < oo, (3.13)

where 77 > 0 is a constant.

Noting that LY = L, the same inequality certainly holds for the case r = occ.

By the standard LP-estimate, we deduce from (3.1), Lemma 2.1 and Lemma 3.1 that

[Vule < C(|divulg + |w|s)
< C (|Gl + [pmle + |wl6)

< O(|VGl2 + |pmls + [Vwl2)

< | |pils + //ATQdev +1

2

C (|v/putl2 + |v/pu - Vula +1). (3.14)

Insert (3.14) into (3.13), we get

[ plu-Vuas < € (Ivulsy + 1) IVal +nlyFul +

R3
< C()|Vul3 +nlv/pud3 + C. (3.15)

For the second term on the right-hand side of (3.11), (2.1)9 yields

/ prdivudr = — / prdivudr — / (pm)¢divuda

R3 R3
d _1 ) .
=% pmdivuda + | yAp? ™ (Vp - u + pdivu) divudz
R3 R3
d . . N
dt pmdivudz — | ppdiv(udive)dz + v [ pp(dive)“da
R3 R3

d 1 1
mdivuds — i - VGdr + ———— [ pp2divud
dt/p ivudz 2M+)\/p u- VG x+2<2“+/\)/p ivudz
R3 R3

+(y=1) [ pm(divu)?da
/
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d
dt

| /\

/pmdlvudm + 77|VG|2 + C'|leU|2 +C(n)
R3

| /\

d
< /pmdlvudx + COIVuls + nly/Furl2 + Cldivul2 + C(n). (3.16)

R3

For the third term on the right-hand side of (3.11), one has

—1///Arut-Qdevdac
c

R3 0 S2

:__/// —UaI+//—USIdeU ug - QdaxdQdv

0 52 R3

/ / / / / o’ Tuy - QdzdQ dv’dev—ZI (3.17)

0 S2 0 S2R3

We estimate I; term by term. From Gagliardo-Nirenberg inequality, Hélder’s inequality and Young’s in-
equality, we get

11:—1///Sut~9dxd9dv
c

0 52 R3
fffa///Su QdzdQdv + ~ ///Stu QdadQdv
c
0 S2 R3 0 S2 R3
gf—&///Su dedev+C|Vu|2//|St |6 Ao
c
0 S2R3
S_EE///SU QdzdQdv + C|Vul2 + C,
0 S2R3
- 3 [
:—///Ualut-dedevSC\pLﬁo\\/ﬁutb//|5a|oo|l|2d9dv
c
0 52 R3 0 52

<n|y/pucls + C(n //|I|2dev//|aa|2 dQdv
0 0

<nlv/putl3 + C(n),

_ ! / / / / / Y ul'uy - Qdzd€Ydv’dd

0 52 S2 R3

gC|p|§o|\/ﬁut|2////%ES|I’|2dQ’dv’dev

0 S22 0 §2

Please cite this article in press as: Y. Li, S. Xi, Blow-up criteria for three-dimensional compressible radiation hydrodynamics
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') %dﬂdv) ’

< nly/puil3 + C(n //\I’|2dQ dv

0 s2 0 S2
< nly/puel3 + C(n),

/////0 T - QdxdYdv’dQdw
0 52 0 S2 RS

§C|p|w|\/ﬁut|2////63|f|2d9ddedv
0520 82

<n|v/puels + C(n //|I|§dﬂdv// // dev 40dv
0 0

<nly/pusl3 + C(n).

Substituting (3.15), (3.16) and estimates of I; into (3.11), one has after choosing 1 suitably small,

[ TR + Ot i) do+ |yl
]RS
< O|Vul3 + C|divul3 + C———///Su QdzdQdv
0 S2 R3
d .
+ E/pmdlvudx. (3.18)
R3

Integrating (3.18) over (0,7T), we get

1
3 [WITaP + O+ vy m+/wwma

R3

< c/|vu|§dt+C/|divu|§dt+C(T,n)+n(\divu\§+ IVul3) . (3.19)

where we have used the fact that

///Su QdadQdy <0\vu|//\5|6d9dv<n|w|2+0( )

0 S2 R3

For 1 small enough, (3.19) together with Gronwall inequality gives (3.10). O
Now we will estimate V.

Lemma 3.4. Under assumption (3.1), it holds for any 0 < T < T* that

sup |\/ﬁu|§+/|vu|§dt§0. (3.20)
0<t<T

Please cite this article in press as: Y. Li, S. Xi, Blow-up criteria for three-dimensional compressible radiation hydrodynamics
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Proof. Taking the material derivative to (1.1) and using the fact
f=fi+div(f ® u) — fdivu,

we have

1 o0
pite + pu- Vit div(Vpm © ) +V (), + - / / (A,),2d0dw
0 S2

o0

+ %//div(A,ﬂ@u)dev
0 52

= puluy + pdiv(Au @ u) + (1 + A)Vdivue + (p + A)div(Vdive @ u).

Multiplying the equation above by 1 and integrating the resulting over R?, we obtain after integration
by parts

1d
2 dt
R3

plil*da

:,u/u (Aupg +div(Au@u))de + (u+ ) /u - (Vdivu, + div(Vdive ® u)) dz

R3 R3

- /u (diV(Vm ® ) + V (p),) dz + % /7/ Vi (4,9 ® u) dQdude

R3 R3 0 S2

- % / ]O / (A)si - QdQdvdz. (3:21)

R3 0 §2

As in [14], one can estimate the first three terms in the right side of (3.21) as follows.

] /u (Aup + div(Au @ u)) dz

R3
:u/u (A6 — A(u - Vu) + div(Au @ u)) dx
R3

= — pu|Val3 + ,u/(Vu :V(u-Vu) = Vi: (Au®u))de
R3

=— M|Vit|§ + ,u/ (&-ujaiukakuj + 0,07 uF o — 8kujuk8iiuj) dz
R3

= — p|Val2 +pu / (0,07 0iuF Ou? — 00 Ok O + D7 OjuF O’ ) da
R3

< - %"‘ng + c/ |Vu|* dz, (3.22)
R3

Please cite this article in press as: Y. Li, S. Xi, Blow-up criteria for three-dimensional compressible radiation hydrodynamics
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(L+A) / 4 - (Vdivuy 4+ div(Vdive ® w)) dz

R3
=—(u+A) / divadivu, + Va : (Vdive ® u) dz
R3
=—(u+ )\)\diva@ + (p+ )\)/ (3jaj8kui8iuk + 8k1lj8juk8iui — 8juj8kuk8¢ui) dx
R3
A
< B N awal + L ivag + c/ V|t da, (3.23)

R3

— /u (div(Vpm @ u) + V (p),) d

R3
= / (Vi : (Vpm @ u) + (pm), diva) da
R3
:/ (8kuj8jpmuk — (div(pmu) + (v — 1)ppmdivu) divu) dz
]R3
:/ (—aj (6kujuk)pm — O, (pmuk)ajuj —(y- l)pmdivudivu) dz
R3
:/ (—8kujajukpm —(v- l)pmdivudivu) dz
R3
<C|Vul2 + %Wu\% (3.24)

and

1 o0
—///Vu:(ATQQ@u)devdx
c

R3 0 S2

oo

S2

0

<C|Vul2 + gwu\g, (3.25)

where i, j, k=1, 2, 3.
Then we have to estimate the last term in the right of (3.21)

% / 7 / (A - QdQdvdar

R3 0 S2
1 r . r !/ ! !/
=—= - Q(St —|oa+ o dY'do’ | T (3.26)
c
0 $2 R? 0 52 ,
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Y / / oy’ | I, + / Y (o) I'dY dv )ddedv
0 S2 0

__/////u ol oslddedUdev—ZJ

0 S2 0 S2R3

According to Gagliardo—Nirenberg inequality, Holder’s inequality and Young’s inequality, for 0 < t < Tb,

:f—///Stu dedev<C|u|6//\St |edQdv < = |Vu|2+C'

we have

0 52 R3
Jo = — /// oq + //a dQ'dv’ | Iu - QdxdQdo
0 S2 R3
g0|u|6// aa+//0;dQ’dv’ 1] os_dQdv
0 S2 0 $2 tls
Jr—
< §|VU|§
oo oo oo 2
+C//|I|2ld§2dv// p(Ta)t + pt Ea+//6;d(z'du’ dQdv
5p—6
0 52 ' 0 S2 0 §2 P
J7—
< §|VUI§ + CM (Iplo) (o2 + 1)
< Biva2+ oM dival2 + [Voul2 + 1
< gVl + (Iploo) (Ipdivul; + [Vpul; + 1)
T .
< §|VUI§ + CM (|plo) (Ipl3 [divul3 + [Vpl2[ul2, + 1)
<

§IVil3 +C (C(IVul} + [Vul}) +Vpf3 (IVul3 + [Vul)) + €

SVl +C (Vo2 +1) (|v/pal3 +1).

where we have used (3.14) and 51?’7 5 > 2.

/// g //0 dQdv’ | L - QdadQdo

0 S2 R3

/// Ga+//0dﬂdv Ayt - QdxdQdo

0 S2R3
/// Oq + //O‘ dQ'dv’ | Q- VI | (4-Q)dzdQdo
0 S2 R3 0

[T
<
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/// Q-V|o,+ //adev I (4-Q)dzdQdo
0 52 R3
/// oo+ //0 dQ'dv’ | I(©2 - Vi - Q)dzdQdv
0 S2 R3

o
<L Vil + OM (o)

+C\u|6// pV&, + Vp Ea+//E;dQ’dv’ 1] _sz_dQdv
o
0 S2 0 S2

p

/// Oq + //o dQ'dv’ | I(Q2 - Va - Q)daxdQdo

0 S2 R3

7 .
<LVl + OM (Ipl) + £V l3 + CM (1ploc) (19612 + 1)

+C//|I|26ﬁ dQdv + L |va)2
55—6 27
0 §2

o0 2 oo
+C max Ua—i—//a;dﬂldv’ //|I|§deU
(v,2)€[0,00) x S2

0 S2 o 0 S2

<E|Vil3+CM (plu) (V5[ +1),

1 o0 oo
Jy=— = / / / / / 2 (o)l - QdwdQ dv’ dQdv
& v

0 52 0 S2R3

<Clil

v
— as|pt|ﬁ\1'|%d9’dv’dﬂdv

0 82 0 §2

<SIVil3 + CM (k) (lodl} + 1)

<< gwug +C (VP2 + 1) (lpul +1)

and

oo

1 oo
Js = = / / / / / i Q5 o, Iidzd do'dQdy
C v

0 852 0 S2R3

— / / / / / i+ Q=0 Al deddv' dQdo
v

0 52 0 S2R3

_ / / / / / (it 9) 20, (V1 Q)dad®do’dde

0 52 0 S2R3

§—|Vu|2—|—C'M 1p]oo /////u Q)—1'(Vos - Q)daxdQ'dv'dQdv

0 S2 0 S2R3
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+ / / / / / (Q~vu~ﬂ)§asf'dzd9’du’dﬂdu

0 82 0 52 R3

< H
< IVl + CM (|pleo) (IVpl5 + 1).

Hence,
d . . .. .
S|Pl + [Val3 + |divil3 < CIVuli+C (Vo2 +1) (Ivpuld +1) (3.27)

To conclude the estimates by the Gronwall’s inequality, we remain to estimate |Vu|}. By Lemma 3.1, we
have

5 3 5 3
Vuli <IGJ; + [wli + [pmli < [GI3VGIE + |wl3 [Vwlg +C

3

<C | |Vilz + //ATQdev +C
0

6

M

1
g§|vu|§ +C. (3.28)
Substituting this estimate into (3.27), we have
d . . .
VPl + [Vals < C (Vo5 +1) (Ivpuls +1) - (3.29)

Integrating (3.29) over (7,t) (7 € (0,t)), for 7 <t < T, we have

t t
Vpit)+ [ 1Vilids < [pidr)+ C [ IVp(1+ |Vik)ds + C. (3.30)

From the momentum equations (2.1),, we easily have

VD + Lu+ L [ [, A,QdQdv]?
P

lVpu(r)3 < C

R3

(7)dw. (3.31)

Due to the initial layer compatibility condition (2.5), letting 7 — 0 in (3.31), we have
i sup [ 7i(r)p < € [ losPde < C. (332
T

Then, letting 7 — 0 in (3.30), we have

t

t
VB + [ [ViBds < ¢ [ 1930+ pil)as + C. (3.33)
0

0

Noting that |Vp|2 € L'[0,T] by the blow-up criterion, we conclude by Gronwall’s inequality that

sup \\/ﬁu|§+/|vu|§dt§ c o (3.34)
0<t<T
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In the next lemma, we will show that the density gradient and the velocity gradient are bounded.

Lemma 3.5. Under assumption (3.1), it holds for any 0 <T < T* that

T

sup ||Vpl|r2nLa +/|Vu|oodt <C.
0<t<T J

Proof. Taking the derivative with respect to x for the second equation of (2.1) to obtain:

hVp+ (u-V)Vp+ (VuV) p+ divuVp + pVdivu = 0.

Multiplying (3.36) by p|Vp|P~2Vp and integrating the resulting equation on R*, we have

|Vp\p <C/|Vu|\Vp|pdm —|—p/p|Vd1quVp|p 'dx
R3

<C (1 + [Vuloo) [Vl + C[Vdivulh
<C(1+|Vulso) [Vplp + C|Vals + C,

where we have used, for p € [2, 6]

oo

\Vdivul|, <|V2ul, < C | |pily + [VPmlp + //Aerde
0 S2

<C'| |pt|2 + |ptle + |Vp|p + //Aerde //A QdQdv
0 0

S2 2 S2

C 1+ |Vila +Vply)
It thus follows from Lemma 2.3 and (3.38) that

|[Vulso <C (|divt]eo + |w|oo) In (e + |V2u|q) +C
<C (|div] oo + [w]oo) In (e + |Vi|2)
+ C (|divu)oo + |w]eo) In (e + [Vp|g) + C

<C(|Vila+1)In(e+|Vilz) + C (V|2 + 1) In(e 4+ |Vplg) + C

where we have used,

|divu|oo + |wleo < C(|Gloo + [Pmloc + |[w]oo)
< C(|Gl2 + w2 + [VGls + [Vwl6)

<c | |vil + //ATQdev +1
0 §2 6

Insert (3.40) into (3.37) and choose p = ¢, we obtain

YIMAA:21719
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(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)
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d _ i _
IVl < C (1+m (e+[Vpld)) IVoll+C. (3.41)
It follows from Gronwall’s inequality that
sup |Vplg < C, (3.42)

0<t<T

which combined with (3.39), (3.40) and (3.27), we get

T
/\Vuloo <C. (3.43)
0

Taking p = 2 in (3.37), we have, after using the Gronwall’s inequality,

sup |Vpls <C. O (3.44)
0<t<T
Then, due to p, = —div(pu), the desired conclusions for p; are obvious.

Next we give the estimate for the V1.

Lemma 3.6. Under assumption (3.1), it holds that

oo

//|v1|§d§zdvgc for pel2,q] (3.45)
0 S2

Proof. Differentiating the radiative transfer equation with respect to x;, multiplying the result equation by
p|8ij|p*281jI and integrating over R?, we have

o

1 d
0,12 <100, S+ 100,15+ 0w + [ [ atarav| o, 12
SQ

2cp dt
0

o0

v
+|3mjf|p//;Iaslm@jm,@d@/dv'
0 S§2
+ |V0'a|q+ //5’;dQ’dv’ |VP|Q |I‘%‘8xj]|p
52

0 o]

oo

+|3x_7~f|p//§I6s|m|Vp|q|I’I%dQ’dv’ (3.46)
0 S2

<|VSEZ+ O+ aa+//a;d§z’dv’ VI
0 S2

o0 v2 oo
+//M—2|as\§od9’dv’-//|VI|§dev
0 S2 0 S2
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[ Mo + / / A dr| | 1P
O S2 . q—p
+//,—2|65|§odﬂ’dv’-//|I|2ﬂdﬂdv,
v q—p
0 S2 0 S2

where we have used
VoTly < Vol s
Then integrating (3.46) over (0,00) x S? and noting that

[I| a» < Cl|I]2 + C|VI|, hold for p=2 and p= ¢,

we have
a4 |VI|?dQdv < C +C |VI|2dQdv for p=2,q
a » v < » v for p=2,4.
0 52 0 52

Applying Gronwall’s inequality and interpolation inequality, we get the result. O

Similarly, due to %It = A, — Q- VI and Lemma 3.2, the desired conclusions for I; are obvious.
4. Outline of the proof of BKM-type criterion

In this section, we will give the outline of the proof of BKM-type criterion. We also assume that the
opposite holds, i.e.,

lim sup |D(u)|r1(0,r;) = Mo < o0. (4.1)
T—T*

For the BKM-type criterion, the coupled system does not pose any significant new challenges compared
with Navier—Stokes equations [13]. Indeed, equation p; + div(pu) = 0 is treated exactly the same. So, we
can also get the estimates of |p|, (1 < p < 00). Then we obtain (3.4) and (3.9).

The next lemma will give a key estimate on Vp and Vu.

Lemma 4.1.

T
sup (|Vul3 +Vpl3) + / |V2ul2dt < C, 0<T <T*,
0<t<T

0
where C' only depends on My and T .

Proof. Firstly, multiplying (2.1), by p 1 (Lu—l—me—i—% fooo f52 ATQdev) and integrating the result equation
over R3, then we have
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d Ly
E(%Wu\%%“ldim%) +/p*1 Lu—&—me—l—E//ATQdev da
R3 0 S2

=— ,u/(u -Vu) -V x (rotu)dx + (2u + A) /(u - Vu) - Vdivude

R3 R3
(4.2)
/(u Vu) - Vpm(p)de — %/ u - Vu) //A QdQdvdx
R3 0
6
/ut Vpm(p)de — —/ut //A QdQdvdz =: ZL“
A i=1

where we have used the fact that Au = Vdivu — V X rotu.

We now estimate each term in (4.2). Due to the fact that p=! > C~! > 0, we find that the second term
on the left hand side of (4.2) admits

o 2
/pfl Lu—l—me—i-l//Aerde dz
c

0 52

R3

1 o0
SC U Lu2 - C |me|§+|Vu|§+z//|Ar\§Qdev (4.3)

0 S2
1 oo
>C Hulh, — C |me|§+\Vu\§+g//|Ar|§Qdev ,
0 s§2

where we have used the standard L?-theory of elliptic system and Lemma 2.2. Note that L is a strong
elliptic operator. Next according to

u x rotu = 3V (|ul?) —u - Vu,
Vx(axb)=(b-V)a—(a-V)b+ (divb)a — (diva)b,
and Holder’s inequality, Gagliardo—Nirenberg inequality and Young’s inequality, we deduce
|L1| =p /(u -Vu) -V x (rotu)dx‘ = ,u‘ /V X (u - Vu) ~rotudx‘
R3 3

=U /V X (u X rotu) -rotudx‘
J (1.4)
1
=H|5 /(rotu)Qdivudm - /rotu - D(u) -rotuda:‘
R3 R3
<C|D(u)|o| Vul3,

| Lo

(2 + )| /(u - V) - Vdivuda|

=(2u + )\)‘ — /Vu : (V) " divudr + %/(divu)?’dx‘ (4.5)
R3
<C|D(w)]oc|Vul3,
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Lal =| [ V) Vpca] < CIVula Vs T
R3
(4.6)
<C(IVpml3 + 1)|VulZ + e (Jul?e + [Vul3)

<C(IVpl3 +1)|Vul3 + elulp,

Ly=— 1 /(u . Vu)//ATQdefud:c
c
R3 0 s2

SC//|AT\QQdev|VU|3\u|6~

) & (4.7)
o 2
<C //|Ar|2§2df2dv |Vul? + e (|u|2D2 + |Vu\§)
0
§C|VU|§ + E‘”FDZ?
d .
Ly = Uug - Vppdx = T pmdivudr — [ pp,divudz
3 R3 R3
d . N
= pmdivudr + (u - Vpmdivu + vypmpdivu )dx
R3 R3
p (4.8)
d—/pmdivudx+C’|me|2|u\6|Vu|3+C’|pm|oo|Vu|§
d . 2 2 2
<& [ pdivads + CIVU3(1+190B) + elufls
R3
and
1 o0
Lg=— E/ut . //ATQdevdx
s (4.9)
———E///u A,.QdQdvdx + - /// ):QdQdude,
c
R3 0 §2 R3 0 §2

where ¢ > 0 is a sufficiently small constant. To deal with the last term on the right-hand side of Lg, we need

to use

Q|P—‘

/

R3

:_l///u.g(st_ ga+//a;dﬂ'dv' I (4.10)
&

0 52 RS 0 52 "

/ / ):QdQdvdz
0

S2
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Y / / oy’ | I, + / Y (o) I'dY dv )ddedv
0 S2 0

——/////u ol oslddeddedv—ZJ’

0 S2 0 S2R3

Similar to the proof of estimate (3.26), we also have

=— —///S’tu QdzdQdv < C|u|6//|5’t |¢dQdv < |Vul3 + C,

0 S2 R3
/// o4 + //0 dQ'dv’ | Tu - QdzdQdo
0 S2 R3
< C|u\oo// Oa //0 dQ' dv’ |7|3dQdv
0 0 s2 t

e

e (|Vul3 + [Vulg)

2

+C’//|I|3dﬂdv// (Ta)i + Pt Ea+//6’sd0’dv’ dQdo
0

0 52 0 S2

e

< e (IVul3 + [Vulg) + CM (Iplso) (Ipe]3 +1)
< e (IVul} + [Vul2) + CM (|ploo) (Ipdivul} + [Vpul} +1)
< e (IVul + [Vulg) + CM (lp|so) (p[3divul3 + [Vpl3|ulg + 1)
< elulpe + O (|Vpl3 +1) (IVul3 +1),

/// oq + //0 dQ'dv’ | Lu - QdedQdv

0 $2 R3

/// oq + //U dQ'dv’ | A,u - QdedQdo

0 52 RS
/// oo+ //a dQ'dv’ | Q- VI | (u-Q)dzdQdo
0 $2 R3 0

<C|Vul3 + CM (|pl)

/// Q-V|o,+ //adev I'| (u-Q)dzdQde

0 $2Rs 0
/// Oa + //0 dQdv’ | I(Q2 - Vu - Q)dzdQdv
0 S2 R3

<C|Vul3 + CM (|plec)
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+ C|u|6// pVa, +Vp | T, + // 1dQ'dv’ |I|3dev
0 0
/// o+ //a dQ'dv’ | I(©2 - Vu - Q)dzdQdv

0 S2 R3 0 Ss2
<CIVul3 + CM (|plse) + CIVul3 + CM (Iplo) (IVpI3 +1)

+C//|I|§dev+C’|Vu|§
0

o0 2 oo
+C max Ua—i—//a;,dQ’dv’ //m%dev
(v,92)€[0,00) x 52
0 §2

0 0 82

<elulh + C (Vo3 +1) (|Vul3 +1),

JQZ*E/////El(as)tflu-ﬂdxdﬁldv’dﬁdv
c v

0 S2 0 S2R3

<C|u|oo

as|pt |2 [1']3dQ'dv’dQdw (4.11)
0520 52
<e (IVul3 +[Vulg) + CM (Iplo) (|23 + 1)

<elulh + C (|Vpl3 +1) (|Vul3 +1)

1 o0 o0
—- / / / / / u- Q= I[dzdQ dv'ddy
c v

0 52 0 S2R3

— / / / / / u- Q=0 Al dedQdv'dQdo
v

0 S2 0 S2R3

_ 7/7//(U.Q)§US(VI' - Q)dadYdv’dQdv (4.12)

0 S2 0 S2R3

<C|Vulz + CM (|p|os /////u V) —=TI'(Vos - Q)dzdQ'dv'dQdv

0 S2 0 S2R3

* /////(Q Vu- Q)E/Usfdxdﬂldvld(ldv
v

0 52 0 92R3
<elulh. +C (|Vpl3 +1) (|Vul3 +1)
Then combining (4.2)—(4.12), we have

and

% |V > 4 |d1vu|27pmdlvu+ ///u A,.QdQdvdz | dz + C|V2ul?
R3 R3 0 S2
<C(IVul3 +1)(IVpl3 + D ()| +1).
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Secondly, applying V to (2.1), and multiplying the result equation by 2Vp, we have

(IVoP)e + div(|Vp[Pu) + [Vp[*divu
= —2(Vp) ' VuVp —2pVp - Vdivu (4.14)
=—2(Vp) ' D(u)Vp —2pVp - Vdivu.

Then integrating (4.14) over R3, we have
d 2 2 212
211 VPl =CUD ()]s + 1)[Vplz + €| Voul. (4.15)

Thirdly, similar to the proof of estimate (3.17), we get

71///Aru~Qdevdx
c

R3 0 S2
1 T T v ! ! /
= —— S — o, + — o J'dYdv" | u- QdzdQdy
c v
0 S2 R3 0 S2

+1/////aélu~§2dxd§2’dfu’dﬂdv
c

0 §2 0 2R3
< Cly/pul3 + C|Vul3 < C + C|Vul3. (4.16)

Adding (4.15) and (4.16) to (4.13), from Gronwall’s inequality we immediately obtain

t
IVu(t)|3 + [Vp(t)2 + / VZu(s)zdt < C, 0<t<T.
0

The rest of the proof is same to the Section 3. 0O
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