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1. Introduction

The nonlinear Schrédinger equation

0
za—qf +rAY + x|v*Y =0, t>0, zeR", (1.1)
arises as a canonical model of physics from the studies of continuum mechanics, condensed matter, nonlinear
optics, plasma physics [15,34]. A standing wave solution of (1.1) is in a form of ¢ (z,t) = exp(Xit)¥(z) and
U satisfies a nonlinear elliptic equation:

rAU — AU + x|U2T =0, =z eR" (1.2)

which has been extensively considered in the last a few decades [9,10,33]. Here r is interpreted as the
normalized Plank constant, x describes the strength of the attractive interactions and A is the wavelength.
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Standing wave solutions of more general Schrodinger type equations have also been studied in [7,8,14,16,
17,20,21,25,26,28,29,36,38].

While the standard spatial setting for the nonlinear Schrédinger equation is the Euclidean space R™ for
n = 1,2, 3, there has been recent interests on wave propagations on thin graph-like domains which can be
approximated by metric graphs (or quantum graphs) [11,18,23,32]. A metric graph is a graph G = (V, E)
with a set V' of vertices and a set E of edges, such that each edge e € F is associated with either a closed
bounded interval I, = [0,[] of length [, > 0, or a closed half-line I, = [0,00) with [, = co in this case.
The notion of graph is central to this paper, and we refer the reader to [12,39] for the basic definitions in
graph theory. For each edge e € E joining two vertices vy,v2 € V, a coordinate system z. is chosen along
I. = ]0,1.], in such a way that v, corresponds to z. = 0 and vy to z, = [, or vice versa. In the case that
le = 0o, we always assume that the half-line I, is attached to the remaining part of the graph at x. = 0,
and the vertex corresponding to x. = 400 is called a vertex at infinity. The subset of V' consisting of all
vertices at infinity is denoted by Vi [5].

In this paper, we investigate the existence and nonexistence of ground state solutions to a nonlinear
Schrodinger (NLS) equation on a connected metric graph G = (V, E):

—u!! + ue = |ue[P7%u,, for each edge e € E,

due
Y (v) =0, for each vertex v € V\V,
« dwe (1.3)
Ue, (V) = e, (v), if e; > vand e; > v for some v € V\V,

u = (u.) € HY(G),

where p > 2 and e > v means that the edge e is incident to a vertex v. In (1.3), the sum of flux from all
edges incident at the vertex v is zero, which is the Kirchhoff’s circuit law; and second boundary condition
that uc, (v) = ue, (v) is known as the continuity condition at the vertex v. If the vertex v is an endpoint
(only one edge is incident to v), then the Kirchhoff’s condition becomes the Neumann boundary condition
at v. If v € Vo, there is no given boundary condition but we consider the problem in H' space hence we
must have Iliinoo ue(we) = 0 for u, € HY(I.) and I, = [0, +00). Here LP(G) is the space defined as the set

of functions u : G — R such that

/\u|pd:r = Z/|ue\ dz, < 00,

eGEI

and H'(G) is the Sobolev space defined as the set of functions u : G — R such that u = (u.) is continuous
on G and u, € H(I,) for every edge e € E with the natural norm

i) = [0 @F + u@)P)de = 3 [ Qi)+ el P

G eEEI

The energy function corresponding to (1.3) is defined by
_1 / 2 2 1 1
32 [l + o) Py = 3 [luewPdne, we '@, (14
e 1. e 1.
A critical point u € HY(G) of J(-, G) satisfies that for any w = (w.) € H'(G), we have

(J' (u,G), Z/ uwl, 4 uewe — |ue|P " 2uow,)dx, = 0.
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It can be shown that u is a solution of (1.3) if and only if w is a critical point of J(-,G) (see Lemma 2.1),
hence (1.3) is the Euler-Lagrange equation for the energy J(-, G). It is easy to see that u = 0 is always a
trivial solution of (1.3), and any other solution w lies in the Nehari manifold defined as

N(G) = {u e H'(G)\{0} : (J'(u,G),u) = 0}. (1.5)
The ground state energy of J(-,G) is defined by

E(G) = ue%fc) J(u, G), (1.6)
and if F(G) is attained by some u, € N(G), that is, J(u., G) = E(G), then u, is called a ground state
solution of (1.3).

It is known that the ground state energy is always positive for any metric graph G (see Lemma 2.4).
When the metric graph G is compact (that is, Vo = 0), then a positive ground state solution u, always
exists, although it is possible that w, = 1 which is a trivial constant state only when G is compact. Indeed
we will prove the following result for the ground state solution on a compact metric graph:

Theorem 1.1. Suppose that G is a compact connect graph with the total length l. Then

1. A positive ground state solution u.(G) exists.
2. If the total length I is sufficiently small, then u.(G) = 1. Moreover u, = 1 is the unique positive solution

of (1.3).

We remark that it is known that w = 1 is the unique positive solution of (1.2) on a bounded domain in
R™ with Neumann boundary condition when the diffusion coefficient r is large or the domain is small [24].

For a non-compact metric graph G (V. # (), the existence or nonexistence of a ground state solution
depends on the topological structure of G. We are interested in the following questions:

(Q1) For what kind of non-compact metric graphs, the ground state energy can (cannot) be attained by a
ground state solution wu,?

(Q2) When the ground state energy is attained, what is the ground state energy? And is the ground state
solution unique and monotone?

(Q3) When the ground state energy cannot be attained, are there other nontrivial positive solutions for the
non-compact metric graph G7

In general these questions are hard to answer as the graphs can have complicated topological structure.
For the simplest non-compact graph G = R (which can be viewed as a graph with two vertices at infinity
and one finite vertex), it is well-known that the ground state energy is attained by a positive solution ug
which is symmetric with respective to some zy € R (the center), and wy is strictly decreasing from the center
to the infinite vertex. Without loss of generality, we assume that the center of wug is at the finite vertex.
That is, ug is the positive solution of

u' —u4uP"t =0, z € R, v (0) =0, ‘ l‘im u(z) = ‘ 1|im u'(z) = 0. (1.7)
xT|— 00 T|—00
It is well-known that ug is positive, strictly decreasing for positive x, and decays exponentially at the infinity.
It is also known that ug is the unique nontrivial solution of (1.3) in H'(R). We denote by Ey = J(uo, R)
where J(-,R) is the energy functional defined in (1.4). Indeed the explicit formula of ug is known [15]:

1/(p—2) -2
uo(z) = (g) T sech?/ =) (pTx> . (1.8)
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Fig. 1. Three graphs satisfying (H) for which a ground state exists.
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Fig. 2. The star graph with k = 4 and m = 4.

In the following we call ug the canonical soliton solution of (1.3) in R, and we also denote by uj := u|[0,00)
which is a half soliton defined on a half line.

To ensure the existence/nonexistence of ground states, a condition on a non-compact graph G was
proposed in [5] as follows:

(H) After removal of any edge e € E, every connected component of the graph G' = (V, E\{e}) contains at
least one vertex v € V.

By using similar arguments as in [5], one can prove the following result regarding the existence/nonexis-
tence of ground states under condition (H) (see subsection 2.3).

Theorem 1.2. Suppose that G = (V, E) is a metric graph satisfying (H). Then a ground state solution u.(G)
of (1.3) ewists if and only if G is one of the three graphs in Fig. 1.

In this paper we are mainly interested in answering the questions above for star graphs. A star graph is
the one with only one central vertex vy which is connected to any other vertex via exactly one edge, and
there is no other edges. In the following we consider a star graph with & finite edges of equal length [ and
m infinite length edges all starting from the central vertex vy, and we call this metric graph the (k, m)-type
star graph denoted by Sy, (see Fig. 2). Here k,m € NU {0} and k + m > 0. Note that when m = 0, Sk,0
is the isotropic k-star with finite length, and when k = 0, Sp, is the m-infinite-star graph (a star graph

Please cite this article in press as: Y. Li et al., Ground states of nonlinear Schrodinger equation on star metric graphs, J. Math.
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Fig. 3. Star graphs Sk 2 with two infinite edges. Left: kK = 1; Right: k = 2.

with m infinite length edges). Also if Sk ., satisfies the condition (H), then it is necessary that k = 0. For
the case of k = 0, the set of positive solutions of (1.3) can be completely classified as follows.

Theorem 1.3. Let Sy ., be the star graph with m edges of infinite length.

1. A ground state solution exists for So m if and only if m =1 orm =2;

2. When m is an odd integer, then (1.3) has a unique positive solution on Sg ., which equals to ua' on
each edge;

3. When m = 2my 1is an even integer, and u s a positive solution of (1.3) on So.m, then the edges of So m
can be labeled pairwise so that eg;—1 Ueg; =R for 1 < i < my, and ey, ,Ue,; = Uo SO that the unique
central vertex vg has the same coordinate x = x. € R on each eq;_1 Ues;. Hence the positive solution of
(1.3) is unique up to a translation of the mazximum point of ug on each of ea;_1 U eg;.

A direct consequence is that the positive solution of (1.3) on the m-infinite-star graph has the energy
level mEy/2, hence it is quantized. For odd m, the maximum point of the positive solution is always at
the unique central vertex vy of Sp.m, while for even m, the maximum point of the positive solution can
be translated (uniformly for each pair of (e2;—1,€2;)) to any location on R. We note that the latter case
provides an example that a positive solution of (1.3) on a symmetric graph is not necessarily symmetric
with respect to its geometric center (the central vertex here), while the celebrated result of Gidas, Ni and
Nirenberg [19] showed that a positive of (1.2) is always symmetric with respect to a point o € R™. To be
more precise, we have the following proposition.

Proposition 1.4. A metric graph G = (V, E) is defined as symmetric with respect to a vertex vg € V, if
G\{vo} = Uic; Gi, Gi\G; =0 for i # j, and for any i,j € I there is an isomorphism f;; : Gi — G; such
that fij(vo) = (vo). A solution u of (1.3) on a symmetric metric graph G = {vo} U (U,c; Gi) is symmetric
if ulg, = uly,;(G,) for anyi,j € I. Then for the symmetric graph So,2m, with my > 2, there exists a positive
solution of (1.3) which is not symmetric.

For a star metric graph with at least one half-line and at least one finite edge, the existence of ground
state solution or positive solution is much more difficult to determine. Note that such graphs (Sk . with
k > 1 and m > 1) are non-compact and they do not satisfy the condition (H). We have the following results
on the existence of ground state solution when the star graph has 2 half-lines and 1 or 2 (equal length)
finite edges (see Fig. 3 for these graphs).

Theorem 1.5. Let Sy, ., be the (k,m)-type star graph defined as above.

1. If k=1 or k=2, and m = 2, then a ground state solution exists.
2. The ground state energy satisfies

1 1
§E0 < E(Slyg) < Ey, §E0 < E(SQ’Q) < Ey. (19)

Please cite this article in press as: Y. Li et al., Ground states of nonlinear Schrédinger equation on star metric graphs, J. Math.
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Note that the ground state for Sy,1 is obviously wug (restricted to half line). The existence of a ground
state for S1 o (two half-lines and a pendant, see Fig. 3 left) has been considered in [5] with a different setting
(under a mass constraint, see below), and the result for Sy 2 (two half-lines and two pendants) has not been
considered previously. The existence/nonexistence of a ground state for Sk, for other values of (k,m) is
still open. On the other hand, while the existence of a ground state is not always known for star graph S, ,»,
we show in our last main result that a positive solution (not necessarily with ground state energy) of (1.3)
always exists:

Theorem 1.6. Let Sk, be the (k,m)-type star graph defined as above. Then for any k > 1 and m > 1,

(1.3) has a symmetric positive solution in form of (uy,us, -+ ,ug,v1, V2, ,Up) salisfying ug = ug = -+ =
ug =u and vy = vy = -+ Uy, = v, and (u,v) satisfies

W' —u+uP~t =0, —l<x<0,

v —v Pt =0, 0 <z < oo,

1.10
u'(=1) =0, li_>m v(z) =0, (1.10)

u(0) = v(0), ku'(0) = mv’(0),

and u/'(x) < 0 for =l <z < 0, v'(x) < 0 for x > 0. Moreover the strictly decreasing positive solution of
(1.10) 4s unique for anyl >0, k > 1 and m > 1.

It is easy to see that when k = m, then (u(z),v(z)) = (uo(x + I)|[—,0), uo(z + 1)][0,00)) is such a sym-
metric solution. Here in Theorem 1.6, we show that such a solution also exists when k # m. The proof of
Theorem 1.6 is based on an ODE shotting method argument for the system (1.10), which is of independent
interest. The symmetric solution obtained in Theorem 1.6 in general is not a ground state solution, but in
some special case, the existence of such a symmetric solution implies the existence of a ground state as in
the following corollary:

Corollary 1.7. Let Sk, be the (k,m)-type star graph defined as above. If k =1 and m > 2, then a ground
state solution exists if the length of the unique finite edge l is sufficiently large.

Whether a ground state exists for S; ,,, when the length of the unique finite edge [ is small is still not
known.

The ground states of the nonlinear Schrédinger equation on a metric graph have been considered in a
different but related setting (see [1-6,27,30,35]). In these work, the energy functional

1 1
J(u,G) = S|l [1720y — =Ilullf,

2 L2(G) p Lr(G)
was considered with the mass constraint

||UH%2(G) = p.

Here p > 0 is a fixed number and it is assumed that p € (2,6). The ground state in this setting is defined
as u, € H(G) satisfying

J(uy, G) = inf{J(u,G) : u € H(Q), ||u||2L2(G) = [} (1.11)

Note that in this setting it is required that p € (2,6) so that the functional J(-,G) is bounded from below
under the mass constraint Hu||2Ll(G) = p, and when p > 6 the infimum in (1.11) is —oco. In our results in this

Please cite this article in press as: Y. Li et al., Ground states of nonlinear Schrodinger equation on star metric graphs, J. Math.
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paper, we only need p > 2. Another work of nonlinear elliptic equations on a metric graph is [41], in which
the connection between the stability with respect to reaction—diffusion dynamics and the graph structure is
considered.

In Section 2, we will show that the existence of a solution to (1.3) corresponds to the existence of a
critical point of J(u,G) in H*(G). Therefore, we can apply variational methods to obtain the existence of
critical points of the energy functional J(u,G). Here G may be R. The proofs of Theorems 1.1 and 1.2 are
given in Section 2. The main existence results for the ground state solutions (Theorems 1.3 and 1.5) are
proved in Section 3, and in Section 4, we study the symmetric solution of (1.3) using ODE techniques and
we prove Theorem 1.6 and Corollary 1.7.

2. Preliminaries
In this section, we will give some basic notations and energy estimates.
2.1. Variational setting

We first show that solutions of (1.3) correspond to critical points of J(-,G) defined in (1.4).

Lemma 2.1. Let G be a connected metric graph. Then u is a solution of (1.3) if and only if u is a critical
point of the functional J(-,G) defined in (1.4).

Proof. Suppose that u € H?(G) is a solution of (1.3), then u € H(G) and u = (u,) is continuous at every
vertex. Let w = (w.) € H'(G), then by integrating by parts and using the Kirchhoff’s condition, we have

/(—u” +u — [uP~2u)wdr = Z /(—u;’ + e — |[ue|P 2 ue)wed,

G eEEIe

= Z /(u’ewé + UeWe — e |P 2uewe)dz, = (J' (u, G),w) = 0.

eu’:'EIe

Therefore, u is a critical point of J(-,G) in H*(G). On the other hand, let u = (u.) € HY(G) be a
critical point of J(-, G), then u is continuous at each finite vertex. Fixing an edge e, choosing an arbitrary
w = we € C§°(I.) and integrating by parts, we have

/(—ug + Ue — |ue P2 ue)wedz, = /(u’ew; + Uewe — |te]P ™ 2uow, ) da
I I.

= (J/(’U,, G),U)) =0,

and then —u!” +ue = |ue|P~%u. in H~1(I.) and u. € H?(I.) by the elliptic regularity theory. Next we prove
the Kirchhoff condition. Fixing a vertex v € V\V, choosing a test function w € H'(G) which is null at
every vertex of G except at v, and integrating by parts, we have

du,
dz,

ev

(v)w(v) =0,

du,
e=v dx.

since only the boundary terms at v are not zero. Then we have > (v) = 0 since w(v) is arbitrary. O

Next we recall the following classical result regarding the Mountain-Pass structure of an energy functional
(see [40]).
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Proposition 2.2. Let X be a Banach space and J € CY(X,R). Let Q be a bounded open subset of X,
and e1,es € X with ey € Q and ex ¢ Q. If inafQ J(u) > max{J(e1), J(e2)}, we say that J satisfies the
ue

Mountain-Pass geometric structure. Let

I'={y€C[0,1]: v(0) = e1,7(1) = ez},

and

c=inf sup J(v(t)).
inf s J((0)

Then J has a (PS). sequence, that is, a sequence {un} C X such that J(uy,) — ¢ and J'(u,) — 0 as n — oo.

Now we show that for any metric graph G, the energy functional J(-, G) possesses such a Mountain-Pass
structure, thus it always has a (PS). sequence.

Lemma 2.3. Suppose that G is a connected metric graph.

1. There exist r,o0 > 0 such that al inf J(u,G) =a > 0.
ullg1(gy=r

2. There exists uy € H'(G) with |Ju1 | gr(c) > 7 such that J(uy, G) < 0.
3. J(-,G) possesses a bounded (PS). sequence {u,} C H*(G) where

c¢=inf sup J(v(t),G), and T'={y € C[0,1]:v(0) =0,v(1) = uy }. (2.1)
7€l te(0,1]

Proof. 1. For u € H'(G), since
1

1 1 1
2 2 _ 2 2
G/ (WP + 1) - 5 G/ l? = 3l ) = 1ulf > 51l ) = Collulf:

J(u,G) =

N~

1
then we can choose a small 7 > 0 such that J(u,G) > 72 (5 - Cpr”2> := a > 0 for any u satisfying

||UHH1(G) =T.
2. Let u € HY(G) be fixed. Since

1 1
I(tu, @) = 5t ullins @) = St MulLo ).

then J(tu,G) — —oo as t — oo. Therefore, we can choose ¢t > 0 large enough such that J(tu,G) < 0 and
ltw||gr1(@) > r. Let u; = tu then the conclusion holds.

3. From part 1, 2 and Proposition 2.2, J(-, G) possesses a (PS). sequence {u,,} C H'(G) where c is given
by (2.1). We prove that {u,} is bounded. Indeed

1 1 1
i@y + €3 T, 6) = (70 G = (5 = ) (2.2

which implies that {u,} is bounded. This proof actually shows any (PS) sequence is bounded. O

Next we prove some properties of the Nehari manifold N(G), which is also similar to the ones on a region
of R™.
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Lemma 2.4. Suppose that G is a connected metric graph.

1. E(G) := uEiEfG) J(u, G) > 0 where N(G) is defined in (1.5).

2. For any u € HY(G)\{0}, there exists a unique t, € (0,00) such that t,u € N(G) and J(t,u,G) =
max;>o J (tu, G).

Proof. 1. First we show that if u € N(G), then |Ju||z1(g) = C for some constant C' > 0 independent of u.
In fact, if u € N(G), then

0=(J"(u,G),u) = ||U||%11(G) - |U|I£p(c) > HU”%II(G) - Cp““”?p(g)-

Therefore, [|ul|f1(q) = C for some C' > 0. Then by using that 0 = (J'(u, G),u) = ||u\|§{1(G) - |u|’£p(G)7 we
obtain that

1 1 1 1 1 1
5:6) = Sl — ity = (5= 5 ) Wl > (5 2)

Hence E(G) = (1/2 —1/p)C? > 0.
2. For any u € H'(G)\{0}, define

1 1
g(t) == J(tu,G) = §t2||u\|12r{1(c) - ]—)tp|u|ip(c)~
Then

g () = tlulldn g — 7l -

and there exists a unique t,, € (0,00) such that ¢'(¢,,) = 0. Moreover, ¢'(t) > 0 for t € (0,¢,) and ¢'(t) <0
for ¢t € (ty,00). Therefore, J(t,u, G) = max;>o ¢g(t) = maxe>o J(tu, G). O

Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. 1. If G is a compact graph, then J(-,G) satisfies the (PS) condition and Propo-
sition 2.2 implies the existence of a ground state which is also a Mountain-Pass solution. Moreover the
Mountain-Pass energy level ¢ defined in (2.1) is coincident with the ground state energy F(G). This proof

is similar to the one of NLS equation with subcritical nonlinearity on a bounded domain of RY.
2. Let u be a positive solution of (1.3) and decompose u as u = ug + ¢, where

ug = 7!u(ax)dm, G/qﬁ(x)dz =0.

Then from (1.3), we have

—6l + 6 = uls ' —ug + (p— V([ [ug + téc[’"2dt)p., for cach edge e € E,

doe
Z di(v) =0, for each vertex v € V,
& da (2.3)
be; (V) = @, (v), if e; = v and e; > v for some v €V,

— 1
¢ = (o) € H'(G).
Please cite this article in press as: Y. Li et al., Ground states of nonlinear Schrédinger equation on star metric graphs, J. Math.
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Multiplying both sides of (2.3) by ¢. and integrating over e, and using the boundary conditions, we have

1

¢/ Pde+ [ |¢]*de = (p—1) [ $*([ luc + to|P~*dt)dz. (2.4)
e oo ]

For any v € H!(G), according to Lemma 2.1 and [13, Remark 2.1], we have

/(u’v’—l—uv)dm = /\u|p_2uv
G

G
< [P el < @2 12 [l el
G G

Therefore we have

lullas ey < 472 + 12 / P de. (2.5)
G

On the other hand, integrate (1.3), it follows from the Kirchhoff condition that

/udm = /upfldx. (2.6)
G G

The Hélder inequality implies that

1/(p=1)
/|u|p_1dx: /up_ldx = /udm < /up_ldx 1(P=2)/ (=)
G G G G
and hence
/udx = /upfld:z: < . (2.7)
G G
Combining (2.7) with (2.5), we get
lull @) < 12+ 1272 (2.8)
According to [13, Remark 2.1] and (2.8),
[tloo < (V2 + 1) Jullirn ) < (V2 +1/2) (1712 111/2) = (142, (2.9)

Using the estimate (2.9), we find that |ug + t¢| = |[tu + (1 — t)ug| < max|u| < (1 +1)% for x € G and
t € [0,1]. Hence (2.4) is reduced to

/(I<z5’|2 + ¢?)dx < (p—1)(1 4 1)2#=2) /¢2dx. (2.10)
G G
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Since [, ¢dx = 0, there exists a point 29 € G such that ¢(z¢) = 0. For any = € G, therefore [13, Remark 2.2]
shows that

/¢2dx < 12/|¢>’\2dx. (2.11)
a G
Thus, (2.10) and (2.11) show that

(172 +1) [ ¢*de < (p— 1)1 +1)2P7D [ $%da. (2.12)
/ /

G

Therefore, for [ sufficiently small, ¢ = 0 and then v = u is a positive constant. However, (1.3) has a unique
positive constant solution 1. Hence u =1. O

We note that an explicit bound of I can be estimated from (2.12). For example, by using

<I2H1< (p—-1)(A+ 122,

(I+1)2

we obtain that

|\ Mee-1)
> <—> ~1. (2.13)

2.2. Rearrangement

The decreasing rearrangement u* of a function u € H'(G) for G being a metric graph was first used
n [18]. As in the case of G being an interval, this kind of rearrangement does not increase the Dirichlet
integral (see also [2,22]). Other than the decreasing rearrangement u*, we will also need the symmetric
rearrangement 4 which is defined below (see [5]).

Let u € H'(G). Assume that

m =1nf [u| >0, M =sup|u|] > 0. (2.14)
G G
Let p(-) denote the distribution function of wu:

w(t) = Z meas({ze € I, : |ue(ze)| > t}), t =0,
eelE

where the u, is a branch of u, that is u. = ul.. Set

r= Zmeas([e), I" =0,r), I= (=r/2,7/2),
ecel

where r € [0, 0] is the total length of G. One can define the following rearrangements of wu:
1. the decreasing rearrangement u* : I* — R as the function

u () =inf{t 2 0: () <z}, vl
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2. the symmetric decreasing rearrangement @ : I — R as the function

U(x) = inf{t > 0: u(t) < 2|z|}, x € 1.

If G is a noncompact graph, I* = [0, +00) and I = (—co, +00). Since |u|, u* and @ are all equimeasurable,
one has that

/|u*(x)\qu:/|ﬁ(x)|qu:/|u(x)|qu, q >0, (2.15)
I 7 G

and

infu* = inf 4 = inf |u| = m, supu™ =supa = sup |u| = M.
I* i G I* i G

When G is a connected metric graph, it is known ([22]) that u* € H(I*) and @ € H'(I) respectively.
Moreover, su = st for s > 0. In fact, we can easily see that s, (t) = uy(t/s), and then

su(z) =1inf{t > 0: g (t) < 2|z} =inf{t > 0: py(t/s) < 2|z|}
(2.16)
= sinf{r > 0: p,(7) < 2|z|} = st(z).

*

Similarly we also have (su)* = su*.
Let

N@t) =#{z € G: |u(z)| =t}, te (m,M).
We have the following result regarding the Dirichlet integral and N(¢) (see Proposition 3.1 of [5]).

Proposition 2.5. Let G be a connected metric graph, and let uw € H'(G) satisfying (2.14). Then
/|(u*)'(x)|2dac< /|u’(x)|2dx, (2.17)
I+ G

where equality holds only when N(t) =1 for a.e. t € (m, M). Moreover, if N(t) = 2 for a.e. t € (m, M),
then

/|(ﬁ)'(x)\2dx</|u'(:c)|2dx, (2.18)
7 G

where equality holds only when N(t) =2 for a.e. t € (m, M).

Proof. By the Proposition 3.1 of [2], we only need to prove that

/ 2 = / ((Jul)|2dz.
G G

In fact, let u; = max{u,0},u_ = max{—u,0}, then v = uy —u_ and |u| = u; +u_. Moreover, ux € H'(G)
and

Please cite this article in press as: Y. Li et al., Ground states of nonlinear Schrodinger equation on star metric graphs, J. Math.
Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2017.10.069




Doctopic: Partial Differential Equations YJMAA:21787

Y. Li et al. / J. Math. Anal. Appl. ess (ssee) see—see 13
|u/|2dx = / (u+) + (v )? - 2u/ ul)dx = /((ug_)2 + (u)?)dx
G

/
/u++u dx:/|(|u|)’|2dx. g
G

G

2.3. Basic estimates
First we establish the following basic energy estimate for any non-compact graph G.

Lemma 2.6. Let Ey be the ground state energy of (1.3) on R. Suppose that G is a connected metric graph
with at least one half-line, then the ground state energy E(G) satisfies

1
5E0 < E(G) < Eo. (2.19)

Proof. Let {u,} € H'(R) be a sequence such that each u,, has a compact support and wu,, — ug strongly
in H1(R). Since u,, — ug also in LP(R) as n — oo, we see that

J(U;n,R) — J(Uo,R) = EOa (‘],(un7R)7un) — (J/(UOaR)aUO) = 07 n — 00.

Therefore, there exists a sequence {t,,} satisfying ¢,u, € N(R) and ¢, — 1 as n — co. By translation, we
may assume that ¢, u, (- +,) is supported in [0, c0). Identifying this interval with one of the half-lines of G,
we may consider t,u, (- + z,) as a function in H!(G), by extending it to zero on any other edge of G. Then
we obtain that

E(G)= inf J(u,G) < lim J(tpun(-+ z,),G) = lim J(t,u,,R) = lim J(u,,R) = Ey.

N(G) n—o00 n—00 n—00

On other hand, for any u € N(G), then v* € H'(R") and there exists a t > 0 such that tu* € N(R™).
Therefore from Lemma 2.4,

1
J(u,G) = J(tu,G) > J(tu*,RT) > Nl(%f)‘](u R = 2E0 O

Next we recall the following parametrization of a metric graph G (see [5, Lemma 5.1]).

Lemma 2.7. Assume that G is connected and satisfies the condition (H). Then G as a metric space satisfies
the following condition as well:

(H') For every point xg € G, there exists two injective curves v1,7s : [0,00) — G parameterized by arclength,
with disjoint images except for finitely many points, and such that ~1(0) = 12(0) = xo.

Similar to [5, Theorem 2.3], we show that under the condition (H), the ground state energy E(G) can be
determined.

Lemma 2.8. Assume that G is connected and satisfies condition the condition (H). Then, E(G) = Ejy.

Proof. Let u € N(G). Since J(Ju|,G) = J(u,G), we may assume that u > 0. Therefore we have that
M = maxgu > 0 and that m = infgu = 0, as G contains at least two half-lines. Thus, & € H*(R). We
claim that

N(t) =#{zx € G : |u(z)| = u(z) =t} > 2 for a.e. t € (0, M). (2.20)
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Indeed from Lemma 2.7, the condition (H’) holds. Let 1,72 be as in (H’), relative to a point 2y € G where
u(xg) = M. We define a continuous function v : R — R by

wm:{“”@”’ y >0, o)

u(v2(-y)), y<O0.

Clearly v(0) = u(z9) = M. Moreover, as each ~y; parameterizes a half-line of G for y large enough, we have
that v(y) — 0 as |y| — co. Hence v has at least two distinct preimages for every value t € (0, M). Since the
images of v; and -9 are disjoint except for finitely many points of G, then (2.20) follows.

For any u € N(G), from Lemma 2.4, there exists a tg > 0 such that to& € N(R). Therefore from
Lemma 2.4 and Proposition 2.5, we have

Ey = ]\i]l&lﬂg) J(u,R) < J(to, R) = J(fou, R) < J(tou, G) < J(u, Q).
Thus Eg = J(ug, R) = infyg) J(u, R) < infy(g) J(u, G) = E(G). Combining with Lemma 2.6, we conclude
that E(G) = Ey. O

Now we prove Theorem 1.2.

Proof of Theorem 1.2. The proof is similar to the one for [5, Theorem 2.5]. The graph in Fig. 1 (a) is
apparently isometric to R, then uy can be seen as an element of H'(G), and then the infimum is achieved.
For the graph G in Fig. 1 (b), suppose the length of finite loop is 2a > 0, then ug can be identified as
an element of H'(G) by letting 2 = 0 corresponding to the mid-point of the finite loop, and z = 4a
corresponding to z1. Again the infimum is achieved. For the graph G in Fig. 1 (c), the two edges between
each x; and x;y, are of equal length, hence uy can also be identified as an element of H 1(G) for which the
two half-lines intersect at x = +a; for some a,, > a,—1 > -+ > a1 > 0, then the infimum is attained by wug
under this correspondence.

On the other hand, assume that u € H!(G) achieves the infimum E(G). Then from Lemma 2.8,
E(G) = Ep, (2.20) holds and we may assume that u > 0 and J(u,G) = J(@,R). Thus we must have
@ = up, and G = T' = T';y UTy, where T'; is the image of the curve v; (defined as in Lemma 2.7). The
remaining parts of the proof are same as the proof of [5, Theorem 2.5], which are omitted. O

3. Existence of ground states

In this section, we prove our main existence results (Theorems 1.3 and 1.5). First we show the following
partial symmetry result for a positive solution u with energy level less than or equal to Ejy.

Lemma 3.1. Assume that G is a star graph with m infinite edges (half-lines) and k finite edges (with possibly
unequal length), m > 2 and m+k > 3. If u € H'(G) is a positive solution of (1.3) with J(u,G) < Ey, then
u is symmetric on all m half-lines and it is strictly decreasing on [0,00) for each half-line.

Proof. Since u is a positive solution of (1.3), then u € N(G) and we have
S @P + futa)Plde = [ Ju()Pd. (3.1)
G e}

Let G = Sy and let u = (ug,ug, -+ ,ug,v1,v2, -+ ,vy) € HY(G) be a positive solution of (1.3), then
v; € HY(R,) (1 < i < m) is a positive solution of the equation
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—u" oy =uPt, z €Ry, (3.2)
u>0, ue H(R,), '

and v;(0) = v;(0) > 0. From the uniqueness of the positive solution of (1.7), we must have v;(x) = uo(z£z1)
where 21 > 0 satisfies ug(z1) = v;(0) for each i.

We prove that v;(x) = ug(x+x1) for each i. Suppose to the contrary, there exists i (without loss generality,
we assume ¢ = 1) such that v;(z) = ug(x —x1). Since m > 2, then va(x) = ug(x £ 1). If va(x) = uo(xr + 1),
then from (3.1), we have

I @) = (5= ) [ @) +u(o))dz
G
> (3= 3) [I@P + 0@+ = 3) [T + sl 33
0 0

G 2) [ (@) + luo(@)ldz+ (5 = ) [ (@) + fuole) Pl = B,

which contradicts with the assumption that J(u,G) < Ey. Note that the inequality in (3.3) is strict since
m + k > 3. On the other hand, if vo(x) = ug(x — x1), then similar to (3.3), we have

I = (5= 1) [ @P + fu(e)P)dz
G
><§‘%>/Hv1< )+ for(a)Plda + (5= ) J 1P + st Pl (3.4)
0 0
(=) [ [@P + o) Plda + (5= ) [ (@) + fuo(a) P > Eo

which again contradicts with J(u,G) < Ey. Hence for each 1 < i < m, we have v;(z) = ug(z + 21). This
implies that v;(x) = v;(z) and are decreasing on [0,00). O

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. 1. Suppose that u is a positive ground state solution of (1.3) when G = Sy, the
star graph with no finite edges but m infinite edges. From Lemma 2.6, E(G) < Ey. Suppose m > 3, then
according to Lemma 3.1, for each 1 < i < m, v;(z) = up(x + x1) for some x; > 0. The Kirchhoff condition

implies that 1 = 0 hence v;(z) = ug(x) for all i = 1,2, -+  m. Similar to (3.3), we have
11 102 2
J(w,G) = (5 - ];) [[u' (@) + [u(z)["]dz
G
oo (3.5)
1 1. & )2 m
- — - 5 de = —F Ey.
= (52 [P + (@)l = 5o >
=to

That contradicts with J(u, G) = E(G) < Ey. Hence there is no positive ground state solution of (1.3) when
m = 3. When m = 1 or m = 2, a ground state obviously exists: u = ug|r, for m =1, and u = g for m = 2.
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2. Suppose that v is a positive solution of (1.3) when G = Sy, with m odd. Then similar to the proof of

Lemma 3.1, u = (v1,-- -, Um) and each v; is a solution of (3.2) such that v;(0) = v;(0) > 0 for all 4, j. Then
again v;(z) = ug(z £ x1) which implies that

dvl
Z 7o, ) = puo(a), (3.6)

where p is an odd integer. Then the Kirchhoff condition implies that ug(x1) = 0 hence 21 = 0. Therefore u
equals to ug|r, on each edge, and u is unique.

3. Suppose that u is a positive solution of (1.3) when G = Sy, with m = 2my even. Then same as part 2,
we have v;(x) = ug(z £ x1) and (3.6) holds for p = 0. That implies that exactly m; of v;(x) = ug(z + 1),
and the other my satisfying v;(x) = up(z — z1). So the 2m; edges can be paired into m; whole solitons with
an arbitrary z; > 0. O

Remark 3.2. In Lemma 3.1, we show that a positive solution with energy < Ey must be symmetric on all
infinite edges. The results in Theorem 1.3 parts 2 and 3 show that the energy constraint is a necessary
condition for the symmetry.

The next lemma is a key of proving Theorem 1.5.

Lemma 3.3. Assume that G is a star graph with m infinite edges (half-lines) and k finite edges (with possibly
unequal length), m > 1 and k > 1. If E(G) < Ey, then E(G) can be attained by a positive solution of (1.3).

Proof. Suppose that G = Sk, with m > 1 and k 1. Let u, € N(G) be a mlmmlzmg sequence such that

J(tn, G) — E(G) as n — oo. Let u, = (u} cooyuk vl 02 0 9m) | where ! is defined on the i-th
finite edge for 1 < i < k, and v}, is defined on the j-th half-line for 1 < j < m.
Define

M(ua G) = (J/(ua G),U) = ||’U’H%{1(G) - |u|ip((;)

Since u,, € N(G), then M (u,,G) =0 and

1 1 1
<§ - ];) lnllr1 (= T (un, G) = };M(UmG) = E(G), n— oo,

which implies that {u,,} is bounded in H(G). Moreover, there exists a sequence \,, € R such that
J (Up, G) = A\yM' (up,G) = 0, n — o0.
Since u, € N(G), then by the proof of Lemma 2.4, we have
(M (12, G)12) = 2l ) — Phtn sy = 2~ D)l oy <~ — 2O

Hence \,, — 0 and consequently J'(u,,G) — 0 as n — oo.
Therefore, subject to a subsequence, there exists a function u € H!(G) such that

Up —u, in H(G); u, — u, in LY

loc

(G), g€ [l,4x], n— oco. (3.7)
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If uw # 0, then v € N(G) and

1 1 1
506) = Sl o)~ bty = (5 = 3 ) Il

- 11 2 o
< llnrggf (5 — 5) [unllzr(qy = llnrrigf J(un, G) = E(G).
Hence E(G) is attained by u # 0.

In the following, we consider the case of u = 0. Then (3.7) implies that u,, — 0 in H}(G) and u,, — 0 in

L} (G) for q € [1,00] as n — co. Let £g,nr € C*°(R,) be defined by

loc

1 2R
Er(r) = {0: i z R " nr(z) =1—E&r(x).

Moreover, we may assume that [£5], |7k < 2/R, 0 < €r,nr < 1 for © € Ry. Let [ be the maximum of the
lengths of all finite edges, and we fix R > [. Then

1 2 k .1 2
UnTR = (unauna oty Uy VTR, UpTIRy * 7”7?’01%)3 ungR = (0707 T a ngRavngRa T av;,ngR)'

Clearly u,ng, u,ér € HY(G) and {u,ngr}, {u,£r} are bounded in H(G). From J'(u,,G) — 0 as n — oo,
we have

/(|u;|2nR + Nl + [un*nr — [un|Pnr)de = (J' (un, G), nrtn) — 0, n — oco. (3.8)
G

By using u,, — 0 in L}

loc

(G) (n — o0), we have

2
2 2
Juads) < 5 [l < g | [ | e 0. as 0,
G z€[0,2R] z€[0,2R] (3 9)

/|un|2nR—|un|pT}R < / (|tn|* + |unl?) — 0, as n — oo.
z€[0,2R)]

Combining (3.8) and (3.9), we obtain that
/|u;1|2173 —0, and / (July | + [un)?) — 0 as n — oco. (3.10)
z€[0,2R]
Because of u,, € N(G), we have

0= <J'(umG),un> = /(‘u;P + urzL - |un|p)dx
G

[l bl = e[+l = o

>2R z€[0,2R]

This together with (3.10) and u, — 0 in L{, (G) implies that

/ (lur, I + [unl® = un|P)dz — 0, 1 — oco. (3.11)

z>2R
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On the other hand, by (3.10) and u,, — 0 in L? (G), we obtain that

loc

/ (Jup, IP1€R 1 + 2ul unérER + [un P [ERI7 + [un|?ER — |un|PER)
©€[0,2R) (3.12)
S / (21l )? 4+ (3 + 4R ™) un|* + |ual?) = 0, n — cc.

z€[0,2R)

Therefore, from (3.12) and (3.11), we obtain that

(Jl(ungRa G)7 uné.R)

= /(IULIQI&aI2 + 2up unbR€R + [un P IER L7 + lun*€R — un|PER)

G
- / (lup|* + Jun|* = Jun|?)
eS2R (3.13)
+ / (lun[P€RI? + 2upun€RrER + unl*IER 17 + |unl?€R — lun|PER)
z€[0,2R]

- /(|“%|2+|un|2*|un|p)+0(1):0(1), n — oo.
z>2R

Similarly,

1 1 1 1
J(unér,G) = /(§|UZ\2|€R|2 + uunérER + §|Un|2|533\2 + §|un\2§12;: - I—)|Un|p§%)

G
1 1 1
= [ Gl + Gl — junP)
T>2R
1 1 1 1 (3.14)
+ [ GUPIERP + gt + lunPIER + 5lun ek Slunl?R)
z€[0,2R]
1 1 1
= [ G+ Gl = Sl (1), > .
r>2R
On the other hand, we have J(u,,G) — E(G) as n — oo, and
- 1, ,4 1 9 1 »
Hun 6 = [ G2+ Flunl? = )
G
_ L, Lon 1, Loy Lo 1
= / (§‘un| +§‘un| _§|un| )dz + (§|un| +§|Un| _5|un| )dx (3.15)
z>2R z€[0,2R]

1 1 1
- 4(5u;|2+5un|2—];|un|p>dx+o<1>, n s o
x>
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Now combining (3.14), (3.15), we obtain that

lim J(unér, G) = E(G). (3.16)
n—oo
From u,ér € HY(G), there exists t,, > 0 such that t,u,égr € N(G). By (3.13) and (3.16), we must have
t, — 1.
If m > 2, then t,unér € HY(So.m) and tpunér € N(Som). Denote v, = t,u,ér € N(So,m). Then
J(vn, So,m) — E(G) as n — oo. Therefore, according to Lemma 2.8, we have

Eo = E(So,m) < J('Un,So,m) = J(’Un, G) = E(G) + O(].)

This is a contradiction with the assumption E(G) < Ep.
If m = 1, then v, € H'(R) and then v,, € N(R). Hence,

Ey = E(R) < J(0n,R) = J(vn,G) = E(G) + o(1).

This is also a contradiction with the assumption E(G) < Ey. Therefore, v # 0 and the proof is com-
pleted. O

To prove the existence of ground state solution for G = Sy 2 with k = 1, we recall the following hybrid
rearrangement from [5], and here the conclusion (iv) is new.

Lemma 3.4 (Hybrid rearrangement). Let G = S12 be the star graph with 1 finite edge and 2 half-lines.
Assume that u = (u1,v1,vs) € HY(G) such that uw > 0 and meas({u =t}) = 0 for every t > 0. Then there
exists i € HY(G), @ = (i1, 1, U2) with the following properties:

(i) 01 = g, and it is decreasing on (0, 00).

(ii) @y : [-1,0] = R is decreasing so that H[liIllO]’al(l‘) =11(0) = 9;(0) = n[loax)f)i(x), i=1,2.
xe|—1, xe€|0,00

(iii) J(a,G) < J(u,G), and the equality holds only if uy is decreasing on [—1,0] and n[li?o]ul(x) =
ze|—L,

max v;(x) fori=1,2.
z€[0,00)

(iv) Fort >0, tu = ti.

Proof. The proof of (i)—(iii) is the same as the one of [5, Lemma 6.1], and only (iv) needs to be proved. Let
@ be defined as [5, Lemma 6.1]. Then according to the definition of @, (2.16), and the fact that (su)* = su*,
the conclusion (iv) holds. O

Now we are ready to prove Theorem 1.5.

Proof of Theorem 1.5. 1. First we prove that E(S;2) < Ep. Then from Lemma 3.3, a positive ground state
exists. We define a function u = (u1,v1,v2) € H'(S12) as follows:

v1(x) = v2(z) = uo(z +1/2), z €[0,00), ui(x) =wuo(z+1/2), z €[-1,0].

Then u = (ug,v1,v2) € H(S12) and J(u,S12) = J(ug,R) = Ey. We can also compute that u € N (S 2).
Moreover, v > 0 and meas({u = t}) = 0 for every ¢t > 0. Then by Lemma 3.4, we have @ € H(S ).
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From Lemma 3.4 (iii), we have J(&@,S12) < J(u,S1,2) = Ep, and there exists a constant ¢ > 0 such that
ti € N(G). Therefore from Lemma 3.4, we have

E(SLQ) < J(tﬁ,SLg) < J(tu,SLg) < J(U,Slyg) = Eo.

Then from Lemma 3.3, the infimum E(S; 2) is attained.
2. We prove that E(S3,2) can be attained. From Lemma 2.6, we know that E(Sz2) < Ey. If E(S2,2) = Ej,
then we define

vi(x) = va(z) = wo(z +1), z €1[0,00), u1r(xr) =u2(z) =uo(x+1), z € [-1,0].

Therefore, u = (uy,u2,v1,v2) € HY(G), u is a critical point of J(-,G) and J(u,G) = J(ug,R) = Ey. If
E(8s2) < Ep, then it follows from Lemma 3.3 that F(Ss2) is achieved by some u € H'(S22). O

4. Symmetric solutions

In this section we prove the existence of a positive solution of (1.3) for a symmetric star graph S, with
k > 1 and m > 1, which also implies the existence of a ground state solution for S; ,, with a sufficiently
long finite edge.

Recall that ug is the unique positive solution of (1.7). Multiplying (1.7) by u( and integrating on [0, c0),
we obtain that

r 1 1
0= /(ug — g +ub uhdr = —§ug(0) + }—jug(O).
0

Hence
uo(0) = (p/2)V/ "D =6 > 1.

We recall some basic facts about the solutions of the second order nonlinear ODE u” — u + wP~1 = 0.
Suppose that u is the solution of initial value problem

"o p—1 _ 0
(7 U+ U ) (4.1)
u(0) = 7g, w'(0) = wy.
Let w(z) = u/(z). Then (u(x),w(x)) is the solution of
u = w,
w' =u—uP7L, (4.2)
u(0) = 7g, w(0) = wp.
Note that (4.2) is a first order Hamiltonian ODE system with a Hamiltonian
1 1 1
H(u,w) = §w2 — §u2 + Eu”. (4.3)
Hence for a solution (u,w) of (4.2),
d OH OH
aH(u(x),w(x)) = %u’ + %w' =0.

In particular, H (u(x),w(z)) = H(u(0),w(0)) for all z > 0.
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Now we consider a solution of (4.1) or (4.2) with wg = 0. Multiplying (4.1) by ' and integrating on
[0, z], we obtain that

x

0= [+ (-t w0l ldy = 51l + glu)) ~ g(u0)), 44
where g(u):——u + up—/ —v + P Hdv.

0
We consider a solution u of (4.1) satisfying «/(0) = 0, v/(z) < 0 for > 0. Then (4.4) implies that

W (@) = V3 elw) — gu(@)), = > 0

dx
or

du

V2 o(m) — glu)

Integrating (4.5) for € [0, 1], we have

—dz, x > 0. (4.5)

/ —— _du = G(ug). (4.6)

u(:c1
Here we assume that for z € [0, z1], g(uo) > g(u(z)). The quantity 1 can be viewed as the “time” needed
for a solution of (4.2) moving from (u(0),w(0)) = (g, 0) to (u(x1),w(z1)) = (u(x1),u'(z1)). Hence G(up)
is often called the time-mapping [31,37]. Note that here (z1,u(xy)) is arbitrary.

The following lemma of ODE shooting argument is a key in establishing our existence result of a symmetric
solution of (1.3) on a symmetric star graph.

Lemma 4.1. Suppose x2 > 0 and ug is the unique positive solution of (1.7). Let (P, Q) = (uo(z2),ug(z2)),
and k > 0. Then

1. there exists a unique @ = t(x2) > 0 and | = I(x2) > 0 such that
(4.7)

has a solution (u,w) such that u(z) >0 and w(z) < 0 for z € (0,1).
2. @ and l are continuous in xo € (0,00), and they satisfy

li U =40 lim ! =0
Jm dfzy) =0, lim U(z) =0,

Ilgnooﬂ(xg) =0, Iliinool(@) = 00.
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Proof. 1. Fix 25 > 0 and let (P, Q) = (ug(z2), uj(z2)). Then the solution orbit of (4.7) with (u(0),w(0)) =
(P, kQ) is on the curve

K, 1 5, 1

1 1
We claim that the curve H(u,w) = H(P,kQ) intersects with w = 0. Indeed, g(P) = —§P2 + -PP <
p

H(P,kQ) and ulgr;o g(u) = co > H(P, kQ). From the intermediate-value Theorem, there exists @ € (P, o)
such that g(u) = H(P, kQ), which implies that H(@,0) = H(P, kQ). From the phase portrait of (4.7), such
a @ € (P,00) is unique. Hence @ is uniquely determined by x2, and the time [ is also uniquely determined
by xs.

2. The continuity of @(z2) and I(z2) easily follows from the continuous differentiability of ug on zo. When
zo — 01, (P kQ) = (uo(w2), kujy(z2)) — (6,0). From H(a(x2),0) = H(P, kQ), we have

of(z2)) = Q2 1 g(P) > g(6) =0, 22 0.

Since @(zz) > P > 1, then 4(x3) — 6 as w3 — 07. On the other hand, when zo — oo, (P, kQ) =
(uo(m2), kug(x2)) — (0,0). Hence,

g(t(z2)) — g(0) =0, zy — oo.

From the phase portrait of (4.2), @(z2) > 1, hence @(z2) — 0 as v — 0o. Next we determine the asymptotic
behavior of I(z2). From (4.6), we have

a(z2)

l(xg) = —= du. 4.9
=% | Vi) o

uo(z2)

Since ug(z2) — 6 and @(zz) — 6 as zo — 01, then for any € > 0, there exists § > 0 such that when
0 <z <, we have

lup(z2) — 0] < e, |u(zz) — 0] <e.
From the mean-value theorem, there exists £ € (u, @(x2)) such that
g(u(w2)) = g(u) = g'(§)(lw2) —w).

Hence when 0 < x5 < 4,

ﬁ(mg)
1 1 1
0 <l(z2) € —=— / — du
V2 minje_g <. \/g'(€) Lo Vi(zz) —u
Uuo (T2
1
< \/5 ’l](xg) — UO(JZQ) — O, as o — 0.

minge_gj<c v/9'(&)

On the other hand, when x5 — oo,

uO(.’Eg) — 07 ﬂ(l‘g) — 0.
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Thus (4.9) implies that

lim I(z9) =

n j;du
e SR ) gt

since the solution of (4.2) with u(0) = 6 and w(0) = 0 is a homoclinic orbit. O

= 00,

Now we prove the existence of a symmetric positive solution of (1.3) on the star graph Sk, with & finite
edges with equal length [ and m half-lines.

Proof of Theorem 1.6. To construct a symmetric positive solution of (1.3), from the proof of Lemma 3.1,
we must have v(z) = up(x + z2) or v(z) = ug(x — x2) for some x2 > 0. Here we take v(z) = up(z + z2).
Then w satisfies

W —u+uP =0, —l<xz<0,
, , m , (4.10)
u' (=) =0, u(0) = up(z2), v'(0) = ?uo(xg).
From Lemma 4.1, for any I > 0, (4.10) has a positive solution u(z) such that u'(z) < 0 in (—I,0). Hence
(U1, U, Uk, V1, V2, -+, Uy ) satisfying ug = ug = -+ = up, = v and v1 = vy = -+ v, = v is a symmetric
positive solution of (1.3), and u'(x) < 0 for =l < 2 < 0, v'(z) < 0 for > 0. For the uniqueness of positive
decreasing solution of (1.10), first v(x) must be some ug(x + 3) for x5 > 0, thus u(x) must satisfy (4.10).
For fixed xs,1, k,m, the decreasing solution of (4.10) is unique from the part 1 of Lemma 4.1. Hence (u,v)
is uniquely determined by (I, k,m). O

Note that the positive solution of (1.10) in Theorem 1.6 is strictly decreasing in (—, 00). It is possible to
have solutions of (1.10) which are not decreasing in (—I, c0). Such a solution may be periodic in (-, 0) and
may have a unique maximal point in (0, c0). Also a positive solution of (1.3) on Sk, may be not symmetric.
Hence the uniqueness of positive solution of (1.3) holds only in the decreasing functions. Finally we use the
result of Theorem 1.6 to prove Corollary 1.7.

Proof of Corollary 1.7. Suppose that k = 1, m > 2, and let z = (u,v) be the solution obtained in Theo-
rem 1.6 for G = Sy . From the proof of Lemma 4.1, u(x) satisfies (4.10). When | — oo, then from part 2
of Lemma 4.1 the corresponding z5 also tends to co. Indeed if x5 is bounded, then I(z3) is also bounded.
From part 2 of Lemma 4.1, the corresponding @(zs) = u(—I(x2)) — 6. Let u;(z) be the unique positive
solution of (4.10) for a given I > 0. Then the above argument shows that u;(—I) — 6 as | — oo. Define
wi(y) = w(y —1) for y € [0,1]. Since w;(y) satisfies the equation w) —w; +wl ™" =0 on y € (0,1), wj(0) =0
and w;(0) = w;(—1). Then for any fixed L > 0, w; converges to ug uniformly on [0, L] as | — oco. In particular,
w(0) — 0 and u;(0) — 0 as [ — oo. Since v;(0) = w;(0) and v;(I) = (1/m)u/(l), and v; < 0 for & > 0, then
J (v, (0,00)) — 0 as [ — oo. According to the construction of w in Theorem 1.6, uw = w;. Hence when | > 0
is sufficiently large, J((u,v),G) = $Eo + o(1) < Ey. Now Lemma 3.3 shows that (1.3) has a ground state
for Sy, with [ large. O
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