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1. Introduction

Recently Edmunds, Gogatishvili and Kopaliani [5] show that there is a variable exponent space
LPO)([0;1]), with 1 < p(z) < oo a.e., which has in common with L>°([0;1]) the property that the space
C(]0;1]) of continuous functions on [0;1] is a closed linear subspace in it. Moreover, both the Kolmogorov
and the Marcinkiewicz examples of functions with a.e. divergence Fourier series belong to L? ()([0;1]), where
p'(+) conjugate function of p(-).

It is interesting to some ways characterize such exponents for which the space of continuous functions
is closed in corresponding variable Lebesgue space. We give a necessary and sufficient condition on the
decreasing rearrangement p*(-) of exponent p(-) for existence of equimeasurable exponent function of p(-)
whose corresponding variable Lebesgue space has the property that the space of continuous functions is
closed in it.

Let W(p) denote set of all functions equimeasurable with p(-). Below we will find the conditions on
the function p(-) for which exists p(-) € W(p) such that the space C([0;1]) continuous functions is closed
subspace in LP()([0;1]). Particularly we prove the following
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Theorem 1.1. For the existence of p(-) € W (p) for which C([0;1]) is closed subspace in LP)([0;1]) it is
necessary and sufficient that

. p*(t)
1 > 0. 1.1
oy n(e/t) b

2. Definitions and auxiliary results

Let 2 C R™ and let M be the space of all equivalence classes of Lebesgue measurable real-valued functions
endowed with the topology of convergence in measure relative to each set of finite measure.

Definition 2.1. A Banach subspace X of M is called a Banach function space (BFS) on Q if

1) the norm || f||x is defined for every measurable function f and f € X if and only if || f||x < c0. || f]lx =0
if and only if f =0 a.e;

I[f1llx = [[fllx for all fe X;

if0 < f<gae, then [|fllx <llgllx;

if 0 < fn 1 f ae., then [[fullx T Ifllx;
if F is measurable subset of 2 such that |E| < oo, (below we denote the Lebesgue measure of E by |E|)

W N

(G2
PSRN

then [|xg|lx < oo;
6) for every measurable set E, |E| < oo, there is a constant Cp < oo such that [, f(t)dt < Cg| f|x.

We now introduce various interesting subspaces of a BFS X. A function f in X is said to have absolutely
continuous norm in X if ||fy, |[x — 0 whenever {E,} is a sequence of measurable subsets of 2 such that
XE, 4 0 a.e. The set of all such functions is denoted by X 4.

By X p is meant the closure of the set of all bounded functions in X. Following Lai and Pick [10], a function
f € X is said to have continuous norm in X if for every x € Q, igr(l) | fXB(e)llx = 0, where B(z,¢) is a
ball centred in x and radius ¢; the set of all these functions is written as X¢. The connection between this
notion and the compactness of Hardy operators from a weighted BFS (X, w) to L is explored in [10]; for
a connection with unconditional bases in BFSs see [7,8]. In general, the relation between the subspaces X 4,
Xp and X¢ is complicated: for example (see [11]), there is a BFS X for which {0} = X4 ¢ X¢ = X.

Theorem 2.2 (Edmunds, Gogatishvili, Kopaliani). Let X be a BFS on [0;1]. The space C([0;1]) of continuous
functions is a closed linear subspace of X if and only if there exists a positive constant c satisfying

¢ < |[X(amllx, whenever 0<a<b<l1. (2.1)

Let P through whole paper denotes the family of all measurable functions p(-) : [0;1] — [1; +00). When
p(+) € P we denote by LP()([0;1]) the set of all measurable functions f on [0;1] such that for some A > 0

(z)
/(—|f()\x)|)p dr < oo
(051]

This set becomes a BFS when equipped with the norm

p(x)
£y =inf { A >0 /('ﬂf”) iz < 1

[0;1]
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The variable exponent Lebesgue spaces LP()(Q) and the corresponding variable exponent Sobolev spaces
WHkr() are of interest for their applications to the problems in fluid dynamics, partial differential equations
with non-standard growth conditions, calculus of variations, image processing and etc. (see [2,3]).

For the particular BFS X = LP()([0;1]) the relation between it and its subspaces X4, Xp and X¢ was
investigated in [6]: we give some of the results of that paper next.

Proposition 2.3 (Edmunds, Lang, Nekvinda). Let p(-) € P and set X = LPO)([0;1]). Then

(i) Xa=Xc;
(i) Xp = X if and only if p(-) € L>=([0;1]);
(iii) X4 = Xp if and only if

1
/cp*(t)dt < oo, forall ¢>1,
0

where p* is the decreasing rearrangement of p(-).

The decreasing rearrangement of the measurable function f is defined by
fr(@) =inf{A =0 : [{[f]> A} <=}

By construction of f*, it is a decreasing right-continuous function. More over functions |f| and f* are
equimeasurable.

Recall that a nonnegative function ¢ defined on [0; +00) is called quasiconcave if p(0) = 0, (t) increases
and o(t)/t decreases.

The Marcinkiewicz space M, is the set of all f € M([0;1]) such that

t
1
= sup — *(u)du < 4o00.
llas, = sup / )

Note that (My)a = (My,)p and (M,)a can be characterized as the set of functions f € M([0;1]) such
that (see [9])

. 1 / * _
t£r§+mo/f (u)du = 0. (2.2)

If ¢ is an increasing convex function on [0;+00), ¥(0) = 0, then the Orlicz space L, consist of all
f € M(]0;1]) such that

1
IIfl|z, = inf )\>0:/w(@>dt§1 < +00.
0

Note that when 9(t) = e’ — 1 and ¢(t) = tIn(e/t) the corresponding Orlicz and Marcinkiewicz spaces
coincide (see [1]) and in the sequel we denote the corresponding spaces by e” and Mi,. Also note that (see
[4, Corollary 3.4.28])

17 llee = 1fllag, = sup L)

0<t21 In(e/t)’ (23)
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3. Poof of Theorem 1.1

Necessity. Since the space C([0;1]) is closed in LP()([0;1]), then by Theorem 2.2 there exists positive
constant d such that d < ||x(q)llp(.) for all intervals (a;b). This implies X4 # Xp. Then by Proposition 2.3
there exists ¢ > 1 such that

1
/cp*(t)dt = +00. (3.1)
0

Consider two cases:
Case 1) p*(-) € el. Since (3.1) holds then function p*(-) does not have absolute continuous norm that is
p*(-) € e\ (") ,. Then by (2.3) we get that p*(-) € My, \(Min)a then by (2.2) we obtain

t

: O/p*(u)du > 0.

1
li —_
L oul tin(e/t)

From the last estimation we get (1.1). Indeed, suppose opposite

lim sup P (®) =
t—o+ In(e/t)

Then by (2.3) we get

sup p(t)
te(0;e) ln(e/t)

= |p*(-) - X(se)l|ar, = 0, € =0+

Thus we get that p*(-) has absolute continuous norm in M), (and also e’) space, which is contradiction.
Case 2) p*(+) ¢ el'. Then by (2.3)

pr(t) _
0<t<1 ln(e/t)

)

consequently (1.1) holds. The necessity part of the theorem proved.
Sufficiency. Let (1.1) hold. For all ¢ € [0;1] define function h(t) = min{p*(t),In(e/t)}. It is obvious that
in this case holds

lim su h(t)
ot In(e/t)

>0,
then there exists a sequence t | 0, such that

J&ﬁ—z¢ k€N, (3.2)
In(e/ty)
for some positive number d. Now choose subsequence (t,) such that 2ty ., < ty,, for all natural n. Since
tr 4 0, we can always choose such subsequence, so without loss of generality we can assume that sequence
(tx) is already such.
Let given function f defined by

f(t)=d-In(e/ty), te€ (tps1;te), k€N and f(t) =1, te (t1;1].
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Since function h is decreasing it is clear that h(t) > f(¢) for all ¢ € [0;1]. Now choose positive number ¢
such that ¢ > e'/? then we get

1
/ O dt = +00. (3.3)
0
Indeed,
1 1 tr
/ IOt > / FOdt > / cdmle/te) gy —
0 0 tha1
n e d-lnc
= (tn — thyr) - etmemle/i) > Ek . (t_> — +00, k — +oo.
k

Choose decreasing sequence {ay, }ren, such that

ak

/ AOdr = 1.

Ak+1

By (3.3) such sequence always can be chosen. Now let Ay = [ag+1; ax], and {ry : k € N} is a countable dense
set in [0;1]. Define by, = —ag41 + 7. Now let Ay := Ap + by = [rr; 7k + ar — ag41]- Let gr(t) = h(t) - xa, (1),
k € N. Define functions py(¢) by the induction:
p1(t) = g1(t — b1)x[0:1)(1),
Pe(t) = (Pe-1(O)(1 = xa, (T = b&)) + gt = b)) - Xou) (), k> 1.

It is clear that h(t) is decreasing and therefore py(t) < piy1(t), for all ¢ € [0;1] and all & € N. Also for all
k € N we have

/ pe(t)dt < / h(t)dt < / In(e/t)dt = 2. (3.4)

Now define ¢(-) function by

q(t) = kEToopk(t)’ t € [0;1].
By (3.4) we get that the function g(-) is almost everywhere finite. By the construction it is clear that
q*(t) < h(t) < p*(t). Now by the well known result (see [1, Chapter 2, Theorem 7.5]) there exists measure
preserving transformation w : [0;1] — [0;1] such that ¢(¢t) = ¢*(w(t)). Now define p(-) by p(t) = p*(w(t)).
Since ¢*(t) < p*(t) it is obvious that ¢*(w(t)) < p*(w(t)), then for all ¢ € (0;1) we get the following inequality

q(t) < p(t). (3.5)
Given I := (a;b) C (0;1) let estimate ||xr||5(.). Since ¢ > 1 by (3.5) the following inequality is obvious

/cﬁ(“dt > /cq(t)dt.

I I
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By the construction of ¢(-) there exists number kg such that Ay, C I. We have

/ AWt > / AWt > / o) gt = / k0 (1=bro) it —
I

Akg Akg Akg

Tk +taky —Ckg+1

ch(t_bko)'XAko (t—bko)dt _

TkO

ako

= / A =1.

Akg+1

Now by the definition of the norm in variable Lebesgue space and by the above estimations we get that
for all intervals (a;b) we have ||x(a)|l5(.) = 1/c. By the Theorem 2.2 we get the proof of sufficiency of the
Theorem 1.1.

Note that method of construction of the function p(-) is different than the method of construction of the
function with analogous property from [5]. Particularly in [5] the corresponding exponent p(-) is defined as

i 1
ple) =2+ 1n( E )x[rkwak)(x), (3.6)
b1 X TLk

where {r;} any dense sequence in [0; 1], and J; | 0 sequence is such that

Ok

/ln(l/t)dt < too.
0

+
8

=~
Il

1

Note that

1

r—"nr

p(@) > In ( ) —)

and consequently
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