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1. Introduction
Consider the nonlinear Dirac equations

i(us + uy) = —mo + Ni(u,v),
i(vy — vz) = —mu + Na(u,v),

in a domain Q = {(z,t)|t >0, x > z(t)} for m > 0 with initial data
(u(z,t =0),v(z,t =0)) = (uo(x),vo(z)), x>0, (1.2)

and boundary condition

The nonlinear terms take the following form
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N, = %W(u, U) = au|v|2 + 251)(@’0 + ’U/E), (14)
Ny = 05W (u,v) = ow\u|2 + 2fBu(uv + uv), (1.5)
with
W (u,0) = alul* o] + B(uv + uv)?,

where «, 8 € R' and %, v are complex conjugate of u and v.
The boundary {z = z(t)}, denoted by I'p, is assumed to satisfy the following,

(H1): —1 < z(t) <1, for t > 0 and 2(0) = 0.
(H2): [A®)2(1 = 2:()) < (1 + 2(t)), for t > 0.

Here and in sequel, we denote z; = %, At = %, Uy = %, Uy = %Z

The nonlinear Dirac equation (1.1) is called Thirring equation for &« = 1 and 8 = 0, while it is called

etc. for simplification.

Gross-Neveu equation for « = 0 and § = 1/4; see for instance [23] and [14], [20]. There are a number
of works devoted to the local and global well-posedness of the Cauchy problem for the nonlinear Dirac
equation with various types of nonlinearities in different spatial dimensions (see for instance [2,4,6,7,9-12,
14,16,20,21,23-25], and the references therein). There are also some papers on the initial boundary value
problem (see for example [5] and [18]). In [5], motivated to study the Hawking effect describing the collapse
of a spherically symmetric star to a Schwarzchild black hole, Bouvier and Gérard used technique from C*
algebra to study the asymptotic behaviour of the global solution to (1.1), (1.2) and (1.3) with a class of
special initial data in R'*!, where the non-characteristic boundary is assumed to approach characteristic as
t — oo, with [A(t)|?(1 — 2:(t)) = (1 + 2:(t)) for t > 0 and the solution is assumed to be bounded. In [18,19],
Naumkin proved the existence of global solution in H' to initial boundary value problem for Thirring model
in quarter plane {¢ > 0, z > 0} with small data and study the scattering behaviour of solution. To our
knowledge there is no result on the well posedness of initial boundary value problem for Gross-Neveu model
with general initial data in L. Our purpose is to prove the existence and the uniqueness in C*(Q) and in
L?(Q) of global solution to (1.1)-(1.3).
The first result is the following.

Theorem 1.1. Suppose that (H1) and (H2) hold. Let (ug,vo) € C1([0,00)) with compact support in [0, 00)
and satisfy the compatibility conditions as follows,

up(0) = A(0)vo(0) (1.6)
and

(1 = 2:(0))ups (0) + A(0)(1 + 2£(0))voz(0) + A(0) (muo(O) — No(ug(0), vo(O)))
—i(mwo(0) — N1(ug(0),v0(0))) + Ae(0)vo(0) = 0. (1.7)

Then (1.1)-(1.3) has a unique global solution (u,v) € C1(Q).
This result could be generalized to the following case.

Theorem 1.2. Suppose that (H1) and (H2) hold. Let (ug,vo) € H'([0,00)) satisfy the compatibility conditions
as follows,

up(0) = A(0)vo(0). (1.8)



710 Y. Zhang, Q. Zhao / J. Math. Anal. Appl. 477 (2019) 708-733

Then (1.1)-(1.3) has a unique global solution (u,v) € H} ()N C(Q). Moreover,
(u(,8),v(-,t)) € H'([2(), 0))
fort €[0,00).

With Theorem 1.1, we can look for the global strong solution. Here the strong solution is defined as
follows.

Definition 1.1. A pair of measurable functions (u,v) is called a strong solution to (1.1)-(1.3) if there exists
a sequence of classical solutions (u(™,v(™) € C1(Q) to (1.1) such that

u™ (2(t),t) = Xt)o'™ (2(t),t), fort>0,

and

N
lim (|u(") (x,0) — uo|* + [0 (2,0) — vol?)dz = 0,
n—oo

0

lim // (Ju'™ — ul? + [v™ — v|?)dzdt = 0

n—oo

K

for any compact set K C Q and for any N > 0.

Theorem 1.3. Suppose that (H1) and (H2) hold. For any (ug,vo) € L% .([0,00)), (1.1)-(1.3) has a unique
global strong solution (u,v) € L% (). Moreover, |ullv| € L% .(Q), and (u,v) solves (1.1)-(1.3) in the

loc loc
following sense,

// (iu(@ + ¢n) — mug + Nl(u,v)¢)d1:dt = —i]ouo(b(a:, 0)dz, (1.9)
Q 0

// (iv(wt — ) — muty + Na(u, v)w) dxdt = —i 71}01/}(33, 0)dx (1.10)
Q 0

for any (¢,1) € CH(Q) with bounded support in Q and (¢,1)(2(t),t) =0 fort > 0.
Moreover, we have the following.

Theorem 1.4. Suppose that (H1) and (H2) hold. If (ug,vo) € L%([0,00)), then the strong solution (u,v) given
by Theorem 1.3 satisfies the following,

(u,v) € L2(QN (R x [0,T))), |ullv] € L2 N (R! x [0,T7))

for any T > 0. Moreover, if |\()|>(1 — 2:(t)) = (14 2(t)) fort >0, then

[ (a0 + olz,)P)dz = [ (uo(e)? + [uofo) )
(1) 0

for almost every t € [0, 00).
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The remaining is organized as follows. First, in section 2, to prove Theorem 1.1 and Theorem 1.2 for
(1.1-1.3), we derive the equations (2.1) and (2.2) for |u|? and |v|? for local smooth solution (u,v), and
apply the characteristic method to the equations (2.1) and (2.2) to get the pointwise bounds on |u|* and
|v|?. Then it enables us to get the uniform L bounds on (u,v) in the domain QN {0 < ¢ < T} for any
T > 0 and extend the local solution globally. In section 3 we introduce a Bony type functional Qq(¢, A)
and a Glimm type functional Fy(t, A) = L(t,u, A) + KoL(t,v, A) + CoQo(t, A) for smooth solution (u,v)
to get L? estimates of nonlinear term, [[ |u(x,t)[*|v(z,t)|?dzdt on each characteristic triangle A. Here
different from the work in [25], for the case that A NN # (), by the assumption (H2) we choose a suitable
constant Ko > 0 so that the derivative of the weighted L? norm, < (L(t,u, A)+KoL(t,v, A)) can control the
possible increasing of the functional Qo (¢, A), and choose a suitable constant Cy so that Fy(¢, A) can control

Jf A lu(z,t)|?|v(x, t)|*dxdt, while for the case that A C Q same argument as in [25] can be carried out to get
the control on [ 1 |u(x, t)[*|v(z, t)|*dadt. In section 4, we consider the difference (U, V) = (u—u/,v—2") for
two smooth solutions (u,v) and (u’,v"). We first write down the equations (4.1) and (4.2) for (U, V), which
contain (U,V), (u,v) and (u’,v’). Then we introduce a Bony type functional @Q;(¢,A) and a Glimm type
functional Fy(t, A) for [U|?, |V|?, |ul?, |v|? and |u/|? and |v'|?, and use it to prove the L? stability estimates
in Proposition 4.1. Here, as in section 3, for the case that ANJQ # O, by the assumption (H2) we choose a
suitable constant K > 0 so that the derivative of the weighted L? norm, % (L(t, U,A)+ K L(t,V, A)) can
control the possible increasing of the functional Q1 (¢, A). We remark that various Glimm’s type functionals
and Bony functionals have been used to study the systems of hyperbolic conservation laws, Boltzmann
equations and nonlinear wave equations, see for instance, [3,8,13,15,22,26] and the references therein. In
section 5, we first approximate the initial data (1.2) by a sequence of smooth functions. Then, by the result
on the global well posedness for smooth solution in section 2, we can have a sequence of global smooth
solutions for smooth data for (1.1). With the help of the L? stability estimates in section 4, we show that
the sequence of global smooth solutions converges to a strong solution in L2?(A) for any triangle A. In
section 6, we complete the proof of Theorem 1.3 and Theorem 1.4.

2. Global classical solution

For T > 0, denote
QT)={(z,t)|2(t) <z <00,0<t<T}.
Classical theory on semilinear hyperbolic systems [1] gives the following local existence result (see also [17]).

Lemma 2.1. Suppose that the compatibility conditions (1.6) and (1.7) hold. For any (ug,vo) € C1([0,00))
with compact support in [0,00), there exists a Ti > 0 such that (1.1)-(1.3) has a unique solution (u,v) €

CY(QUTL)).

Our aim in this section is to extend the solution (u,v) globally to €. To this end, let (uq,vo) € C*(]0, 00))
with compact support and let (u,v) € C1(Q(T)) be the solution to (1.1)-(1.3) for T > T, taking (ug,vo)
as its initial data, we have to establish the estimates on ||(u, v)||r (7)) in the next. Here we assume that
the compatibility conditions (1.6) and (1.7) hold for (ug, vg).

Multiplying the first equation of (1.1) by @ and the second equation by T gives

(lul®)e + ([ul*)e = 2mR(iwv) + 2R(iN,w), (2.1)
and

(v|*)e — (Jv[*)z = 2mR(iuv) + 2R(iNow), (2.2)
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which, together with the structure of nonlinear terms, leads to
(ful* + [0*)e + (Juf* = [0]*)2 = 0. (2.3)

For the nonlinear terms in the right-hand side of (2.1) and (2.2), we have the following by direct compu-
tation.

Lemma 2.2. Let ro(z,t) = m(|u(z,t)|? + |v(z,t)|?) + 8|B||u(z, t)|*|v(z, t)|>. Then there hold the followings,
[2mR(iuv) + 2R(iN1u)| < ro(w,t)
and
|2mR(ivu) + 2R(iNzv)| < ro(a, t).
And we have the estimates on the L? norm of the solution as follows.
Lemma 2.3. Let Eg = [~ (Juo(2)[* + |vo(x)|?)da. Then for any t € [0,T), there holds the following,

/(|u(a:,t)|2 + v(z, t)[?)dz < Ep. (2.4)
(t)

z

Proof. By (1.3) and (2.3), and by assumption (H2), we have

d T ) )
p (|u(z, )" + |v(z,t)])dx
z(t)
w(z(t), )12 (1 — 2¢(t)) — [v(2(2), £) [P (1 + z(t))

= u(=(t
= (1), )PIAB)P (L = (1) — (L + 2(1))] < 0,
which gives the desired inequality and completes the proof. O

We consider the characteristic triangles for (u,v) in Q(T). For any a,b € R! with a < b and for any
to > 0, we denote

Ala,bto) ={(z,t)]a—to+t <z <b+tg—t tg<t< bfTa +to},
see Fig. 1, and, denote
Tu(zo,to;t1) = {(z,t) |z =20 —to+1t, t1 <t <to}
and
Ly (2o, to;t1) = {(z,t) |z =20 +to — ¢, t1 <t < to}
for t; < tg, see Fig. 2. It is obvious that ', (o, fo;t1) is a characteristic line for the first equation of u in

(1.1) while T', (o, to; t1) is a characteristic line for the second equation of v in (1.1).
Along these characteristic lines in Q(T'), we have the following estimates.
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(af, b5 4gp)

A(a, b, to)

(a,to) (b,t())

Fig. 1. Domain A(a,b, to).

(zo0,t0)

Lo (zo,to; t1) 'y (xo, to; 1)

Proof. Denote

(wo — to + t1,t1) (zo +to — t1,t1)

Fig. 2. Characteristic lines Iy, and I',,.

Lemma 2.4. If T, (zo, to; t1) C QT), then

to
/|u(x0 +to — s,8)|*ds < Ey.
t1

Here Ey = fooo(|u0|2 + |vo|?)da.

w(zo, to) = {(z,t)|z(t) <z <z +t9g—t, 0 <t < tp}.

Then taking the integration of (2.3) over w(xg, ) gives the following,

zo+to

[ (@) + en(a) Py
0
to Zo
:2/|u(x0+t0—s,s)\2ds+ /(|u(m,t0)|2+|v(m,t0)|2)dx
0 2(to)
to

+/{(—1+Zt(8))lu(Z(8)7S)l2+(1+Zt(8))|v(2(8)75)l2}d8
0

to

> / |u(zo + to — s, s)|2ds7

713
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where we use the boundary condition (1.3) and assumption (H2) to get the last inequality. This implies the
result and the proof is complete. O

Lemma 2.5. If T, (zo,t0;t1) C Q(T), then
to
/|v(xo —to +s,8)|2ds < Ey.
t1

Here Ey = fooo(|uo|2 + |vo|?)da.
Proof. Since I',(zo,to;t1) C Q(T'), then the domain
A(.’L’o —to+ 11,20+ 1o — tl,tl) - Q(T)

Taking the integration of (2.3) over A(xg — to + t1, zo + to — t1,1), we have

to xo+to—1t1
/ oo — to + 5, ) ds < / (ue, 1) + |o(z, 1) 2)dz
t1 zo—to+t1

oo

< / (e, 1) + oz, 1) 2)dz
Z(tl)
SEOa

where the last inequality is given by Lemma 2.3. The proof is complete. O

Using the above estimates on along the characteristic lines, we can get the following pointwise estimates
on v at first.

Lemma 2.6. For (z,t) € Q(T),
[o(@,)* < (Jvo(x +1)|* + mEo) exp(mt + 8|5 Eo).
Here Eg = [ (|uol|® + |vo|?)da.

Proof. Assumption (H1) implies that

T, (z,0) C Q(T)

for any (x,t) € Q(T).
Then, by Lemma 2.2, along I',(z,¢;0) we use the equation (2.2) to derive that

d
@+t —s8)° <mlu(z+t—s,5) + (m+8Bllulz +t —s,5)]°)[v(@+t —s,9)]"
Therefore

d
o (Jo(x +t—s,s)ei(z,t,s)) <mlu(z +t—s,s)|%e1(z,t, )

<mlu(x +t—s,8)%
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(6,0) \

Fig. 3. Intersection of boundary and characteristic (b < 0).

where
S
e1(w,t,s) =exp (—ms — 8|4 / lu(z +t —7,7)|%dr).
0
Taking the integration of the above from s = 0 to ¢, we can prove the desired result by Lemma 2.4. The

proof is complete. 0O

To get the pointwise estimates on u, we look for the intersection point of the boundary I'p and the
characteristic line {(z,t)|z —t = b} for b < 0 (see Fig. 3).

Lemma 2.7. For any b < 0, the equation z(t) —t = b has a unique solution t = p(b), where p € C'(—o0, 0]
and p'(s) < 0 for s <O0.

Proof. From assumption (H1) it follows that

for t > 0, which implies that the function z(t) — t has a global inverse p € C'(—o0, 0]. Moreover,

, _ 1
P =T om) <

Therefore the proof is complete. 0O
Now we can have the following pointwise estimates on wu.
Lemma 2.8. If (z,t) € Q(T) with x —t > 0, then
u(z, 8)* < (Juo(z — )|* + mEo) exp(mt + 8| 5| Ey).
If (z,t) € Q(T) with x —t < 0, then
[u(z, " < (ABF + 1D)(jvo(2p(x — £) + 2 = 1)[* + mEo) exp(2mt + 16|8| Eo).

Here Ey = f0°°(|u0|2 + |vo|?)dz.
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Proof. For (z,t) € Q(T) with z — ¢ > 0, the assumption (H1) implies that
Ly(z,t:0) € Q(T).

Then, by (2.1) and by Lemma 2.2, we have

d
£(|u(ac —t+s,5)[ex(z,t,5)) <mlv(x —t+s, )] ea(z,t, )

<mlv(z —t+s,)% (2.5)

where
ea(x,t,8) = exp(—ms — 8|| / lv(z —t +7,7)|?dT).
0

Taking the integration of (2.5) from 0 to ¢ and using Lemma 2.5, we get

u(z,t)|* < (luo(z — t)|* +mEy) exp(mt + 8| 5| Ep).

For (z,t) € Q(T) with x —t < 0, Lemma 2.7 implies that the characteristic line I',(z,¢;0) and the
boundary intersect only at the point (z(p(z —t)), p(x —t)).
Then, by (2.1) and by Lemma 2.2, along the characteristic line T',, (x,t; p(x — t)) we have

d
d—(|u(x —t+s,8)|%es(x,t,5)) < mlv(z —t+s,s)es(z,t, )
s

<mlv(z —t+s,5)/%

where

S

es(x,t,s) = exp (—m(s — p(z —t)) — 8| / lv(z —t+7,7)%dr).

p(z—t)

Taking the integration of the above from p(x —t) to t, we use Lemma 2.5 and Lemma 2.6 to get the
following,

Ju(a, 1)

IA

(lu(p(z —t) + . —t, p(x — 15))|2 + mEy) exp(mt + 8|5|Eo)
(IMOPlo(ple =) +x — t,p(z — 1)) + mEo) exp(mt + 8|5 Ey)
(XD 4+ 1) (Jvo(2p(z — t) + = — t)|* + mEy) exp(2mt + 16|8|Ep).

IN

IA

The proof is complete. O
Now using the pointwise estimates on v and v, we can prove Theorem 1.1.
Proof of Theorem 1.1. For (ug,vy) € H'([0,00)) C L>([0,00)), Lemma 2.6 and Lemma 2.8 lead to
[u(a, ) + (@, ) < (MO +2)([I(uo, v0) ||z + 2mEo) exp(2mt + 16| Eo)

forz>z(t) and 0 <t < T.
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Then by the standard theory on semilinear hyperbolic equations (see [1] for instance), we can extend the
solution (u,v) across the time ¢t = T.

Therefore, repeating the same argument for any time, we can extend the solution globally to . The
proof is complete. O

Furthermore Theorem 1.2 follows from Theorem 1.1.

Proof of Theorem 1.2. Let (¢, v0) € C°(R') be a pair of functions such that ¢o(x) = ug(0) and ¥g(z) =
vp(0) for z belonging to a neighbourhood of zero. Then we choose a sequence of functions (¢F,¢F) €
C2°(0, 00) such that (uék), v(()k)) = (o + ¢%, 1o +1¥) is convergent to (ug,vo) in H'(0,00) as k tends to occ.

It is obvious that (uék),vék)) satisfies the compatibility conditions as (1.6) and (1.7). Therefore, by
Theorem 1.1, the equations (1.1) has a global smooth solution (u(®), v(¥)) with the initial data (u(()k),vék))
for k > 1.

Moreover, by Lemma 2.6 and Lemma 2.8, we have

sup ||(u(k)7v(k))”L°°(Q(T)) <
k>1

for any T > 0, which enables us to show as in [1] and [17] that the sequence (u®,v(®) is convergent in
HY((T)) to a solution (u,v) of (1.1)-(1.3) as k tends to oo for any T > 0.

The uniqueness can be proved by the energy inequality for the difference of solutions in L>(2(T)) N
H'Y(Q(T)) as in [1] and [17]. The proof is complete. O

3. Estimates on the classical solution

Consider the case that (ug,vo) € C1([0,0)), and let (u,v) € C1(Q2) be the global solution to (1.1) with
boundary condition (1.3). Here we assume that the compatibility condition (1.6) and (1.7) hold. Our aim
in this section is to establish the local estimates on (u,v).

To this end, set A = A(a, b;tg) for simplification and assume that A NQ # () in this section.

Let

b+a , b—a

xh = ty = + to.
0 270 2 0

Then T (z(,th;to) and Ty(zy,th;to) are the left and right edges of A. By (H1), I'p and T',(x(, tg; to) U
Ty (xf, tg; to) intersect at one point at the most.
We introduce a time interval as follows. Denote
b—a
In={t|to <t < —5 tto. 2(t) <b+to—t}.

By Lemma 2.7, we have the following.

Lemma 3.1. There hold the following statements. (1) If Tp N Ty (), th;t0) = {(2(71),71)} for some 11 > to
(Fig. 4), then In = [to, 1] and

{z](x,t) € ANQY = [2(t),b+ to — t].
(2) If Tp N Tu(zh, thito) = {(2(72),72)} for some m5 > to (Fig. 5), then In = [to, 5% + to] and

{z] (x,t) € ANQY = [2(t),b+ to — t] fort € [to, 7],
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t=to
(a,to) \ (ba tO)
Fig. 4. Case: ' N T, # 0.
(2(72), 72)
t=to
(a,tg) \ (b7 to)
Fig. 5. Case: ' NI, # 0.
and
_ b—a
{z| (z,t) e ANQ} =[a—to+t,b+tg—t] fort € [r, + to].
(3) If A C Q, then In = [to, 5% + to] and
{z|(@,t) e ANQ} =[a—to+t,b+ 1t —t].
Now we can define the functionals for (u,v) on A N as follows.
Definition 3.1. For t € I, and for any w € C''(Q), define,
b—t+to
Litw,d) = [ fula b, (3.1)
Za (t)

where
zq(t) = max{a +t — to, 2(¢)}.
Definition 3.2. For t € I, and for the solution (u,v), define

LO(ta A) = L(t7 U, A) + L(ta v, A)
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and
b—t+tg
Dot A) = / (e &) 2o, )P,
Za(t)
Qolt, A) = // e, £)Po(y, £) Pddy,
za (t)<z<y<b—t+to
where

za(t) = max{a +t — to, 2(¢)}.
Then we have the following estimates on the L? norm.
Lemma 3.2. Fort € I, there holds the following,
Lo(t,A) < Lo(to, A).

Proof. It suffices to prove lemma for three cases according to Lemma 3.1.
Case 1: The right edge of A and T'p intersect at some point (z(71), 71), see Fig. 4. In this case In = [tg, T1].
Then for t € [to, T1], 24(t) = 2z(t). Moreover, by (1.3) and (2.3), and by assumption (H2), we have

d b—t+to
G (0P + o o)
z(t)

= lu(z(t), ) (1 = 2(1) = [o(2(t), )P (1 + 2(t))
—(lu(d =t + 10, )7 + [o(b — t + to, 1))
< Ju(z(®), P[NP (1 = 2(1)) — (L + 2(8)] 0.
This leads to the desired result.
Case 2: The left edge of A and I'p intersect at some point (2(72), 72), see Fig. 5. Then Ia = [to, to + %5%].
For t € [to, 2], za(t) = 2(t), and in the same way as in the proof of Case 1, we can get
Lo(t, A) < Lo(to, A).
For t € [, 5% + to], za(t) = a — to + ¢, then we can use the result for Case 2 to deduce that

Lo(t, A) S LO(TQ,A).

Case 3: A lies in the interior of €2. The proof can be carried out in the same way as in Case 1.
Therefore the proof is complete. O

For any T > 0, we recall the notation
QUT) ={(z,1)]2(t) & <00, 0<t <T},

and have the control on the potential Qg for the case that A C Q(T) as follows.
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Lemma 3.3. Suppose that A C Q(T) for T > 0. Then there exists constant 6o > 0 such that for the initial
data satisfying Lo(to, A) < &g there holds the following

dQO(t7 A)

g T Do(t,A) < 2m(Lo(to, A))? (3-2)

for t € (to, 5% + to). Therefore,

Qo(t, A) + /Do(T, A)dT < 2m(L0(t0, A))Z(t — to) + Qo(to, A)

< 2m(Lo(to, A))*(t = to) + (Lo(to, A))* (3.3)

fort € [to, b_Ta + to]. Here &g is independent of T.

The proof of Lemma 3.3 has been given in [25] and is similar to the proof of Lemma 3.4 in the next.
To get the control on the potential Qg near the boundary, we introduce a new functional as follows.

Definition 3.3. For constants Ky > 0 and Cy > 0 and for ¢ € Ia, define
Fo(t, A) = L(t, u, A) + K()L(t, v, A) + C()Qo(t, A)
For any T > 0, we have the control on Fy near the boundary as follows.

Lemma 3.4. Suppose that A C R x [0,T] and ANTg # 0 for T > 0. Then there exist constants §g > 0,
Ky >0 and Cy > 0 such that for Lo(tg, A) < do there hold the following,

%Fo(t, A) < —Do(t, A) — |v(za(2), 1) + O(1)do, (3.4)

fort € In with z(t) # a+t—tg. Here the constants dy, Ko and Cy depend only on T'; and the bound of O(1)
depends only on T'.

Proof. For simplification, we denote Lo(t, A), Do(t,A), Fo(t,A) and Qo(t,A) by Lo(t), Do(t), Fo(t) and
Qo(t). Now it suffices to prove the lemma for two cases.
Case 1: The boundary I'p and the right edge T, of A intersect at the point (z(71),71) for some 7 €
[to, to + 1’_7‘1]7 see Fig. 4.
Then Ia = [to, 71|, za(t) = 2(t). For ¢ € [to, 71], by Lemma 2.2, we use (2.1), (2.2) to get
b—t+to
d >
EL(Lu, A) < (= (Ju(z, t)[*)e + 1oz, t))dx
z(t)
—lu(d —t +to, t)* — z(t)|u(=(t), 1)
b—t+to
< (1= ze()Julz(t), t)]* + / ro(z,t)dz,
z(t)

and
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b—t+to
%L(t,v,A)g / (0@, B)) + ro(a, £))de
2(t)

Julb—t + to, )2 — 2 (1) o(=(t), £)?
b—t+to
< —(1+ 2(®)ulz(t), 02 + / rolz, £)dz,
z(t)

which lead to

(L0t 8) + KoL(t,v,8)) < (1= 2eO)ADP ~ Ko(1+ 2(6) o(=(0), )

b—t+to
+(1 4 Ko) / ro(z, t)dx
2(t)
b—t+tg
<20 0P + 1+ Ke) [ rola, o
2(t)
< 202 (), ) + O(1) (Lo(t) + Do (1),

where we choose Ky > 1 large enough so that
(1 — 2 () AB)]? = Ko(1 4 2(t)) < —2

for t € 0, T7.
On the other hand, by Lemma 2.2, we use (2.1), (2.2) again to get the following for Q,

G@0= [[ ((u 0PI 0P + fule D (ol 0P dedy
z(t)<z<y<b—t+to
s [ Pt Py

dt
za (t)<z<y<b—t+to

b—t+tg
< [ (a0 = lutw 0P oty 0 Py
(1)
b—t+to
s [l 0P~ e+ 10,0 ~ fo(z, 0 )do
2(t)
b—t+to b—t+to
+ [ m@nde [ (ul 0P + o0
2(t) 2(t)
b—t+to

() / (2 (2), D)2 [o(y. 1) Pdy
z(t)

721
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b—t+to
- / lu(z, t)[*|v(b — t +to, t)|*dx

b—t+tg
< (~2+ O(1)Lo(t)) / (e, ) Plo(a, ) Pda
z(t)
b7t+to

+(1 = 2 (1)) [u(=(t), ) / [o(y, t)dy + O(1)(Lo(t))*.
z(t)

Therefore,

—Fy(t) < —=Do(t)((2 — O(1) Lo (t))Co — O(1))
—[v(2(t), 1) (2 = Co(1 — 2(£))|IA(t)|*Lo(t))
+Lo(t)(O(1) + O(1)Co Lo (1))

) = [o(2(t), 1)|* + O(1) Lo(t)

) = [v(z(t),£)]* + O(1) Lo (to),

IN

— Dyt
< Dyt

where we choose constant Cy > 0 and dg such that Lg(tg) < dp and

(2-0(1)d)Co — O(1) > 1,
2= Co(1 = z(1))|A(1)[?d0 > 1
for ¢ € [0,T]. Then (3.4) is proved for this case.
Case 2 The boundary I'p and the right edge T, of A intersect at the point (z(72),72) for some 75 €

[to, to + 252], see Fig. 5. The proof of (3.4) can be carried out in the same way as in Case 1 for ¢ # 75. Thus
the proof is complete. O

4. Estimates on the difference between the classical solutions

Let (u,v) € C1(Q) and (v/,v) € C*(Q) be two classical solutions to (1.1) with (1.3). We consider the
difference between these two solutions and denote

(U, V)= (u—u,v—2").
Then,

Ui+ Uy = imV — i(Ni(u,v) — Ny (u',0")),
Vi =V =imU — i(Na(u,v) — No(u',0")),

which lead to

=

(UP)e + (JUP)e = R2{imVTU — i(Ny (u,v) — Ny (o, 2")U?}, (4.1)
(VI*): = ([V[*)e = R2{imUV — i(No(u,v) — Na(u',v"))V}. (4.2)

For the nonlinear terms in the right-hand side of (4.1) and (4.2), we have following by direct computations.
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Lemma 4.1. There exists a ¢, > 0 such that

(R2{imVU —i(N1(u,v) — Ni(u',v')U} < ri(z,t)
and

IR2{imUV — i(Na(u,v) — No(u',v"))V} < ri(m,t),
where

ri(z,t) = m(|U(z,t)|? + |V (z,1)|?) + cara(z, 2, t),
ra(z,y,t) = U2, ) (lo(y, ) + [0 (g, ) + (Jule, ) + [ (2,8)*) [V (5, ) >

To get the control on (U, V) via (4.1) and (4.2), we introduce following functionals on AN for (U, V)
as in [25]. Here it is assumed that A NQ # (.

Definition 4.1. For A = A(a, b, ty) and Ky > 0, C; > 0, define

Ll(ta A) = L(ta Ua A) + KlL(ta ‘/a A)a
b—t+to
Di(t,A) = / ro(, @, t)dz,

Za (t)

vt A) = / / ro(z, y, t)dady

za (t) <z <y<b—t-+to
and
Fi(t,A) = Li(t, A) + C1Q1(t, A)
for t € In. Here A N Q # () with
za(t) = max{a +t — tg, 2(1) };
L(t,U,A), L(t,V,A) and Ia are given by Definition 3.1 in section 3.
In addition we use the notations in Definition 3.2 for (u,v), and use the following for (u’,v’),
Li(t,A) = L(t,u', A) + L(t, 0", A)

and

b—t+to
Dy(t,A) = / (. 6) P10 (a, ) P,
Za(t)
N N R

2o (1) <z <y<b—t+to

for t € Ia, and
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ro(x,t) = m(ju' (@, ) + [v'(z, 1)*) + 8|Bl[w/ (z, 1) 0" (2, 1) .

Moreover, (2.1) and (2.2) still hold for both (u,v) and (u/,v’), and Lemmas in Section 3 also hold for these
two solutions.
Now for any 7" > 0, we can have the estimates on F} near the boundary I'p as follows.

Lemma 4.2. Suppose that A C R' x [0,T] and ANT g # (. Then, there exist constants o > 0, K1 > 0 and
C1 > 0 such that if Lo(to, A) < do and Ljy(tg, A) < &g then there holds the following,

%Fl(t A) < =Dy (t,A) + [O(1) + C1AL (¢, A) + C1A2 (1) Fi (¢, A) (4.3)

fort € In with z(t) # a +t — to, where
Al(ta A) = 47/”50 + 8|ﬁ|(D0(ta A) + D(,)(tv A)),

and

Ao(t) = (1 =z (@)IAOP(l(z(@), )] + [0 (2(1), )[%),  if a+t —to < 2(t),
? 0, ifa+t—ty> 2(t).

Here the constants K1 > 1, 69 and Cy depend only on T.

Proof. It suffices to prove lemma for two cases.

Case 1: The boundary I'p and the right edge of A intersec at some point (z(71),71), see Fig. 4. Then
Ia = [to, 1], and z4(t) = 2(t) for ¢t € Ia.

For t € (tg, 1), by Lemma 2.2 and Lemma 4.1, we use (4.1) and (2.2) for both (u,v) and (u’,v") to derive
that

d /
] @oPGuunR 410w 0P dedy

z(t)<x<y<b—t+to

<= [ (0P 0P + () Phddy

z(t)<z<y<b—t+to

[ U oPEw R - 0P, dedy

z(t)<x<y<b—t+to

+ / / ra ([0 D) + [0 (9 £) ) dedy

z(t)<zx<y<b—t+to

[ W@ Re ) + ) dedy
2(t)<x<y<b—t+to
b—t-+to
- / U (2, )2 (Jv(b — t +to, t)|> + [V (b — t + to,t)[*)dx
2(t)

b—t+to
—alt) [ 0G0l OF + 100y

2(t)
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b—t+to
<-2 [ UOP (el F + 1000y
z(t)
b—t+to
HL=2@DOPVEOOP [ (o 0P +10 0Py
z(t)
b—t+to
HmLa() + e.Da(0) [ (ol O + o () )y
z(t)
b—t-+to
HomLo(®) + 813IDo(t) + mLo(®) + 8IDN0) [ V(e )P,
z(t)

while by Lemma 2.2 and Lemma 4.1, we use (4.2) and (2.1) for both (u,v) and (u’,v") to derive that

7 (luz, )]* + |/ (2, )[*)|V (y, t) | dzdy
2(t)<z<y<b—t+tg

<- // (e, )2 + ! (2, 1) 2), |V (3, 1) Py

z(t)<z<y<b—t+to

b [ e e P V() Pydady

2(t)<z<y<b—t+to

+ // (ro. £) + 74, )|V (3, 1) Pddy

2(t)<z<y<b—t+to

[ Qe 0P sy

z(t)<z<y<b—t+to

b—t+to
—z(t) /(|U(Z(t)7t)|2+|u'(2(f)7t)|2)\v(y,t)\Zdy
z(t)
b—t+to
[ ula ) + W OPIVO -+ 10,
z(t)
b—t4to
<=2 / (lu(z, ) + u' (2, )|V (2, 1)]*)da
z(t)
b—t+to
(1 = ze()) (Jul=(), ) + |u'(2(1), ) / |V (@, t)[da
z(t)

b—t+to
+(mLa(t) + c.Di(t)) / (Ju(z, ) + [u' (2, 0)*)dz
z(t)

725
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Collecting these

where

and
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b—t+to
(mLo(t) + 8|81Do(t) + mLb() + 8|51 Dh(®)) / IV (@, 0)de.
z(t)

two inequalities, we have the estimates on ()1 as follows,
%Ql(t) < [= 2+ e(Lo(t) + Lo(t)| Di(t) + (a1 (t) + q2(t)]La ()
(1= 2 0)) APV (2(6), ) (Lo(t) + Ly (1)),

@1 (t) = 2m(Lo(t) + Lo (t)) + 8IBI(Do(t) + Do(t)),

a2(t) = (1= 2(O)) MO P (Jo(2(t), )] + ' (=(t), ).

For the functional L, by (4.1) and by Lemma 4.1, we have

G100 < UG~ 1 410,00 — 2OV (), 0P
b—t+to b—t+to
— / (|U(:c,t)\2)xdx+ / ri(z,t)dz
2(t) 2(t)
b—t+to
<= 2@POPIVEOOP [ i
2(t)

while by (4.2) and by Lemma 4.1, we have

%L(t,V) < —|V(b—t+to, t)]> — 2()|V(2(2),1))?
b—t+to b—t+io
+ / |V (z, t)[})pdz + / ri(x, t)dx
2(t) 2(t)
b—t+to
<=1+ z@)|V(2(t),))* + / ri(z,t)dz.
2(t)

Then we have the following estimate on L1,

dt

d (L(t,U) + KL L(t, V) < [(1 = 2(0) MO = Ki(1+ 2(1))] [V (=(t), 1)

b—t+to
+(1+ Ky) / ri(z, t)dz
z(t)
< 22|V (z(t),t)]* + (1 + K1) (mLy(t) 4+ c.D1(t)).
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Here the constant K7 > 1 is chosen so that

e (1= 2@®))IAB)* = K1(1+ z(1)] < —2.

Now, with the above estimates on (Q; and L, we use Lemma 3.2 to derive the following,

iFl( ) < {(1+ K1)ew + [=2 + o (Lo(t) + L' ())]C1 } D1 (2)

dt
+[-2+Ci(1- Zt(t))|/\(t)|2(Lo(t) + L (t))] [V (z(t), 1)
+[(1+ K1)m + C1(q1(t) + ¢2(1)) | Ly
< —Di(t) + [(14 K1)m + C1(A1(t) + ( ))] 1(t)

for Lo(to) < dp and Ly(tg) < 0, where we choose 6y > 0 and C; > 0 so that
724’26*50 < 71, (1+K1)C* 701 < 71,
and

— p— 2 p—
2+2C’16001£tang(1 2 (E)A@)]° < —1.

Therefore (4.3) is proved for Case 1.

Case 2: The boundary I'p and the left edge of A intersect at (2(72),72). Then, In = [to,to + 252], and
2q(t) = z(t) for tg <t < 1, 24(t) = a —to +t for 2 <t < tg + 5% The proof can be carried out in the
same way as in Case 1 for t # 75. Thus the proof is complete. O

Remark 4.1. For the case that A C Q(7T'), we have similar estimates on F; without boundary terms, see [25]
for the proof, where only D;(t, A) makes contribution to the control on Fj. For the case that ANTp # 0,
both Q1 (¢, A) and L(t,V,A) are needed to give the control on Fy.

As conclusion of the above argument, we get the stability result for smooth solutions for any 7" > 0.

Proposition 4.1. Suppose that A C R' x [0,T] with b > z(to), and suppose that Lo(tg, A) < &9, L(to, A) <
0g. Then fort € Ia, there holds the following
btto—t
(|u(z,t) — ' (z,t)]* + |v(z, t) — ' (z, 1)) dx

za(t)
b

< Cy / (Ju(z, to) — v/ (z, to)|* + [v(w, to) — v/ (x, o) |*)dz,

max{z(to),a}

/ (|luv — w'v'|?)dzdt

ANQ

and

b
< / (lu(z, to) — o (2 t0)|? + [0(z, o) — o/ (. o) [P}

max{z(to),a}
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//(mf u/'v)?)dadt

AN
b

< Cy / (Ju(, to) — u'(z,t0)|* + Jv(x, to) — V' (2, t0)|*)da.

max{z(to),a}

Here the constant Cy depends only on T and Ey.

Proof. It suffices to prove lemma for two cases.
Case 1: a < z(tg) < b, that is, ANTp # 0. Then taking the integral of (3.4) in Lemma 3.4 over Ia, we
have

/ (Do(t, A) + Di(t, A) + [u(za(t) D + o (za(t), £)2)d
Ia

< O(1)(Lo(to, A) + Ly(to, A)) + O(1)d0 T,
which leads to
[ (a2) + Aa(e. ) < (1)
Ia

for some constant C'(T) > 0 depending on T'.
Therefore, we use Lemma, 4.2 to deduce that

) < eXp(/[O(l) + CuAx(s, A) + CiAs(s, AVds)Fi (t)

Ia

<C(T) (|u(z, to) — v (z,t0)|* + [v(, to) — v/ (2, t0)|*)dx

—

2(to)

for t € Ia, and

/Dl(t,A)dt < Fi(to)
Ia

+ (/[0(1) + ClAl(S, A) + OlAQ(S, A)]dS)T max Fl(t)
; to<t<to+L232
A

S F1 (to) + C”(T) max F1 (t),

to<t<to+232

which lead to the result for Case 1. Here the constants C'(T") and C”(T') depend only on T'.

Case 2: z(tg) < a, that is, ANTg =0 and A C Q(T). Then 2,(t) = a + ¢ — to. The result for this case
has been proved in [25], and its proof can be carried out in the same way as above. Therefore the proof is
complete. O

5. Convergence of global classical solutions

Choose a sequence of smooth functions

Wl o) € €2(0,00), k=1,2,,
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such that

(Uék)7 (() )) — (U,O,Uo) in Ll200(0’ OO)

as m — oo. Theorem 1.1 implies that there is a sequence of classical solutions, (u*),v(*) € C1(Q),
k =1,2,---, to (1.1), which satisfy boundary condition (1.3) and take (u(()k),v(() )) as their initial data
respectively. And supp(u® (-,),v*) (-, t)) has bounded support in R! for any ¢t > 0 and k > 0.

We consider the convergence of {(u(®),v(®))}2° on A(—A, A,0)NQ for any A > 0. To this end, we first
give the estimate on L? norm of solution over small interval [a,b] N [2(t), A — t] for any a and b.

Lemma 5.1. There is a constant r > 0 such that if 0 < b—a < 4r and b < A then

min{b,A—t}
sup / (™ (z, )] + [0 (2, t)|*)dz < b

E>1
max{z(t),a}

for t € [0, A] with z(t) < b.

Proof. It is obvious that

A

lim (\ugk) — up|? + |vék) —vo|?)dx = 0.

k—o0
0

As in [25], we choose > 0 such that

b

exp(mA + 8|6]5o) ( / (Jul” (@) [? + [0 (2)[2)da + mjo (b — a)) <
max{z(0),a}

®|&

and

b
exp2mA+16300)( [ [ 2p(o) + 0)Pde + mio(b - ) <

max{z(0),a}

do
8
for |b —a| < 4r and for k =0,1,2---. Here for simplification (u(() ) v (O)) (ug, vo).

Then with the pointwise estimates along the characteristics in Lemma 2.6 and Lemma 2.8, we can deduce
the desired result. The proof is complete. O

Now application of Proposition 4.1 and Lemma 5.1 to any pair of smooth solutions (u*) v(*®)) and
(u(™, (™) gives the following.

Lemma 5.2. Suppose that A(a,b,7) C A(—A, A,0) with 0 < b—a < 4r and A(a,b,7) N Q # 0. Then there
exists a constant C'(A) > 0 such that

// (Ju® — w2 4 p® — ™)2)dzdt

(a,b,7)NQ

// (Ju®p® — ()2 4 |y By (k) — 4, (M) |2)ddt

(a,b,7)NQ2
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(r—A,71) (A—m7,7)

(—A,0) (A,0)

Fig. 6. Domain Q(A, 7).

b
<o) [ ()~ u P + ) - o) o) o

max(z(0),a)

for any k > 1 and n > 1. Here the constant C(A) depends only on A and Ey; the constant r > 0 is given
by Lemma 5.1.

In the next, we prove the convergence of {(u®),v(#))}12¢  on A(—A, A,0) N Q by the induction step as
follows.

Denote (see Fig. 6)

QA7) =AA4,A00NnQN{(z,t)|0<t <7}, 0<7<A

Lemma 5.3. Suppose that

lim // (Jul™ — ™12 4 o™ — ™) 2)dzdt = 0,
m,n— oo
Q(A,T)

lim // [y — M y(™)12)dedt = 0
m,n%oo
Q(A,T)

and

lim // [u(™pm) — (M) () |2)dadt = 0

m,n%oo

Q(A,T)
for T €[0,A—r|. Then

lim // (Jul™ — ™12 4 [ — ) 2)dzdt = 0,
m,n— 00
Q(A,7+7)

tm [ (a0 — a0y dsdt =0

m,n—>oo
Q(A,7+7)

and



Y. Zhang, Q. Zhao / J. Math. Anal. Appl. 477 (2019) 708-733 731
lim // |u(m v(m) — v(")| Ydxdt = 0.
m,n— 00
Q(A,7+7)

Here r is given in Lemma 5.1.

Proof. We choose a finite number of subintervals, [a;, b;],j = 1,2,--- , J, with [a;, b;]N[max{r—A, (1)}, A—
7] # 0 and b; — a; = 4r, such that

QA, 7+ 1)\Q(A, 7) C U1 Alay, ), 7'),

where 7/ =7 — ¢, andJ<ﬁ—|—1
For1 <7< J by Proposition 4.1 and Lemma 5.1, we have

lim // (Ju™ — ™2 4 [0 — ™) 2)dzdt = 0,

m,n—o0
A(aj,bj ,7)NQ

lim // (Jumvp(™) — My 2 dzdt = 0
m,n— 00

A(aj,bj, ")

and

lim // (Ju™ () — u(My()|2)dzdt = 0.

m,n— 00
Alag,by,m' )N

Therefore we have the convergence of the sequences {(u(™),v(™)}2°_ {umy(mleo_and {ulm™y(m)}e_

in L2(Q(A, T + 7)) respectively. The proof is complete. O
Now we have the following convergence result.

Proposition 5.1. There exists a (u,v) € L} () such that

lim ||(u™,0™) — (u,0)||22(a(—a,4.0000) = 0,

m—r o0
and
im (™0™ — | g2 (A a.a.0)00) + [W™ 0 — 4B L2(Aa,4.000)) =0
for any A > 0.

Proof. With the induction steps given by Lemma 5.3, we have

lim // (Jul™ — ™2 4 [0 — (™)|2)dadt = 0,
(A(=A,A,00nQ)

m,n—o00
(A(=A,A,00nQ)

lim // (Jumo(m™) — (™) 2)dzdt = 0

and
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lim // (|u™p(m) — My 2 dzdt = 0,

m,n— o0

(A(—A,A,0)NQ)

for any A > 0. These lead to the desired result. The proof is complete. 0O
6. Proof of main results on strong solutions

In the same way as in the proof of Lemma 5.3 and Proposition 5.1, we can prove the following.

Proposition 6.1. Suppose that {ug m)}m_ 1, = 1,2, are two sequences of classical solution to (1.1)

' Uy
satisfy boundary condition (1.3) with the following,

M
lim [ (Jul™ (,0) — u§™ (2,0) + [o{™ (z,0) — v§™ (x,0)[*)dz = 0

m—00
0

for some M > 0. Then,

lim // (uS™ = uS™ 2 4 0™ — o{™)12) dadt = 0.

m—r 00
A(—M,M,0)NS

Proof of Theorem 1.3. The existence of solution (u, v) is proved by Proposition 5.1. Moreover, (u, v) satisfies
(1.9) and (2.6).

To prove the uniqueness, let (u;,v;), j = 1,2, be two strong solutions to (1.1)-(1.3), and let (u; (m) (m)),
j = 1,2 be two sequences of classical solutions to (1.1) with boundary condltlon (1.3), which are convergent
to (uj,v;), j = 1,2, respectively in L? (). Moreover, the initial data ( (ac 0),v(m)(x 0)) are assumed
to be convergent to (ug,vp) for j =1, 2.

Then by Proposition 6.1, we have

m—00
A(—A,4,000

i [ 00 i ) + o ,0) = o (0,0 = 0
nQ

which yields that

(u1,v1)(z,t) = (ug,v2)(z,t), a.e. (z,t) € A(—A,A,0)NQ.

This leads to the uniqueness of the strong solution. The proof is complete. O

Proof of Theorem 1.4. Indeed the results hold for the classical solutions. Then by taking the limit, we can
prove the result still hold for the strong solution. The proof is complete. 0O
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