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1. Introduction

In this paper we consider the forward Cauchy problem for the following linear strongly damped plate
equation

g + A%u+ A%u; =0, xR, teR,,
u(0,2) = ug(x), (1)
ut (0, ) = uq(z).

Fourth-order evolution partial differential equations as in (1) arise in problems of solid mechanics as, for
example, in the theory of thin plates and beams. Also, in particular formulations of problems related with the

* Corresponding author.
E-mail address: marcello.dabbicco@uniba.it (M. D’Abbicco).
URL: http://www.dabbicco.com (M. D’Abbicco).

https://doi.org/10.1016/j.jmaa.2019.05.039
0022-247X/© 2019 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jmaa.2019.05.039
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:marcello.dabbicco@uniba.it
http://www.dabbicco.com
https://doi.org/10.1016/j.jmaa.2019.05.039
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2019.05.039&domain=pdf

M. D’Abbicco et al. / J. Math. Anal. Appl. 478 (2019) 476498 477

Navier-Stokes equations (see [29]) appear elliptic equations of fourth-order. Models to study the vibrations of
thin plates (n = 2) given by the full von Kédrmdn system have been studied by several authors, in particular,
see [2,15,26].

The action of damping dissipates the energy of problem (1), due to

1 1
E(t) = —llAu(t )7z, E() = Sllualt, )17 + Sl Au(t, )7,

and, more precisely, one can easily show that

n

E(t) <CA+1)75(B0) + lluollZs + [urllZs),

for any ¢ > 0, for a constant C' > 0, independent of the initial data, in any space dimension n > 2, provided
that the initial data are in the energy space H? x L? and in L'. However, the action of the damping also
influences the LP — L7 long time estimates for the solution to (1), where 1 < p < ¢ < oo. The purpose of
this paper is to investigate this influence, in particular in the more difficult setting of L' — L! estimates.
The dissipation of the energy, as a consequence of the damping, comes into play for more general evolution
equations. The first example of dissipative evolution equation is the wave equation with weak damping

utt—Au—Fut:O, JJER“,tER.,.,
u(0,2) = ug(x), (2)
ut(0, ) = uy ().

Long time decay estimates and energy estimates for the solution to (2), with initial data in the energy space
and in L', have been obtained by A. Matsumura [17]. In particular,

_n_p_lol
1085 u(t, )ILe < C(L+8)" 5= (|fuo|l grsion + llwallgrsiai—r + JuollLr + ur]|zr),

for k+ |a| > 0. The asymptotic profile of the solution to (2) is described by the solution to the problem for
a heat equation

{vt—sz(), reR" te Ry, 3)

v(0,z) = vo(x),
with initial data vy = ug + 1, see [16,21,31]. Namely,

[u(t, ) = v(t, )2 = o([[v(t, )] L2),

under the moment condition fRn vo(z)dx # 0. This phenomenon, sometimes called diffusion phenomenon,
clarifies how the dissipative action of the damping in (2) influences the long time LP — L9 decay estimates.
Indeed,

_n _1
lott, e ~ ¢ 20 o1, Y, 1<p <o,

where v is the solution to (3). The dissipative action of the damping remains valid for more general evolution
equations [14], say

uy + (—A)°u+u, =0, z€R" tER,,
u(0,2) = ug(x), (4)

us(0,2) = uq (),
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for instance, for the damped plate equation, obtained for ¢ = 2. The long time decay estimates allow to
study several types of nonlinear problems related to a damped evolution equation. In particular, the critical
exponent for global small data solution of the damped wave equation with power nonlinearity |u|? is the
same critical exponent of the corresponding semilinear heat equation, as proved in space dimension n = 1,2
in [17] and in space dimension n > 3 by G. Todorova and B. Yordanov [30].

The main difficulty in the study of nonlinear problems associated to the linear equation in (2), or in (4),
is related to the regularity of the solution. Indeed, the solution operator for (2) has a regularity similar to
regularity of the solution operator for the wave equation, as one can see from the study of LP — L? estimates,
1<p<q<2 for (2) (see [19]).

In particular, if ug = 0 and u; € L', the solution u(t,-) to (2), or to the wave equation without damping,
is not in L!, in space dimension n > 4, for any ¢ > 0. Namely, the fundamental solution to (2) is not a
L'-bounded operator.

Going back to the plate equation,

ug +A%u =0 xecR" tcR,,
u(0,2) =0, (5)

ut(0,2) = uq (),

with u; € LP, we have that the solution w is in L? if n|1/p —1/2| < 1, and is not in L? if n|1/p — 1/2| > 1,
see [22]. A similar regularity issue appears for the plate equation with weak damping and for the solution
to (4), with o # 1. For the wave equation, the regularity restriction is relaxed to (n —1)|1/p —1/2| < 1.

In order to guarantee that the solution wu(t,-) to (4) is in LP, for some p € [1,2), it is possible to
assume that the initial data are in suitable Sobolev spaces WP where m = m(n,p,o) > 0 represents a
loss of regqularity. Incidentally, we remark that it is easier to guarantee that the solution remains in LP,
when p € (2, o0, since it is possible to use higher order energies (the Cauchy problem is well-posed in H¥)
together with Sobolev embeddings H* — LP, with p(n — 2k) < 2n (see [17] for (2)).

The situation is completely different in the case of a strong damping, as showed by Y. Shibata [27] for
the wave equation with viscoelastic damping

Uy —Au—Auy =0, zeR" teR,,
u(0,x) = up(x), (6)
w(0,) = uy ().

Assuming initial data in L', the solution u(t,-) to (6) remains in L', for any ¢ > 0. The motivation behind
this phenomenon is that now the diffusive structure of the equation cancels the influence of oscillations on
the regularity of the fundamental solution. On the other hand the diffusive structure created by the strong
damping interacts with the wave structure of the problem, in the description of the asymptotic profile of
the fundamental solution to (6). This latter is now given by the convolution of the Gauss kernel and the
fundamental solution of the wave equation. The precise asymptotic profile to (6) has been first obtained
in [10].

It turns out that the interaction between oscillations and damping, create a loss of decay rate for the
solution to (6) in LP — LY estimates, with 1 < p < ¢ < 2 (we always use the wording loss of decay rate
even if a decay only appears if p < ¢ and/or if derivatives of the solution are considered). This loss is
completely analogous to the loss of reqularity created by the interaction between oscillations and damping
for the solution to (2). In particular [27, Theorem 2.1,4], the solution to (6) verifies the estimate

lu(t, Ve < CA+6)% (Juollpr + (1 + )2 [ual|z1), (7)
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in space dimension n > 2, even, and the better estimate
n—1 1
Ju(t, s < CQ+8) T (luoller + (1 + )% [Jur]l1), (8)

in space dimension n > 3, odd. We stress out that the quantity (1 + ¢)% appearing in (7) is increasing in
time, so it represents a loss with respect to the corresponding L? — L? estimate:

1
lu(t, )z < C (luollze + (1 +1)2 Jur|z2),

where no loss appears. The fact that in odd space dimension, i.e. in (8), the loss is reduced, can be explained
by the Huygens’ principle for waves, which is more effective in odd space dimension.
The main purpose of this paper is to prove the following.

Theorem 1. Let n > 1. Assume that ug,u; € L*. Then the solution to (1) verifies estimate
n 1
Ju(t, M < C A+ (uollzr + (1 +1)2[lurl|),
provided that n > 5 or u; = 0, and estimate

lu(t, s < € (1+8)(luollr + (14 )2 log(e +)||ur | 11),
ifn =4, for any t > 0 and for some C > 0, independent of the data.

We remark that, in space dimension n > 5, the estimate in Theorem 1 is the same estimate obtained for the
wave equation with viscoelastic damping by Y. Shibata, i.e., (7). However, we cannot expect improvements
in odd space dimension for the plate equation, due to the lack of Huygens’ principle for the plate.

The technique employed in [27] to prove (7) and (8) for (6) heavily relies on the very special structure
of the fundamental solution to the wave equation. For this reason, in this paper we employ a different
technique to estimate the Fourier multiplier associated to problem (1) at low frequencies, where oscillations
interact with the damping (see later, Section 2). On the other hand, at high frequencies, where oscillations
are neglected, the L' well-posedness of the problem may be easily derived, with straightforward calculations.

To complete the picture and clarify the roles played by the damping, we mention a few other results.

T. Narazaki and M. Reissig [20] derived L' — L' estimates for the wave equation with structural damping

g + Au+ (=A)u; =0, z€R™, teR,,
u(0,2) = ug(x), (9)
ut(0, ) = uy(z),

with @ € (0,1). In particular, for @ € (1/2,1) they found estimates analogous to the limit case § = 1
described in (6), including the reduction of the loss in odd space dimension:

lu(t, Yl < € (1 +6)EI0720) (Jlug 1 + (1 + £)27 [fuy | 12). (10)

On the other hand, L? — L9 estimates for (9) in the case 6 € (0,1/2) are analogous to the estimates for the
limit case 8 = 0 described in (2). In particular a loss of regularity appears [5]. The diffusion phenomenon
for this case has been investigated in [4].

Not surprisingly, under the simultaneous action of a weak and a strong damping, there is no loss of decay,
neither a loss of regularity. For the wave equation with double damping [11]
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ugg +Au+ (1 —A)uy =0, xR teRy,
u(0, ) = uo(x), (11)

ut (0, 7) = uy (),
L' — L' estimates

lutt, Mz < C (luollzr + fluallzr),

have been derived and applied to semilinear problems in [3]. The reasoning for this result is that oscillations
are completely canceled by the simultaneous action of the two damping terms. An interesting model for
which oscillations are not canceled, but their influence can be neglected is the limit case § = 1/2 in (9), for
which (10) remains valid:

lu(t, Mz < C (fuollzr + (1 + ) [Juallzr).

We address the interested reader to [12,13,18,24] for additional long time estimates on o-evolution models
with strong or structural damping, and to [1,8,9] for more general equations with damping.

2. Decomposition of the solution at low and high frequencies

Applying the Fourier transform with respect to the space variable, we see that

i(t.€) = Flu(t, ) = [ ¢ utt,a)da

R»

solves the Cauchy problem for the damped harmonic oscillator

e + €] a+ €)' =0, teRy,
@(0,€) = (&), (12)
@:(0,8) = 1 (€),

for any £ € R™. The overdamping region, where oscillations are neglected by the action of the damping,
corresponds to |£| > v/2, whereas we have damped oscillations for |¢] < /2.

In particular, damped oscillations appear in the low frequencies region (the region containing small values
of |€]), and oscillations are neglected in the high frequencies region (the region containing large values of |¢]).
The same property appears, more in general, for og-evolution equations with strong damping:

up + (=A)7u+ (—A)7u; =0, zeR" tcRy,
U(O,l‘) = uO(I)a (13)
ut (0, 2) = up ().

On the other hand, in the case of a weak damping for o-evolution equations, the situation is the oppo-
site: damped oscillations appear in the high frequencies region, and oscillations are neglected in the low
frequencies region.

Since the regularity of the solution is determined by its high frequencies part and its asymptotic profile
is determined by its low frequencies part, this phenomenon explains the different properties of the solution
in the two cases. A classification between these two cases has been discussed and provided for evolution
equations with time-dependent coefficients and structural damping in [6].
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Due to the different behavior of the solution to (1) at low and high frequencies, it is more convenient
to give independent results for the solution localized at low frequencies, and for the solution localized at
high frequencies. We notice that, due to the fact that problem (1) is linear, the localization of the solution
is equivalent to study problem (1) with localized data. To localize the solution to (1) at low and high
frequencies, we fix ¢g € C°(R™) with ¢o(§) = 1 in a neighborhood of the origin, we set ¢oo =1 — g, and
we put

Eo(t)(uo, u)(z) = F~potl(t, )](x), (14)

Eoo(t)(uo, ur)(z) = F~Hpsoti(t, )] (2), (15)

where .# ~! denotes the inverse Fourier transform with respect to the space variable, and w is the solution
to (1).

The Fourier multipliers associated with the solution to (1) are smooth in R™\ {0}. Therefore, our analysis

will focus on the singularities of the multipliers as £ — 0 and on their behavior as |§| — co. The characteristic
equation to (12) is

A+ A+ €t =0. (16)
If |¢] > V/2, equation (16) has real-valued, non positive, roots:

If |¢] < V/2, the roots of (16) are complex-valued with negative real part:

_ et el AT as)

A+ ()

If we fix ¢g, and @ in C°(R™) such that

1if g < g, Lt f¢] >4, )
= 00 = 9
¢o(€) {0 fe > ¢ (©) {0 if €] < 3. (19)

and we define p; € C*°(R™) by

©1(6) =1 = (po(§) + voo(§))s

then the solution to (1) at “intermediate” frequencies
Ei(t)(uo,w) = F et )](2)
trivially verifies the estimate
105 0F B1 (1) (uo, wr) || Lo < C ™ ||(uo, ur) | o,

forany 1 < p <q <00, k+|a| >0, and t > 0, for some C,c > 0, independent of the data. Indeed, ; is
compactly supported in R™ \ {0} and the real parts of the roots Ay (§) are negative in R™ \ {0}.
Therefore, it is not restrictive to assume that ¢g, Yo are as in (19), in the definition of Ey and E,, when
we prove our statements for (14) and (15).
We first present our estimates for the solution to (1) at low frequencies Ey(t)(ug, u1).
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Theorem 2. Let n > 5. Assume that ug,u; € L*. Then the solution to (1) at low frequencies Eo(t)(uo,u1)
verifies the following L' — L' estimate

1Eo(t) (o, ur) |1 < C (14 6)% (JJuoll o2 + (1 + )% Jur ]| 1), (20)

for any t > 0, for some C > 0, independent of the data. In space dimension n = 4, estimate (20) remains
valid with a log-loss, namely,

1Eo(t) (o, ua) |11 < C (1 + ) (Jluoll o + (1+14)2 log(e + 1) Jual| 1) (21)
In space dimension n = 1,2, 3, estimate (20) remains valid if u; = 0.

If we consider estimates at the “energy level”, i.e., at least one time derivative or two spatial derivatives,
the restriction on the space dimension disappears, as it happens in Theorem 2 for u; = 0. More in general,
we have the following.

Theorem 3. Let n > 1, a € N" and j € N. Assume that ug,u; € L*, and that |a| > 2 or j > 1. Then the
solution to (1) at low frequencies Eo(t)(ug,u1) verifies the estimate

n

i n_j_lol 1
1002 Bo(t) (o, ur) [ < C (1437575 (Jluollr + (1 +)2 Jua 1), (22)
for any t > 0, for some C > 0, independent of the data.

Our estimates are supplemented by the following regularity result for the solution to (1) at high frequen-
cies Exo(t)(ug, u1).

Theorem 4. Let n > 1, « € N™ and j,k € N with 0 < k < j. Then the solution to (1) at high frequen-
cies Eoo(t)(ug, u1) verifies the estimate

10705 B () (w0, ur) |, < C ™ (lunllypgar + luallygor-ar + 97 )10, un)llparqar-at ), (23)

wile

for p=1,00, for any t > 0, for some constant C,c > 0, independent of the data.
In Theorem 4 and in the following, we denote
Wt ={uelL?: djue L?, |a| <m},
the usual Sobolev space on R".

Remark 2.1. We notice that estimate (23) is singular at ¢ = 0 if one takes k < j. However, taking k < j, it
is possible to estimate the LP norm of time derivatives of the solution to (1) for any ¢ > 0, assuming less
regular initial data. That is, after some time, the time derivatives of the solution gain additional regularity.
This phenomenon of smoothing effect is related to the presence of the strong damping, but it also appears
in presence of structural damping for evolution models, effective or not, see [4,5,7] and when a strong and
a weak damping are considered at the same time [3].

We immediately obtain that the proof of Theorem 1 follows as a consequence of Theorems 2 and 4.
Similarly, combining Theorem 3 and 4, one may derive estimates for the derivatives of the solution to (1).
For instance, one has the following.
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Corollary 2.1. Let n > 1 and o € N, j € N. Moreover, let |a] > 2 if j = 0 and uy be not trivial. Assume
_3)t+
that ug € Wl‘a| and u; € Wl(‘a| 87 Then the solution to (1) werifies the following L* — L* estimate

i

i n_j_lof 1 — —j
107 0 u(t M < CO+H) 7275 ([luollpr + (1482 uallr) + Ce™ ([luollyypor + 77 [[(uo, w)lly a9+,
for any t > 0, for some C,c > 0, independent of the data.

Remark 2.2. Let us consider problem (13) for the strongly damped o-evolution equation, with o € N \ {0},
or even o € (0,00). One may easily follow the proof of Theorem 2 and 3 and show that the solution at low
frequencies verifies estimate (20) in space dimension n > 20, estimate (21) if n = 20, and estimate (22) in
space dimension n > 1, provided that 7 > 1 or |a| > o. If the space dimension n is even, estimates (20)
and (21) for o = 1 have been obtained in [27] with a different technique, which cannot be used for o # 1.
In fact, the technique employed in [27] allowed to improve the estimates in odd space dimension n > 3, as

n—1

a consequence of (strong) Huygen’s principle, namely, the factor (1 +#)% could be replaced by (1 +¢)"7 .

However, in general we cannot expect an improvement in odd space dimension, if o # 1, due to the lack of
the classical Huygens’ principle.

2.1. Additional LP — L9 estimates for the solution

In this section, we collect some additional LP — L9 estimates for the solution to (1).
We may derive LP — LP estimates for Fy, with p € (1,2), as a consequence of Theorem 2 and the following
result, which easily follows from Plancherel’s theorem.

Lemma 2.1. Let n > 1. Assume that ug,u; € L%. Then the solution to (1) at low frequencies Fo(t)(ug,u1)
verifies the following estimate

| Eo(t)(uo,ur)[ 2 < C (luollze + (1 +t)|lu|2), (24)
for any t >0, for some C > 0, independent of the data.
As a corollary of Theorem 2 and Lemma 2.1, we immediately obtain the following.

Corollary 2.2. Let n > 5 and assume that ug,uy € LP for some p € (1,2). Then the solution to (1) at low
frequencies Eo(t)(ug,u1) verifies the following LP — LP estimate

B =

n(1_1 1—1(1_1
1Eo(t) (o, u) e < € (1462678 (ol + (1426 g 110), (25)
for any t > 0, for some C > 0, independent of the data. In space dimension n = 4, estimate (25) remains
valid with a log-loss. In space dimension n = 1,2, 3, estimate (25) remains valid if u; = 0.

At low frequencies, it is possible to derive additional decay rate for LP — L9 estimates, where 1 < p <
q < oo. For the sake of brevity we restrict to the easier case 1 < p < 2 < ¢ < oo (studied for (6) in [25]).
Indeed, in this case, the estimate may be easily obtained by using the Hausdorff-Young inequality.

Lemma 2.2. Let n > 1 and 1 < p < 2 < ¢ < oo, with p # q, be such that n(1/p — 1/q) > 2. Assume
that uo,u; € LP. Then the solution to (1) at low frequencies Eo(t)(ug,u1) verifies the following decay
estimate

1

1 Eot) (s un) [0 < € (14858 (ol + (1 -+ 6)}ur 1), (26)
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for any t > 0, for some C > 0, independent of the data. If n(1/p — 1/q) = 2, estimate (26) remains valid
with a log-loss, namely,

1Eo(t) (o, ua) | La < C (1 +6)7% [|ug|| s + C log(e +£) || [ 1»- (27)

Ifn(1/p —1/q) < 2, the solution to (1) at low frequencies Eo(t)(uo,u1) verifies the following estimate

1 1 1

_n(1_ 1 _n(1_ 1
1o (t) (o, un)llzr < € (1483575 Jugllzn + € 1+ 6267 Juy 1, (28)
for any t > 0, for some C > 0, independent of the data.

In particular, as a consequence of Theorem 2 and Lemma 2.2 with p = 1, we obtain, by interpolation,
the following corollary, for ¢ € (1,2).

Corollary 2.3. Let n > 5 and q € (1,2). Assume that ug,u; € L*. Then the solution to (1) at low frequen-
cies Eo(t)(ug, u1) verifies the following estimate

1Eo(t) (o un)llze < € (1+ 032 (ol + (1 + 8)} un 1), (29)

foranyt > 0, for some C > 0, independent of the data. If n = 4, estimate (29) remains valid with a log-loss.
In space dimension n = 1,2,3, estimate (29) remains valid if u; = 0.

As we did for Ey in Corollaries 2.2 and 2.3, we may derive LP — L? and L' — LP estimates for the
derivatives of Ey, with p € (1,2), as a consequence of Theorem 3 and the following result, which easily
follows from the Hausdorff-Young inequality.

Lemma 2.3. Letn > 1, a € N" and j € N. Let 1 < p <2 < g < o0. Assume that ug,uy € LP. Then the
solution to (1) at low frequencies Eo(t)(ug,u1) verifies the estimate

i _n(1_1)_j_lal
10795 Eo(t)(uo, ur)||lLe < C(L+1) HG)i-s (luollze + (1 +#)2 ur ] »), (30)
for any t > 0, for some C > 0, independent of the data.

Finally, we may derive LP — LP estimates at high frequencies for the solution to (1), with p € (1, 00), by
relying on the Mikhlin-Hérmander multiplier theorem.

Proposition 2.1. Letn > 1, « € N" and j € N. Let N € N be such that N < 45, and p € (1,00). Then the
solution to (1) at high frequencies Eo(t)(ug, u1) verifies the estimate

10705 Boo (8) (uo, ur)ll,, < €™ ([luollyypor + ]l oo+ +fN/‘lH(UO,U1)||W1g4j+mf4fw>+), (31)
for any t > 0, for some constant C,c > 0, independent of the data.
3. Proof of Theorems 2 and 3 and other low frequencies estimates

Let

MO _ A (6t

K(Ll‘) =g ! m@o

)] (). (32)
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Then it holds
EO(tv ')(’U;(), ul) = (at + A2)K(t7 ) * Ug + K(t7 ) * UL, (33)

where x denotes the convolution with respect to the space variable . In view of (33), to prove our results
it is sufficient to obtain estimates for K (t,-) * u; and its derivatives.
First of all, we give a straight-forward regularity result.

Proposition 3.1. Let T > 1. Then, for anyt € [0,T] and 1 < p < q < 00, it holds
10702 K (¢, ) * ur|l L,y < C(T)||uallz, ®n),
for some C(T), independent of u;.

Proof. To prove Proposition 3.1, it is sufficient to notice that K € C>([0,T],S), so that K € ¢>([0,T],S)
as well. Here S denotes the Schwartz space. Indeed, K € C°°([0,T],C2°), and this concludes the proof.

In view of Proposition 3.1, we may assume t > 1 with no loss of generality, in this section.
For the sake of brevity, we use the following notation.

Notation 1. We write f < g when there exists a constant C' > 0 such that f < Cg, and f =~ g when
SHINYS

3.1. Proofs of Lemmas 2.1, 2.2, 2.3

For the ease of reading, before proving Theorems 2 and 3, we will first give the easier proofs of Lemmas 2.1,
2.2, 2.3, which follows as a consequence of Plancherel’s theorem and the Hausdorff-Young inequality. Indeed,
for any 1 < p <2 < ¢ < oo, by Hélder inequality, it holds

10705 K (¢,-) % w || o S (€ O K (¢, Vil por S N1(G€)*OF K (E,)|er 1]l por S 11(5€) K (&, ) er [l o
where ¢ = q/(¢ — 1) and r verifies 1/r =1/¢' —1/p' =1/p—1/q.
By formula (32) and (18), we get that
ol £ lol+2¢ —|ef*t sin(|¢[*t)
(i) 0, K (¢, )| < I€] e e ©o(§)-

We notice that we may estimate

sin(|¢*1)

7 <1172, (34)

for any 6 € [0, 1], and
gl g1

for any a > 0. If » = oo, that is, p = ¢, then

_lal+20—2
4

if¢>1or o >2,

sup |(i€)“0f K (t,€)| < o
§|() KEOIS | gt if ¢=0and |a| =0, 1.
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Namely, we set § = 0 in the first case, and § = 1 — |«a|/2 in the second one.
If r € [1,00), that is, p < ¢, then we may use the change of variable n = tiﬁ to estimate

1) oK (¢, )]

1
n |o| - F
. Sfﬂf# (/ |l +26-2) g =rf/2 dT}) '

Rn

The integral in the right-hand side is finite if || +2¢ > 2 —n/r. Assume that this latter does not hold, that
is, £ =0 and |a| +n/r < 2. We split the integral into two parts, {¢|¢|* < 1} and {|¢]* <1 < [¢[°}, and we
employ (34) with # = 1 in the first one and with # = 0 in the second one, obtaining:

A 1 Lo (e i |+ <2

PR <t / elrllae)” + / gr1al=24) " < ’

G Kl ( €l ) ( € ) log(e +1) if |a| +n/r=2.
le|<t™2 3 <lgl<t

This concludes the proof of Lemmas 2.1, 2.2, 2.3.
3.2. Preliminary results

In the following, for any p € [1,2] we denote by M, = M,(R"™) the set of Fourier multipliers on L? =
LP(R™). That is, the set of tempered distributions a, such that

lallar, = sup [ FH(@f)r < oo

In particular, it holds My = L and, by Young inequality, .#(L') < M, with
lallag, < 177 (@) o

On the other hand, by Riesz-Thorin interpolation theorem, we know that

1
e
o, 5 Vol Nl 0 =2 (13 ).

for any p € (1,2). We already know that K (t,-) € S, so that K(t,-) € M;. To estimate ||K(t,-)| as, with
respect to ¢, we will use the following.

Theorem 5 (Bernstein, see [25,28]). Let n > 1 and N > %. Assume that € HN. Then F~'(a) € L' and
there exists a constant C > 0, such that

ﬁ”DNA”%

1—
R afjr2

1.7 @)l < Cllall,
where

IDNalpe = Y 10Fal e
|81=N

For the sake of completeness, we give the proof of the previous result.

Proof. Let a = .Z 'a. If a = 0, the statement is trivial. Otherwise, let

_1 1
r=|lall 2" [IDYall .
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Then, by Hoélder inequality,

lallzy = / |a(z)|dx + / 2| =N | |a(@)| dz S v laf g2 + V2] Nal| 2
|z|<r lz|>r

n/2 N+n/2 ||DN

~re|al|pe +r” alle,

so that the proof follows.

To apply Theorem 5, we need to estimate the derivatives of K (t, &) with respect to &, whereas in Section 3.1
no derivative with respect to £ was involved. Therefore, we will investigate the asymptotic profile of K (t,¢)
as & — 0.

First of all, we notice that the solutions to (16) verify

RAx = —¢*, SAx = €2+ ¢ g(le]h)),

where g = O(1); explicitly,

Q
~—~
w
S~—
||
l\DlH

1
/495
0

We also put f(§) =4/4— | |4. By Taylor’s formula we have the following asymptotic expansion.

Lemma 3.1. Let K(t,x) be as in (32). Then it holds

EQ: (&, 1) + e 2R (g, 1), (35)
where
i5(6.0) = Ay iofe "2 [ Y
4,9 = S =gl QWES) )
o(&.1) :/1 [eflE”tHOlIEl g (1E1)/2 _ (_1)@+1o—ilel*t2+0lel*g(1€%)/2) g9
J

X

i [M} ot |£|6Q+4tQ+1 <P0(§).
O if ()

Proof. We may write

PO _ o= El /2, HIEPF©1/2 _ o—lelt/2,Ei 211+ g(lE] )1 /2

By Taylor expansion formula, we have

Q ) . 1
eileaein — 3 L £ildl°g(eHe)’ L (i”f‘ﬁ 9(€l)t Q“ 0)QctileallelNt/2gp
jl 2 Ql :

j=0 0



488 M. D’Abbicco et al. / J. Math. Anal. Appl. 478 (2019) 476-498
Due to
] o S 16 AVNS _ 4 4\ 7
(€z|§|2t _ (_1)g€71\§\2t) (Z|§| g(|£| ) )] — 2Z[ag sin(|§|2t)] |£| g(|§| ) ,
2 2
noticing that A, (£) — A_(&) = i|€]2f(€), we conclude the proof of (35).

Taking advantage of the expansion in Lemma 3.1, it is sufficient to estimate derivatives with respect to &
of the two terms e~*1¢I" and [£] 72 sin(¢|¢|?). This latter term creates the oscillations which influence the L!
estimate of K (t,-).

For the ease of reading, we will prepare a series of straight-forward estimates for the derivatives

—2 . 2
of [§]" sin(¢[¢]).
Lemma 3.2. It holds
-2 . 2 21—
€177 sin(tl€]7)] < ¢(1 +tle]”) (36)

The proof is trivial, but we present it to clarify the scheme used in the following results.

Proof. Having in mind (34), it is clear that estimate (36) follows by the estimate |sin p| < Clp|(1 + |p|)~?,
that is, |sin p| < |p| is used for small values of |p| and |sin p| < 1 for large ones.

Lemma 3.3. For any |8] = N > 1, it holds
0 cos(tl¢*)] < #7[¢[*(1+ i)Y 2 g7 (37)
Proof. First we prove (37) for N = 1. Due to
Oe, cos(t|€]?) = 2t&; sin(t[¢]?),

then estimate (37) follows by the estimate |sinp| < C|p|(1 + |p|) 7}, that is, |sin p| < |p| is used for small
values of |p| and |sin p| < 1 for large ones. Now let N > 2. Setting ¢ = [N/2], the smallest integer number
which verifies £ > N/2, we may estimate

N-2
107 cos(tl€*)] < D €N eos® (tl¢*)] < O[T DT eRIgP < on el (1 + g N2,
k>0 k=0

where it has been sufficient to use £ > 1, together with |cos®® p| < C|p|(1 + |p|)~" only for k = 1
and | cos(®) p| < 1 for k > 2 (independently if k is even or odd). This concludes the proof of (37).

Lemma 3.4. For any B # 0, it holds
0F €17 sin(tlg]*)] < 1€ (1 + e 21TV, 18l =N > 1. (38)
Proof. The proof follows from straightforward calculations. In particular, we notice that
O 67" sin(t|¢|") = t 0 sime (t[¢]*),

where sincp = p~l'sinp, and that |sinc®(p)| < Cmin{|p|,|p|"*} if k is odd, and |sinc®)p| <
Cmin{l, |p|~1} if k is even. In particular,
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|sinc’(p)| < |pl(L+|p)) 72,
|sinc”(p)] S (1 + o))"

whereas it is sufficient to use |sinc ®)(p)| < |p|~!, for any k > 3. If N = 1,2, we immediately derive (38)
from the previous estimates, and

0, sinc (t[¢*) = 2t¢; sinc’ (¢[¢[*),
e, Oc, sinc (t|€]°) = 442¢;&x sinc” (t[€]*) + ;1,2 sinc (¢|¢[*).

Now let N > 3. Setting ¢ = [ N/2], the smallest integer number which verifies £ > N/2, we get

N-3
|07 sine (t€]*)] < > t* 7N [sine P (¢[¢]*)| < Ce(e[*TN Y Rt < Cr et (14 gV,
k>0 k=0

where it has been sufficient to use ¢ > 1, together with the previous estimates for the derivatives of sinc.

Having in mind that 0,]¢]” sin(¢[¢]*) = cos(t|¢]*), we need only to estimate 8?(% cos(t[€]?) for |8] > 1
and ¢ > 1.

Lemma 3.5. For any ¢ > 1 and B # 0, it holds:
0£0f cos(tle*)| < 161 (1 +tle)N eI, 18l =N 2> 1. (39)
Moreover, if £ is odd, it also holds
|0£9f cos(tl¢]*)] S HEPTH 1+ tleHN e, Bl =N > 1. (40)
Proof. To prove (39) and (40), we first notice that

(—1) " ¢)¢*2 sinc (¢[¢]*) if € is odd,
(—1)2[¢[** cos(t¢]”) if £ is even,

9y cos(t¢|) = {
and then we apply (36), (37) and (38).
Lemma 3.6. For any £ > 1 and § # 0, it holds:
O£ 0fe 12 < Je[* (1 + g )N 16N e 2,5 =N > 1. (41)
Moreover, if £ = 0, then it holds
e E12) S tief 1+ gV g TN 2 B = N > 1. (42)

We first apply Theorem 5 to a;, with j =1,...,Q.

Lemma 3.7. Let n > 1 and j > 1. Then

uniformly with respect to j > 1, for any t > 1.
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Proof. Due to A; € C2° C M; with ||A;|[as, independent of ¢, it is sufficient to estimate
o ond —tlelt i
O (i) 0f (£ (8™ /%) (9" cos(t1€]))))-
Thanks to (37) and (39), we may estimate
0¢ 07" cos(tle]”)] < Je*V DT (- elef) 1,

for any j > 1, k > 0 and |8| > 0. Therefore, for | 3| = N, recalling that [£|* < |€]? in supp ¢y (due to [¢] < 1),
and using (41), we may estimate

R, i ag —tleld j— 2 i 1¢167 —2—-N ,,— 2\ 2 —t|€|*
10F ()07 (7 (0] "1™/ 2) (07 ™" cos(tle NI < ¢ 1€ 172N (071 4 [P (L tfe*)N e e,
= B[P (1 gy e,
SN (1 eV e,
uniformly with respect to j > 1, where we used (t[¢[%)i=teteI*/6 < |§\2(j71) < 1. We remark that the term
-1 200 _ 4 240
(" +[€7)" =t (1 +t[¢]7)
in the previous estimate takes into account of the possibility that each time derivative of 8f is applied, in
Leibniz’s rule, either to 7 or to (8¢ ~1€1")(87 7! cos(t|¢[?)).

Setting first N = 0, and then N = (n+1)/2 if n is odd and N = (n + 2)/2 if n is even, and using the
change of variables n = tif as in Section 3.1, we derive

102 ((i€)0f (¢ (9 e=1¢1"/2) (8]~ cos(tl€|*))|| 2

SEE ([ PN (1 g N 20l 2 ge)

R’n
1
n |l 2
R (/ I PAHe1=N) (1 4\ [2)2N+D) =2nl*/3 dn) 2
]Rn

1

n || 4 2

< g olgieg (/ 21N (1 4 [y 2)208+0) =2lnl*/3 dn)2

]Rn

In the last estimate we used 2(4 + |a] — N) > 8 — 2N > —n to have a convergent integral.
Applying Theorem 5, we derive (43), uniformly, with respect to j > 1.

In a completely similar way, we may estimate the Fourier multiplier bg 1 (t,£) = e_|5|4t/2RQ (&,1).
Lemma 3.8. Letn > 1 and ) > 0. Then

() 8fe™ 2R (¢, Y, S 57578, (44)

~

uniformly with respect to Q > 0, for any t > 1.

To apply Theorem 5 to g, we shall refine the proof of Lemma 3.7, since this multiplier is more singular
at £ = 0 than a; for j > 1. Some differences appear in the proof of Theorems 2 and 3, due to the difficulties
to deal with the singularity of ag.
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3.8. Proof of Theorem 3

We will first prove Theorem 3.

Proof of Theorem 3. In view of Proposition 3.1, Theorem 5 and Lemmas 3.1, 3.7 and 3.8, the proof of

Theorem 3 follows if we prove that

n

i)™ Dfao(t, |ar, StEFE— T3, (45)

provided that ¢ > 1 or |a| > 2, for t > 1.
Due to Ag € C° C M; with || Ag||ar, independent of ¢, it is sufficient to estimate

. (% e 4 — .
02 ((8€)* 0f (e~ 151 /21¢| 7 sin(¢]¢[))).
First, we set 8 = 0. Then we may easily estimate
(G€)*0f (1" (€] 2 sin(ule )| < ¢2H112 el 2

so that, by the change of variable n = tif , we derive

&)~ 0f (=112 )¢~ sin(tle ) 22 S / Pl el ge)

Rn
1 lal_¢ 4 3
—t 8§tz 13 (/ |n|2(2e+|a\—2) e~ Inl dn)2
Rn
Nt—%-‘r%—ﬂ—ﬁ

Indeed, the integral is convergent as a consequence of 2¢ + |a| > 2. Now, let |5| = N, with N = (n + 1)/2
if nis odd and N = (n+2)/2 if n is even.

Assume first that £ = 0. For |8] = N, recalling that |¢|* < |¢|* in supp ¢y (due to [¢] < 1), by (36)
and (38), we may estimate

102 ((i€) e~ 1" /21g] 2 sin(tlg]*))] < tle] N (1 + tleH)N L et /2,
so that, by the change of variable n = tif , we derive
S\, — 4 — .
107 ((i€)“e="51"/2|¢| 7 sin(t[¢]*)) | 2

<t (/ |§|2(\a|7N) (1+ 75|§|2)2(N—1) e tlel d§> 2
Rn

1
PR ([ (1 i e ag)
R’IL

Indeed, the integral is convergent as a consequence of 2|a| — 2N > 4 — 2N > —n. Now, let £ > 1. Noticing
that
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Oy (e~ /2 )¢ "2 sin(t1¢))) = Sl“&“ dfetIElN2 4 Z ( ) (8 F et /2) 9k cos(te[)),

we may apply (36) and (38) to estimate the first term, and we may apply (39) and (41) to estimate the
second one. Therefore, we get

107 ((5€)0f (="' 2 ¢| 2 sim(t[¢ )|
S (N (@ e PN 4 g PEDHRIEN (1 g ge V) etlel/2
ST @ ofe)N e, (46)

so that, by the change of variable n = tié“ , we derive

J023%((i€) e~ 21e| sin (e lls 5 ( [ 162120 (1 e el &)’

Rn

1
1_n 7,,7|0< _ 2
N Bt /| |26+e1=2=N) (1 4 \/7|n[2)2N e Inl“dn)z

provided that the latter integral is convergent, that is,
220+ |a] =2 —N) > —n.

The previous inequality fails if, and only if, £ = 1, and either a = 0, or |a| = 1 with n even. In these cases,
we shall refine our approach. We notice that, as a consequence of & = 0 if n = 1, and |a| < 1 otherwise, it
holds |8 = N > |a| + 1. That is, when we consider

92 0,((i6) e~ 21¢| 2 sin(t]¢]?))

= of ()" —Smg"g') eI 4 (i) o1 cos )

= 324 (G014 D) 0 g 1ot

at least one derivative of the derivation 8? is not applied to (i£)® in Leibniz’s rule for product derivation
of the second term in the sum, as a consequence of |8| > |a| + 1. Namely,

92 (i) e " 2 cos(tle?) = 3 ( 52 )(afl (i€)*) 922 (e~181"/2 cos(t[¢]?)),
51;3;025

since we may assume |(;1| < |a|. Due to the fact that we may apply (42) and (37) to 8?2 (e*t|5|4/2 cos(t|€]?)),
we may refine 46 with the following:
. (e} p— 4 —_ .
107 (i) Dy (e~ "1 /1¢| * sin(t[¢]*)))]
S (I )N PN (el P)N ) et
STtV e 2, (47)
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Comparing the estimate in (46) for £ = 1, with the estimate in (47), we see that (1 + [¢|°)Y has been
replaced by ¢/¢]%(1 4 t[¢]*)N =1, and this additional power |¢|* allow us to weaken enough the singularity of
the multiplier at £ = 0. Indeed, after the change of variable n = ti§ , how we get

102 91 ((i€) e~ /2] sin(tle*)) 122 5 ¢ ( / EEHA) (1 4 Jg2)2V-D) el ge)

Rn

—h-prd-lgl (/ [N (1 4 VEg[2)2050) ol )
R’n

since integral is convergent, due to
22+ |a] = N) > —n.

We are now ready to apply Theorem 5. Thanks to

10£ 05 ((i€) e 2 1g | sim(tl¢ ")) |2 S ¢~ ¥+ E (5= N,
we obtain (45). This concludes the proof of Theorem 3.
8.4. Proof of Theorem 2

We will now prove Theorem 2.

Proof of Theorem 2. By virtue of (33), the proof of Theorem 2 with u; = 0 is a consequence of Theorem 3
with (¢, |a|) = (1,0), (0,2). Therefore, it remains to prove the statement for ug = 0.

In view of Proposition 3.1, Theorem 5 and Lemmas 3.1, 3.7 and 3.8, the proof of Theorem 2 follows if
we prove that (45) holds, that is,

ot s, <5, (48)
if n > 5, and
ot e, S £ log(e + 1), (49)
if n =4, for t > 1. Due to Ag € C* C M; with ||Ag|/a, independent of ¢, it is sufficient to estimate

92 (e~ /21¢| 2 sin(t)e ).

First, let 5 = 0. If n > 5, by the change of variable n = tig, we derive

||e_t‘£‘4/2|§|_2 Sin(t|§|2)||L2 ,S (/ |§‘_4 e_t|§|4 dé‘)%
Rn,

Nf=

1
—t—%+3 (/ |n|—4e—\77|4 dn)2 ~tTETE,
R~
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If n = 4, we split the integral into two parts, {t[¢]> < 1} and {|¢]* < 1 < #/¢]*}, and we employ (34)
with 6 =1 in the first one and with # = 0 in the second one, obtaining:

e~ el sineleloe S ¢ vag) o+ ( / 74ac)" < gt + ).

1
|gl<t™2 tT2<[¢I<1

=

Now let |3| = N with N = (n+1)/2 if n is odd and N = (n + 2)/2 if n is even. Noticing that

oL i) = 3 () 081t 02 e P sinieel)
B1+B2=p

= (907112 e P sin(tle )+ D (é) (02 e~ 1E1/2) (9221¢| 2 sin(te))),
51+/3;0:ﬁ
B2

we may employ (42) and (36) to estimate the first term, and (42) and (38) to estimate the other ones. We
derive:

0 (=121 2 sin(tle[*))| S #21¢]* N (1 + el )V T+ ) T+ el TV (1 1PN

- N _
SEEPN A+ eV 2,

where we used that |¢[* < |¢[? in supp ¢o (due to |¢] < 1). Therefore (after the change of variable 5 = ¢4 &),
we obtain

N[

1
0 (e 421 2 sinele e S ¢ 408 ([ PN (0 VPP e ) e bR,
R~

The integral is convergent, due to 4 — 2N > —n. Applying Theorem 5, we obtain (45) if n > 5, and (49)
if n = 4. This concludes the proof of Theorem 2.

4. Proof of Theorem 4 and Proposition 2.1

In this section, we follow the proof given in [27] with minor modifications, to prove Theorem 4.
Recalling that the roots Ay to (16) are given by (17), we define

eAi(g)t)\:F(é')
WGEPE (ke

eAi(f)t .
=010 @)

(L)) =57 | ©0©)| (@),
(Myv)(z) =F! [
so that

Eoo<t, -)(UO, U1) = (L+ + L,)UO + (M+ + M,)ul. (50)

In the following we will assume |£] > 3 and we will study the behavior of Ay and their derivatives, as || — co.
By using Taylor’s formula in (17), we get

Ap(€) = —lel* + 1+ (), A-(§) = —1 - u(©),
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where

L2 (AN T
u(é)—|§49< ) o(s) O/(l 0)~%/2(1— 0)do. (51)

In particular,

LN S 1P A @1 S 1T I(©) = am©)] = el (52)
We are now ready to prove Theorem 4.

Proof of Theorem 4. We will prove the following estimates:

HagagL+(t)U||Lp(R") S eftf(j*k)||U\|W:k+<\a\—s>+a (53)
1] 05 M ()| Lomn) S e_tt_(j_k)||U||W;xk+(\a\—s>+a (54)
16705 (L—(t)o — e™"0)[| Lomn) S 67t/4||1}||W1§|a‘_3)+, (55)
10705 M_(t)| Lo ) S e‘t/4||v||wl()|a‘,3>+, (56)

for p = 1,00 and k € N with k < j. The proof of Theorem 4 will immediately follow by combining the
previous estimates, taking into account that we may estimate

10705 (e ) | Loy S € Ilvllyype

~

in (55). We fix j > k > 0 and o1 < a, then we consider the multiplier

. O (O N () (i)™
) = @ @) ey P
with ¢ = 0,1, so that
HOCL L (t)v = ag(t,-) * 021 (1 — A)Fy, (57)
IO M (t) = ay(t,-) 02~ (1 — A)?ky, (58)

where ap = # ~1(d,). We choose oy = a, if |a| < 3, whereas we choose some oy < a with |ay| = 3, if || > 4.
We now want to prove that

lae(t, )| < e 20k p=0,1.

First, assume that |z| < 1/3. By using the identity

- Ty im»gi iw-€
Zi|$|28§j6 =" (59)

j=1

we may integrate by part n — 1 times, and get a,(t,x) = I + Iz, where
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1 iz \# :
11:(27r)n Z <%> / em.gaﬁﬁaf(t’f)df (60)
|Bl=n—1 3<IEl< 3y
. s ‘
(EED le1>

By using (52) and

|§‘4(jfk) At < 4= (—k) et
for any k < j (and |£| > 3), we immediately obtain

11 S et 0P g~ / gl =2ag

3<IEI<
~ e—tt_(j_k) ‘x|7(n71) 1n(|x|71)7 lf |a1| = 3 (62)
||~ (=1, otherwise.
For I5, integrating one more time, we obtain
1 1T\ B — —ix; i€ 2
I (2m)n Z | |2) Z |22 e 0g ag(t, §)dS
\ﬁ\:n 1 J=1 _ 1
€=
1 i\ B i, Py 8
o 2 :c_|2> Yok | e dann o,
|8l=n—1 =t €12 14
so that
] S et Pl 7 / gl =n=3455 + / jgllerl=4ndg) et GR g mrrtalend
=S BEES
< e—tt—(j—k)|x|—(n—1)’ (63)
as a consequence of |z| < 1/3 and |a;| < 3.
Now let || > 1/3. Using (59) and the integration by parts n + 1 times, we get
jac(t, )| S et 0P~ / jg[lealm 70 de et U |~ D), (64)

1€1=3

This concludes the proof of (53) and (54). To prove (56), we proceed as before, but we set

~

it — OO

(A+(6) = A-(8))

By using (52) and e~ (&t < e=/% we now derive ||as(t,-)||z1 < e~¥/%. This concludes the proof of (56). Let
us notice that

Poo(§)-

L_(t)v=L(t,)v+ 0:M_(t)v,
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where

(L_(t))(x) = F [eM@t cpoo(é“)@(f)] (@).

We now take advantage of the asymptotic expansion of A_(§) to gain some regularity from the cancelations
of L_(t)v — e *v. Due to the fact that ¢ — 1 is a C3°(R"™) function, we trivially obtain

16705 (™" F poo (&) = Wl Lamey S

so that, by using (51), it remains to estimate

da(t.€) = (1) ¢oe (0] (71 = 1)) = (€)™ 9 (Ou©)0] (~te™* [ = 9)

in M. Due to
1
lag(ﬂ(f)jﬂ(if)m /670tu(5)9jd9)| < || TAGHDHleal =18l < g —Atlaal =11
0
uniformly with respect to j, we may proceed as we did for ag, a1, as, obtaining |las(t, )| < e t/4,
This concludes the proof of (55).

We are now ready to prove Proposition 2.1.

Proof of Proposition 2.1. The proof of Proposition 2.1 follows by a straight-forward application of the
Mikhlin-Hérmander multiplier theorem to Liv, Myv, which we omit. Namely, it follows once we prove that

||aga:L+(t)U”LP(R") § 6_t/2t_N/4‘|U||W1§4j+\a|—4—N)+(Rn)» VN >0,
10705 My (t)vllLorny S e_t/Qt_NM\|U||Wzg4j+\a|—4—m+(Rn), VN =0,
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