Journal Pre-proof

Convergence of sequences of Schrodinger means MATHEMATICAL
ANALYSIS AND
APPLICATIONS

Eelilons: s

Per Sjolin, Jan-Olov Strémberg

Givision

usociale Edilors:

PIL: S0022-247X(19)30848-0

DOL: https://doi.org/10.1016/j.jmaa.2019.123580 .

Reference: YIMAA 123580 e
To appear in: Journal of Mathematical Analysis and Applications

Received date: 27 March 2019

Please cite this article as: P. Sjolin, J.-O. Stromberg, Convergence of sequences of Schrodinger means, J. Math. Anal. Appl.
(2019), 123580, doi: https://doi.org/10.1016/j.jmaa.2019.123580.

This is a PDF file of an article that has undergone enhancements after acceptance, such as the addition of a cover page and
metadata, and formatting for readability, but it is not yet the definitive version of record. This version will undergo additional
copyediting, typesetting and review before it is published in its final form, but we are providing this version to give early
visibility of the article. Please note that, during the production process, errors may be discovered which could affect the content,
and all legal disclaimers that apply to the journal pertain.

© 2019 Published by Elsevier.


https://doi.org/10.1016/j.jmaa.2019.123580
https://doi.org/10.1016/j.jmaa.2019.123580

CONVERGENCE OF SEQUENCES OF SCHRODINGER MEANS

PER SJOLIN AND JAN-OLOV STROMBERG

ABSTRACT. We study convergence almost everywhere of sequences of Schrodinger
means. We also replace sequences by uncountable sets.

1. INTRODUCTION

For f € L2(R"),n > 1 and a > 0 we set

for = [ e pa)dng R,
and

Sef(x) = (2m) ™" / o€ el f(¢)de, w e Rt >0.

RTL
For a = 2 and f belonging to the Schwartz class .7 (R") we set u(z,t) = Sy f(x). It then
follows that u(z,0) = f(x) and u satisfies the Schrodinger equation i0u/0t = Au.
We introduce Sobolev spaces Hy = Hs(R™) by setting

Hy ={f € "|Ifln, <oo},s €R,

where

R 1/2
I, = ( [ 0+ PP dE)

In the case @ = 2 and n = 1 it is well-known (se Carleson [3] and Dahlberg and Kenig
[5]) that

lim S, f(2) =  (x) (1)

almost everywhere if f € Hy /4. Also it is known that H;/, cannot be replaced by Hy if
s <1/4.

In the case a = 2 and n > 2 Sj6lin [11] and Vega [16] proved independently that (1)
holds almost everywhere if f € Hs(R™),s > 1/2 . This result was improved by Bourgain
[1] who proved that f € Hs(R"),s > 1/2 — 1/4n, is sufficient for convergence almost
everywhere. On the other hand Bourgain [2] has proved that s > n/2(n+ 1) is necessary
for convergence for a = 2 and n > 2.

In the case n = 2 and a = 2, Du, Guth and Li [6] proved that the condition s > 1/3
is sufficient. Recently Du and Zhang [7] proved that the condition s > n/2(n + 1) is
sufficient for ¢« = 2 and n > 3.

In the case a > 1,n = 1, (1) holds almost everywhere if f € Hy/4 and Hy ;4 cannot be
replaced by Hy if s < 1/4. In the case ¢ > 1,n = 2, it is known that (1) holds almost
everywhere if f € H;/p and in the case a > 1,n > 3 convergence has been proved for
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2 PER SJOLIN AND JAN-OLOV STROMBERG

f € Hg with s > 1/2. For the results in the case a > 1 see Sjolin [11, 12] and Vega
16, 17].
If f € L?(R") then Sif — f in L? as t — 0. It follows that there exists a sequence
(tr)5° satistying
1>t1>t2>t3>~~~>0andklimtkz(). (2)
—00
such that
Jim Sy f(x) = f(z) (3)
—00

almost everywhere.
In Sjolin [13] we studied the problem of deciding for which sequences (tx)7° one has
(3) almost everywhere if f € H,. The following result was obtained in [13].

Theorem A Assume that n > 1 and a > 1 and s > 0. We assume that (2) holds and

that "0, tzs/a < oo and f € Hy(R™). Then
lim Sy, f(z) = f(z)
k—o00

for almost every x € R™.

We shall here continue the study of conditions on sequences (t)° which imply that
(3) holds almost everywhere. We shall also replace the set {ty;k = 1,2,3,...} with
sets E which are not countable, for instance the Cantor set . Our first theorem is an
extension of Therorem A in which we replace the spaces H with Bessel potential spaces
L?. We need some more notations.

Let 1 <p<2ands>0. Set ks(&) = (1+ |€]>)%/2 for € € R™.
Let the operator #s be defined by

Fsf = F Yksf), f € L*NLP,

where .Z denotes the Fourier transformation, i.e. .Zf = f. Then Zs can be extended
to a bounded operator on LP, that is ks € M), where M, denotes the space of Fourier
multipliers on L, (see Stein [14], p.132).

We introduce the Bessel potential space L% by setting LY = { Zs9;9 € LP}, s > 0.
We let I denote an interval defined in the following way. In the case n = 1, s < a/2, and
in the case n > 2, we have I = [po, 2], where po = 2/(1 + 2s/na). In the remaining case
n=1,s > a/2, we have I = (1,2].

For f € L5, peI,and a > 1, and 0 < s < a, we shall define S;f so that

(Sef)E) = ¥ f(€)
and then have the following theorem.

Theorem 1. Assume a > 1,0 < s < a, and f € L%, where p € I. Let the sequence
(tr)5° satisfy (2), and assume also that Y 2, tis/a < 00. Then

Jim 5, () = f(z)

almost everywhere.
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In the proof of Theorem 1 we shall use the following theorem on Fourier multipliers.

Theorem 2. Let a > 1,0 < s < a, and assume also that 0 < § < 1. Set
OlET
m = T oo E RTL.
= e ¢
Then m € M, and
lm|lag, < Cpé™'® forpe I,
where C), does not depend on §.
We remark that in Sjélin [13] we used Theorem 2 in the special case p = 2.
Now let the sequence (t)7° satisty (2) and set
Aj={tg; 277 P <ty <279} for j =1,2,3,....
Let # A denote the number of elements in a set A. We have the following theorem.
Theorem 3. Assume thatn > 1,a> 1, and 0 < s < 1/2 and b < 2s/(a — s). Assume
also that
#A; <C2Y forj=1,2,3,... (4)
and that f € Hy. Then
lim Stkf(x) = f(x)
k—o00
almost everywhere.

Theorem 3 has the following two corollaries.

Corollary 1. Assume that (t)7° satisfies (2) and that n > 1,a > 1,0 < s < 1/2,
and that Y ;2 t] < oo, where v = 2s/(a —s). If also f € H, then (3) holds almost
everywhere.

We remark that Corollary 1 gives an improvement of Theorem A.

Corollary 2. Assume that (t,)3° statisfies (2), and thatn >1,a>1,1<p <2, r >0,
and
n n
s = 5 +r b
If f € LY and s > 1/2 then (3), holds almost everywhere.
If0 < s <1/2sety=2s/(a—s). Ifalso Y ;2 t) < oo, and f € L} then (3) holds
almost everywhere.

Now let E denote a bounded set in R . For r > 0 we let Ng(r) denote the minimal
number N of intervals I;,l = 1,2,..., N, of length r, such that F C Ujlv 1.
For f € . we introduce the maximal function

S*f(x) =sup |Sef(x)], xeR™
teE

We shall prove the following estimate.
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Theorem 4. Assumen > 1,a >0, and s > 0. If f € % then one has

/IS*f(w)IQdar <C (Z NE(T’”)TQ’"S/”) I£117z, -

m=0

The following corollary follows directly
Corollary 3. Assume thatn >1,a > 0,5 >0, f € ., and

i Np(27™)272ms/e < o, (5)

m=0

1/2
( / IS*f(fv)I2dw> < I/l

Now let E = {t;,k = 1.2,3,...} where the sequence (f;)° satisfies (2). We define
S* f as above so that

Then one has

S*f(x) = Sup 1S4, f(z)|, feF

We then have the following corollary.
Corollary 4. We let n>1,a > 0, s > 0, and assume that

00
Z NE(Qfm) 272m5/a < oo,
m=0

and f € Hs. Then (3) holds almost everywhere.

Now assume 0 < k¥ < 1 and that let m, denote k-dimensional Hausdorff measure on
R (see Mattila [8], p.55). Let E C R be a Borel set with Hausdorff dimension x and
0 < my(E) < co. Assume also that 0 € E.
We shall use a precise definition of S;f(x) for f € L?(R") and (z,t) € R" x E. Let Q
denote the unit cube [—3,1]" in R™. Set

2:2
Fulat) = (27)" / CiETHIE F(£) de, for (z,1) € R x B
NQ
and N =1,2,3,.... Tt follows from well-known estimates (See Sjolin [10] ) that there

exists a set F C R™ x E with m x m,((R™ x E)\ F) = 0 such that
li t
Ngnoo fN(-f, )

exists for every (z,t) € F. Here m denotes Lebesque measure. We set Sy f(x) equal to
this limit for (x,t) € F' and S;f(z) will then be a measurable function on R" x E with
respect to the measure m x my

Then one has the following convergence result

Theorem 5. Letn > 1,a > 0, and assume that s > 0 and

i Np(27™)272ms/e < oo (6)

m=0
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and f € Hy. Then for almost every x € R™ we can modify Sy f(x) on a m, - nullset so
that

lim S, () = ().

tek
Note that if 0 < a < 2s then (6) holds when E is the interval [0,1]. Thus one of the
consequences of the above results is the following well-known fact (see Cowling [4]).
Corollary 5. If 0 < a < 2s and f € Hy then (1) holds.

We also have

Corollary 6. In Theorem 3 the conditions a > 1 and b < 2s/(a — s) can be replaced by
the conditions a > 2s and 1/b > (a — 2s)/2s.

and

Corollary 7. Assume that (t;)7° satisfies (2), and that n > 1,a > 25,0 < s < 1/2,
and that Y32, t) < oo, where 1/v > (a —2s)/2s. If also f € Hy then (3) holds almost
everywhere.

We remark that Corollary 7 gives an improvement of Theorem A and Corollary 1.

We shall now study the case where E is a Cantor set. Assume 0 < A < 1/2. We set
Iop = [0,1], I11 = [0,A] and I12 = [1 — A, 1]. Having defined Iy 1;1,..., [} or—1, We
define Iy 1, ..., I} o« by taking away from the middle of each interval I ; an interval
of length (1 — 2\)I(I;—1;) = (1 — 2\)A¥~1, where I(I) denotes the length of an interval
1. We then define Cantor sets by setting

co 2

e = U s

k=0j=1
It can be proved that C'(\) has Hausdorff dimension
k =log2/log(1/\)
and that m,(C(\)) =1 (See [8], p. 60-62). We have the following result, where S f(z)
is defined as in Theorem 5 with E = C(\).

Theorem 6. Assume n > 1,a > 0, and 0 < X\ < 1/2. Also assume s > ar/2 and
f € Hs. Then we can for almost every x modify Syf(x) on my-nullset so that

lim 5, f(z) = f(x).

teC(N)

Remark. In the proofs of Corollary 4 and Theorem 5 we first in the main part of
the proof obtain a maximal estimate for smooth functions and then prove a convergence
result for functions in H,. In the passage from the maximal estimate for smooth func-
tions to the convergence result we use an approach which was mentioned to one of the
authors by P. Sjogren in a conversation, 2009.



6 PER SJOLIN AND JAN-OLOV STROMBERG

In Secton 2 we shall prove Theorems 1 and 2, and Section 3 contains the proof of
Theorem 3. In section 4 we prove Theorem 4, and in Section 5 the proofs of Theorems
5 and 6 are given.

We shall finally construct a counter-example which gives the following theorem.

Theorem 7. Assume t, = 1/(logk) for k =2,3,4,..., and set
S*f(x) = szp |St, f(x)],z € R,

for f € L*(R™). Then S* is not a bounded operator on L*(R™) in the case n = 1,a > 1,
and also in the casen > 2,a = 2.

2. PROOFS OF THEOREMS 1 AND 2
For m € L>*(R™) and 1 < p < oo we set
Tonf = F Y mf), felLPUlL?

We say that m is a Fourier multiplier for LP if T,,, can be extended to a bounded operator
on LP, and we let M, denote the class of multipliers on LP. We set |[m||ss, equal to the
norm of T}, as an operator on L?.

Now let 1 < p<2and 0< s < a. For f €. and with f(&) = (1+£2)~%/24(¢) one
obtains

Sef(x) = (F 1 (1(£)3(9))) (&) = Tug(x),
citlele

(1 +[g[2)*/2°
We shall prove that o € M, for p € I, where I is an interval defined in the introduction.
We need som well-known results.

where

(&) =

Lemma 1. Assume that m € M, for some p which 1 < p < oco. Let b be a positive
number and let k() = m(b§) for £ € R™. Then k € My, and ||k||r1, = [|m]|arp -

We shall also use the following multiplier theorem (see Stein ([14], p. 96).
Theorem B: Assume that m is a bounded function on R™\ {0} and that
D m(&)] < Cale| ™™

for & # 0 and |a| < k, where k is an integer and k > n/2. Then m € M, for
1 <p<oo.

We shall also need the following result (see Miyachi [9], p 283)

Theorem C: Assume i) € C°(R™) and that v vanishes in a neighbourhood of the origin
and is equal to 1 outside a compact set. Set

m(hs(g) = w(£)|§|—sei|§|a ) é' S an
where a > 1 and 0 < s < a. Then mq s € My if 1 <p < oo and [1/p — 1/2| < s/na.
Remark. In Miyachi’s formulation of this result the function % is replaced by a
function v with the properties that ¢ € C*,0 < 91 < 1,91(€) = 0 for || < 1, and
¥1(§) = 1 for [¢] > 2. However, the two formulations are equivalent since the function
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(1 — 11)|€]~*e€" belongs to CF°.

It follows from Theorem C that m,s € M, if p € I.
We shall then give the proof of the above statement about the function .

Lemma 2. Assume a >1 and 0 < s < a and also t > 0. Set
u(€) = (14 g2, ger™
Then p € M, forpecI.

Proof of Lemma 2. We first take ¢ as in Theorem C and also set ¢ =1 — 1. One then
has

p(€) = ()™ (1 1€%) /% + (&)™ V" (1 + [€1) 7/ = 411 (€) + p2(6)-
We write o = pspa, where

citlél®
p3(§) = w(f)w
and €
pa(§) = a7 )7
We have e e
tfl/a _ t*l/a e’ _ 2571/& ts/a ﬂ )
pa(t™n) = (") e (") P

We let p € I and it then follows from the Remark after Theorem C that us € M,. Also
pa € M, since I C (1,00) (see Stein [14], p. 133).
Finally

eltlél®
(14 1€J2)%/2
and it is easy to see that p; satisfies the conditions in Theorem B. We conclude that
w1 € M, and thus also p € M,,.

(&) = @(&)

O

For fe LY, pel,and a > 1, and 0 < s < a, we define S; f by setting S; f = T.g. It
is then easy to see that
(Sef)(&) = " f(©).
Observe that according to the Hausdorff-Young theorem f € LY where 1/p + 1/q = 1.

We shall then give the proof of Theorem 2. We shall write A < B if there is a constant
K such that A < KB.

Proof of Theorem 2. We set C' = §~/% and then have C~* = §%/%. Tt follows that
g 1
e

O = T ey

=m1(§) +ma(§) —ms(§),
where
etlél® — 1

m1(§) = ¢(&) W,
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etlél”
m = -_

and
1
m3(§) = (&) W

Here ¢ and 1 are defined as in the proof of Lemma 2, and we may assume that ¢ and
1 are radial functions.

We have
ma(§) = ma(&) ms(§),
h
e eilél® oilél®
ma(§) = V(&) aepyr = 0 V) T
and
(C?le[*)?

N (e IR

It follows from Theorem C that my € M, and |[m/||a, S 6%/% for p € I. Also mj has the

same multiplier norm as the function [£|*(1+ |¢%)7*/2. We conclude that [ma|[a, < 6%/2
forpel.

We want to show that
|Dm (&) S C 5[] 71! for ¢ € R™\ {0}

for all multi-index @ = (a1, ..., ay,), where «; are non-negative integers. Invoking The-
orem B we conclude that

Imalla, S C% =%

for 1 < p < o0.
First we set

/2
et —1
(14 C22)s/2’
where we define g by taking ¢o(z) = p(¢) if 2 = |¢|> and we then have my(§) =

mao([€]%).
We get for x >0

mio(z) = po(z)

; 1 - C;C?%
(1+C22))s/2 (1 + C2x))s/2+3"

Hence we have
1

| J —| <
(1+C2x)3/2° ™

e O 82, (7)

on support of . One also has |e”a/2 —1| < 2%? and DJ (e”’a/z

iza/Q

— 1) are linear combi-

nations of functions e 2%e/2=J for j > 1, where k is an integer 1 < k < j. Hence

a/2

DI 1) < 2?77, j=0,1,2,..., (8)
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for x € supp ¢.
A combination of (7) and (8) then gives

|Djmio(x)| S x IO /2 /2

Let o and 8 denote n-dimenisonal muti-index. By induction over j = 0,1,2,..., and
|| = j we can write D%m; (&) as a finite linear combination of functions of the form

D¥mao(|¢[*)¢”
with j/2 < k < j and || = 2k — j. We conclude that

IDUm (&) S max |&]TEHROTIE TP = Ol Il < 6l I,

o] /2<k<]af

It remains to study ms. Define mgo(z) analogously to the definition of mig(z) on
supp o, such that msg(x) = m3(¢) when o = |¢|?, we have

mao(z) = Yo(x) (1+Cl2x)s/2
and invoking (7)
|DI (14 C%)~ 2| < C~s a7
on supp . Also |DIvpg(z)| < 277 on supp .
We conclude that
| DI (mao ()| S O~ 277

and arguing as above we obtain

IDYms(€)| S max |¢|TRCogPR T = 0sjgl Il < g%/pg) I

] [/2< k< o]
for £ € supp m3 and j = 0,1,2,.... Invoking Theorem B we conclude that ||m3|az, <
65/ for 1 < p < oo. This completes the proof of Theorem 2 O

We shall finally give the proof of Theorem 1.

Proof of Theorem 1. We set
ottrlél”

(1+[§)s/2
ettelel* — 1

to(§) =

and also have

ko(€) = (14 [¢[*) /2.
It follows that

Thog — Fs9=Tmyg

for g € .7.
We have f € LY where p € I and it follows that f = #,g for some g € LP. We choose a
sequence (g;){° such that g; € . and g; — g in LP as j — oo.
One then has

o9 — fsgj = Imgj
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for every j. Letting j tend to co we obtain
Thog — Fs9 =Tmg
since the three operators 7,,, #5 and T}, are all bounded on LP. It follows that

Here we have used Lemma 2 and Theorem 2.
We now set hy, = Sy, f — f and hence hy = T;,g9. It follows from Theorem 2 that

el S 6/ Ngll,
and we conclude that
o0 o0
Z/des (Ztﬁ““) /|g|pdx < .
k=1 k=1

Applying the theorem on monotone convergence on then obtain

(S

and hence Y 7% |hgl? is convergent almost everywhere. It follows that limy_,o |hg| = 0
alomst everywhere and we conclude that

lim, 8y, f(z) = ()

almost everywhere. This completes the proof of Theorem 1. O

3. PROOF OF THEOREM 3 AND ITS COROLLARIES

We first give the proof of Theorem 3.

Proof of Theorem 3. We may assume b = 2s/(a — s). Fix j. By adding points to
A; we can get an increasing sequence (vy)Y_, and flj = {vk; k =,0,..., N} such that
vo = 0,uy =277 #A; < C2%, and vy, — vy < C27927Y.

We split the operator Sy, into a low frequency part and a high frequency part

Ska(x) = Svk,lowj' f(:L’) + Svk,high]- f(il?)
where
Shiow; F2)0 = (2m) ™ [ ooy f6) e,
and

Suasen, () = (2m) " [ e g i)

n

with E; = {¢€ € R |¢| < 2%} and by = b/ 2s.
We shall prove that

2N Skiow, £ — Sk—tow, FII3 < ClLf Nl 1,2 (9)

J vk.E/rxj
k>0
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and
DD ISkmian, 113 < Cllf I, (10)
J ’Uk€A]'
We first assume that (9) and (10) hold. Using the Schwarz inequality we then have
2

SUp | Skton, £(2) = F@)* < [ [Somian, (@) + D> [Skton, F(2) = Sk—1,10, f(2)]

vkEAj UkEAj

k>0
S 2|SO,highjf(x)|2 + C2bj Z |Sk,lowj' f(.ﬁE) - Skfl,lowj‘f(x)|2
vkeﬁj
k>0

and invoking (9) and (10)
D sup [Shtow; £(@) = F(@)F <27 1S0mign, f@)PHCD 27 > Sk tow; () =Sk 110w, /()]
J J

j UkeAj

vkEA]‘
k>0
and
/ S s [Stion, f(2) — (@) dx < I (11)
VR EA

J
Using (10) we also obtain

IZ] SupvkEAj |Sk/‘,highjf(m)|2 d‘,'v
< [ 325Dy, ¢ 4, |Skonin, £ (@) da < C|If |13,

The theorem follows from (11) and (12).
We shall now prove (9) an first observe that

Sk,lowj'f(x) . Sk71,1owjrf(30) _ (27T)—n/ eiE':r (eivk\ﬂa B eivk,1|§|a> XE]f(g) dg,
Applying Plancherel’s theorem we obtain

||Sk,10ij — Skfl,lowij% = Cij |eivk|§|a . eivk71\£\a|2|f(§>|2 d¢
< C g, vk = ur—1 P12 £ ()2 de < 0272720 e, €21 f(6)]? de

(12)

and

Z] 2bj Zukeﬁj H‘S’k,low]‘f - Sk—l,low]‘f”g
k>0

<Oy, 27 (M Soen, 1) S, 16721 F(&) 2 de

k>0
<O [ (Sopuing 277 €217 ©)1 de.
The inequality 2017 > |€] implies 27 > [£]*/* and thus we get

Z 272 < Cm—?/bl_

2019 >|¢|
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Hence the left hand side of (9) is majorized by

c / €222/ (€2 de.

We have b = 2s/(a — s) and by = 1/(a — s) and 2a — 2/b; = 2a — 2(a — s) = 2s and the
inequality (9) follows.
To prove (10) we first observe that Plancherel’s theorem implies

Sk, FI2 < C / F()P). de.
|>2b11

and hence .
Zj ZukeAj |‘Sk7highjf||% < Zj 2% f\g\22b1j |f(§)|2d5
= [ (Copszia 29) If (€)1 d§ < C [1E1/ |f (€)1 dg.
Since b = 2s/(a — s) and by = 1/(a — s) we obtain b/b; = 2s and (10) follows.
Thus the proof of Theorem 3 is complete. O

We shall then prove the two corollaries to Theorem 3.

Proof of Corollary 1. Since Y {° t;’ is convergent we obtain
(#{ksty > 27771 )20 < Y 1<
tp>2-7-1
an #A4; < C2/7 for j = 1,2,3,.... Since v = 2s/(a — s) the corollary follows from
Theorem 3. U

Proof of Corollary 2 . Assume that f € LY, where 1 < p < 2, amd » > 0. Also let
s =n/2 + r —n/p. Then there exists g € LP such that f = 7,.(9) = Zs(_#r—s9) and
we have

1 1 r—s

2 p n
It follows from the Hardy-Littlewood-Sobolev theorem that 7, g € L? and hence
[ € Hy (see Stein [14]. p. 119). The corollary then follows from Theorem 3. O

4. PROOFS OF THEOREM 4 AND ITS COROLLARIES

In Sections 4 and 5 we assume n > 1 and a > 0. We remark that (1) holds almost
everywhere if f € Hiandn=1,0<a <1,and s >a/4dorn>1,a=1and s > 1/2)
(se Walther [18],[19]).

Before proving Theorem 4 we need some preliminary estimates. We set B(xg;r) =
{z;|x — xo| < r}. Using the estimate

" — | < 1 — e
and with A4 > 1 and suppf C B (0; A) we obtain by Schwarz inequality
I50f = Suflle < el =l el (O]
<ft—ul (figealePoda)” (F17R )" (13)
< Cle—ul (Jotr2n=rar) " 171l < Cle = ul 42
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Now assume 7' = {t;;j = 0,1,2,..., N} where ¢t; € R and ¢;_; < t;. We shall prove
that that if suppf C B(0; A) then

S, -8 de < C t—ul2 A% f|13. 14
[ max[if(@) - Suf (@) do < € max ¢ — w413 (14)
Using the Schwarz inequality we obtain

maxiuer [90f(@) = Suf ()] < XY |, f(@) = Si-, S ()]
< 20 e = a8 () = S S it y
< (S = i S0 f @) = Suca f@)2) T (S i~ tia])

where the last sum equals max; e [t — u|, and the Plancherel theorem gives

Jmaxiuer|Sef () = Suf (@) dr < (maxquer |t —ul) o0 [t — tioa| 7 [ S0, (2) = Sty f (@) da
< (maxtuer [t — U\)QZXV [ti — tia |71 [ [t — tica PIEP1F(6) ] dE
< (maxyer [t —ul)® [ [§7*1F(€)1? d€ < Cmaxquer [t — ul>A%|| f]3

Hence (14) is proved.
We shall then prove the following lemma

Lemma 3. Let I denote an interval of length r Then

/ sup S, f(x) — Suf(x)2da < Cr2 A% |2 (15)

tuel
if f € L2(R™) and supp f C B(0; A).

Proof of Lemma 3. Asumme I = [b,b+ r] and let N be a positive integer. Set t; =
b+ir/N,i=0,1,2,....N,and T = {t;;i = 0,1,2,..., N}. We have

Sif(x) — Suf(x) = Sy, f(x) — Sy, f(x) + S f(x) — S, f(x) — (Suf(x) — St, f(x)),
where we choose t; close to ¢t and t; close to u. Invoking (13) we obtain

T T
St (@) = i f(@)| < Clt =t A2 fll2 < O A2 fll2 = Cr -,

and

1Suf () = S, F) < Olu— t5] APl < O L A% ]y = Oyt
where Cy depends on f. It follows that
S1f(2) = Suf(@)] < max|Sy, f(2) = 5, f(@)] + Cy .
Setting Fy(z) = max; j Sy, f(v) — S, f ()| we obtain
S0 (@) = Suf ()] < Fx(a) + Cy 1

Letting N — oo we obtain
Sef(x) = Suf(x)] < lim Fy(x).

N—o0
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An application of Fatou’s lemma and the inequality (14) then gives
S $UDuer |57 () = Suf @2 da < [limy o, F(a)do
< limy_, [ Fn(z)? do < Cr2 A% f|I3
and the lemma follows. O

Let I and f have the properties in the above lemma. Then
[suplsis(o) - f@)P do < € (4% 1) |15 (16)
€

To prove (16) we take ug € I and observe that
sup |Sf () - f(@)] < sup | S,f(x) = Suo f (@)| + [Sug f(@)] + | f ()]
€ €
and (16) follows from Lemma 3 and Plancherel theorem.

We shall then prove the following lemma
Lemma 4. Let f have the same properties as in Lemma 3. Assume r > 0 and set
L=1[t,—r/2,t;+r/2],l =1,2,...,N. Assume that E is a set and E C Uiv 1;. Then
[suplsis(@) - f@) do < ON (242 + 1) 1] (17)
€

Poof of Lemma 4. The lemma follows from the inequality (16) and the inequality
N

sup |Suf () = f(@)]> <Y sup|S,f(w) — f ()

=1 tel;

Now assume f € .% and write
o0
F=>"fr
k=0

where fo is supported in B(0;1) and fj, has support in {&;2F1<|¢| < 2¥} for k
1,2,3,.... We shall prove the following lemma

Lemma 5. Let f € . and s > 0 and and let E be a bounded set in R. Then

/sup |Se f(x) — f(x)|2 dx < C'Hf”%q9 (Z NE(2—ka)2—2ks> :

teE P

where Ng(r) for r > 0 denotes the minimal number N of intervals Il =1,2,...,N, of
length © such that E C SN T,.

Proof of Lemma 5. With real numbers gi > 0,k =0,1,2,..., we have
supye |90 (x) = f ()] < 22020 subie [t fiu((@) — fr()]
= Y00 supen|Sif (k2) — fi(@)lgy”
< (S0 0 supep Sufi(@) — fil@) ) (520 o) V2
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and invoking Lemma 4 with r = 27%¢ and A = 2F we obtain

/Sup |Sef () — f(2)]? da < <ng> (nglcNE(Tk“)(Tzak?M + 1)||fk|!§>
tek k=0 k=0

Choosing gx = Ng(27%%)272*¢ one obtains
Jsupiep|Sif(z) — f(@)Pde < C(Tlo k) (207 2°%I1ful3)
< C (X5 N2t 9272) |1 f1I3,
and the proof of the lemma is complete. O
We shall prove Theorem 4.

Proof of Theorem 4. Let m take the values 0,1,2,.... If

g M-l < gha < gmm (18)
for some integer k£ > 0 then

Np(275) < CNg(2™™)

and since a > 0 there is for any fixed m only a bounded number of values of k for which
(18) holds. It follows that

Np(27Fay2=2ks < O Np(2~m)2~2ms/a,
Combining this inequality with the estimate
Sup 1Sif(z)| < sup [Sef(2) — f(@)] + [ f ()]
one obtains the theorem from Lemma 5 O
Corollary 3 follows directly from Theorem 4 and we shall then prove Corollary 4.
Proof of Corollary 4. Set Ey = EU{0} and
Sof(x) = Sup |Sef ()], © € R™.
It then follows from Corollary 3 that for f € .¥ one has
155.fll2 < ClI flla.-

It follows that for every cube I in R™ one has

/I S;f(x)dz < Cillfllm..f € .

Now fix f € Hy and a cube I. Then there exists a sequence (f;)7° such that f; € C§°
and

Ifi = fllm, <277,5=1,2,3,....
One then has || f; — fj+1llm, <2- 2=7 and
/ sup | St fj(x) — Sifjy1(x)| dz < C277.
I

teEy
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Hence
oo

> sup [Sifi(x) = Sefja(@)] < oo (19)

1 teFy

for almost every x € I.
Then choose x so that (19) holds. It follow that S;fj(x) — ux(t), as j — oo, uniformly
in t € Ey, where u, is a continuous function on FEj.
It is also clear that S;f; — S;f in L? as j — oo, for every t € Ej. Since Fjy is countable
we can find a subsequence (f;,)° such that for almost every = Sif;, — Sif(x) for all
t € Ey.
It follows that for almost every = € I one has S;f(z) = uy(t) for all t € Ey. Since

lim ug (t) = uz(0)

teB
almost everywhere one also has

lim S1f(z) = /()

teE
for almost every = € I. Since I is arbitrary it follows that (3) holds almost everywhere
in R™. O

5. PROOFS OF THEOREMS 5 AND 6 AND COROLLARIES 6 AND 7
We shall first give the proof of Theorem 5
Proof of Theorem 5. It follows from Corollary 3 that
HS*fHQ < C||f||Hs7 f € y7

where

S*f(x) = sup |5 f(x)|,x € R", f € 7.
tel

Now take f € H,.
Let I denote a cube in R". It follows that [, S*f(x)dx < Ct|f||m, for f e CF°.
We choose a sequence (f;)7° such that f; € Cg° and
Ifi— flla, <277,5=1,2,3,....
One then has || f; — fj+1]lm, < C277 and

[swp1850) ~ Syl o < €20
te
It follows that .
> sup |Sufi(x) — Sufjpa(x)| < oo
T teE

for almost every x € I. Now choose z such that the above inequality holds. We conclude
that S;fj(z) — ug(t), as j — oo, uniformly in t € E, where u, is a continuous function
on E.

On the other hand Sif; — Sif in L*(R™ x E;m x my) as j — oo. Hence there is
a subsequence (f},)7° such that Sif; () — S¢f(x) almost everywhere in R" x E with
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respect to m x m,,. It follows that for almost every « € I one has S;f(z) = u,(t) for
almost all t € E with respect to m,. We have

limu, (t) = f(z)
ter

for almost every x € I and it follows that for almost every x € I we can modify S;f(x)
on a my-nullset so that

lim S, () = f().

leE
This completes the proof of Theorem 5. O

For the proof of Corollary 6 we need the following lemma
Lemma 6. Let A; be defined as in Theorem 3 satisfying
#A; <C2Y forj=0,1,2,...
for some b > 0. Let E =J{° A; and Ng be as above then
NE(2fm) < Czbm/(bJrl)
Proof of Lemma 6. Fix a k. We have
k koo
#( (U AJ) <0y 2 <o
1 j=1

and ;2,1 4 C {0 <t < 27%=1} which can be covered by 2™~**+1! intervals of length
27™. Thus
Np(27™) <2 Mty o2t

Choose k such that k < (m +1)/(b+1) < k+ 1 We get 2041 . 20+Dk ~ om+1 5p4
20k < ¢19mb/(b+1)  We conclude that

NE(2f’m) < Czbk‘ < C2bm/(b+1).
This ends the proof of the Lemma 6 O

We can now prove Corollary 6 by using Lemma 6 and Corollary 4

Proof of Corollary 6. With 1/b > (a — 2s)/2s as in Corollary 6 we get

;<1 <1+a_28> = 2s/a,

1
O+ =G0 25

and we get
00 oo oo
ZNE(Q—m)Q—Qms/a < Cz2bm/(b+1)2—2ms/a < Cz2m(b/(b+1)—2s/a) < 00
1 1 1

since b/(b+ 1) —2s/a < 0.
By Corollary 4 the Corollary 6 will follow. O

The Corollary 7 will now follow by similar arguments as in the proof Corollary 1.
Finally we shall give the proof of Theorem 6.
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Proof of Theorem 6. We shall use Theorem 5 with
k=1log2/(log1/\).

For k=0,1,2,3,..., C(\) can be covered by 2* intervals of length \*
Let m be a positive integer. Choose k such that A1 < 27™ < A¢. Tt follows that
Ng(27™) < 2841 and that

(/N <2m
and
< mloi = KMm.
~ log(1/A)
Hence

o0 [e'S)
> s e £ 03 g
m=1 m=1

if k—2s/a <0, ie s> ak/2. Theorem 6 follows from an application of Theorem 5. [

6. PROOF OF THEOREM 7

We first assume n = 1 and a > 1. We choose a function ¢ € C§°(R) with the property
that ¢(¢) = 1 for || = a= /(@1 and also ¢ > 0. We also assume that there exists a
constant A > 1 such that supp ¢ C {{ € R;1/A < |{] < A}. We then define a function
£, by setting f,(€) = ¢ (277€) where v =1,2,3,.... One then has

. 1/2 1/2
1ollz = el follz = ¢ ( / |s0(2‘”€)|2d§) .y ( / Iw(n)lgdn?) o2,

where ¢ denotes positive constants. Setting n = 277¢ we also obtain
Sefu(z) =c / e’ Te el p(27€) dE = c2 / e/ 2l o () dn = c2¥ / e F Q&) de,

where F'(§) = t2V%|£]* 4 2V €.
We then assume C27% < x < 1 where C denotes a large positive constant. It is clear
that F' = G + H, where

G(&) = 2"x[|" + 2"ag
and
H(E) = t27%[¢]* — 27z[¢]".
We shall first study the integral

[eo@pte)de = [ Opc) ae
where K (§) = [¢]* 4 & for £ € R.
For £ > 0 we have K'(¢) = aé* ' + 1 and for £ < 0 one has K'(¢) = 1 —al¢] L. Tt
follows that K'(€) = 0 for € = —a~ V(=D Also K"(£) # 0 for £ € supp ¢. We now
apply the method of stationary phase (se Stein [15], p. 334). One obtains

‘/eiG(P de

z (21/1,)71/2 _ 271//2‘%71/24
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Hence

/eiF(pdgl _ ‘/ei(GJrH)(pdf’ _ ‘/eichdg_f_ /(eiGJrH B eiG)Spdg'

Z 2_U/2$_1/2 ~-0 (/ |eiH B 1| de£> > 2—U/2x_1/2 -0 </ |H|<Pd£)

(20)

and we need an estimate of H. One obtains
[H(&)| = [¢2" — 2"x|[¢]" < [t27 — 2"z
on supp . We then choose k such that

v

x
let1 < o5 <tk

21/(1 -
where we assume that v is large. It follows that
21/37 2U (1_ )
<25 <2 —9.9v(l-a
21/(1 2ua
and hence

log k > %21/(11—1) S gue
where € > 0. It is then easy to see that
k> e
and

th—tip < = <e "

e

which implies that

v

21/(1

ty — Stp—tpg <e

We conclude that
|tk2ua 4 2UJJ| < 2l/ae—2 66—1001/

for v large.
Setting t = tj, invoking the inequality (20), and using the fact that x < 1, one obtains

/eiF(Pdg

1
1
/|S*f(x)2d$2/2 2¥—dx = 2"y

C X

> 9-v/2,-1/2 _ (671001/) > 9-v/2,-1/2

It follows that

for v large.
We have || f,||2 = ¢2¥/? and we have proved that ||S*f, ||z = 2/2v1/2 and it follows that
S* is not a bounded operator on L?(R).

We shall then study the case n > 2 and a = 2. We let ¢ € C§°(R) be the same
function as in the case n = 1. Also let ¢ € C§°(R™" 1) and assume that |[1)[|2 > 0.
For x € R" we write z = (z1,2’), where ' = (22, 22,...,2,). We define f, by setting

fr(€) = p27&)p(E) forv=1,2,3,... .
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It is then easy to see that ||f,|l2 = ¢2*/? for some constant c.
We also have

Sefu(z) = C/]R/]R B ei(€1w1+£'~x’)eit(£%+\5'|2)LP(Q*V&M}@’) d¢,d¢’
= [ oy [ S de,
R

Rn—1

where ¢ denotes a constant. Setting 1y = 27¢; we obtain

Stfl,(w) — (/R ei(t22u7ﬁ+2vmzl)(p(nl)dn1> </R B ei(&’,z/+t|§’\2)w(€/) dE/) .

2V 1

va- as in the one-dimensional case and set

We then choose t; as an approximation for
t(x1) = tg. Tt follows that

Sy fo(x) = 2" I (1) J (21, 2")
where
o) = [ TR )
R

and

J(xy,2") = /R 4 i€ H DI P (¢ g,

Above we proved that |I(z1)| 2 27”/293171/2 for C277 < x1 < 1. We also have
S*fu(@) 2 2 [I(z1)]]J (21, 2").

It follows that

[ S a2 2P [ e
Rn—l Rn—l
and invoking Plancherel’s theorem we obtain

/ (5" o (2))? da’ 2 22|I(x1) ? / (E)]? de’

_ C22V|I(ZL’1)|2 Z 22u271/1,1—1 _ 2ux1—1

for C27" <z < 1.
We conclude that

1
// (S* f,(2))? dxy da’ > 2”/ 1/ dey > 2Vv
R JRn—1 c2—v
and
||S*fy||2 Z 2V/2V1/2.

Since || f,||2 = 2%/ it follows that S* is not a bounded operator on L?(R™).
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