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1. Introduction

The interplay between Symbolic Dynamics and C*-algebras started with the work of Cuntz and Krieger
[16]. They associated a C*-algebra, known as a Cuntz-Krieger algebra, to a finite square matrix of 0’s
and 1’s representing what is known as a subshift of finite type. These subshifts can also be described
using finite graphs [31]. Cuntz-Krieger algebras were generalized to a general subshift by Matsumoto and
Carlsen [32,14,12], to graph C*-algebras by considering infinite graphs in [29], and to Exel-Laca algebras
by considering infinite matrices in [22]. In [41] Tomforde introduces ultragraphs and their C*-algebras as a
common framework for Exel-Laca algebras and graph C*-algebras.

From the point of view of Symbolic Dynamics, a broader class of subshifts, called sofic subshifts, can be
defined by using labelled graphs [31]. With labelled graphs and Tomforde’s definition of an ultragraph in
mind, Bates and Pask defined the notion of a labelled space and associated a C*-algebra to it [4]. The class
of labelled space C'*-algebras generalizes all the classes of algebras mentioned above, including C*-algebras
associated to general subshifts, not necessarily sofic. There were some problems with Bates and Pask’s
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original definition of a labelled space C*-algebra, and a new one was proposed, independently, in [3] and by
the first named author together with Boava and Mortari in [7].

In some instances there is more than one model for an associated C*-algebra. For example, it is well
known that a directed graph has a groupoid model such the associated C*-algebras are isomorphic [29,33].
In [13] it is shown that a directed graph also has a partial dynamical system associated with it such that
the graph C*-algebra and the crossed product C*-algebra are isomorphic. In [8], the first named author in
collaboration with Boava and Mortari gave a groupoid model to labelled space C*-algebras.

In this paper we give a new description of a labelled space C*-algebra by associating a partial action
with a labelled space. We prove that the labelled space C*-algebra is isomorphic to the partial crossed
product of this partial action by giving an explicit isomorphism. In addition, we show that the partial
action groupoid (as in [1]) is isomorphic to the labelled space groupoid as given in [8], which generalizes
the various models for graphs described above to labelled spaces. Unlike graphs, the case of labelled spaces
brings new technical difficulties that need to be dealt with. Specifically, our partial action is defined on the
tight spectrum, which is a set of filters in an inverse semigroup associated with the labelled space [6]. And,
each tight filter is characterized by a pair consisting of a path and family of filters in the underlying vertex
set. Therefore, unlike graphs where one only considers paths, here we also need to consider these families
of filters in conjunction with paths.

A particular property of C*-algebras associated to some underlying object that has been well studied is
simplicity. Simplicity of graph C*-algebras is characterized in [29,38,33,18], for partial actions associated to
graphs in [24] and for étale groupoids in [9]. Simplicity of ultragraphs C*-algebras is studied in [40].

We use our new description of labelled space C*-algebras as partial crossed product as well as description
as a groupoid C*-algebra to characterize simplicity of labelled space C*-algebras in terms of the tight
spectrum of the labelled space and in terms of the labelled space itself. Sufficient conditions for simplicity
of labelled space C*-algebras are given in [5], and a converse is given in [26,28]. However, in both instances
it is assumed that the labelled space is set-finite and receiver set-finite, the underlying graph has no sinks
and no sources, and that the accommodating family of the labelled space is the smallest such family. We
do not make any of these assumptions in this paper. In [15] Boolean dynamical systems are studied, which
generalize labelled spaces. A characterization of simplicity for a C*-algebra associated with a Boolean
dynamical system is also given in [15]. In this instance, though, the Boolean dynamical system is assumed
to be countable with a certain domain condition. We do not assume countability or any domain conditions
in our simplicity characterization.In particular, we remove the domain condition in [28, Theorem 3.7]. In
the process we recover some of the simplicity results of [15].

In order to describe our results on the simplicity of labelled spaces C*-algebras, we recall three conditions
found to describe the simplicity of C*-algebras associated to an arbitrary graph [18, Corollary 2.15]. The
first condition is called condition (L), which says that every cycle on the graph has an exit. The second
one, called cofinality, says that every infinite path on the graph can be reached in a sense from finite paths,
and the third condition deals with singular vertices. Also, in [18], the authors study the ideal structure of
graph C*-algebras using the concept of hereditary and saturated sets of vertices. In broad terms, hereditary
means if a vertex is in the set then all vertices that can be reached by this one are also in the set, and
saturated means all vertexes that reaches a certain vertex are in the set, then the reached vertex is in the
set as well. There are versions of condition (L), called condition (Lg), and hereditary saturated subsets
for labelled spaces as well (Definitions 6.12 and 6.14 respectively). We prove, under some mild hypothesis,
that a labelled space C*-algebra is simple if and only if the labelled space satisfies condition (Lg) and the
only hereditary saturated sets are trivial (Theorem 6.16). We also point out that, in some cases, hereditary
saturated sets can be used to describe ideals in labelled spaces C*-algebras [27,19,2].

In [15], the simplicity characterization for the C*-algebra of a Boolean dynamical system is applied to the
Cuntz-Pimsner algebra of a one-sided subshift. It is stated that the C*-algebra of the subshift is simple if and
only if there is no cyclic point isolated in past equivalence and the subshift is cofinal in past equivalence, [15,
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Example 11.4]. However, a different simplicity characterization of these algebras is given in [17]. We apply
our results to C*-algebras of one-sided subshifts and recover the results in [17]. Then we give an example
where the subshift has no cyclic points isolated in past equivalence and is cofinal in past equivalence, but the
associated algebra is not simple, which shows that a stronger condition than cofinality in past equivalence
is needed in [15, Example 11.4].

This paper is structured as follows. Section 2 contains some preliminaries and notation on labelled spaces
and their C*-algebras which are used throughout this paper. In Section 3 we define a partial action on the
tight spectrum of a labelled space. Section 4 contains our first main result, Theorem 4.8. Here we show that
the partial crossed product, obtained from the partial action of the previous section, is isomorphic to the
labelled space C* -algebra. In section 5 we show that the groupoid associated with a labelled space (as in
[8]) is the same groupoid that is obtained from the partial action (as in [1]). In Section 6 we apply our results
on the partial action and its associated groupoid to characterize simplicity of labelled space C*-algebras
in terms of the tight spectrum (Theorems 6.7 and 6.16). Finally, in Section 7, by applying our results to
subshifts, we characterize simplicity of certain C*-algebras associated with subshifts, and recover some of
the results in [17]. We also give an example to show that a stronger condition is needed for simplicity of
C*-algebras associated with subshifts than that given in [15, Example 11.4].

Acknowledgments: This study was financed in part by the Coordenacio de Aperfeicoamento de Pessoal de
Nivel Superior - Brasil (CAPES) - Finance Code 001. The majority of this paper was completed while the
second author worked at Universidade Federal de Santa Catarina under the guidance of the first author.
He thanks him for his guidance and warm hospitality. The authors would also like to thank the referee for
several suggestions that helped improve the clarity of the exposition.

2. Preliminaries
2.1. Filters and characters

A filter in a partially ordered set P with least element 0 is a subset £ of P such that

(i) 0¢ &
(ii) if x € £ and & < y, then y € &;
(iii) if z,y € &, there exists z € £ such that z <z and z < y.

If P is a (meet) semilattice, condition (iii) may be replaced by x Ay € £ if z,y € £. An wltrafilter is a filter
which is not properly contained in any filter.
For x € P, we define

te={yeP|z<y} , la={yeP|y<az}
and for subsets X,Y of P define

X = U Tz ={y € P|x <y for some x € X},
reX

and Ty X = YN 1X; the sets Tyx, Lyx, | X and |, X are defined analogously.

Lemma 2.1. Let P be a partially ordered set P with least element 0. Then, for all x € P\ {0}, there exists
an ultrafilter & such that x € &.

Proof. It follows from Zorn’s lemma observing that 1z is a filter containing . O
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A lattice L is a partially ordered set such that every finite subset {z1,...,x,} has an least upper bound,
denoted by x1 V.-V z,, and a greatest lower bound, denoted by x1 A--- A x,. If £ is a filter in a lattice L
with least element 0, we say that £ is prime if for every x,y € L,if t Vy € {, then x € £ or y € €.

The following result is well known in order theory.

Proposition 2.2. Let & be a filter in a Boolean algebra B. Then, £ is an ultrafilter if and only if £ is a prime
filter.

2.2. Labelled spaces

A (directed) graph & = (€°,E',r,s) consists of non-empty sets E° (of vertices), &' (of edges), and range
and source functions r, s : €1 — €Y. A vertex v such that s~!(v) = 0 is called a sink, and the set of all sinks
is denoted by €%, .. The graph is countable if both £ and €' are countable.

A path of length n on a graph € is a sequence A = A\ Az...\, of edges such that r(\;) = s(\;41) for all
i=1,...,n—1. We write |\| = n for the length of A and regard vertices as paths of length 0. £" stands
for the set of all paths of length n and £* = U, >0€™. Similarly, we define a path of infinite length (or an
infinite path) as an infinite sequence A = A; Az ... of edges such that r(\;) = s(A\;41) for all ¢ > 1; for such
a path, we write |A\| = oo and we let £°° denote the set of all infinite paths.

A labelled graph consists of a graph & together with a surjective labelling map £ : €' — A, where A is
a fixed non-empty set, called an alphabet, and whose elements are called letters. A* stands for the set of
all finite words over A, together with the empty word w, and A is the set of all infinite words over A.
We consider A* as a monoid with operation given by concatenation. In particular, given o € A* \ {w} and
n € N* o™ represents a concatenated n times and o™ € A is a concatenated infinitely many times.

The labelling map £ extends in the obvious way to £ : €" — A* and £ : E*° — A™®. L™ = L(E") is the
set of labelled paths a of length |a| = n, and L£>° = L(E%°) is the set of infinite labelled paths. We consider
w as a labelled path with |w| = 0, and set £2! = U,>1 L™, £* = {w} U L2!, and L= = L* U L. We say
that « is a circuit if ™ = aa--- € L.

For a € £* and A € P(E°) (the power set of €Y), the relative range of o with respect to A is the set

r(A, Q) = {{r(/\) |xeé*, L\ =a, s(\) € A}, ifaeL>!

A, ifa=w.
The range of «, denoted by r(«), is the set
r(a) = (&% a),

so that r(w) = €Y and, if @ € £2*, then r(a) = {r(\) € €° | L(\) = a}.
We also define

L(AEY) ={L(e) |ec & and s(e) € A} = {a € A | r(A,a) # 0}.

A labelled path « is a beginning of a labelled path 3 if 8 = a3’ for some labelled path 3’. Labelled paths
a and 8 are comparable if either one is a beginning of the other. If 1 <7 < j < |af, let o ; = aviy1 ... ;5
if j < ooand a;; = oy ... if j = oo. If j < i set a;j = w. Define £ = L(E>) = {a € A® | a1, €
L* Vn € N}, that is, it is the set of all infinite words such that all beginnings are finite labelled paths.
Clearly £> C £, however the inclusion may be proper (see for instance the example below [28, Definition
2.10]). Also we write L= = £* U L£°°,

A labelled space is a triple (€,L,B) where (&, L) is a labelled graph and B is a family of subsets of &°
which is closed under finite intersections and finite unions, contains all (@) for « € £2*, and is closed under
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relative ranges, that is, (A, a) € B for all A € B and all a € £L*. A labelled space (€, L, B) is weakly left-
resolving if for all A, B € B and all « € £2' we have r(ANB, «) = r(A,a) Nr(B, a). A weakly left-resolving
labelled space such that B is closed under relative complements will be called normal.’> A non-empty set
A € B is called regular if for all ) # B C A, we have that 0 < |£(BE&')| < oo. The subset of all regular
element of B together with the empty set is denoted by B,¢g.

For a € £*, define

Ba=BNP(r(a)) ={AeB|ACr(a)}.

If a labelled space is normal, then B, is a Boolean algebra for each o € £=', and B, = B is a generalized
Boolean algebra as in [37]. By the Stone duality, every with B,, « € £*, is associated with a topological
space X, which consists of the set of ultrafilters in B,. A basis for X, is given by the family {Us}acs.,,
where Ugy = {F € X,|A € F}.

2.3. The inverse semigroup of a labelled space
Let (€,£,B) be normal labelled space and consider the set
S={(,A,B) | o, e L and A€ B, NBg with A # 0} U{0}.

Define a binary operation on S as follows: s-0=0-s =0 for all s € S and, if s = (a, A, 8) and t = (y, B, 9)
are in S, then

(Y, r(A,)N B,6), if v=py and r(A,7")N B #0,
s-t=¢ (o, ANr(B,p),06"), if 3=~8"and ANr(B,p) #0,
0, otherwise.

If s = (a,A,B) € S, we define s* = (8, A,«). Then S endowed with the operations above is an inverse
semigroup with zero element 0 ([6], Proposition 3.4), whose semilattice of idempotents is

E(S)={(a,A,a) | o€ L* and A € B,} U {0}.
The natural order in the semilattice E(S) is described in the next proposition.

Proposition 2.3. [6, Proposition 4.1] Let p = (o, A, ) and q¢ = (8, B, ) be non-zero elements in E(S).
Then p < q if and only if a = fa’ and A C r(B, ).

2.4. Filters in E(S)

For a (meet) semilattice F with 0, there is a bijection between the set of filters in E (upper sets that are
closed under meets and that do not contain 0) and the set Eq of characters of E (zero and meet-preserving
non-zero maps from E to the Boolean algebra {0,1}). With the topology of pointwise convergence on Eo,
the closure of the subset F. of characters that correspond to ultrafilters in E is denoted by E’tight, and
is called the tight spectrum of E. Elements of Etight are the tight characters of E, and their corresponding
filters are tight filters. The set of all filters will be denoted by F and the set of tight filters will be denoted

2 Note this definition differs from [3]. However since all labelled spaces considered in this paper are weakly left-resolving, we
include ‘weakly-left resolving’ in the definition of a normal labelled space.
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by T, which we also call tight spectrum. In particular, we may view T as a closed subspace of F. See [20,
Section 12] for details.

Let (&,£,B) be weakly-left resolving labelled space. We recall the description of the tight spectrum of
E(S), as given in [6].” Let o € £5> and {F,,}o<n<|a| (understanding that 0 < n < |o| means 0 < n < oo
when o € £>°) be a family such that F, is a filter in B, , for every n > 0 and Fy is either a filter in B or
Fo = 0. The family {F,}o<n<|a| is a complete family for o if

‘/—:’ﬂ = {A € Bal,n | T(Avan—i-l) S fn-&-l}
for all n > 0.

Theorem 2.4. [6, Theorem 4.13] Let (€,L,B) be a weakly left-resolving labelled space and S its associated in-
verse semigroup. Then there is a bijective correspondence between filters in E(S) and pairs (o, {Fn}o<n<|a|)s
where o € L= and {Fy }o<n<|a| 5 a complete family for o.

Filters are of finite type if they are associated with pairs (o, {F}o<n<|a|) for which |a| < oo, and of
infinite type otherwise.

A filter ¢ in E(S) with associated labelled path o € £== is sometimes denoted by £ to stress the word
«a; in addition, the filters in the complete family associated with £€* will be denoted by £ (or simply &,,).
Specifically,

5101‘ = {A €B | (al,na A7 al,n) S §Q}~ (25)

Remark 2.6. It follows from [6, Propositions 4.4 and 4.8] that for a filter £* in E(S) and an element
(8, A, B) € E(S) we have that (8, A, 3) € £~ if and only if 8 is a beginning of o and A € {l%.

Theorem 2.7 ([6], Theorems 5.10 and 6.7). Let (€,L,B) be a normal labelled space and S its associated
inverse semigroup. Then the tight filters in E(S) are:

(i) The filters of infinite type for which the non-empty elements of their associated complete families are
ultrafilters.

(i) The filters of finite type £ such that §| is an ultrafilter in B, and for each A € §|o at least one of
the following conditions hold:

(a) L(AEY) is infinite.

(b) There exists B € B, such that 0 # B C ANEY, ..
For @ € £L*, we denote by T, the set of all tight filters in E(S) for which the associated word is a.

2.5. Filter surgery in E(S)

Fix a labelled space (&, £,B). Let X, be the topological space associated with the Boolean algebra B,,
via Stone’s duality. We give an outline of glueing and cutting of filters, and refer the reader to [7, Section
4] for more details and the proofs.

3 The results in [6] are stated in terms of £=. This leads to an error in the proof of [6, Proposition 4.18], where it is assumed
that if an infinite word has all beginnings belonging to £*, then this word is a labelled path. That is, £=* = L=< which is not
always the case (see Subsection 2.2). By exchanging £== for £<> we get the correct descriptions of the filters in [6], and the same
proofs given in [6] hold.
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If a, B € £2" such that a8 € £2', the relative range map r(-,3) : B, — Bogp is a morphism of Boolean
algebras and, therefore, we have its dual morphism

fa[g] : Xag — Xa
given by
fap(F) ={A € Ba | r(4,8) € F}. (2.8)

If « = w and F € Bg, then fu5(F) ={A € B|r(4,B) € F} is either an ultrafilter in B = B, or is the
empty set, and we can therefore consider f,5 : Xg — X, U {0}. The functions f,[s are continuous and

faipr) = fatg) © fapi-
We now review functions described in [7] that are used throughout this paper.

We begin with the “gluing map”: for composable labelled paths o € £2! and 8 € £* (that is, such that
aff € £2'), consider the subspace X (,)5 of X3 given by

X(Q)ﬁ = {.7: S Xg | T(Ozﬁ) S ]:}
Then there is a continuous map
9(a)p * X(ayp — Xap
on ultrafilters induced by gluing « at the beginning of the labelled path 8 given by
J)s(F) ={Cnr(ap) | C e F}. (2.9)
For labelled paths oo € £=' and 8 € £=>, let T(4)g be the subspace of T given by
T ={£€Ts | & € X(a)u}
Then we define a gluing map [7, Theorem 4.12]
G Ts — Tap,

taking a tight filter £ € T (o) to the tight filter € T3, whose complete family of (ultra) filters is obtained
by gluing and cutting labelled paths as follows:

o If B=w,
Nal = I(ayw(éo) ={CNr(a) | C €&}
and, for 0 <14 < |af,
i = fouilair o) (Mal) = {D € Bay; | 7(D, it jal) € Mal s
o If B# w, for 1 <n <|B| (or n < |B] if B is infinite)
Mal+n = 9(a)pr.. (&n) ={CNT(aBry) | C € &}
and, for 0 <i < |a|,

M = forilaisr o pr) (Mal+1) = {D € Bay, [ 7(D; it1,jaB1) € Maj+1}-
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Finally, for a = w set T(,)s = T and let G,z be the identity function on Tpg.

Remark 2.10. In [7], it is asked that o and 8 are composable in order for G ,)5 to make sense when 3 # w.
However, if § € T(4)3, then o and 3 are indeed composable. To see this, suppose that B e T(a)s- Then, by
the definition of complete family, for 1 <n < |§| (or n < |8] if § is infinite), r(afi,n) = r(r(), Bi,n) € &n-
Since &, is a filter, then r(af1,,) # 0, and hence a1, must be a labelled path. Since n was arbitrary, we
have that a3 € L=,

Next, we describe the “cutting map”: for composable labelled paths o« € £2' and § € L£*, there is a
continuous map

hjajp + Xap — X(a)s
induced on ultrafilters by cutting a from the beginning of a3 given by
h[a]ﬂ(f") :TBB]::{OGBQ | D C C for some D € F}. (2.11)

For composable labelled paths o € £2' and 3 € £=>°, this map gives rise to a cutting map [7, Theorem
4.15]

Hia)p : Tap — T(a)p

that takes a tight filter £ € T,op to the tight filter n € T (45 such that, for all n with 0 <n < |p],
Nin = h[a]ﬁl,n(€n+|a\>-

For v = w define H|, 3 to be the identity function on Tpg.

Theorem 2.12. [7, Theorem 4.17] Let (€,L,B) be a normal labelled space, and let o« € L= and [ € L= be
such that a3 € L=>=. Then Hyp = (G(a)ﬁ)’l.

Theorem 2.13. [7, Lemmas 4.18 and 4.16] Let (€,L,B) be a normal labelled space, and let a, 8 € L=* and
v € L= be such that afBy € L==. Then G(ag)y = G(a)py © G(8)y and Higy 0 Hio)py = Hiapy-

2.6. The C*-algebra of a labelled space

Let (€, £, B) be a normal labelled space. The C*-algebra associated with (€, L, B), denoted by C*(€, L, B),
is the universal C*-algebra generated by projections {p4 | A € B} and partial isometries {s, | a € A} subject
to the relations

(i
(ii

(iii

PANB = PAPB; PAUB = PA + DB — panp and py = 0, for every A, B € B;

PASa = SaPr(A,a), for every A € B and a € A;

838a = Pr(a) and sps, = 0 if b # a, for every a,b € A;

For every A € B for which 0 < #L(AE&') < oo and there does not exist B € B such that ) # B C
ANg?

sink’

—_

(iv
pA = Z sapr(A,a)SZ'
a€L(AEY)

For each word a = ajas - - - a, € £=*, define s, = Sq, 54y ** * Sa

ne
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Proposition 2.14. Let (€,L,B) be a normal labelled space. Then
C*(€,L,B) =span{sapasy | a, € L™ and A € B, N Bg}.

Remark 2.15. In Proposition 2.14, we can have an element sqpasj with o = w or 8 = w. For computational
purposes it is helpful to interpret s, as being 1, even though s, is not in the C*-algebra, because after
simplifying the expression, we get an element of C*(&, L, B). For example, s,pas’ means p4.

For details, see [3] and [7].
3. A partial action on the tight filters of E(S)

In this section we define a partial action of the free group generated by A on the tight spectrum T of a
labelled space. Our construction is in the same spirit as that of graphs [13]. However, as opposed to graphs
where we only need to consider paths, filters in T are in one-to-one correspondence with pairs consisting
of a labelled path and a family of filters (see Theorem 2.4), which adds an extra layer of complexity that
needs to dealt with.

We recall the definition of a topological semi-saturated orthogonal partial action:

Definition 3.1. [22, Section 2] A partial action of a group G on a topological space X is pair

¢ = ({Vi}ica, {0t }ica)

consisting of open sets {V; }+c¢ and homeomorphisms ¢; : V;-1 — V; such that

(1) Ve =V,-1 = X and ¢, is the identity on X,
(2) ¢s(Ve-1 NVy) = Vi N Vi, and
(3) @s(de(x)) = dst(x) for every & € Vir N Vigy)-1.

If the partial action is given by the free group F on a set of generators, then the partial action is semi-
saturated if

¢s O¢t = ¢st

for every s,t € F such that |st| = |s| + |t], and orthogonal if V, NV}, = 0 for a,b in the set of generator with
a #b.

Fix a weakly-left resolving labelled space (€,£,B). We begin by describing the topology on T. For
e € E(S) define

Us={{e€F|ee}
If {e1,...,e,} is a finite (possibly empty) set in E(S), define
Ue:el,...,en = Ue N I]ecl n---N Uecn'

Proposition 3.2. [30, Lemma 2.22 and Lemma 2.23] The sets Ue.c,.... e, form a basis of compact-open sets
for a Hausdorff topology on F.
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Corollary 3.3. For e € E(S) and a finite (possibly empty) set {e1,...,e,} C E(S), the sets
Veier,nen = Ueieqyoe, 1T

form a basis of compact-open sets for a Hausdorff topology on T.

Proof. The result follows from the fact that T is a closed subset of F. O

In particular, we denote V., =U. N T.
We next describe the open domains and codomains for the partial action on T. Let o € £*. Then

U{T(a)ﬁ | B € L= and af € L=~}
is the set of all filters in E(S) whose associated labelled path can be glued to «, and
U{Taﬁ | B € £L== and af3 € L=~}

is the set of all filters in E(S) whose associated word begins with «. Note that if 8,7 € L=~ and 8 # 7,
then Tag N Toy = 0 and T4y N Ta)y = 0 for all o € £*. Hence, the unions above are disjoint unions for

a fixed a. To simplify notation we write | |5 T(4)s where it is understood that the union is taken over all
B € L£== such that af € £L=>. Note that | | Tug =L1ls T@w)s=T.

Lemma 3.4. Fiz oo € £=*. Then

(Z) Vr(oc,r(a),oz) = I_lﬁ Ta/% and
(i) Viwr(a)w) = U T(a)s-

Proof. (i) Assume & € | |3 Tap and || = n. Then there is a 3 € £=> such that af € £L=> and § = £
with associated with a pair (o8, {€*”}i>0). Since r(ay.,) is contained in any filter F,, C Ba,.,, it follows
from Remark 2.6 that

(aa T(CV), a) = (al,na’r(al,n)v al,n) € faﬁ'

Hence ¢ = £%8 ¢ Via,r(a),a)-
Now suppose that £ € V(4 1(a),a) and £ = &7 for some v € L=>. Then

(Oé,?"(CY), a) = (al,nar(al,n)a al,n) S g’Y’

and it follows from Remark 2.6 that v = af3 for some 3 € £L=>=. Thus § € ||z Tap-
(ii) Suppose ¢° € Viw,r(a)w) and let {€2},,0 be the complete family of filters for 3 associated with &°.
Then

(wvr(a)aw) = (ﬂl,OaT(O‘)aﬂl,O) € 5'87

which implies that

r(a) € &) ={A€Bg,, | (A Brm) € L},

for all m > 0. Therefore r(r(a),Bm) € &2 for all m > 0. Since &, is a filter it is non-empty. Thus
r(r(a), Bm) # 0, which shows that a8 € £=*. Hence, if 7(a) € fg then 55 € X(a)w, and thus &7 € T,
Hence Viw,r(a)w) € Ls T(a)s-
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To see that ||z T(a)s € Viw,r(a)w), Suppose that &P e T(a)p for some 3 € L=>=. Then 50/6 € X(a)w> which
implies that r(«a) € §g. Therefore (f1,0, (), B1,0) € &7, and thus ¢° € Viw,r(a)w), completing the proof. O

Next we define a partial action of the free group F generated by A (identifying the identity of F with w)
on T. Let a € A. Put

V,=T,
Vo i= ‘/(am(a),a)v and
‘/a*1 = ‘/(w,r(a),w)~

Define ¢, : V-1 — V, by

¢a|T(a,)[§ = G(a)ﬁa (35)

and ¢ 1 :V, = V,-1 by

d)z;llTa;s = H[a]Ba (3'6>

where G and H are the gluing and cutting maps defined in Section 2.5. For the empty word we define ¢,,
to be the identity map idt on T. Let ¢ € F and suppose that ¢ = a,, ---a; is the reduced form of ¢, with
each a; € AUA™! and n > 2. We extend the definitions above to ¢; inductively as follows: let

‘/t*1 = .V(an"'al)71 = —1 (Vgl)v and

Ap—1°-01 a

(3.7)
¢t(§) = ¢an---¢l1 (f) = ¢an (¢an—1"'a1 (5))7
for € € ‘/(an“.al)—l.

Remark 3.8. Since G(4)3 and Hj,)z are inverses of each other (Theorem 2.12), if a € A then ¢, and ¢,
are bijections and ¢, 1 = ¢,-1. Suppose a3 € F is in reduced form and o = a; - - a,, and 3 = by - - - b, with
each a;,b; € AUA™!. Then by Equation (3.7) we have that

¢o¢ﬁ:¢a1 O"'O¢amo¢blo"'o¢bn :¢ao¢ﬁ
on the appropriate domain V|,3)-1. Moreover, note that Vi g -1 = d)gl(va—l) C Vg-1.

In Proposition 3.12, we show that the maps defined in (3.5), (3.6) and (3.7) give a partial action of F on
T. For this we need the following lemmas.

Lemma 3.9. If a € L3, then Vo1 = Vg r(a)w) Va = Viar(a),a) and ba(6P) = G(a)g(fﬁ) for every
5’8 S Va—l.

Proof. If o € L' then @ = a,---a; with a; € A and 1 < n < oco. By Lemma 3.4, to show that
Va1 = Viwr(a)w) it would suffice to show that V-1 = ||z T(q)p for all 1 < n < oo. We show this by
induction. If n = 1, then a = a; is a letter in A, and Va;1 = Viw,r(a1),w) by definition. Suppose the
statement is true for n = k, that is,

‘/(ak...al)—l = |_| T(ak~~~a1)'y'
Y

We show that the statement holds for n = k + 1:
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‘/(ak'+1"'al)71 = (:kl”'al (V —1 )

= ¢af1 <|—| T(ak+1"'a2)’Y>
¥

= ¢a;1 <|_| Higypyasly (Tak+1“'a2’7)>
v

= |_| H[al]ﬁ o H[ak+1'“az]al,3 (Tak+1“'a2alﬁ)

Higpy i 0118 (Tarsa-a18)

T(ak+1'“a1)5’

where the fourth and sixth equalities follow from the induction hypothesis and Theorem 2.13, respectively.
Hence Vi1 = Vi r(a)w) for all 1 < n < oco. A similar induction argument as above together with Theo-
rem 2.13 shows that Vi, = [ |5 Tag, and thus by Lemma 3.4, we have that Vi, = V(4 1(a),a)-

Let ¢# € V-1 = [g T(a)s. Then, by Theorem 2.13 and Remark 3.8, ¢ (£7) = G(a)5(£?), completing
the proof. O

Lemma 3.10. Let o, B € £2' and suppose that af~' € F is in reduced form. Then the following are equiva-
lent:

(i) () OV r(B) # 0,
(it) Vomr N V-1 # 0, and

(i) Viag-1y-1 # 0.

Proof. We first show the equivalence of (i) and (ii), and then that (ii) is equivalent to (iii) by using the
description of V-1 given in Lemma 3.9.

(i)=-(ii): Assume 7(a) N 7(B) # . Then (w,r(a) Nr(B),w) € E(S). By Zorn’s lemma there is an ultra
filter £ € T such that (w,r(a) N7(B),w) € £ If F C B, N B is any filter such that r(a) Nr(5) € F,
then r(a) € F and r(8) € F, since r(a) N7(8) C r(«) and r(a) Nr(8) C r(8). Hence (w,r(a),w) € & and
(w,r(B),w) € &, implying that £ € V-1 N Vz-1.

(il)=-(i): Conversely assume that V,—1 N Vg-1 # (. Then there is a filter { € T such that (w,r(a),w) € ¢
and (w,r(8),w) € €. Since E(S) is a semilattice, it follows that (w,r(a)Nr(B),w) € &, and that r(a)Nr(B) #
0.

(i)=(iii): By Remark 3.8, Vigg-1)-1 = ¢35 (Var). If & € Voor N Vioa, then ¢5(¢) is such that
¢ﬁ*1(¢5(§)) =& € V,-1, that s, ¢5(§) € Waﬁ*l)*l

(iii)=(ii): For £ € V{qg-1)-1, we have that ¢g € V,-1 NVz-1. O

Lemma 3.11. Let t € F be in reduced form. Then Vi and ¢ as defined in (3.7) satisfy the following:
(i) If « = a1---an,B = by---by, € L2 such that o, # w, an # by and r(a) Nr(B) # 0, then

0 £ Vaaes C Vs, and o1 (€97) = Grayy 0 Higpy (€97) for every €57 € Vioor.
(ii) Ift ¢ {wiU{a | a € L2 U{at | a € L2 }U{Ba"t | B,a € L2 r(a)Nr(B) # O}, then Vi = V-1 = 0.
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Proof. (i) If r(a) Nr(B) # 0, then 0 # V-1 C Vi by Lemma 3.10. We show that ¢n5-1(£77) = Ga)y ©
Hg,(€77). Note that ¢ag-1 : Vga-1 — Viga-1)-1. Since 0 # Vj,-1, there exists a { € Vj,-1. Moreover,
since Viag-1)-1 = ¢pg(Vo-1) it follows that & = £#7 with v such that Hig),(£77) € V-1 (that is, ayL==). It
follows from Remark 3.8 that

Gap-1(E77) = da(dp-1(£7))
= G(a)w(H[ﬁh(ﬁm))-

(i) Ift ¢ {wU{a|ae L2 }U{a™ |ae L2 U{Ba™! | B,a € L2, r(a)Nr(B) # 0}, then t either: (1)
contains a factor of form ab with a,b € A and r(a) Ns(b) = 0, (2) contains a factor of the form b=*a~! with
a,b € A and r(a) Ns(b) =0, (3) contains a factor of the form b~1a with a,b € A and a # b, or (4) contains
a factor of the form Bgagl with t = B182(a1as) ™! (in reduced form), ag, 2 € £L2' and r(ag) N7 (B) = 0.
In cases (1) and (2) we have Vy, = ¢o(V) and Viy-14-1 = ¢po-1(V-1) are empty because r(a) N s(b) # ( if
and only if ab € £>'. In case (3) we have that Vi,-1,)-1 = ¢, '(V,) # 0 if and only if V, NV, # 0. However,
if a # b then Vo, NV, = 0, and thus Vi,-1,)-1 = 0. In case (4), since r(az) Nr(B2) = 0, it follows from
Lemma 3.10 that Vg -1 = V(, 5-1)-1 = 0. Hence V; = 0 in each of the four case. O

We now show that the maps defined in (3.5), (3.6) and (3.7) define a partial action of F on T. The proof
is inspired by [13].

Proposition 3.12. Let (£,L,B) be a weakly left-resolving labelled space. Then

O = ({Vi}tier, {Pt}ier)

is a semi-saturated orthogonal partial action of F on T.
Proof. Fixt € F. If t = w, then
V., =T and ¢, = idy.

If t # w is in reduced form, then, by Lemma 3.11(ii), we may assume that ¢t = a3~! with o, 8 € £*. Then
Equation (3.7) and Lemma 3.9 show that V; is open in T. To see that ¢; is a homeomorphism, note that if
a=aj--a, and B = by - by, then by Equation (3.7)

—1 —1
(bt:(balo"'(éano(bbn "'O¢b1-

By [8, Proposition 4.8] the maps ¢q|1,,, = G(a)y and ¢;1|TM = H|,), are homeomorphisms for every
a € A. Therefore, since V, = UT,, is a disjoint union, it follows that ¢, is a homeomorphism for every
a € A. Hence Equations (3.7) now show that ¢; is a homeomorphism.

Next we show that ¢,(Vi-1NV;) = VoNVir and ¢s(6:(€)) = ¢se(§) for every £ € Vi-i NVigy)-1. Let st € F
be in reduced form (that is, each factor is a finite product of elements from A and their inverses, or the
empty word). Then using (3.7) we see that

Vit = (bst(‘/(st)*l) = (bst((bt*l(v;*l))
= ¢s(Ve-1 N V). (3.13)

Now suppose that s,t € F are in reduced form. Let r, s1,t; € F such that s = sy7, t = r—'¢; and s1t; is the
reduced form of st, where s; = w if s =r and ¢t; = w if t = »~!. Then
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Vies OVi = Vo) N Vi,
=¢—1 (VN Vslﬂ) N1 (VN V) (by Equation (3.13))
:(i)r—l(vrﬂv;l—l ﬂ‘/tl). (314)

Applying ¢, to the left and right hand sides of Equation (3.14) we have that

Gs(Vemr N V1) = G5, (dp 1 (Ve NV N V)
— G0 (V,1 NV) 160, (Vo 1 VE)
=Vim1501)-1 NV (by Equations (3.7) and (3.13))
= Vs N V.

Hence
bs(Verr NV3) = VN V.

To show that ¢, 0 ¢y = ¢t on V-1 N V(gyy-1, first note that Vs NVigy-1 = 1 (Vi) N1 (Vor N V) =
¢¢—1(V,-1). Hence, ¢, o ¢y and ¢4 have the same domains. That

¢s(0:(8)) = bt (€)

for every £ € V;-1 N V(4)-1 now follows from (3.7). This completes the proof that ® is a partial action of F
on T.

It remains to show that the action is semi-saturated and orthogonal. Let s =ay---a, and t = by --- by,
be elements of ' in reduced form such that | st |=| s | + | ¢ |. Then the element st is in reduced form and
by Equation (3.13) we have that

Vet = ¢s(Vs-i NV) C V.

Hence the action is semi-saturated by [23, Proposition 4.1]. For a,b € A, if a # b, then V, NV}, = 0, since
V., is the set of tight filters whose associated word starts with a and similarly for V;. Hence the action is
orthogonal, completing the proof. O

4. Labelled space C*-algebra as a crossed product

In this section we show that the partial crossed product C*-algebra obtained from the partial action in
Section 3 is isomorphic to the labelled space C*-algebra C*(&, L, B).

We begin by describing the partial crossed product C*-algebra Cy(T) x5 F. Let (€,L£,B) be a weakly
left-resolving labelled space and let ® = ({V;}ier, {0+ }ier) be the partial action associated with (&€, £, B)
in Proposition 3.12. For every a € £* and A € B,, the subset V(4 4.4) C T is compact and open, with the
exception of V,, = T which might not be compact. Hence any f € Co(V(qa,4,s)) can and will be viewed as a
function in Co(T) by declaring that f(§) = 0if § & V(s 4,). In fact, Co(V(a,4,q4)) is a closed two-sided ideal
in Co(T) and thus a C*-subalgebra. In particular, this applies to the sets {V;}/cF\ fw}, by Lemma 3.11. Put

D, = CO(V;) and D;-1 = CO(‘/;—I).
Define ét :Dy—1 — Dy by

G(f) = fodi,
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and define ¢,—1 : Dy — D,—1 analogously. Then ({D;}icr, {d:}ier) is a C*-algebraic partial dynamical
system [23]. Hence we may consider the partial crossed product

Co(T) X F = m{z feor : fr € Dy and f; # 0 for finite many ¢ € ]F} , (4.1)
telF

where the closure is with respect to the universal norm (see for example [21, Definition 11.11]). Note that
d; has no meaning in itself and merely serves as a place holder.* Recall that multiplication and involution
in Co(T) x5 F are given by

(ady)(b0y) = by (ds-1(a)b)dss, and

(ads)* = -1 (a)ds1. (4.2)

The labelled space C*-algebra C*(&, L, B) is generated by a set of projections {pa | A € B} and a set
of partial isometries {s, | a € A} subject to certain relations (see Section 2.6). If A € B and a € L*, then
we let 1y, , . denote the characteristic function on V(4 4,q). We show that Co(T) is generated by these
characteristic functions.

Lemma 4.3. The C*-algebra Co(T) is generated by the set
{Wena €L A€ B,

Proof. We employ the Stone-Weierstrass Theorem. Let £ € T. Since £ is filter it is non-empty. Suppose
p €&, with p=(v,4,7) and 0 <| v |[< oo. Then 1y, ,  (§) = 1. Hence the set {1y, , . | @ € L*, A € B,}
vanishes nowhere.

Let £,n € T. We show that {1V(0,A,a) | « € L* A € B,} separates points. Assume & # 7. Since
¢ # n, we may assume without loss of generality that there exists (v, 4,7) such that (v, A4,v) € £ and
(v:A,y) € n. Then € € Vi a,) and n ¢ Vi, a,). Hence 1y, (§) # Ly, .., (n), which shows that the
set {1y, 4., | @ € £L*,A € B,} separates points. The lemma now follows from the Stone-Weierstrass
Theorem. 0O

Let 14 denote the characteristic function on V{y 4,.,) and 1, the characteristic function on V(4 r(a),a)- In
Proposition 4.6 we show that the C*-subalgebra generated by {140,140, | @ € A, A € B} and the crossed
product C*-algebra Cy(T) x ¢ I are the same. This requires some computations with elements of the form
140, and 1,6,. The purpose of the following lemma is to de-clutter the proofs that follow, by providing a
reference to some of these computations, and so making the proofs easier to parse.

Lemma 4.4. Let C* ({1404, 140.}) C Co(T) x4 F denote the C*-subalgebra generated by {140,140, | @ €
A,A € B}. Then

(i) éa—l(lwa7A7a>) =1y, 4., and (;Aﬁa(lv(wm) =1y, 4., for every a € L= and A € B,
(7)) 1000 = (14,04,) -+ (14, da,,) for all o € L= where oo = ajag - - - ap,
(#ii) (1000)(1adw)(1ads)* = 1V(a,A,a)5w for all a € L=' and A € B,,
(iv) (1a6a)* = Lya)0a—1 = 1g-104-1 for every a € L=1,
(v) 1og-16ap-1 = (1a0a)(15-105-1) for every a, B € £L=* such that af~' € F is in reduced form.

4 Alternatively if one views f.0; as a function from G into Co(T), then f;d; can be viewed as f;-valued with support equal to

{t}.
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(vi) (140w)(1a0a) = (1ada)(1r(a,a)00) for all a € L' and A € B.
Proof. (i) Let o € £=' and A € B,. We first show that

Ga-1 (1V(a.A,a)) = 1V(w,A.w)' (4'5)

Note that anfl(l\/(avAva)) = W sy ©Pa =14, (Ve a.ay)- Hence to show Equation (4.5) we need to show
that ¢4-1(Via,4,a)) = Viw,4,w)- Note that
£ € Viaa) € (a,4,0) € ¢

= Ae 5‘04
Put 7 = ¢q-1(£%%). Then
A€ 5la| s Aen

& (w,Aw)en
=N = d)oz*l(gaﬁ) € ‘/(w7A7w)~

Hence ¢q-1(Via,4,0)) = Viw,Aw), Which shows that an—l(lv(ayA:a)) = 1y, a,- Since, bo and b, -1 are
inverses of each other, it follows that an(lv(wyA,w)) = 1V, 4..,» completing the proof of (i).
(ii) First let a € A and 8 € £*. Then

(1a8a)(1585) = Ga(Pa-1(La)15)80p = Pa(Lr(a) Ls)dap,
where the last equality follows from (i). Note that ¢,(1 r@)1p) € Dap = Co(Vag) by (2) of Definition 3.1.

Let £ € Vo5 = ¢a(V3). Then & = £%57 for some v € £==. Thus ¢,-1(£%%7) € V3N V,-1 and

&a(lr(a)lﬁ)(éﬂﬁ’y) = 1T(a)1ﬁ(¢a*1(§a6’y))
= Li(lp (Ha(€"77))
=1.

Hence q@a(lr(a)lg) = 1g, and thus (1404)(1808) = 143043. For a = ay---ay, applying the preceding
argument pairwise from right to left yields (14,04,) -+ (14, da,,) = lay---a,0a;-a, = lada-
(iii) Let @ € £=* and A € B,,. Then applying Equations (4.2) and (i) we have that

(Lada) (1402) (lada)” = (b (a1 (1a)1a) ) (a1 (1a)da-s)

((Z’ ( r(a) 1A) J ) (1T(a)6a71)
dA) ( r(a) 1A1r(a))5

$a(14)ds
=1y

Via,A,0)

Ow-

(iv) Let a € £2*. By definition (1404)* = do-1(1a)da-1. Since ¢o-1 is a *-isomorphism from Cy(V,) onto
Co(Vy-1), it follows that ¢,-1(1a) = 14-1. On the other hand ¢o—1(Co(Va)) = Co(da-1(Va)) = Co(Va-1) =
CO(‘/(w,r(a),w))' Hence d)a*l(la) =1y = 17‘(04)'
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(v) By (iv) above we have that

(1015(1)(16*165*1) = (1a5a)(17ﬂ(5)5ﬂ*1) = éa(lr(a)ﬁr(ﬁ))(soﬁ*l = (17"(04)07"(6) o ¢(x*1)6a5*1'

Hence it suffices to show that 1,5-1 = 1,(a)nr(8) © $a-1- By Equations (3.7) we have that

Vaﬁ—l :(ZSQ(VB—l) ¢a( a—1 ﬂVﬁ )

Thus, for £ € T, we have that

~1(§) # 0= £ € ga(Va-1 NVp)

E Pa-1(§) € Vo1 NV
& (w, (@), w), (w, 7(B),w) € Pa-1(£)
& (w,r(@) Nr(B),w) € ¢a-1(£)

< Lo(a)nr(s) © Pa-1(£) # 0.

Hence 1,5-1 = 1y(a)nr(8) © @a-1, completing the proof of (v).
(vi) Note that

(146.)(1a64) = (1a1a)0,.

We claim that 141, = q@a(lr(a)lr(Aﬂ)). For £ € T we have

]-A]-a(f) 7& 0< 5 € ‘/(w,A,w) N ‘/(a,r(a),a)
< r(A,a)Nr(a) €& and € = €98,

for some 8 € T. On the other hand

~

Pa(Lr(a)1r(4,0))(€) = Lr@)nr(a,a) (@a-1(E)) # 0 & ¢g-1(§) € Via)nr(a,a)
© & € 9a(Vi)nr(a,a)
S ceV,and A€ &
s &=¢%and A e &
e r(Aa)Nr(a) € & and £ = €97,

for some 8 € T, which proves the claim that 141, = an(lr(a)lr(A,a))- Then
(1A5w)(1a5a) = 141404
éa(lr(a) lr(A,a))(Sa

a)a((rgafl (1a)1r(A,a))5a
(1a5a) (L"(A,a)‘sw)a

completing the proof. O

The labelled space C*-algebra C*(&,L,B) is generated by a set of projections and a set of partial
isometries indexed by sets A € B and letters a € A, respectively (subject to certain relations (Section 2.6)).
In the following proposition we show that Co(T) % ¢ I also has generators indexed by the sets A € B and
letters a € A. This will help to define the isomorphism between these C*-algebras.
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Proposition 4.6. Let C* ({1404, 1a0a}) C Co(T) x4 F denote the C*-subalgebra generated by {1404, 1404 |
a €A, Ae B}. Then

CQ(T) ><1(£ F = C*({lA(Sw, 1a5a})-

Proof. Let Co(T)d,, denote the canonical image of Co(T) in Co(T) x5 F. We claim that Co(T)d., C
C*({146w,149,}). To prove this claim, note that by Lemma 4.3 it will suffice to see that Wi noylw €
C*({140w,140,}) for every a € L£L* and A € B. Hence to prove this claim let & = aj---a,. Then by
Lemma 4.4 we have that

(1a15a1) T (1an5an) = 1a1---an5a1---an>

and also

(1a5a)(1A6w)(1a5a)* = 1V<a.A,a> Ou-

Hence
IV(Q,A,O()(SW = (Lay0a; = 1a, 0a, )1 40w (1a,0a, -+ 14, 0a,)"

proving our claim.

Next we show that Co(T) x5 F = C* ({146, Lada}). It is clear that C*({140w, 14da}) € Co(T) x5 F. To
see the reverse inclusion, let f;6; € Co(T) X4 F with f; € Co(T) and let ¢ € F. Then f; € Dy = Co(Vy). If
t = w then f,0, € Cy(T)dy C C*({1adw,1404}). If t # w, then by Lemma 3.11(ii) we may assume that
t = af~! with o, 8 € £*. We consider three cases. First assume that |al,|3| > 1. Then by Lemma 4.4 we
have that

faﬂ*léaB*I = (faﬁ*llaﬁfl)(saﬁfl
= (faﬁ*ldw)(1a5a)(15*156*1)
= (faﬁ*law)(laéa)(l,ﬁé,ﬁ)*v

which shows that f,z-10,5-1 € C*({140w,140.}). Secondly, assume that f = w and o # w. Then

faéa = (fala)(sa
= (fadw)(Labda),

which shows that fod, € C* ({1404, 1494 }). Lastly, assume that o = w and 8 # w. Then by Lemma 4.4(iv)
we have that

fﬁ—ldﬂ—l - (fB—l]_B—l)(sB—l
= (fg-10w)(1p-105-1)
= (fg-10.)(1p05)",
which shows that fz-1d5-1 € C*({1a6w,1ads}). Hence, a set that densely spans Co(T) x5 F (see (4.1))

is contained in C*({140w,140,}), which shows that Co(T) x5 F C C*({1adw,lada}), and completes the
proof. O
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By [23, Theorem 4.3], if N : A — (0, 00) is any function, then there exists a unique strongly continuous
one-parameter group o of automorphisms of Co(T) x5 F such that

O't(fda) = N(a)ltf(;a and Ut(géw) = géw;

forallt e R,a€ A, f € Dy and g € D,,. If we let N(a) = exp(1l) for every a € A, then we obtain a strongly
continuous action (using the same notation) o : T — Aut(Co(T) x5 ) such that

Uz(féa) = Zf(saa and

0:(90u) = fou, o

forallteR,a € A, f € Dy and g € D,,.
We now prove our main result of this section.

Theorem 4.8. There is a *~isomorphism ¢ from C*(&,L,B) onto Co(T) x4 F such that
boa)=1abs  and  P(sa) = Lbs.
Proof. By Proposition 4.6, Co(T) x 4 I is densely spanned by the set
{140w, 1404 | A € B,a € A}.

We show this set satisfies the relations of C*(&, L, B) as in Section 2.6. Fix a,b € A, A, B€ Bandlet { €T
with complete family {¢,}.

For relation (i), note that (146.,)(150w) = (141B)d, and 141p(§) # 0ifand only if § € Vi, 4.u)Viw B.w)-
That is, ANB € &, which implies that { € V(,, 4nB ). On the other hand if £ € V{,, anB,w) then ANB € &.
Since & is a filter and since AN B C A and AN B C B it follows that A € £ and B € &. Hence
€ € Viwaw NViw,Bw), and thus (140,)(1pds,) = lanpds. If A = 0, then (w,A,w) ¢ E(S) and thus
Viwaw) =16 €T | (w,A,w) € £} = 0. Hence 146, = 0. The equation

lAUBéw = ]-A(Sw + ]-B(Sw - 1AﬁB(Sw

follows from the fact that &y is a prime filter. Therefore AU B € & if and only if A € & or B € &, proving
relation (i).

Relation (ii) follows directly from Lemma 4.4(vi).

Next we show that relation (iii) is satisfied. Firstly, we have that

(1a5a)*(1a5a) = (17"(@)5(:1)(1(16(1) = 1r(a)5w~
Secondly, if a@ # b then V-1, = ) by Lemma 3.11(ii), and thus
(1404)"(1p05) = 0.

To see that relation (iv) is satisfied, we need to show, for every A € B for which 0 < #L(A&') < oo and
there does not exist B € B such that ) # B C AN &Y. ., that

sink>’

1A6w = Z (1a5a)(1r(A,a)5w)(125a)

acL(AEY)

= Z an(lr(A,a))(Sw

a€L(AEY)
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= Z (1V(w,r(A,a),w) o ¢;1)6w

acL(AEY)

= Z (1¢a(V(u,r(A,n,),w)))5w~ (4.9)

acL(AEY)

Note that if a,b € L(AE'), then Pa(Viw,r(a,a),w)) C Va and ¢ (Viw r(a,6),0)) C Vo. Hence, since Vo NV, = 0
if a # b, it follows that ¢q(Viwr(4,a).w)) N (Viw,r(4,6)w)) = 0. Therefore to show that Equation (4.9) holds
it will suffice to show that

‘/(WaAaUJ) = U ¢a(‘/(w,7'(A,a),w))~ (410)
acL(AEY)

Let £* € V{y,,4,4) With a = ajay--- (possibly the empty word). Then A € £ Since 0 < #L(AEY) < 0
and there does not exist B € B such that ) # B C AN &Y, . it follows from [6, Theorem 6.7] that a # w,

sink’

a; € L(A&Y) and 7(A,a1) # 0. Hence 7(4,a;) € £. Thus

Pa, () € Viw,r(A,a1) )

and since * = ¢, -1 (dq, (%)) it follows that

‘/(w,A,w) - U d)a(‘/(w,r(A,a),w))'
a€L(AEY)

For the reverse inclusion let £&# € Vg, ;(4,4)w) for some a € L(AE') and let n = ¢ (£). Then (A, a) € €.
Hence r(A,a) Nr(a) = r(A,a) € n1, which implies that A € 7y and thus n € V(w, A,w), giving the reverse
inclusion. Hence Equation (4.9) is satisfied.

Since C*(&, £, B) is universal for these relations, there is a surjective *-homomorphism ¢ : C*(&, £, B) —
Co(T) x4 F such that

P(pa) = 1ade, and V(sq) = 140,.

All that is left to prove is that the v is injective. By [3, Crollary 3.10] ¢ is injective if and only if 14 # 0
for A # 0, and for each z € T there exists a *~homomorphism o, : C*({14,1,}) = C*({14, 1,}) such that

0:(1400) = 21404, and

(4.11)
Jz(lA(Sw) = ]-A5w7

for all A € B and a € A. Since the partial action is semi-saturated and orthogonal, it follows from [23,
Theorem 4.3] and the discussion preceding this theorem that such a *-homomorphism o, satisfying Equations
(4.11) exists. Hence ¢ is an isomorphism and the proof is complete. O

5. Partial action and labelled space groupoids are isomorphic

Let (£,£,B) be a normal labelled space. In this section we show that the groupoid associated with a
partial action (as defined in [1]) is isomorphic to the groupoid associated with a labelled space (as defined
in [8]).

For the definition of a groupoid we refer the reader to [34]. A topological groupoid is a groupoid with a
topology such that multiplication and involution are continuous. A locally compact groupoid is étale if the
range and source maps are local homeomorphisms. An open set in a groupoid is a bisection if the range and
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source maps are bijections when restricted to this open set. An ample groupoid is an étale groupoid that
has a base of compact open bisections.
We first describe the groupoid of (£, £, B) as in [8]. The set

= {(fa’yﬁ |a| - |B|777ﬁ’y) ETXZxT | H[ah(faw) = H[B]v(nﬁﬂy)} (5'1)

is a groupoid with products and inverses given by

(gvman)(nanvp) = (gam + TL,,O) and (§7m7n)71 = (77’ _mvg)v

respectively ([8, Proposition 3.5]). We denote by T'(?) the set of composible pairs. If s = (a, 4, 3) € S(E, L, B)
and eq,...,e, € E(S) then the sets

Zseeren =17, o] = |5|a§37) el [ €€ Ve, e, and Hia(n) = Hig,(§)}

form a basis of compact open sets for a locally compact Hausdorff topology on I' [8, Proposition 4.4]. It
follows from [8, Corollary 4.14] that I' is an étale groupoid. Moreover, I" is an ample groupoid since the
topology has a basis of compact open sets. Note that the unit space I'° of T is identified with T. Let rr and
sr denote the range and source maps, respectively, of T'.

Next we describe the groupoid of a partial action as in [1]. Let ® = ({V;}ieF, {¢t}+er) be the partial
action on T as in Proposition 3.12. Then

G={(tn) € TxF xT|ne&Vi, and { = ¢(n)} (5.2)

is a groupoid with products and inverses given by

(575777)(77’72@ = (f,st,p) and (5775’77)71 = (777757175)7

respectively [1]. We give G the topology inherited from the product topology on T x F x T. The unit space
GV is also identified with T. Let rg and sg denote the range and source maps, respectively, of G.

Our main goal is to show that the groupoids I" and G are isomorphic (Theorem 5.5). To this end we first
show that G is an ample groupoid. The following identification of elements in G is used throughout this
section without reference.

Lemma 5.3. We have that (£,t,m) € G if and only if (&,t,m) = (€7, aB71,n%7) for some a, B € L*, and
$s-1(°7) = do-1(£7).

Proof. Let (£, o871, 7?7) with a, 8 € £*, and such that ¢z-1(n°7) = ¢o-1(£*7). Then n € Vo5-1 C Vj
(Remark 3.8) and & = ¢,5-1(n) (since ¢,-1 is homeomorphism). Hence (£27, 871, 777) € G.

If (&,t,m) € G, then € V,—1 and thus V; # ). Hence t = a~! for some «, 3 € £* by Lemma 3.11(ii),
and V;-1 C Vg by Remark 3.8. That is, n = 7?7 for some v € £=>. Since (,t,7) € G, by Lemma 3.11(i),
we have that { = ¢,5-1 (nP7) = G(a)y © H[Bh(é“ﬁ”f) = £, and in particular, to find the associated word of
¢ we cut 8 from the word of i and glue « in front of it. Thus, ¢g-1(7°7) = ¢po-1(£27). O

Lemma 5.4. The groupoid G is an ample groupoid.
Proof. Since F is discrete and T has a basis of compact open subsets, it follows that G has a basis of

compact open sets. Hence we only need to show that G is étale. Fix any (¢*7,a8~",n%7) € G. To show that
G is an étale groupoid, we need to find a neighbourhood U of (¢%7,a3~1,1?7) such that the range map
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rg of G restricted to U is a homeomorphism. Let W = ¢,-1(Va) N (¢5-1(V3)), and put Wy = ¢o (W) and
W3 = ¢g(W). Then

U= Wy x{a '} xWs)NG

is an open neighbourhood of (€*7, ™", 7%7) such that rg|y is just the projection onto the first coordinate,
and is thus a homeomorphism. Hence G is étale and thus also an ample groupoid. 0O

We now prove our main result of this section.

Theorem 5.5. The map © : G — I defined by

O((E™, B~ ")) = (€7, |al = |8],7")
is a groupoid isomorphism.

Proof. We begin by showing that © is well-defined. Suppose t € F and t = o3 where o = o/y and f =y~ 1 3
such that t = o/ is in reduced form. Then |a| — |3] = |a/'vy| — |[y~18'| = |&/| — |#’|. Therefore, since © only
changes the second coordinate, it follows that © is well-defined.

We show that © is a bijection. It is clear that © is onto. Let (¢*7, o871, n%7) and (¢*°, ur=", x*?) be in
G. Note that if ©((£27,aB871,157)) = O((¢M, pr=!, x*?)), then €27 = ¢#% and 17 = x*°. Hence ary = ud
and 8y = vd by Theorem 2.4. We may assume « = pc’ (if not, then p = ap’ and the same argument holds).
Hence ary = pa’y = pd, implying that o’y = §. Then Sy = va’v, which implies that 8 = va/. Then we
compute in F:

af™t = pd (va/)t =t
Hence O is a bijection.

It is straightforward to show that © preserves multiplication and inverses.

It remains to show that © is also a homeomorphism. However, since both I' and G are ample groupoids,
it suffices to show that their unit spaces are homeomorphic. However this follows from the fact that both
I'® and G are homeomorphic to T, completing the proof. O

Remark 5.6. The referee kindly pointed out to us that the existence the groupoid isomorphism in Theo-
rem 5.5 also follows from [10, Corollary 6.5]. However, in Section 6 we use the explicit isomorphism described
in Theorem 5.5.

6. Simplicity of labelled spaces C*-algebras

In this section we characterize simplicity of C*(€, £, B) in terms of the tight spectrum T. We do this by
using known simplicity results for groupoid C*-algebras and partial crossed product C*-algebras.

Definition 6.1. Let G be a locally compact, Hausdorff groupoid. A unit u € G(© has trivial isotropy if the
set G¥ = {y € G | s(7) = r(y) = u} contains only u. A subset D C G is invariant if for all ¥ € G, when
s(y) € D then r(y) € D. We say that G is topologically principal if the set of units with trivial isotropy is
dense in g<0), and minimal if G©© and 0 are the only open invariant subsets of g,

If a locally compact Hausdorff groupoid G is minimal and has a unit with trivial isotropy, then G is
topologically principal [9, Remark 2.2].
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Definition 6.2. Let ® = ({U:}ieq, {¢t}tcc) be a partial action of a discrete group G on a locally com-
pact Hausdorff space X. Then ® is topologically free if the set of fixed points Fix(t) = {z € X | « €
Ui-1 and ¢;(z) = x} has empty interior, for all t € G\ {e}. A subset V' C X is invariant under the partial
action if ¢y (V NU;-1) C V for all t € G. The partial action is minimal if ) and X are the only open invariant
subsets of X.

It is not hard to see that if ® = ({U:}lieq, {¢t}teq) is a partial action on X, then the following are
equivalent:

(1) ® is minimal,
(2) for every x € X the orbit of x, Orb(x) := {¢+(x) | t € G,x € U;j—1}, is dense in X,
(3) for every non-empty subset V' of X the orbit of V', Orb(V') := J,cq ¢:«(V NU;-1), is equal to X.

By comparing the above definitions, one arrives at:

Proposition 6.3. Let ® = ({Ut}iec, {dt}iec) be a partial action of a discrete group G on X and let Gg be
its associated groupoid. Then:

(1) Go is topologically principal if and only if ® is topologically free, and
(2) Go is minimal if and only if ® is minimal.

In following two theorems we state known simplicity characterizations for groupoid C*-algebras and
partial crossed products.

Theorem 6.4. [9, Theorem 5.1] Let G be a second-countable, locally compact and Hausdorff étale groupoid.
Then the groupoid C*-algebra C*(G) is simple if and only if the following conditions are satisfied:

(1) C*(G) = C(9),
(2) G is topologically principal,
(3) G is minimal.

Theorem 6.5. [2/, Corollary 2.9] Let ® = ({Ut}teq, {dt}tec) be a partial action of a discrete group G on a
locally compact Hausdorff space X. If ® is topologically free and minimal, then the associated partial crossed
product is simple.

Note that, since G is a discrete group, the groupoid G¢ associated with the partial action in Theorem 6.5
is an étale groupoid (see for example the proof of Lemma 5.4). Hence, if Gg is second-countable and
C*(Gs) = C}(Gs), then the converse of Theorem 6.5 also holds (by Theorem 6.4). For a normal labelled
spaces and its associated partial action ®, it is always the case that C*(Gg) = Cr(G4), [8, Corollary 4.12].
However, since we do not assume that the underlying graph is countable, G4 may not be second-countable
(although it is in many examples). By analysing the proof of [9, Theorem 5.1], we see that we can remove
the hypothesis of the groupoid being second countable, as long as we replace (2) with G being effective
(see [9, Definition 2.1]). However, being effective is not necessarily equivalent to the partial action being
topologically free. Since our proofs for this section are based on the partial action, we only study when Gg
is topologically principal.

With the relationship between a partial action ® and its associated groupoid G given in Proposition 6.3,
we can describe being topologically principle and minimal in terms of a family of open sets in X that satisfy
a certain property. Specifically, suppose that § is a family of open sets of gg” = X with the property that
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for every non-empty open subset U of X there exists a non-empty set V' € § such that V' C U. Then, to
check that G is topologically principal, it is sufficient to show that for every V' € §, there exists u € V' such
that v has trivial isotropy. To check that Ge is minimal, it is sufficient to show that for all x € X and all
V € §, we have that Orb(z) NV # 0.

We show that a normal labelled space has such a family § with which we can characterize simplicity of
a labelled space C*-algebra solely in terms of the tight spectrum of the labelled space. For the remainder
of this section fix a labelled space (&, £, B) with tight spectrum T. Let § = {V. C T | e € E(S)}. Then,
even though § is not necessarily a basis for T, the following lemma shows that it does satisfy the property
described in the previous paragraph.

Lemma 6.6. Let U be a non-empty open subset of T. Then there exists e € E(S) such that ) £V, CU.

Proof. Since the set of ultrafilters is dense in T, there exists an ultrafilter £ € U. By [25, Proposition 2.5], the
family {V, | e € £} is a neighbourhood basis for £, and therefore there exists e € £ such that ) £V, CU. O

Applying Lemma 6.6 and using Theorem 6.4 and Theorem 6.5, we state a simplicity characterization for
labelled space C*-algebras:

Theorem 6.7. Let (£,L,B) be a normal labelled space, T the tight spectrum of the associated inverse semi-
group, @ the partial action given in Section 3, and G the groupoid given in Section 5. If

o there exists € € T with trivial isotropy and,
o forallec E(S) and all § € T, there exists o, f € L* such that £ € Vg-1 and dpga-1(§) € Ve,

then C*(&,L,B) is simple. Under the extra hypothesis that G is second-countable, the converse is also true,
and moreover, for every non-empty open set U C T, there exists & with trivial isotropy such that £ € U.

We want to find conditions for simplicity solely on terms of the labelled space. We begin by characterizing
when an element of T has non-trivial isotropy. As is shown in Section 5, we have two (isomorphic) groupoid
models for C*(&, £, B); one in terms of the partial action (Equation (5.2)) and the other in terms the cutting
map H (Equation (5.1)). By [8, Proposition 4.8] the cutting map may also be seen as a shift o, analogous
to the case of directed graphs. We use these descriptions interchangeably without much fuss, if no confusion
is likely. We need the following technical lemmas.

Lemma 6.8. Let (€,L,B) be a normal labelled space. Suppose that F € Xg, for some B,y € L*. If AN
r(A,7) £ 0 for all A€ F, then ANr(A,v) € F forall A€ F.

Proof. Given A € F, since A € Bg,,, it follows that ANr(A,v) € Bg,. To prove that ANr(A4,v) € F, it is
sufficient to show that ANr(A,~)NB # () for all B € F. Since relative ranges preserve inclusion, if B € F,
then

Anr(A,y)NB2 (ANnB)Nr(AN B,7),
which is non empty by hypothesis since ANB € F. O

For a, 8 € L' such that af € L', let f,(3) and h()s be the maps defined in Equation (2.8) and
Equation (2.11), respectively (see Section 2.5).

Lemma 6.9. Let (€, L, B) be a normal labelled space. Suppose that F € Xgn+1 for some B € L* and v € L=
and n € N*. Then higjyn (fayn[y)(F)) = higy)yn (F) if and only if ANr(A,v) #0 for all A c F.
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Proof. By the definition of f and A, and by [7, Lemma 4.7], we have that hjg,jyn (F) =Ts_,F and

higyn (faym 3 (F)) = Fympy) (Rigpyns1 (F)) = {D € Byn

r(D,y) €ts F}.

Suppose first that higpyn (fayn(y](F)) = higyyn (F). Noticing that F C higyyn (F), for A € F, we have
that A € higjyn (fgyn[y(F)). In this case, 7(A,~) SIP which implies that A Nr(A4,~) # 0.

Suppose now that ANr(A,v) # 0 for all A € F and let D € hjgq)yn (F). Then, D € B» and there exists
C € F such that C C D. By Lemma 6.8, C' := C Nr(C,v) € F, so that C' C r(C,v) C r(D,~). This
implies that D € hjgjyn (fgyn[5)(F)) and therefore higyjyn (F) € higjyn (fayn[4(F)). However, since we are
dealing with ultrafilters, these sets must be equal. O

For a, 8 € £2' such that aff € £2', let o be the shift map given by ol = H,g) (see [8, Proposition
4.8]).

Proposition 6.10. Let (€,L,B) be a normal labelled space. A tight filter €* has non-trivial isotropy in G if
and only if there exist B,y € L=* such that a = 3v>° and for alln € N* and all A € {gyn| we have that
Anr(A,y) #0.

Proof. Suppose first that £ has non trivial isotropy. This means that there exist k,l € N with k£ > [ such
that ¢!(¢) = o*(¢) =: n. By looking at the labelled path of 1, we conclude that there exists v € £>! with
|v] = k — [, and such that the labelled path of 1 is v°°. Then there exists 5 € £* such that |§| = [ and
a = By>™.

Let n € N and A € {|gyn+1|. Then

Rigylyn (§pyn+1)) = My = hglyn (§pyn1) = higlyn (faan1 (§1aym+1)))-

By Lemma 6.9, ANr(A,v) # 0.

Suppose now that there exist 3,y € £=' such that a = 7> and for all n € N* and all A € {gyn| we
have that A Nr(A,v) # 0. Define = o!%l(¢) and p = ¢!#1(¢). In order to prove that & has non trivial
isotropy, it is sufficient to show that n = p. Since a filter 7, for m € N* determines all filters n,, for n < m,
we can reduce the proof to showing that 7,, = p, infinitely many times. Fix an arbitrary n € N*. Applying
Lemma 6.9, we see that

Niye = higlyn (§18y71) = higlyn (Faam (31 (§189n+11)) = higyiyn (§1ayn+1]) = plyn)-
The result now follows. 0O

Remark 6.11. An alternative approach to finding points with non trivial isotropy is to look for fixed points
of the partial action ® of Section 3. Suppose £* € Fix(t) for some ¢t € F \ {w}. By the definition of the partial
action, we must have ¢ = uv~" for some u,v € £* such that |u| # |v|, and in this case ol#l(¢) = o¥I(¢).
For § and v as in Proposition 6.10, we conclude from the proof of Proposition 6.10 that = and v = v
if |u| < |v|, and p = By and v = B if |u| > |v|. Here too we have that o = By*°.

Definition 6.12. [15, Definition 9.5] Let (€, £, B) be a normal labelled space.

(1) A pair (o, A) with @ € £2' and A € B, is a cycle if for every B € B, with B C A, we have that
r(B,«a) = B.

(2) A cycle (o, A) has an exit if there exists 0 < k < |a| and ) # B € B such that B C r(A, a1 ) and
L(BEY) # {ag41} (where ajq41 := a1).
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(3) The labelled space (€, L, B) satisfies condition (Lg) if every cycle has an exit.

Theorem 6.13. Let (€,L,B) be a normal labelled space and G the groupoid given in Section 5. Then G is
topologically principal if and only if (€,L,B) satisfies condition (Lg).

Proof. First suppose that G is topologically principal and let («, A) be a cycle. Consider the set V., where
e = (a, A, ), which is non-empty by Lemma 2.1, and take £ = ¢% € V, with trivial isotropy. We have a few
cases to consider.

If B = a"axy for some n € N, 0 < k < |a| and v € £5= \ {w} such that 71 # ag41, then
L(r(A a1 )€Y D {ak+1,m} # {ak+1}, and hence (a, A) has an exit.

If = a™ai i for some n € N and 0 < k < |a, then ¢ is a tight filter of finite type, and by Theorem 2.7,
either £(r(A, a1 x)€') is infinite (and therefore different from {ay11}), or there exists ) # B € B such that
B Cr(A,a1) N EY, ., and for this B we have that £(BE') = 0 # {ay41}. In both cases, (o, A) has an
exit.

If B = a®, by Proposition 6.10, there exist n € N* and B € §|on| such that B N r(B,a) = (. Since
(o, A,a) € & we have that A € {,), and since A = (A, @), we have that A = 7(A,a"" ') € {un|. If we
take C = AN B € §jon| € B, then § # C C A and C Nr(C, ) = 0. This would imply that C # r(C, o),
contradicting the fact that (a, A) is a cycle.

For the converse, we prove the contra positive. Hence, assume that G is not topologically principal, or
equivalently, that the partial action ® given in Section 3 is not topologically free. Let ¢ € F \ {w} be such
that Fix(t) has non-empty interior. By Remark 6.11, there exists 3,7 € £* such that ¢t = 3y*!37!. Now,
by Lemma 6.6, there exists e = (§, D,0) € E(S) such that § # V. C Fix(¢). We may assume without loss
of generality that 3 = 63’ for some ' € L£*, since t = By"y*L(By")~! for any n € N. For A := r(D, 8'y),
we have that A C r(y). We claim that (v, A) is a cycle that has no exits, so that (€, £, B) does not satisfy
condition (Lg).

Since V. is non-empty, there exists {* € V., C Fix(t). By Remark 6.11, a = 3y so that A € §|3,|. By
Proposition 6.10, A Nr(A,v) # 0. If (v, A) is not a cycle, then either A\ r(A4,7) # 0 or r(A,a) \ A # 0.
Supposing that B := A\ r(A,v) # 0, then

BNr(B,y) = (A\r(4,7) N (r(A,7) \7(4,7?) = 0.

For f = (8v,B,Bv) and nn € T such that f € 5, we have that n € V, C Fix(¢) since f < e. As with &, the
associated labelled path of  must be 5~°°. By Proposition 6.10, 17 has trivial isotropy. But, this implies that
n ¢ Fix(t), which is a contradiction. Analogously, if B :=r(4,~v) \ A # 0, we can make the same argument
with f/ = (872, B, 8v?) to get a contradiction. This implies that (v, A) is a cycle.

Assume now that (v, A) has an exit, that is there exists 0 < k < |y| and ) # B € B such that
B C r(A,71) and L(BEY) # {agy1}. If L(BEY) = 0, then a tight filter containing (8vy1.k, B, BY71.k)
would be a filter of finite type belonging to Fix(t). If a € L(BE) \ {Vr+1} we would get a tight filter whose
associated labelled path begins with $yy1 za belonging to Fix(¢). Both cases are contradictions because the
labelled path of every tight filter in Fix(¢) is fv>°. We conclude that (v, A) is a cycle with no exits, showing
that (&, £,B) does not satisfy condition (Lg). O

For a condition equivalent to minimality, but in terms of the labelled space, we need the notion of
hereditary and saturated subsets of B.

Definition 6.14. Let (£, £, B) be a normal labelled space. A subset H of B is hereditary if the following
conditions hold:

(i) r(A,a) € H for all A € H and all o € £*,
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(ii) AUB € H forall A,B € H,
(iii) if B € B is such that B C A for some A € H, then B € H.

A hereditary set H is saturated if given A € B,., such that r(A,a) € H for all a € A, then A € H.

Given a subset Z of B, it is easy to see there is a smallest hereditary saturated set containing Z. In order
to describe this set more concretely, we define

H(IZ):={BeB|BC Ur(Ai,ozi) for some m e N, A; € Zand a; € £L*, i =1,...,m},
i=1

and

S(H(T)) = | s"M(H(T)),

n=0

where S["(H(T)) is defined inductively by

(i) SONH(T)) = H(T),
(ii) for n > 0, SNH(T)) = {B € B,y | r(B,a) € SP~U(H(T)) for all a € A}.

The set S(H(Z)) is then the smallest hereditary saturated set containing Z. In particular, if Z = {A} for
some A € B, then we write S(H(A)) for S(H(Z)).
We now adapt a part of the proof from [15, Theorem 9.15] to our context.

Theorem 6.15. Let (£,L,B) be a normal labelled space and G the groupoid given in Section 5. Then G is
minimal if and only if {0} and B are the only hereditary saturated subsets of B.

Proof. First suppose that G is minimal and take A € B\ {#} arbitrary. It is sufficient to show that
S(H(A)) = B and for that take B € B. Since ) € S(H(A)) holds for any A, we can suppose without
loss of generality that B # (. Since A # 0, for e = (w, A,w), Vo # 0 and therefore the orbit of V,,
namely, Orb(Ve) = U, scr+ @ap-1(Ve N Vga-1) is equal to T. Since B # 0, it follows that Vi, ) is a
non-empty compact subset of T and therefore there exist a!,...,a™, A%, ..., ™ € £* such that Viw,Bw) C
Ui~ éai(gi)-1 (Ve N Vi(aiy-1). We use an induction argument on N := max{|o;| : i = 1,...,m} to prove
that B € S(H(A)). More precisely, we prove that for all N € N, if B € B is such that there exist
al,...,a™m B ..., ™ € L* with Viw,Bw) C Uznzl d)ai(m)—l(ve N Vﬁi(ai)—l) and max{|a;| :i=1,...,m} =
N, then B € S(H(A)).

If N = 0, then the condition on B is Vi, p.) € Ui, d(piy-1 (Ve N Vgi). In this case, if £ € Vi, By,
then there exists ig € {1,...,m} such that £ € ¢(gio)-1(Ve N Vgio). Thus, there exists n = nﬁioV such that
A € no and § = Hgie},(n). By the definition of H{gi,),, this implies that r(A, ) € &. We claim that
B C U™, r(A, B;) so that B € H(A). If not, then C := B\ (U, r(A, ;) € Band C # 0. If £ € T such
that (w,C,w) € & (which exists by Lemma 2.1), then { € V{, p.,) but r(A,5) N C = (), implying that
r(A, B%) ¢ & for all i = 1,...,m, which is a contradiction.

Fix N € N and suppose that Vi, pw) C Uiy @ai(gi)-1(Ve N Vi(aiy-1) is such that max{|o;| : i =
1,...,m} = N + 1. Define C := B\ (U,.,i_,, r(4, B)). We prove that C € B,,. If there exists D € B
such that ) # D C CN &Y, ., then, by Theorem 2.7, an ultrafilter F in B containing D would be such that
¢ ={(w,E,w) | E € F} is a tight filter in ‘/(w,B,w) but not in U?;l Qbai(ﬁi)—l(ve N Vﬁi(ai)—l), which is a
contradiction. If £(C€') is infinite, then there exists a € £L(CE') such that a # af for all i such that |a;| > 1.
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If ¢ is a tight filter containing (a,7(C,a),a), then £ € Vi, g o), but with & & (U2} dai(gi)-1 (Ve N Vii(aiy-1),
which again is a contradiction. We conclude that C' € B, and hence V(, c.u) = UaeL(Cgl) Viar(Cra),a)-
For each a € £L(C¢&'), we have that (a,7(C,a),a) < (w, B,w), implying that

Vier©ara) S | Saian-1 (Ve N Vaiai)-1)-

irab=a

By applying ¢,-1 to the inclusion above, we get Vi, ,(c,a)w) S Ui:ai:a ¢a;|mil(ﬂ7‘,)—1(ve N Vﬁi(a;‘ai‘)—l).
Using the induction hypothesis r(C,a) € S(H(A)) for all a € L(CE'). Since S(H(A)) is saturated and
C € B¢y, we conclude that C' € S(H(A)) and the same is true for B N C. Finally, notice that B \ C' C
Us.aize, T(A, B%) so that B\ C € S(H(A)). Using that S(H(A)) is closed under finite unions, we get that

=(B\C)YU(BNC) e S(H(A)). Hence {#} and B are the only hereditary saturated subsets of B.

For the converse, assume that the only hereditary saturated subsets of B are {#} and B. We want to
prove that for any e = (v, C,v) € E(S) and any £ = £* € T, there is an element in the orbit of £ and in V..
Note that since C' # 0, it follows that S(H(C)) = B. Consider first the case where « is infinite and let A € &
be arbitrary. Then there exists n € N such that A € SI(#(C)), and therefore there exist f1,..., 8, € L*
such that

m
A (6%} n—i—l U C /Bz
By taking intersections and using that &,11 is a prime filter, we see that there exists ig € {1,...,m}

such that 7(A,a2n4+1) N 7(C,Bi,) € &uy1. To simplify notation, we write 8 for f;,. Since C' C
7(7), it follows that r(A,az,+1) N r(C,B) C r(yB). Hence r(vB8) € hia,,.1](§n+1), implying that
Hia, iilanis.(§) € T(y8)anis - Also, observe that r(C, ) € Ha,, i ijanis . (§)o, Which implies that
(7, C7) € Gypyanss e Hiar piilansow(§)) = ¢7ﬁa£3L+1(§)’ and this element is in the orbit of ¢ and in
V. In the case where « is finite, we take an arbitrary A € §|,|, which is not an element of B,..4, and there-
fore A € H(C). Repeating the same argument as in the infinite case with A in the place of r(A, a2 n11), we
see that there exists 3 € £* such that ¢, 5,-1(§) € Ve, which completes the proof. O

Combining the results of this section we get the following characterization for the simplicity of C*(&, L, B)
solely in terms of T.

Theorem 6.16. Let (€,L,B) be a normal labelled space. If the labelled space satisfies condition (L), and
{0} and B are the only hereditary saturated subsets of B, then C*(E,L,B) is simple. If, in addition, the
groupoid G is second countable, then the converse is also true.

7. Cuntz-Pimsner algebras associated to subshifts

In [12] (see also [11]) a C*-algebra is associated with a one-sided subshift. These algebras were studied
as a groupoid C*-algebras and as partial crossed products in [11,17,36,39]. There is a topological space that
serves both as the unit space of the groupoid and the space on which the free group acts. In [3, Example 4] it
is shown that the C*-algebra of a one-sided subshift may be realized as the C*-algebra of a normal labelled
space. In this section we describe how the topological space referred to above, arises as the spectrum of a
commutative unital C*-algebra, and use this to study the C*-algebra of a one-sided subshift in the language
of labelled spaces by applying the theory developed in [8] and in this paper.

We recall the necessary definitions (see also [31]). Given a finite set A viewed as a discrete topological
space, the one-sided full shift space is AN with the product topology. The map o : AN — AN given by
o(xo,x1,%2...) = (x1,22,...) is called the shift map. A subshift, also called a shift space, is a non-empty
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subset X C AN that is closed and invariant by the shift map in the sense that o(X) C X. The language of
X is the set Lx = {a € A* | ay € X for some y € X}. We consider the empty word w as an element of Lx.
Since X is closed in AN, if 2 € AN is such that x¢---z, € Lx for all n € N, then z € X. Also, without
loss of generality, we may assume that A C Lx. A common way of defining a subshift is to specify a set of
forbidden words F C A and setting X to be the subset of AN of all elements = € AN such that xi; & F
for all 7,7 € N. It can be shown that Xz is indeed a subshift.

Given o, 8 € Lx, we define the set C(a, 8) = {fz € X | ax € X}. In particular, Zz := C(w, ) is called
a cylinder set, F, := C(a,w) is called a follower set and X = C(w,w). It is well known that {Zs}gecr,
is a basis of compact open sets for the product topology on X and that F, is closed with respect to this
topology. It follows immediately that C(a, 8) = o~ 1#l(F,)N Z3 is closed in X. The commutative C*-algebra
mentioned in the first paragraph of this section, denoted by Dx, is defined as the C*-subalgebra of £°°(X)
generated by the characteristic functions 1¢(q,g) for all o, 8 € Lx.

As in [3], we define the labelled space (Ex, Lx, Bx) associated with a subshift X as follows: The graph Ex
is given by €% = X, & = {(z,a,y) € X x A x X | z = ay}, s(z,a,y) = x and r(z,a,y) = y. The labelling
map is given by Lx(z,a,y) = a and the accommodating family Bx is the Boolean algebra generated by
the sets C(a, f) for a, f € Lx. Then the triple (Ex, Lx, Bx) is a normal labelled space [3, Lemma 5.5]. By
[3, Proposition 5.7], the Cuntz-Pimsner algebra C*(X) associated to X, as defined in [12], is isomorphic to
C*(Ex,Lx, Bx) in such way that Dy = span{pa | A € Bx}.

For the remainder we fix a finite set A and a subshift X C AN. In order to simplify the notation, we will
omit the sub-index X in (Ex, Lx, Bx). Observe that given x € X, we have that © = s(x,xg,0(z)) so that
the graph has no sinks. Also, since A is finite, for all A € B the set L(AE) is finite, which implies that the
elements of the corresponding tight spectrum T are only of infinite type (Theorem 2.7). Our first goal is to
show that T is homeomorphic to the Stone dual of B.

Observe that the finite and infinite paths on the graph & must be of the form

(z,20,0(2))(0(x), 21,0%(2)) - - (0" (&), 20, "1 (@) (),

for some z € X. Hence, £* = Lx and £ = X. Also, for o € £*, we have that r(a) = C(a,w) = Fi,.
We recall how to evaluate the relative range in this example, [3, Equation (6)]. For «, 8 € Lx such that
B#wandac€A,

C(a,w)ﬂC(a,Bg...ﬂ‘m) lfﬁ = aﬂg,...,ﬂ‘m,

0 otherwise.

T(C(O‘7 ),(1) = {

Also,

Claa,w) if aa € Ly,

r(Cla,w),a) = {@ if aa ¢ Lx.

More generally, r(A,a) = {z € X | ax € A}.

Also, recall that B, is the set of elements from B which are contained in r(«) (Section 2.2), and X, is its
Stone dual. The topology on X, is given by the basic open sets Uy = {F € X, | A € F}, where A € B,.
In particular, for the empty word B,, = B. In Proposition 7.6 below, we prove that T is homeomorphic to
X To this end, we need the following lemmas.

Lemma 7.1. Let o, B € Lx be such that a8 € Lx. Then the map r(-, ) : Bo — Bog is onto.

Proof. Since r(-, ) is a Boolean algebra homomorphism, it is sufficient to prove that the generators of B,
are in the range of r(-, 5). Observe that B,g is generated by the sets C(af,w) N C(v,d) for §,7v,0 € Lx.
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For this intersection not to be empty, it is necessary that 89 € Ly, and in which case C(af8,w)NC(y,0) =
C(af,w)NC(B,w)NC(y,0) = r(C(a,w) NC(y,Bd),5). The result now follows since C(a,w) N C(v, 3d) €
Bo. O

Lemma 7.2. Let o, § € Lx be such that o8 € Lx. For all F € X, such that Fo N Zg € F, there exists a
unique G € Xop such that fo5(G) = F.

Proof. The result is trivial for § = w since f,[,) is the identity on X,. Hence, suppose that § # w and let
F € X, be such that F, N Zg € F. Consider G := {r(A, ) € Bap | A € F}. We prove that G € Xyp.

For A € F, since ANF, N Zg # 0, there exists € X such that afz € X and Sz € A. Observe that
x € r(A, B) so that r(A4, 3) # 0.

That G is closed under intersections follows immediately from the fact that the relative range preserves
intersections, since (Ex,Lx, Bx) is weakly left-resolving.

Given D € B, such that r(A, 5) C D, we have to show that D € G. By Lemma 7.1, there exists B € B,
such that (B, 8) = D. Suppose, by way of contradiction, that B ¢ F. Then, since F is an ultrafilter, there
is C € F such that BN C = (). In this case, since ANC € F and, using the first part of this proof, we have
that

0#r(AnC,B)=r(A B)Nr(C,B) Cr(B,B)Nr(C,B)=r(BNC,B) =0,

which is a contradiction. Hence, D € G and that G is a filter.

To prove that G is an ultrafilter in B3, suppose that there exists a filter H in B,g such that G C H.
Arguing as in the previous paragraph, if D € H \ G, there exists C' € F such that r(C,8) N D = (), which
would imply that A is not a filter. Hence G € X,3.

Now, by the definition of f,g), it is clear that f,(5(G) = F. Also, if H € X,z is such that H # G, then
as above, there exist D € H \ G and C € F such that r(C,8) N D = (. This implies that r(C,8) ¢ H and
fa1p/(H) # F. Hence, the uniqueness of G. O

Lemma 7.3. Let a € L*. For F € X,, there is a unique y € Fy such that Z,, N F, € F for alln € N.

Proof. We use the fact that if a union of elements of B, is in F then one of the sets of the union is in F
(since ultrafilters in Boolean algebras are prime filters). In particular, if A,..., 4, € B, are such that the
disjoint union Ay U--- LI A,, belongs to F then there is a unique i € {1,...,n} such that A; € F.

Notice that

For(a)= |_| Zy Nr(a)

beA

so that there is a unique by € A such that § # Z,, Nr(a) € F. Also, there exists (%) € X such that
boz(® € r(a). Now

FoZypnrie)= || Zypnrla),
beA:bobE Ly

and there is a unique b; € A such that bob; € Lx and Zpp, N1r() € F. As above, there exists M e X such
that bobyz(!) € r(a). Continuing this process we find sequences {b, },en in A and {x(™}, cn in X such that
forall n € N, by...b, € Lx, Zp,..5, N7(a) € F and bg... byx(™ e r(a). Define y = bgb; ... and observe
that by . ..byx™ 222 y so that y € X. Since r(a) = F,, is closed, y € F,.

The uniqueness of y follows by construction. O
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Lemma 7.4. Let o € £L*. For all y € F,, the set F, :=={A € B, | y € A} is an ultrafilter in B,. Moreover,
the map I :y € Fy — Fy € X, is one-to-one and has dense image.

Proof. Since y € F,, = r(a), for an arbitrary A € B, eithery € Aory ¢ Asothat A€ Fyorr(a)\A € F,.
This implies that F, is an ultrafilter in the Boolean algebra B,,.
Suppose now that y, z € F,, and y # z. Then there exists n € N such that y,, # z,. Define 8 =yg...yn
and vy =29...2z,. For A= Z3NF, € B,, we have that y € A but z ¢ A, which implies that F, # F..
Finally, given any basic open set U of X, where A € B, we have that A C F,, and F, € Uy for all
y € A. This implies the density of the image of Z. O

Lemma 7.5. If (o, A, ) € S(Ex,Lx, Bx), then there exists B € Bx such that Viq a,0) = Viw,B.w)-
Proof. Since (o, A, ) € S(Ex,Lx,Bx), we have that a € B,. By Lemma 7.1, there exists B € Bx such
that 7(B, ) = A. We prove that Vi, 4,0) = Viw,BnZa.0)-

If £ € Via,4,a), then (o, A,a) € & And since, A = r(B,a) = r(B,a) Nr(a) = r(B,a) N1r(Zy,a) =
r(BN Zy,a), by Theorem 2.4, we have that (w, BN Z,,w) € &, that is, £ € Vi, Bnz., w)-

On the other hand, suppose that § € Vi, pnz, ). In this case BN Z, € &. Since & is a filter, we have
that Z, € &. Now, let  be the word associated to &, then, by Theorem 2.4, 7(Zy, 81 |a|) € §|q|- In particular
"(Za Bi,jal) # ¢ and for this to be the case, we must have B1,ja| = «. Computing as above, we have that
A=r(BNZy,a) =1r(BNZy,P1,a)) € §al- By the definition of complete family, (o, 4, a) € {4 and hence
f S V(a,A,a)- O

Proposition 7.6. The map ® : T — X, given by ®(&) = &y is a homeomorphism.

Proof. As observed at the start of this section, the elements of T are all of infinite type. Hence, for £ =
&> € T, the labelled path « is an element of X. According to [6, Proposition 5.9], £ can be either the empty
set or an element of X,,. The case of being the empty set only happens if (A, a;) is empty for all A € B.
However r(Z,,,a1) = F,, # (), which implies that § € X, and that ® is well defined.

To prove that ® is bijective, we build its inverse. For F € X, let y € X be as in Lemma 7.3. For each
n € N, let 7, be the unique element of X, = such that f,,, .j(Fn) = F as in Lemma 7.2. Then {F,},en is
a complete family of ultrafilters for y (see Section 2.4). Using [6, Propositions 4.9 and 5.9], we can associate
a unique element x € T to the pair (y, {Fn}tnen)- Define U: X, — T by U(F) = {x.

By construction, ®(¥(F)) = F for all F € X,. That ¥(®(£*)) = &%, for £* € T, follows from the
uniqueness in Lemma 7.2 and that f,[q,,)(&n) = &o for all n € N.

We now prove that @ is a homeomorphism. Since all elements of T are of infinite type, all elements of
T are ultrafilters, by [6, Theorem 6.7]. In this case, by [30, Lemma 2.26] the family {V(4 4,0) | (0, 4, ) €
S(Ex, Lx, Bx)} is a basis for T. By Lemma 7.5, this family is the same as {V(., ) | B € B}.

Now, for B € B, the set Ug = {F € X,, | B € F} is a basic open subset of X,,. Then ® sends the family
of basic open sets {V{,,,pw) | B € B} of T to the family of basic open sets {Up | B € B}, and ¥ goes the
other way around. Whence ® is a homeomorphism. O

Proposition 7.7. The algebra Dy is isomorphic to Co(T).

Proof. As discussed above Dx = span{pa | A € Bx}. On the other hand, by [7, Theorem 6.9], Co(T) =
span{sapass | (o, A,a) € S(Ex,Lx,Bx)}. It then suffices to show that if (o, A, @) € S(Ex, Lx, Bx), then
SapASs, = pp for some B € Bx.

By Theorem 4.8 and Lemma 4.4 (iii), sapas), = pp if and only if V(4 4,4) = Viw,B,w)- The existence of
such B is given by Lemma 7.5. O
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Remark 7.8. We can use the theory developed here and in [8] to describe C*(X) as a groupoid C*-algebra
and as a partial crossed product. Using Proposition 7.6 and the map o of [8, Proposition 4.8], we can define
a local homeomorphism & : X, — X, as follows: for F € X, and y € X given by Lemma 7.3, we define

G(F) = ®(Hyyglyry,... (27 (F))) =Ta{r(4,m0) | A € F}.

From the results of [8], if G(X,,,&) is the groupoid defined from the pair (X,,,5) as in [35], then C*(X) =
C*(G(Xor5)).

A similar description could be done for the partial action, however this will not be necessary for the
remainder of the text.

We now tackle the problem of studying the simplicity of C*(X). We recover some of the results of [17]
using the theory developed in Section 6. We begin by characterizing minimality of the partial action (see also
Theorem 6.15) in terms of hyper cofinality. See [17, Section 13] for the relevant discussion and motivation
on cofinality.

Definition 7.9. For a finite set P C Lx, Fp := ﬂﬁeP F3 is called the follower set of P. Given also z € X,
the cost of reaching x from P is

Cost(P,z) = inf{la| + |y]| : z = ay € X, Byy € X, for all 8 € P},
with the convention that inf ) = co. We say that the subshift is hyper cofinal if

sup Cost(P, z) < oo,
zeX

for every P C Ly finite such that Fp # 0.

Proposition 7.10. The only hereditary saturated subsets of Bx are {0} and Bx if and only if X is hyper
cofinal.

Proof. Suppose that the only saturated hereditary subsets of Bx are {}} and Bx, and let P C Lx be a
finite set such that Fp # ). Since S(H(Fp)) is a hereditary saturated subset of Bx that contains Fp, we
have that S(H(Fp)) = Bx.

Since X € By is regular, there exists n € N such that X € S[M(H(Fp)), which means that for every
a € Lx such that |a| = n, we have that r(X,«) = F, € H(Fp). Therefore, there exist 7},..., 7™ such
that F, C U2 r(Fp,~"). In particular, if z = ay € X, then y € U/*% 7(Fp,~*) and hence y € r(Fp,7")
for some i € {1,...,m4}, which implies that 3y'y € X for all 8 € P. It follows that Cost(P,z) < n +
max{|yL|,...,[77|}. Since there are only finitely many labelled paths of length n,

sup Cost(P,x) < n +max{|y.|:a € X,|a| =n,i=1,...,ma} < 0.
reX
Now suppose that X is hyper cofinal. We need to prove that for all A € By, if A # (), then S(H(A4)) = Bx.
We will make a series of reductions to show that it is sufficient to consider A = Fp for some P C Ly
finite. For that, observe that for A, B € Bx, if A C B then S(H(A)) C S(H(B)), and for any o € Lx,
S(H(r(A,a))) C S(H(A)). Since By is generated by C(a, ), it follows that any element of Bx is a finite
union of sets of the form

C(Oél, 51) n---N C(anvﬁn) N O(/-le Vl)c AERE C(,Uma Vm)c~
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If z is an element in this intersection, then for p > max{|81|,...,|8nl, 1], ..., |Vm|}, the relative range of
this intersection with respect to zg ), is of the form

F,Nn---NF, NF{N---NF§,

and it contains z,4+1,00. For y in this intersection, there exists then ¢ € N* such that d1yo.4, - .- 01%0.q ¢ Lx,
which implies that
F

N NFEy,NZy,, CF

0,g — "M

N--NFy, NF§N---NF;.

Finally, y441,00 € r(Fy, N---NFy, N Zy, ., Y0,4) = Fp for some finite P C Ly.

Hence suppose that P C Lx is finite and that Fp # (). By hypothesis, we have that N :=
sup,cx Cost(P,z) < oo. Then, given z € X, there exists a,y € Lx with |a|,|y| < N such that z = ay
and vy € X for all § € P. We can write y = &y’ in such a way that |a| + || = N, and then Svya'y’ € X
for all 3 € P. This implies that if |o| = N, then F, C U’YGny"Y|S2N r(Fp,7), which is a finite union. It
follows that (X, o) = F,, € H(Fp) and since alpha was arbitrary, X € SIN(#(Fp)). Finally, X is the top
element of Bx and by the definition of a hereditary subset, S(H(Fp)) = Bx. O

Definition 7.11. We say that v € Lx is a circuit if v>° € X. We say that the subshift X satisfies condition
(L) if for every finite P C Lx such that v € Fp for some circuit v, there is an element y € Fp that is
different from ~°°.

Our definition of condition (L) is the same as [17, Theorem 12.6(ii)]. We call it condition (L) due to the
following proposition.

Proposition 7.12. The subshift X satisfies condition (L) if and only if (Ex, Lx, Bx) satisfies condition (L3 ).

Proof. If X does not satisfy condition (L), then there exists P C Lx finite and « a circuit such that
Fp = {y*°}. In this case, (v, Fp) is a cycle without exit, so that (Ex,Lx,Bx) does not satisfy condition
(Ls).

Conversely, if (E€x, Lx, Bx) does not satisfy condition (L), then there exists a cycle without exit («, A).
However, for the shift labelled space, this implies that « is a circuit and A = {a*°}. Arguing as in the proof
of Proposition 7.10, for n € N large enough, there exists P C Lx finite such that a® € Fp C r(A,a") =
A = {a>}. It follows that X does not satisfy condition (L). O

The following theorem is the equivalence of (i) and (ii) from [17, Theorem 14.5], which we prove using
the theory developed in this paper.

Theorem 7.13. Let X be a subshift. Then, C*(X) is simple if and only if X is hyper cofinal and satisfies
condition (L).

Proof. It follows from Theorem 6.16 and Propositions 7.10 and 7.12. O

We now compare our results with [15, Example 11.4]. First we need some definitions. Given [ € N, we
say that x,y € X are [-past equivalent, written x ~; y, if

{aeLx|zeF,,|a<l}={a€lx|y€F,,|a <}

The shift X is said to be cofinal in past equivalence if for any z,y € X and | € N, there exist z € X, m,n € N
such that y ~; z and 0™ (z) = 0™(2). A point z € X is said to be isolated in past equivalence if there exists



34 G.G. de Castro, D.W. van Wyk / J. Math. Anal. Appl. 491 (2020) 124290

I € N such that [z]; = {z}, and cyclic if x = v for some circuit 7. It is claimed in [15, Example 11.4]
that C*(X) is simple if and only if X is cofinal in past equivalence and there is no cyclic point isolated in
past equivalence. However, we illustrate with a counterexample that a stronger condition than cofinality is
needed.

First, observe that there is no cyclic point isolated in past equivalence if and only if X satisfies condition
(L). Indeed, for a circuit v, we just need to look at the set P = {a € Lx | v*° € F,,|a| <1} for I € N. We
now check that being cofinal in past equivalence is not equivalent to being hyper cofinal. For that, consider
the shift over the alphabet {a, b, c} with set of forbidden words:

F = {ba®b | k is not a power of 2} U {ca®b | k is not a power of 2}.

The class of a point in y € X7 depends on whether the beginning of y is of the form a*b, for some k, or
not, and one can check that each equivalence class with respect to ~; is infinite, so that there are no cyclic
points isolated in past equivalence. Notice that given z € Xz, there exists m € N such that we can glue a*b
or ¢ at the beginning of ™ (x). This implies that Xz is cofinal in past equivalence. However, we claim that
Xz is not hyper cofinal. To see this claim, consider P = {c} and = = a*b>, where k = 2" + 2"+ for some
n € N. Then Cost(P,x) = 2", which implies that Xz is not hyper cofinal.

The issue with the proof in [15, Example 11.4] is the claim that to check minimality, using our terminology,
it is sufficient to show that for each x € X = F,, the orbit of each F,, given in Lemma 7.4, is dense. However,
we also need a boundedness condition on m and n in the definition of cofinal in past equivalence for it to
be equivalent to minimality. Although we did not use the density of {F, | z € X} in X, in our proof of
minimality, the proof of [17, Theorem 13.6] uses an analogous property where the necessity of a boundedness
condition is evident.
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