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1. Introduction

For a bounded domain Q2 in the complex Euclidean space C", the automorphism group of €, denoted by
Aut(Q), is the set of automorphisms (self-biholomorphisms) of Q2 under the law of the mapping composition.
The automorphism group Aut(2) with the compact-open topology has a Lie group structure. A fundamental
problem in both Complex Analysis and Complex Geometry is the classification of pseudoconvex domains
with noncompact automorphism group; especially domains with compact quotient. A fundamental result of
the classification is B. Wong’s theorem in [20]: a strongly pseudoconvex bounded domain with noncompact
automorphism group is biholomorphic to the unit ball. Due to J.P. Rosay’s improvement [18], the unit
ball is the biholomorphically unique, smoothly bounded domain with compact quotient (see also [9]). After
S. Pinchuk’s observation ([16,17]), the affine scaling method has been a typical approach to classify such
domains (see [1,13,14]). The main application of the affine scaling method is to show the existence of 1-
parameter family of automorphisms. This is an important ingredient in S. Frankel’s study on convex domains
with compact quotient ([8]).
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The affine scaling method is to construct a biholomorphism from a domain with noncompact automor-
phism group to an unbounded domain admitting an affine translation as its holomorphic transformation.
Suppose that Aut(€2) is noncompact, equivalently, there exists a sequence of automorphisms {f;} of  such
that an automorphism orbit {f;(p)} for some p € 2 accumulates at a boundary point of Q2. Then any subse-
quential limit of {f;} is a holomorphic mapping from  to the boundary 0; thus it is not a biholomorphic
imbedding of 2 into C™ anymore. In the scaling method, taking an affine mapping A; of C™ whose Jacobian
dA; blows up properly, we can make {A; o f;} to converge subsequentially to a biholomorphic imbedding.
The choice of affine mappings is strongly depends on the boundary geometry at an orbit accumulation point
and the boundary behavior of an automorphism orbit.

In this paper, we will introduce a method of potential scaling to construct a certain class of potential
functions for the holomorphically invariant Kéhler metric; especially the complete Kéhler-Einstein met-
ric (Section 2). If the potential function we obtained satisfies a specified condition, we can construct an
1-parameter family of automorphisms (Theorem 2.4). This is an alternative (but fundamentally same) ap-
proach to the affine scaling method in the study of domains with noncompact automorphism group. We
will also deal with a relation to the affine scaling method.

Notation and Convention. Throughout this paper, the summation convention for duplicated indices is always
assumed. We denote the complex conjugate of a tensor by taking the bar on the indices, that is, 2 = 29,
h.5 = hap and so on.

2. The method of potential scaling and main results

In this section, we introduce the method of potential scaling and main results. The potential scaling is
to rescale potential functions of the holomorphically invariant Kéhler metric of a bounded pseudoconvex
domain by automorphisms. Typical invariant Kahler metrics are the complete Kéhler-Einstein metric and
the Bergman metric. In this paper, we will focus on the Kéahler-Einstein metric. At the last of this section,
we will also discuss the potential scaling for the Bergman metric.

2.1. The Kdhler-Einstein metric

For a bounded pseudoconvex domain €2 in C™, the Kdhler-Einstein metric of €2, denoted by its Kéahler
form wkg, is the unique complete Kahler metric with the normalized Einstein condition,

RijKE = 7(71 + 1)wKE .

The uniqueness is due to Yau’s Schwarz lemma in [21] and the existence is due to Cheng-Yau [3] and
Mok-Yau [15]. Since Ricy,, = —dd®logdet(h,3) where wkg = ih,5dz* A dz” in the standard coordinates

z=(2%...,2") and d° = %((’_9 — 0), we can write the Einstein condition by dd®logdet(h,z) = (n + 1)wke.

For the sake of simplicity, we will denote by
¥ = det(hyp)
throughout this paper. Then the Einstein condition is now of the form
dd®logy = (n + 1)wkE -

Thus the function log is a canonical potential function of wkg. By Yau’s Schwarz lemma, each automor-
phism f € Aut(Q) preserves the volume form so that
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[ (wke)" = (wkr)"

equivalently

Wo f)|JsP =v. (2.1)

This implies that each f € Aut(f2) satisfies

(n+ 1) fwke = f dd®log = dd°log(v o f) = dd° (logw —log |Jf\2) = dd®log®) = (n + 1)wkE ,

so is an isometry of wkg. Here J; is the holomorphic Jacobian determinant

afe

of the holomorphic mapping f = (f!,..., f").
2.2. The scaling of Kdhler-Finstein potentials
Let f € Aut(2) and consider the pulling-back function

f*log v =log(v o f)

which is also a potential function of wkg for each f € Aut(Q2) by (2.1)

Suppose that there is a sequence {f;} of automorphisms whose orbit of a point of Q accumulates at a
boundary point. Since any subsequential limit {f;(p)} for each p € Q is on the boundary 052, the com-
pleteness of wky implies that the sequence of potential functions, {log(¢ o f;)}, blows up in the sense that
lim;_, o log(¢p o f;) = 0o. The method of potential scaling is to take dominators ¢; properly so that potential
functions

log o f;
¢

converge to another potential function of wkg. The following theorem is on the convergence of the potential
scaling.

Theorem 2.1. Let wkp = ih,zdz® A dz? be the Kihler-Einstein metric of the bounded pseudoconvex domain
Q and let 1) = det(h,3). Suppose that there is a constant C > 0 with

_ dlog Glogiwhag <2

dlog ||’
|| Og¢||wKE 8Za azﬁ

on ). (2.2)

Then for any compact subset K in 2, the collection of holomorphic functions,

_Jdr
}-K_{Jf(p) .fGAut(Q),pGK} ;

is a normal family. Moreover any limit of a convergent sequence in Fi is a nowhere vanishing holomorphic

function.
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Here (h?) stands for the inverse matrix of the Kéhler-Einstein metric (h,, 5)- Assumption (2.2) is associ-
ated with the Kéhler-hyperbolicity of wkg as will be mentioned in Remark 2.7. We will prove this theorem
in Section 3.

For a compact subset K in Q, take f; € Aut(?) and p; € K for each j. Under the assumption of
Theorem 2.1, let us consider a potential scaling

Yo f;
log —2°J5
%8 Wo ;) ;)
Since
2

Yofi @ ‘ij(pj)

(o fi)ps)  ¥ps) | Jyp,

by (2.1), Theorem 2.1 implies that the sequence {.J¢, /Jy, (p;)} admits a subsequence converging uniformly
on any compact subset of (2. Passing to a subsequence, we may assume that Jy,/Jy, (p;) — 1 uniformly on
any compact subset of 2 and p; — p € 2. Then

] _¥% 1
) 7 = S 23)

in the local C* topology. Therefore log 1., satisfies dd®logio, = (n + 1)wkg, so it is also a potential
function of wkg.

The function log ¥, possesses information on the boundary value of ||d 10g¢||2

WKE "

Proposition 2.2. Assume (2.3). Then
ldlog Yool e, (p) = lim [log b, (£(p))

for any p € Q.

Proof. Since each f; is an isometry of wkr, we have

Yo f;

o8 5o 1) (0y)

[dlog Yool (P)

= lim
Jj—o0

(p) = lim [llogs) o fill,,, () = lim [llog#ll,,; (f5(p)

WKE

forany p e Q. O

Let us see the boundary behavior of HlongiKE of the unit ball.

Example 2.3. For the unit ball B” = {z € C" : ||z|| < 1}, the Kahler-Einstein metric wpy, = ihggdzo‘ A dzP
is given by

5 (850 — 120) + 227 |

and its inverse is given by

(B")0P = (1= [)2]%) (627 — 222 |
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For the determinant of the metric tensor
n 1

B" _ B™\ _ _
Pr =det(h,z) = NG
(1= 1217

we can easily see dd°logy®" = (n + 1)wB. Then we have

2 9 9
= (n+1)7[|z[I" .
WKE

v

This implies that the boundary value of ||d10g YB” ||wKE isn+ 1.

In the case of a strongly pseudoconvex domain 2 with C°° smooth boundary, the boundary behavior of
the geometric quantities of log ¢ is the same as that of the unit ball (see [3,19,4]). Thus function ||dlog¢||,,
is continuous up to the boundary of 2 and its boundary value is always n + 1:

lim |1 =n+1.
Jim [log ¥l (#) =n+

Proposition 2.2 implies that if an orbit of {f;} accumulates at a boundary point of €, then the potential
scaling limit log 1., satisfies

||dlog1/100||WKE =n+1.
The second main result of this paper is on the existence of 1-parameter family of automorphisms.

Theorem 2.4. Let Q be a bounded pseudoconver domain in C™. If there is a positive-valued smooth function
¥ : Q= R such that

dd®logt) = (n+ Dwie  and  ||d10g ||y, = C

for some positive constant C < n + 1, then there is a nowhere vanishing complete holomorphic vector field
on .

By a holomorphic tangent vector field, we mean a holomorphic section Z to the holomorphic tangent
bundle T*%€Q). If the corresponding real tangent vector field Re Z = Z + Z is complete, we also say Z
is complete. Thus a complete holomorphic tangent vector field in Theorem 2.4 generates an 1-parameter
family of holomorphic automorphisms of (2. The proof will be in Section 4.

From Kai-Ohsawa [11], every bounded homogeneous domain (equivalently, a bounded pseudoconvex
domain biholomorphic to an affine homogeneous domain) has a potential function log ) of wkg such that
||dlogz/~J||wKE is constant and the constant is uniquely determined by the complex structure of the domain.
But most bounded homogeneous domains in C™ except the unit ball should have the constant greater than
n + 1. In the 1-dimensional case, the possible constant is only 2 =1 + 1. This case has been dealt in [5]:

Theorem 2.5 (Theorem 3.1 in [5]). Let X be a Riemann surface with a complete hermitian metric wx with
constant Gaussian curvature —4. If there is a function ¢ : X — R with

ddlogp =2wx and |[|dlogy|, =2

then there is a nowhere vanishing complete holomorphic vector field on X.



6 K.-H. Lee / J. Math. Anal. Appl. 499 (2021) 124997

2.3. Affine scaling limits and potential scaling limits

As we mentioned in Introduction, the affine scaling method for a sequence {f;} of automorphisms of 2
is to take affine mapping A; so that {A4; o f;} converges to a holomorphic imbedding. The scaling method
due to S. Frankel [8] is to choose A; as

Aj(2) = (df(p;) " (z = fi(p))

where p; lies on a fixed compact subset K of €. If {2 is convex or the boundary of an orbit accumulating
point is locally convex, then the scaling sequence

Ajo fi(z) = (dfi(p) " (f5(2) = fi(py)) (2.4)

converges to a biholomorphic imbedding (see K.T. Kim [12]).
Suppose that {A; o f;} in (2.4) converges to a biholomorphism F : Q@ — €Y. Since each holomorphic
Jacobian determinant of A; o f; is of the form

Jy
ij (pj) 7

Jajor; = Ja;Jg; =

we have

Iy,
ij (pj)

— Jr .

This implies that Jp is the same as 7 in (2.3). .
Let wkp = ih,zdz® A dz? and wip = ih’agdzo‘ A dz? be the Kéhler-Einstein metrics of  and ¢V,
respectively. Since F*wj.p = wkg, we have

W o F)|Jp* =4

where ¢ = det(h,z) and 9" = det(h
by F in the sense of

L 5)' The scaling limit 1o, as in (2.3) is indeed the pulling-back of ¢’

boom = VL

OWE_ d@RE "’ o

As a conclusion, the potential scaling limit log 1, is the pulling-back of the canonical potential function
Y= det(h;ﬁ—) of the limit domain ' by the affine scaling limit F.

2.4. The scaling of Bergman kernel functions
For a bounded domain §2 in C", the Bergman metric wg of 2 is defined by
wp = dd°log Kq

where K = Kq(z, 2) is the Bergman kernel function of Q ([2]). By the transformation formula of K¢ under
f € Aut(Q), namely

(Koo f)J5]* = Ka (2.5)
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the Bergman metric is invariant under the action by Aut(€). Thus every automorphism of € is an isometry
with respect to wp. Identity (2.5) also implies the analogue of Theorem 2.1 as following.

Theorem 2.6. Let wp = ig,3dz" A dz? be the Bergman metric of the bounded domain . Suppose that the
length of dlog Kq with respect to wp is bounded, i.e. there is a constant C > 0 with

_ (’ﬂogKQ 610g%(gga6 < 02

2
ld10g Kol 2, = 02 28

(2.6)

on Q. For any compact subset K in ), the collection of holomorphic functions,

I
Frx = {— s f e Aut(Q),p e K} ,
J5(p)
is a normal family. Moreover any limit of a convergent sequence in Fi is a nowhere vanishing holomorphic
function.

As same as the scaling of Kéhler-Einstein potentials, this theorem implies the convergence of

Kgqo f;

foe (Koo fi)(p;)

under Assumption (2.6).

Remark 2.7. Assumptions (2.2) and (2.6) are sufficient conditions for wkxg and wp to be Kahler hyperbolic,
respectively. Let (X,w) be a n-dimensional Kéhler manifold. If there is a global 1-form 6 such that df = w
and the length ||0]|, of # with respect to w is bounded on X, then (X,w) is called Kéhler hyperbolic due to
M. Gromov [10]. The Kéhler-hyperbolicity implies the vanishing of the space of L? harmonic (p,q) forms
(see [6] also).

Suppose that there is a global Kéahler potential ® : X — R of w, i.e. dd°® = w. If ||d®|| , is bounded on
X, then w is Kéhler hyperbolic because ||d°®||, = 2||d®]| ,. For a bounded pseudoconvex domain £, the
typical invariant K&hler metric has a canonical global potential, so the study on the Kéhler hyperbolicity
of domains has been concentrated on the length of differential of the canonical potentials (see [7,22]).

3. Convergence of potential scaling
In order to prove Theorem 2.1 and Theorem 2.6, we have the following basic estimate.

Lemma 3.1. Let Q be a domain in C™ with a holomorphically invariant Kahler metric w. Suppose that there
is a positive-valued function ¢ : Q — R satisfying

|dlogegll, <C onQ (3.1)
for some C > 0. Then for each compact subsets K and K' in Q, there is A > 0 such that

1 pof

A5Gopp =4 7K

for any f € Aut(Q) and p € K.
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Proof. Let f € Aut(Q) and p € K. The automorphism f is isometric with respect to w so that ||d(¢ o f)||> =

w

||d<p\|i o f. Since ¢ is positive on 2, we have dp = p(dlog ¢); hence

ld(e o I = lldglZ o £ = (w0 )? (Idlogell o f) - (3.2)
For the sake of simplicity, let us denote by

oe — _Pof
= (oo Hip)

Assumption (3.1) and Identity (3.2) imply that

2

doj 2 = ——|d(po 2:’“”7‘”0 dlog o] o
ool = Tz It o DIE = |5 7| (Heewll o 1)
§02|Uf,p|2-

For a unit speed curve v : (=R, R) — § with respect to w with v(0) = p, this inequality implies that the
positive-valued function of ), 0~y : R — R satisfies

(0.0 07)' ()] < Cloypo)(t) -
Since (o, 07)(0) = 05,(p) = 1, Gronwall’s inequality gives
e < (oppom)(t) < e
For a point ¢ € Q with d,(p,q) < R where d,, is the distance associated to w, we get
e <apyle) < e

This is independent of any choice of f € Aut(2) and p € K. Let K’ be a compact subset of Q and let
R =sup{dy(p,q) : p € K,q € K'}. Then we have

e " <op,(q) <R forany g€ K’ .
This completes the proof. O

Remark 3.2. In this proof, we only use the fact that f € Aut(2) is the isometry of w. Therefore the estimate
in Lemma 3.1 holds for any isometry f of (Q,w).

Now we present proofs of Theorem 2.1 and Theorem 2.6.

Proof of Theorem 2.1 and Theorem 2.6. We will prove both theorems simultaneously. Let w be a invariant
Ka&hler metric of Q:

(1) If w is the complete Kéhler-Einstein metric wkg, let ¢ = det(haB) where wig = ih,zdz% A dzP.
(2) If w is the Bergman metric wg, let ¢ = Kq.

In both cases, Equations (2.1) and (2.5) imply that

(o IJs)* =¢ (3.3)
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for any f € Aut(Q).
Now let us assume that

ldlog |, < C on €,

for a constant C' > 0 and let K be a compact subset of ). Lemma 3.1 implies that for any compact subset
K’ C Q, we have A > 0 such that

< <A onK’,

o(f(p)

for any f € Aut(Q2) and p € K. By the transformation formula (3.3), we have

1 pof P ’Jf(p)‘2<A on K.

A5G0 e | gy

In other words,

Since the function ¢/p(p) is pinched by positive constants on K’ independent of the choice of p € K, we
can conclude that every element of

N
fK—{Jf(p).feAt(Q),peK}

is uniformly bounded on K’. Since K’ is arbitrary, Montel’s theorem implies that Fx is normal.
Since Jy/Jr(p) = 1 at p, a limit holomorphic function of {J¢/J;(p) : f € Aut(€2)} is nowhere vanishing
by Hurwitz’s theorem. This completes the proof of Theorem 2.1 and Theorem 2.6. O

4. Existence of complete holomorphic vector fields

In this section, we will prove Theorem 2.4. Throughout this section, we will use the symbol ® as a
potential function of the Kéahler-Einstein metric, instead of log ¢ as in Theorem 2.4.

4.1. Covariant derivatives of potential functions

Let €2 be a bounded pseudoconvex domain in C™ with the Kéhler-Einstein metric wkg = ih,, ﬁ-dzo‘ AdzP.
Suppose that there is a potential function @ : @ — R in the sense that dd°® = (n+ 1)wkg. We will compute
covariant derivatives of

2 _ _raf _ a
[d®@]|;,,., = PaPzh®” = &, .
As above, we will use the matrix of the Kéher metric (h,3) and its inverse matrix (hBO‘) to raise and lower
indices. We will denote coordinate vector fields by 9, = 9/92% and 95 = 9/02% for « = 1,...,n and
covariant derivatives by V4 = Vp, for A = 1,...,n,1,...,7 where V is the Kéhler connection of wgg.

Especially covariant derivatives of ® will be denoted by &4 = V& = 04D, P4 = VeV 4P and so on.
Since @ is real-valued, ®ap... = P 45....
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The connection form (95(1) of wkg is the collection of 1-forms uniquely determined by the metric com-
patibility condition

dhog = 0,"h. 5+ Héﬁh;w for any «a, 8 (4.1)
where 60 B:Y = 7 and the torsion-free condition
0=dz" A 05" for any a. (4.2)

The 1-form 6, is of type (1,0) so 05" = (9hgy)h7. Then the Kihler connection V can be given by
B B
Vo, =0,"®0s, Vs =0_"®09;,
Vi = —0," @dz",  Vd* = —0," 2d: .
For second order covariant derivatives

Dop = VsVad = 5Py — 0,7(05) 0, ,
q)a[; = VEVQ(I) = 8580@ = (n + 1)h0¢B

of ® can be obtained by
A0, — 0, @5 = ®opde” + B, 5d2" . (4.3)
Note that ®,5 = ®g, since V is torsion-free. Differentiating Equation (4.3), we have
—(d8,” )P + 0,7 NdDs = dDop A dz + dP 5 A d2P

Applying (4.2) and (4.3), this can be written by
— (48,7 = 0,77 0.7) @5 = (dBor — B0, — 0, @5 ) A d* + (ADa — 50,7 — 6,7 @) 12T
The curvature form (@aﬂ ) of wkg is the collection of 2-forms

0, =do," -0, N0 =R/, d>NdF

where (Ra’gm) stands for the curvature operator in the sense of (Va\V; — V;Vy)0, = RQ’BM(‘)B. Since
d®.; — @aBGﬁB - 9a5¢>ﬁﬁ = 0 by the metric compatibility (4.1), we get
0,705 = (APar — Dap)” — 0,°®p1) A2,
equivalently,
—R,7\ i Pad2? N2 = opdzt Adz + Dorpda A d?

The curvature form (@aﬁ ) consists of (1, 1)-forms only so that



K.-H. Lee / J. Math. Anal. Appl. 499 (2021) 124997 11

Dopy = Porp s Porg = PR (4.4)

aBy a Apt

2
WKE

Now differentiating ||d®||] = ®,P®%, we have

WKE

d[|d|> = (dDa)d* + B, (dD*) = (d@a - @fcpﬁ) T° + @, (d(I)a + @ﬂaﬁa)
= (Pap®” + 0a07) 427 + (@,50° + 0,0%;) d2”
so that
Add|? = (Dap® + 0,0%,) d2” . (4.5)

WKE

We can get
40 |dD |2, = (d@ax = 0,7 @y = Boy§,)) A DU + By (AP + B70,%) A 2
+ (AD = 0,70) A B2 + B (A0 +07,0,% — 0,797 ) A dz
differentiating (4.5), then gathering (1, 1)-forms we have
90|d®|2 . = Parpdz™ A DVdz* + Pan®deP A dzt + Bopdz A DV d2 + Do @) d2 A d2?
Since %), = h“BCDE/\ﬁ =0,
00 ||d®|2, = —00 [|d®|> , = (Para®® + Par®®; + ®ap®®y) dz* A d2l . (4.6)
Now we have
Proposition 4.1. If Hd@”im = ®,D* is constant on 2, then
Bopd® = —(n+ 1)y (4.7)
and
D2 = (n+ 1)P,0% —n(n+1)2 . (4.8)
Proof. Since ||d(I>HZKE is constant, so 0 Hd@”iKE =0 and 90 ||d(I>HiKE = 0. From (4.5) and (4.6), we have
By = —B, 0% = 0Ty = —(n+ 1) hey = —(n+ 1) Dy,
and
Borp P + Pon @ + Doy = 0.
From the second identity in (4.4) and ®,5 = (n + 1)h,3, the last identity can be written by
(b/gRaBm@a + PP, + (n+1)%hy = 0.

Contracting by A, we have
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—(n+1)D,D" + D\ P +n(n+1)2 =0,
from the Einstein condition RaBA,]h’\’] =R,5=—(n+1)h,5. This completes the proof. O
4.2. Proof of Theorem 2./

Now suppose that ® = Q2 — R satisfies

dd‘® = (n+ 1lwkg and |d®]|, _=C

WKE

for some C > 0. We first consider the vector field V of type (1,0) defined by

0

(4.9)

This V has positive constant length: [|[V||> = @“@Bhaa = C?. Thus let us consider the line bundle L —

WKE

generated by V:
L={veT"Q:vis parallel to V} .
This is a subbundle of T%°Q but not holomorphic in general.

Proposition 4.2. If ||d®]|| = C for some constant C with 0 < C < (n+ 1), then L is holomorphic.

WKE

Proof. We will prove that there is a real number ¢ such that the nowhere vanishing section e/®V to L is a
holomorphic tangent vector field. Let us consider

05 (" @) = te'® (95®) D™ + €950 = €' (¢ (95@) * + 950°) .
Since 93® = @5 and ¥ = 950~ + 0.,%(05)®7 = 059, we have
V5(e'™V) = V5 ("7 0°0,) = 95 (" 07) Do = ® (10507 + @7, ) 0
When we denote V" by the (0, 1)-part of V, it follows
V' (V) = Vg (V) @ df = ' (1050 + ;) 9, @ d=

The holomorphicity of e!®V is equivalent to the vanishing length of V" (etq’V) with respect to wkg that
can be computed by

IV (V)2 = e (1050 + 0°) (1072, + @ 7)

= 2 (0500070, + 10500 7+ 107,07, + 00 7)
= 2P (0,0 D507 + 17D D + 1050707 1 9y )
Note that ¢,9* = <I>B<I>B = (C? by the assumption and

PP, = —(n+ 1)0 s = —(n +1)C?
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by (4.7). From (4.8), we have
PP, = (n+1)C% —n(n+1)%.
Therefore

V" (V)| =e*® (PC* —t2(n+1)C% + (n+ 1)C* —n(n +1)?) .

2
WKE
So e!®V is holomorphic if and only if ¢ satisfies
C*? —2(n+1)C* + (n+1)C* —n(n+1)2=0.
The discriminant of this quadratic polynomial is
(n+1)*C* -~ C*(n+1)C* —n(n+1)*) = (n+1)CH(n+1)* - C?).
This completes the proof. O

The complete holomorphic vector field in Theorem 2.4 is indeed a holomorphic section to L — Q. Let us
consider the function —e~¢®. Since

dd (—e™=*) = —i00e™*® = —id (—ce = 0P)
£
(n+1)

the Cauchy-Schwarz inequality implies that —e~¢® is strictly plurisubharmonic for any ¢ < (n +1)/C? =
(n+1)/||d®|> . 1If e = (n+1)/C?, then the vector field V annihilates dd°(—e~<®) in the sense of

WKE

=ce °? (i00® — €id® N OP) = (n+ 1)ee ® (wKE - 0P A 8(1)) ,

€

Vo dd° (—e—<"+1>@/02) =0

because V - wkg = ihagfbadzg = i@BdZB = i0® and 0P(V) = ®,0“ = C? so that

2 2 2 —
VY a1 dd¢ (_e—(n+1)<1>/c ) — (n%l)e_(nﬂ)q)/c <V—' WKE — %ia@(wa@)

2 2, = .
= (”%1)6—01“)‘1’/0 (i0® —i0®) = 0.

Proposition 4.3. Let

p = —e~(ntD2/C?

For any (local) holomorphic section Z to L, the function Zp is holomorphic.
Proof. Let W be a holomorphic tangent vector field of 2. We will prove that W(Zp) = 0. For any properly

differentiable function g : Q — R, Z(Wg) = W(Zg). Therefore ZW = W2Z as operators, so [Z, W] = 0.
Since

dd°p(2, W) = Z(dp(W)) = W(d°p(2)) — d°p(12,W]) = Z(d"p(W)) — W(d°0(2)) ,
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and the section Z to L annihilates ddp, we have
W(dp(2)) = Z(d°p(W)) .
Since d° = %(é —9) and Z2W = WZ, it follows that

—%W(Zp) = %Z(Wp) - %W(Zp) :

This implies that W(Zp) = 0, so as a conclusion Zp is holomorphic. 0O

Note that the function Vp is nowhere vanishing since

Vp — (I)D‘aa (_67(n+1)q>/c2> — p“ (6(n+1)¢/02n0—<|;1©a) — (n 4 1)67(n+1)<1>/02 — _(n 4 l)p >0.

(4.10)

If W is a nowhere vanishing local holomorphic section to L, then there is non-vanishing smooth function
g such that W = gV. Therefore Wp = g(Vp) is a holomorphic function which is nowhere vanishing on its
domain. Then we can define the holomorphic vector field W by

o 1

If W is another nonvanishing holomorphic section to L, then W' = gW for some nonvanishing holomorphic
function g on an open set where YW and W' are both defined. Moreover

W' = W = W=—W=W.
Wip ngg Wp
Therefore we can define a global holomorphic vector field Z, of 2 by

1

Zp:W—p

(4.11)

for any nowhere vanishing holomorphic section W to L.
The following implies Theorem 2.4.

Proposition 4.4. The vector field Z, in (4.11) is complete.

Proof. The real part of Z, is tangent to p:

_ i i
(ReZ,)p = (2, + Z,)p (Wp - )p

The length of Z, can be locally written by

2

i 1 )
22 = H—W = —— W2, -
1Zellos = |, [Wopl? Wl

WKE

2
WKE

=g ||VH2KE = ¢>C? and |Wp|2 = (n+ 1)2¢%p? from

w

When we let W = gV for some g, we have ||[W]||
(4.10). This means that
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n+1)2g2p2  (n+1)2p2 "

2
120l e = (

This implies that pZ, has constant length C'//(n+1). Since the Kéhler-Einstein metric wkg is complete, the
vector field Re (pZ,) = p(Re Z,) is complete.
In order to show the completeness of Z,, take any integral curve v : R — X of p(Re Z,). It satisfies

(p(Re Zy)) oy =75

equivalently

(ReZ,) oy = (p"" o) 7

1

Since (Re Z,)p = 0, equivalently (p(Re Z,)) p = 0, the curve v lies on a level set of p so p~' oy = ¢ for some

negative constant c¢. For the curve o : R — X defined by o(t) = v(ct), we have
(Re Z,) o o(t) = (Re Z,)(v(ct)) = ci(ct) = ()

This means that o : R —  is the integral curve of Re Z,; therefore Re Z, is complete. This completes the
proof. O

References

[1] E. Bedford, S.I. Pinchuk, Domains in C? with noncompact groups of holomorphic automorphisms, Mat. Sb. (N.S.) 135 (177)
(1988) 147-157, 271.
[2] S. Bergman, The Kernel Function and Conformal Mapping, Mathematical Surveys, vol. 5, American Mathematical Society,
New York, N. Y., 1950.
[3] S.Y. Cheng, S.T. Yau, On the existence of a complete Kdhler metric on noncompact complex manifolds and the regularity
of Fefferman’s equation, Commun. Pure Appl. Math. 33 (1980) 507-544.
[4] Y.-J. Choi, Variations of Kéhler-Einstein metrics on strongly pseudoconvex domains, Math. Ann. 362 (2015) 121-146.
[5] Y.-J. Choi, K.-H. Lee, S. Yoo, A certain Kéahler potential of the Poincaré metric and its characterization, J. Korean Math.
Soc. 57 (2020) 1335-1345.
[6] H. Donnelly, Lo cohomology of pseudoconvex domains with complete Kahler metric, Mich. Math. J. 41 (1994) 433-442.
[7] H. Donnelly, Lo cohomology of the Bergman metric for weakly pseudoconvex domains, Ill. J. Math. 41 (1997) 151-160.
[8] S. Frankel, Complex geometry of convex domains that cover varieties, Acta Math. 163 (1989) 109-149.
[9] H. Gaussier, K.-T. Kim, S.G. Krantz, A note on the Wong-Rosay theorem in complex manifolds, Complex Var. Theory
Appl. 47 (2002) 761-768.
[10] M. Gromov, K&hler hyperbolicity and Lz-Hodge theory, J. Differ. Geom. 33 (1991) 263-292.
[11] C. Kai, T. Ohsawa, A note on the Bergman metric of bounded homogeneous domains, Nagoya Math. J. 186 (2007) 157-163.
[12] K.-T. Kim, Complete localization of domains with noncompact automorphism groups, Trans. Am. Math. Soc. 319 (1990)
139-153.
[13] K.-T. Kim, Domains in C" with a piecewise Levi flat boundary which possess a noncompact automorphism group, Math.
Ann. 292 (1992) 575-586.
[14] K.-T. Kim, S.G. Krantz, Complex scaling and geometric analysis of several variables, Bull. Korean Math. Soc. 45 (2008)
523-561.
[15] N. Mok, S.-T. Yau, Completeness of the Kiahler-Einstein metric on bounded domains and the characterization of domains
of holomorphy by curvature conditions, in: The Mathematical Heritage of Henri Poincaré, Part 1, Bloomington, Ind., 1980,
in: Proc. Sympos. Pure Math., vol. 39, Amer. Math. Soc., Providence, RI, 1983, pp. 41-59.
[16] S. Pinchuk, Holomorphic inequivalence of certain classes of domains in C™, Mat. Sb. (N.S.) 111 (153) (1980) 67-94, 159.
[17] S. Pinchuk, The scaling method and holomorphic mappings, in: Several Complex Variables and Complex Geometry, Part
1, Santa Cruz, CA, 1989, in: Proc. Sympos. Pure Math., vol. 52, Amer. Math. Soc., Providence, RI, 1991, pp. 151-161.
[18] J.-P. Rosay, Sur une caractérisation de la boule parmi les domaines de C™ par son groupe d’automorphismes, Ann. Inst.
Fourier (Grenoble) 29 (1979) ix, 91-97.
] C. van Coevering, Kahler-Einstein metrics on strictly pseudoconvex domains, Ann. Glob. Anal. Geom. 42 (2012) 287-315.
| B. Wong, Characterization of the unit ball in C™ by its automorphism group, Invent. Math. 41 (1977) 253-257.
] S.T. Yau, A general Schwarz lemma for Kéhler manifolds, Am. J. Math. 100 (1978) 197—-203.
|

9
0
1
2] S.-K. Yeung, Geometry of domains with the uniform squeezing property, Adv. Math. 221 (2009) 547-569.

1
(2
2
2


http://refhub.elsevier.com/S0022-247X(21)00076-7/bibABB34B7D62D5BD230E8352290DDF790Ds1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bibABB34B7D62D5BD230E8352290DDF790Ds1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib00551774FEF4AF2B90D4AE05F781D5ABs1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib00551774FEF4AF2B90D4AE05F781D5ABs1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bibBB6065DA6E496F808A6F041D10EB9C59s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bibBB6065DA6E496F808A6F041D10EB9C59s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib619049426254B87C1F4832CFA9914A20s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib1FABEDB09F23E24BF2E7D17CD59E469Ds1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib1FABEDB09F23E24BF2E7D17CD59E469Ds1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bibB70420E50F845D53A4DC7BD455B620EAs1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bibF6778E3126C684C5D3CC9A480D6E47C7s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib76B93E3DC109535EF31B87676EE68BFDs1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib12994E541A84EF530A76E727874DAD3As1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib12994E541A84EF530A76E727874DAD3As1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib340042A52BB08361FE1981BB6E8D5550s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib6016AFB860C3FD00842265FE1E395256s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib74E09B556BB20BDBF973B50409ADAEDAs1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib74E09B556BB20BDBF973B50409ADAEDAs1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib4962715EE4FEC61387C0E732AB2A9B66s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib4962715EE4FEC61387C0E732AB2A9B66s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bibB0CD711035C5A7B3EBCDB10F74156440s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bibB0CD711035C5A7B3EBCDB10F74156440s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib376AD03CAB3172F6B3E47C2410E73FCEs1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib376AD03CAB3172F6B3E47C2410E73FCEs1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib376AD03CAB3172F6B3E47C2410E73FCEs1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib7545DE34B7E7B5D1C8BBE63B44584E60s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib9C831A3A782B694E6242FFB98EA554C3s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib9C831A3A782B694E6242FFB98EA554C3s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib301D2A2CE4794AD0235D0F6EFA035F61s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib301D2A2CE4794AD0235D0F6EFA035F61s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib5280BDC2D5E93BC6AD1405BA8B5D8179s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bibE61848E69651EFBF51FE5650C0B41A35s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bib38A0E08370CC485A64F1ED51C43F1FA2s1
http://refhub.elsevier.com/S0022-247X(21)00076-7/bibAD92AB54C3ED3480FE6261C2F1365FBBs1

	A method of potential scaling in the study of pseudoconvex domains with noncompact automorphism group
	1 Introduction
	2 The method of potential scaling and main results
	2.1 The Kähler-Einstein metric
	2.2 The scaling of Kähler-Einstein potentials
	2.3 Affine scaling limits and potential scaling limits
	2.4 The scaling of Bergman kernel functions

	3 Convergence of potential scaling
	4 Existence of complete holomorphic vector fields
	4.1 Covariant derivatives of potential functions
	4.2 Proof of Theorem 2.4

	References


