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main purpose of this article is to study the denseness of the set of multilinear maps
with the Bhatia-Semrl property which is contained in the set of norm attaining

gjg:ﬁf Cii;ace ones. Contrary to the most of previous results which were shown for operators on
Norm attainment real Banach spaces, we prove the denseness for multilinear maps on some complex
Birkhoff-James orthogonality Banach spaces. We also show that the denseness of operators does not hold when the
Bhatia-Semrl property domain space is ¢o for arbitrary range. Moreover, we find plenty of Banach spaces
Multilinear map Y such that only the zero operator has the Bhatia-Semr] property in the space of

operators from ¢y to Y.
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1. Introduction

The concept of orthogonality on a normed space was first considered by G. Birkhoff [5] in 1935, known
as the Birkhoff-James orthogonality. This extends the classical orthogonality on a Hilbert space to a general
Banach space, and does an important role in figuring out the geometric structure of the space. Later in 1999,
R. Bhatia and P. Semrl [4] found a way to characterize the orthogonality of operators on a finite dimensional
Hilbert space in the sense of the norm attainment of operators. The characterization of orthogonality of
operators on a Hilbert space was also obtained in 1999 using different technique [17]. Afterwards it was shown
by C. K. Li and H. Schneider [14] that such characterization is not applicable in general even for operators
on finite dimensional spaces. In the recent decade, there have been many works to study operators that the
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characterization holds, and we say that such operators have the Bhatia-Semrl property [18,19,21,22]. Our
goal of the present paper is also to study multilinear maps such characterization holds.

For a better understanding, we shall introduce some required basic terminologies and backgrounds here.
Unless it is written specifically, we denote Banach spaces by X, X; (1 < i< N, N € N) and Y over a
base field K = R or C. We write Bx and Sx for the unit ball and unit sphere of X, respectively. We write
LN(X1,...,Xn;Y) to be the space of all N-linear maps from X; x --- x Xy into Y equipped with the
typical supremum norm on Sx, X --- X Sx, . Especially, we denote the case when N = 1, the space of
operators from X into Y, by £(X;Y) and the topological dual space £(X;K) by X*. An N-linear map
Ae LN(Xy,...,XN;Y) is said to attain its norm at (z1,...,x5) € Sx, X -+ X Sx, if |A(21,...,25)| =
|All, and we write as A € NA(Xy,...,Xn;Y) and (z1,...,2n) € Ma := {(21,...,2n8) € Sx, X -+ X
Sxy: |A(z1, ..., 2n)] = ||A]|}- We now introduce the orthogonality on Banach spaces which is the main
concept of this article.

Definition 1.1. [5] We say a vector z € X is orthogonal to y € X in the sense of Birkhoff-James if ||z|| <
lx + Ay|| for any A € K, and it is denoted by = L5 y.

Note that the Birkhoff-James orthogonality is not a symmetric notion. A useful characterization of the
orthogonality on X is given as follows [10]:

For z,y € X,z Lpy if and only if there exists ™ € Sx« such that z*(z) = ||z|| and z*(y) = 0.

If we take operators T € NA(X;Y), S € L(X;Y) and a point zyg € My, one may easily see that
Txzo Lp Sz implies that T Lz S. As it is mentioned in the introduction, Bhatia and Semrl showed in [4]
that the opposite direction of implication still holds when X =Y is a finite dimensional complex Hilbert
space. Motivated by this result, the Bhatia-Semrl property is defined as follows.

Definition 1.2. [22] A bounded linear operator T € £(X;Y) is said to have the Bhatia-Semrl property (in
short, BS property) if for any S € £(X;Y) with T Lp S, there exists 2o € Sx such that ||Tzo|| = || 7| and
Txo L Szo. The set of operators with the BS property is denoted by BS(X; Y).

It is easy to see that every operator in £(X;K) has the BS property if and only if X is reflexive from
the characterization of Birkhoff-James orthogonality given by James. However, it is known that there is
an operator without the BS property in general [14], and so many authors are interested in investigating
the “quantity” of operators with the property. More precisely, in [22], it is shown that the set of operators
with the BS property defined on a real finite dimensional strictly convex Banach space X is always dense
in £(X; X). After that Paul, Sain and Ghosh found a useful characterization theorem in [19] provided some
constraints on My, and we introduce here for its importance. We refer to [20] for the characterization of
the BS property in matrices on an Euclidean spaces without any restriction on the norm attaining set.

Theorem 1.3. [19, Theorem 2.2] Let X and Y be real Banach spaces, and T € L(X;Y) be such that
My = CU—C for some nonempty compact connected C C X. Suppose that sup,cp |[Tz| < ||T|| whenever
D is a closed subset of Sx with dist(Mz, D) > 0. Then, for any S € L(X;Y), T Lg S if and only if there
exists xg € Mt such that Txo Lp Sxg.

With the aid of the above result, one may find a way to measure the denseness of operators with the BS
property in many cases. Kim proved that some conditions on pairs of Banach spaces ensure the denseness
of operators with the BS property such as when X has the Radon-Nikodym property (in short, RNP) [11].
This is a generalization of the result in [22] since it is known that every finite dimensional space has the



G. Chot, S.K. Kim / J. Math. Anal. Appl. 502 (2021) 125275 3

RNP. Later, Kim and Lee [12] complemented the result with the case when X has so-called property « or
when Bé(X; R) is dense in £(X;R) and Y has property S.

The main goal of Section 2 is to generalize and strengthen aforementioned results in [11,12] for multilinear
maps. Similarly to the case of operators, it is clear that A € NA(X1,..., Xn;Y)and B € LY (X1,...,Xn;Y)
satisfy A Lp B if A(xy,...,2n) L B(x1,...,zy) for some (z1,...,25) € M4. What we are going to see
is whether the converse holds or not.

Definition 1.4. An N-linear map A € LN (Xi,...,Xn;Y) is said to have the BS property if for any
B € LN(Xy,...,XN;Y) with A Lp B, there exists (z1,...,7x5) € Ma such that A(xq,...,2n) Lp
B(x1,...,zN), and we write by A € Bé(Xl7 ..., Xn;Y) in this case.

We observe first that an N-linear map A € LN (Xy,..., Xn;Y) can be identified by an operator Ty €
L(X1; LN Y Xa,...,Xn;Y)) with the canonical isometric relation A(z1,...,2y5) = (Taz1)(22,...,TN),
and so we have that A, B € LN(Xy,..., Xy;Y) satisfy A Lp B if and only if T4 1p Tp. From this
identification, for a finite dimensional complex Hilbert space H, we rewrite the result of Bhatia and Semrl
in terms of bilinear forms as follows.

For every A, B € L*(H,H;C), A Lp B if and only if A(zy,73) Lp B(x1,2s) for some (21, 22) € Ma.

Indeed, the result of Bhatia and Semrl [4] says that Thx; Lp Tgxy for some x; € Mp,. Since Hilbert
spaces are isometrically isomorphic to their dual spaces, there exists xo € Sy (= Sy« ) such that zo(Taz1) =
|Taz1|| and x2(Tpxz1) = 0 by the characterization of James [10]. This shows that (x1,22) € M4 and
A(zx1,z2) Lp B(x1,x2). In this argument, in fact, we used only the facts that every operator T' € L(H, H*)
has the BS property and that H* is reflexive. Hence, we deduce the following.

Lemma 1.5. For Banach spaces X and Y, if Y is reflexive, then A € L?(X,Y;K) has the BS property if
and only if the corresponding operator Ty € L(X;Y ™) has the BS property.

As a consequence of the equivalence, we obtain a positive result by applying [12, Corollary 3.5] with the
fact that ¢2, is a reflexive space having property S.

Corollary 1.6. Let X be a locally uniformly convex Banach space and n € N. Then, Bé(X7 01 K) is dense
in L2(X, 0% K).

In the above statement, it should be written by R instead of K since [12, Corollary 3.5] is proved for real
spaces. However, in Section 2 we prove a stronger statement for complex spaces, and this is why we put
K. We also comment that the version of Lemma 1.5 for a non-reflexive Y does not hold. Since £3(K,Y;K)
can be identified with £(Y;K) and there exists an operator in £(Y;K) without the BS property, we can
find A € £2(K,Y;K) without the BS property whenever Y is non-reflexive. However, it is clear that the
corresponding operator T4 belongs to BS(K; Y™*).

We remark that previous results in [11,12] are only valid for real cases, as the construction of C' in
Theorem 1.3 strongly depends on the disconnectedness of two specific partitions. We present a similar
result to Theorem 1.3 in Section 2 which is slightly weaker but which also covers the complex case, and
deduce some denseness results.

On the opposite hand, there are still many examples which shows that Bé(X ;Y) is a very small set
compared to £(X;Y). As shown in [11], there is no nontrivial operator with the BS property in £(co;Y)
when Y is strictly convex and moreover that BS(co; ¢o) is not dense in £(co; ¢o). In [12], the authors proved
that BS(L1]0,1];Y) = {0} for an arbitrary Banach space Y. It is a very intriguing result as there are
many range spaces Y such that NA(L1[0,1];Y) is dense in £(L1[0,1];Y) on the contrary. In Section 3, we
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strengthen the result on c¢y. More precisely, we show first that there are plenty of Banach spaces Y such
that Bé(cO;Y) only consists of the zero operator, and secondly a quite stunning result that Bé(co;Y) is
never dense in £(cp;Y) for every Banach space Y. This eventually gives rise to producing a negative result
on the denseness of multilinear maps when one of the domain space is cg.

2. Denseness of N-linear maps with the Bhatia-Semrl property

We provide in this section many positive examples of tuples (X1, Xs,..., Xn,Y) of Banach spaces such
that the set of N-linear maps with the BS property is dense in £V (X1,..., Xxn;Y). As many previous
results for operators rely on Theorem 1.3, it is inevitable to compromise Theorem 1.3 also to cover the
complex case, and a stronger assumption will help to handle those situations. In the followings, T denotes
the N product of unit spheres of the scalar field K and Sx, x --- x Sx, stands for the product metric space
of Sx,,...,Sx, endowed with the supremum metric.

Proposition 2.1. Let X1,..., Xy and Y be Banach spaces. Let A € LN (X1,...,Xn;Y) be such that My =
{0 zd, ..., 0Nx)) € Sx, x -+ x Sxpy: (04,...,0N) € TN} for some (x},...,2)) € Sx, x -+ x Sx,.
Suppose that sup(,1  .~Nyep Az, ..., 2™)|| < ||A| whenever D is a closed subset of Sx, x --+ x Sxy
with dist(Ma, D) > 0. Then, for any B € LY (X1,...,Xn;Y), A L B if and only if A(x},...,x)) Lp
B(xz},...,z).

Proof. Since the ‘if’ part is evident, suppose that A 1p B and there exists \g € K such that

NA@S, .., 2d) > |A(xg, ..., o) + NB(x},...,2))|. By assumption, we can choose a sequence
{(mjl’vxév)};i1 C Sx, x -+ x 8x, so that

A 1
HA(:C;,...,x;V) + 793@},...,@)” > || Al - = for each j € N.

For D,, := {(x;, . ,xé\[)}j‘ﬁn C Sx, X -+ x Sx,, if there exist only finite number of indices j; < --- < ji
such that (0} ,...,0Nal) = (xf,...,20) for some (6f,...,0)) € TN for each 1 < i < k then we
take m = jr + 1, and we take m = 1 if there are infinitely many such indices. We now show that

dist(Ma4, Dy,) > 0. Otherwise, there is a subsequence {(a:}y(j), ce a:fyv(j))} such that (:Ci(

.,xév(j)) con-
verges to (63zg, ..., 00 zl’) for some (6¢,...,00) € TV. It follows that

DI

1Al = 1A, - - 23

> ||A(x(1J,...,J;éV)—l—/\OB(xé,...,xéV)H

— 1; 1 N 1 N
= llm HA(ZEO_(‘?), e ,Z‘U(J)) + AOB(J;U(]), e 71'0_(-]))H

j—o0

> lim (U(j) HA(x;(j),...,xﬁ)’(j)) +

j—o0

20 Bl wgz))H (o)~ DA, . ,xf,ﬂj))n)

i (06) (141 - 557 ) - (o) - 141 )

— i (141 - )

= [1All,

WV

which is a contradiction.
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Hence, we get

e = [|Al| — sup HA(:cjl,,:rév)H > 0.

Jzm

2 2
Take M € N so that M > max{m, = Xoll| Bl \/j }, then we have the following desired contradiction
€ €

g 1 )\0
14l = & <Al ~ 575 < IAGr, .23 + 22Blahy, .2
Aol
<A@y, o)l + Y3 IB(zhs, -z

9
<(lAl-2)+ 3
3
= [|A|l — =.
Il -5 o

We now recall some concepts, namely property quasi-«, as a sufficient condition on the domain spaces for
the denseness of N-linear maps with the BS property. This is introduced in [6] as a sufficient condition for
the denseness of norm attaining operators. We note that property quasi-« is strictly weaker than property
o and it is shown in [12] that BS(X;Y) is dense in £(X;Y) whenever X has property a for real Banach
spaces.

Definition 2.2. A Banach space X is said to have property quasi-a if there exist an index set I, {z4 }aecr C Sx,
{2%}aer C Sx+, and A: {x4}acr — R satisfying that

(i) 25(zo) =1forall « €I,
(ii) |xk(xg)] < AMzo) < 1for all o, f € I with o # 3,
(iii) For every e € Ext(Bx««), there exists I. C I such that te € {z,}
sup{A(zq): a € I.} < 1.

*

w
wel. for some t € T and r, =

Motivated by the proof of [6, Proposition 2.1], we show the following proposition.

Proposition 2.3. Let X, X;,..., Xy and Y be Banach spaces. If X has property quasi-a and BS(Xl, ces XN
Y) is dense in LN (Xq,...,Xn;Y), then BS(X,Xl, oo, XN Y) s dense in LYNTHX, Xy, ..., XN Y).

Proof. Before proving the statement, we first see the canonical isometry shows that
£N+1(X7 Xla s 7XN7 Y) = E(Xv ‘CN(Xh s 7XN3 Y))

For convenience, we set Z = LN(Xy,...,Xn;Y) and Tp € L(X;Z) to be the image of D €
LNTHX, X1, ..., XN;Y) by the isometry.

We show that it is possible to approximate A € LNT1(X, X1,..., Xn;Y) by B € BS(X, X1,..., XN Y).
We here assume that ||A|| = 1 without any loss of generality, and assume that (T4)** € NA(X**; Z*)
by Lindenstrauss (see [16, Theorem 1}). Let {za}aecr C Sx and {a} }aecr C Sx- be as in the definition of
property quasi-a. Since (T4)** attains its norm at some e € Ext(Bx«~) (see [15, Theorem 5.8]), there exists
an index set I, C I as in the definition.

For arbitrary € > 0, take 0 < § < % so that

1+re(%+6)<(1+§)(1—5).
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*

As it is known that te € {z,} for some t € T, we can choose ag € I, such that

w
acl,

I Tazaq || > 1 Tal =6 =1-0.

By the assumption that BS(X1,..., Xy;Y) is dense in Z, there exists U € BS(X1,..., Xy;Y) with |U| =
| T Ay || such that |U —Taza, || < 6. Indeed, we can find U € BS(X1, ..., Xy;Y) such that |U — Taza,|| <
0/2 and thus we can take U := | Tazq, ||U/||U| since

U = Taza, | < U = Ul + [T = Taza, || < 6.

The operator S € L(X; Z) defined by
6 *
S() = Ta() + [(145) U = (Taway)] 25, ()
attains its norm at z,,. Indeed, we have that Sz, = (1 + %) Ue BS(Xl, ..., Xn;Y) and so

€
1S@asll > (14 5) (1= 9).
On the other hand, for o € T\ {ap},

8 *
Szall < ITazall + (||5 V|| + 10 = Tazao ) |24, (za)]

<ttr(S+0) < (1+3) -0

Let B € LYT1(X, X1,..., Xn;Y) be the corresponding (N +1)-linear map of S, and it is enough to prove
that B has the BS property. To do so, we first check the conditions of Proposition 2.1 to see S € Bé(X; 7).
Indeed, for 0 < v < 2 and = € Sx such that dist ({0z, : 0 € T},z) > 7, we show that

1(Isi-(1+3)a-9)

[1Sz|| < |IS]| -

From the fact that the absolutely closed convex hull of {4 }aecr is Bx which can be deduced by the usual
separation argument, choose n € N, an absolutely convex series {ca, }? C Bk (indeed, Y"1 |ca,| < 1)

and distinct elements zq,, ..., Za, € {Ta}aecr such that 2 =Y cqa,Tq, satisfies
€
y(Isl=(1+35) a-9)
|z —z|| < 1757 and dist ({fza, : 0 € T} 2) > 7.
If |cay| > 1 — /2, then
¢ ¢
&xao 2| s &xao — CagTag || T ||ca0xa0 - Z”
|Cavo | |Ca|
,y n
< 5 + anixai
i=1
<.

Hence we have |cq,| < 1 — /2, and this leads to that
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n
152]) < leao |15z an | + Y le;l1Sza, |

i=1

< leag 181+ (1 = lea) (14 5) (1= 9)

< IS = (1 = Jea) (11 = (14 5) (1= 9))

1(Isi-(1+3)a-9)

< IS -
51 -

Thus, it follows that

1(Isl-(1+3)a-9)

15z < [|S2] + [|Sz — Szl| < [|Sz][ + [[S]llz = 2[| < 151 -

Therefore, whenever B 1 C for C € LY (X, X1,..., Xn;Y) we have that Sz, L TcTa,. Since we
€ v .
know that Sz, = (1 + 5) U has the BS property, there exists (zg,,...,2gy) € Mgy, so that

1Szag (8, Tan)|| = 1SZall and Szay(xgy, .-, Tsn) LB T0Tap (8,5 .-+, Ty )-

From the facts that Sz, (2s,,..., 28y ) = B(Zag, 28,5+, Ty ) a0d ToZay (28, .-, 28y) = C(Tag, Loy - - - »
xgy ), we finish the proof. O

The Radon-Nikodym property, RNP in short, had been considered as an important concept to understand
the geometry of infinite dimensional Banach spaces. Especially, Stegall [23] proved the following optimization
principle on spaces with the RNP. For a subset D C X, a real valued function f on D is said to strongly
expose D if there exists xy € D such that f(xzo) = sup,cp f(t) and that every sequence {z,}r>; C D
converges to xg whenever f(z,) converges to f(zo).

Lemma 2.4. [20, Stegall’s optimization principle] Let X be a Banach space, D C X be a bounded RNP set
and f: D — R is an upper semi-continuous bounded above function. Then,

0 € {x* € X*: f+ Rex* strongly exposes D}

For more information on the RNP, we refer the reader to the classical monograph [7]. In [11], it is proved
for the real case that if X is a Banach space with the RNP, then BS(X;Y) is dense in £(X;Y) for every
Banach space Y. Applying the idea of [3], we extend this result to N-linear maps, and we cover complex
case as well.

Proposition 2.5. Let Xq,..., Xy be Banach spaces with the RNP. Then, BS(Xl, ., XN Y) is dense in
LN(X1,...,XN;Y) for every Banach space Y.

Proof. For an arbitrary A € LN(Xi,...,Xn;Y), our goal is to approximate A with elements in
Bé(Xl, ..., Xn;Y). Without loss of generality, we may assume that ||A|| = 1. Fix any 0 < ¢ < 1/2 and
we first follow the idea in [3] to find B € BS(X1,..., Xy;Y) so that |[B — A < e. Indeed, as Xi,..., Xy
have the RNP, we see that the finite fo-sum X7 B - - - Poo Xn has the RNP. Thus by Lemma 2.4, there
exists ¢ = (x7,...,z%) € X7 @1 --- &1 X} with ||¢|| < € such that ||A(-)|| + Red(-) strongly exposes

Bx, X -+ X Bx, at some (z1,...,ZN).
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We see that all the elements 1, ...,z are nonzero from the inequality

[A(z1, .. zn)| + Refo(ar, .., an)] = [[A(z1, - 2v) |+ Re[@(z1, - 2]

for all (z1,...,2n) € Bx, X -+ X Bx,, since ||A(z1,...,2n)|| + Re[o(z1,...,2n)] < e < 1/2 otherwise.
Thus we see that ||z1]] = ... = ||zn] = 1 by normalization, and so there exists (wj,...,wk) € Sx,» X
- X Sxy+ such that wi(z1) = ... = wi(zn) = 1. We also note that |¢(z1,...,2n8)| = ¢(z1,...,2n5) and

[A(z1, .. an)|| + Re[p(ar, .., an)] = [[A(z1, s 2v) [+ oz, 2n)|

for all (z1,...,2n) € Bx, X -+ X Bx, by rotation of elements.
As in [3], we clearly see a map B € LN (X,..., Xy;Y) given by

A(z1,...,2N)

B(z1,...,2n) = A(z1, .. Z 7 (2 Hw ;) TA(z) T for (z1,...,2n) € Xix---xXn
175]

attains its norm at (z1,...,2y), and especially we deduce
IB|| = | B(z1,...,zn)|| = |A(z1,...,2N)| + Re[d(z1,...,2N)].
We now show that B is the desired one by checking the conditions in Proposition 2.1. Let
M = {(0'zy,...,0NeN) € Sx, x -+~ x Sxy: (0%,...,0N) € TN},
If there exists a closed subset D of Sx, x --- x Sx, so that

sup  ||B(zY,....2M)||=||B|| and dist(M,D) >0,

(21,...,2N)eD
there is a sequence {(z],.. ,sz)};il C D satisfying || B(z}, ..., z})|| converges to || B]|. Since
IB(B;2], -, 0520 ) < A(zf, - 20+ [6(8525, -, 0527)]
= [|A(z}, -5 201 + 165 (1‘( can(z))]
= Az}, ., 20 )l + Re [(27(2]) + .. e (27)))]
<||A(951,...,st:1\z)||—i—Re[¢(:1:1,...7 ~N)]
for a suitable §; € T for each j, we have that (szj ey szjv) converges to (z1,...,xxn) from the strong

exposedness of ||A(-)|| + Re¢(+), and this contradicts to dist(M, D) > 0. O
As a consequence of Propositions 2.3 and 2.5, we have the following.

Corollary 2.6. Let X1,..., Xy be Banach spaces having at least one of properties among the RNP and
property quasi-ce. Then, BS(X1,..., Xn;Y) is dense in LN (X1,...,Xn;Y) for every Banach space Y .

Proof. We first consider the case that there are at least two types of different spaces in X;’s such that
some has the RNP and the rest has property quasi-a. By a suitable rearrangement of spaces, we assume
that there exists 1 < k < N — 1 so that X; has property quasi-a if 1 < ¢ < k and it has the RNP
otherwise. From Proposition 2.5, we have that BS(Xgy1,..., Xy;Y) is dense in LV % (Xppq,..., Xn;Y).
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Thus Proposition 2.3 shows that Bé(Xk, <oy, XN Y) is dense in LY 7FHL(X .. Xv;Y). From the usual
induction argument we prove the statement.

Since the case that all of X;’s having the RNP is proved in Proposition 2.5, it remains to show the case
when all X;’s having property quasi-a. We here take the isometry ¥ = L£(K;Y) and use N + 1 instead
of N and Xny1 = K. Since K has the RNP, it is possible to apply the argument above and we see that
BS(Xl, ooy, Xni1;Y) isdense in LVNTH(Xy, ..., Xn11;Y). Hence, from the canonical isometry, we have that
Bé(Xl, ey XN L(Xny1;Y)) is dense in £V (X, ..., Xn; £(Xn41;Y)) and so we finish the proof. O

We now move on to a condition for range spaces for the denseness, which is a dual notion of property
quasi-a.

Definition 2.7. [2] A Banach space X is said to have property quasi-g if there exist an index set I, {x4 faer C
Sx, {x%}aer C Sx», and A: {a} }oer — R satisfying that

(i) z}(ze) =1forall €I,
(ii) |zj(wa)| < AM(a}) < 1forall o, B € I with a # 3,
(iii) For every e* € Ext(Bx~), there exists I.» C I such that te* € {z%}
sup{A(z}): a € -} < 1.

w*

acl, for some t € T and 7.~ =

Similarly to the case of property quasi-«, property quasi-f is introduced as a sufficient condition on the
range space for the denseness of norm attaining operators. In [12], the authors showed that property f of a
real Banach space Y is a universal condition for BS(X;Y) being dense in £(X;Y) provided that BS(X;R)
is dense in £(X;R). We improve this result with a strictly weaker property, and we refer to [2] for more
information on property quasi-g.

Proposition 2.8. Let X1,..., Xy be Banach spaces such that Bé(Xl, ooy, XN K) ds dense in LN (X1, ..., Xn;
K). Let Y be a Banach space with property quasi-f. Then, Bé(Xl, oo, XN Y) s dense in LN (X1, ..., Xn;
Y).

Proof. The beginning of the proof is from [2, Theorem 2] and [6, Theorem 2.12], but we give details for the
completeness.

Let {yatacr C Sy and {y’}aecr C Sy- be the corresponding index sets in the definition of property
quasi-3. By [24, Proposition 4], it suffices to show that every A € LN (Xy,...,Xx;Y) with ||[A| = 1
satisfying A* € NA(Y*; Z*) can be approximated by B € BS(X1,..., Xy;Y), where Z is the completed
projective tensor product space X1®y - - - @, Xy and A is a linearization of A on Z. As in Proposition 2.3,
we see that A* attains its norm at some e* € Ext(Bz«) by [15, Theorem 5.8] and choose an index set I.» C I
in the definition of property quasi-g.

For an arbitrary € > 0, take 0 < § < % so that

L+ 7ex (%+5)<(175)(1+§).

*

As we know that te* € {yx} ., for some t € T, there exists ag € I.» so that

acl
1A g5, || > Al =6 =1 -6

For convenience, we consider /Nl*yj;o as an element in £V (X1, ..., Xn;K) instead of £(Z;K) according to
an isometric correspondence. By the assumption that BS(Xl, ..., Xn;K) is dense in LN(X,..., Xn;K),
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there exists ¢ € BS(X1,..., Xn;K) with o] = ||g*y;0|\ such that ||¢ — K*yZOH < 0 similarly as the choice
of U in the proof in Proposition 2.3.
For B € LN (X1,...,Xn;Y) defined by

B() = AC) + [(1+5) ¢0) = (A5,)()] v,

we deduce that B* attains its norm at Yo~ Indeed, we have that E*yzo = (1 + %) pE BS(Xl, o X K)

and so

HB*yZO

>(1+%)(1—5).

On the other hand, for a € T\ {a},

1B yall < || 4"y

) 1 ()|

<1+ 7 (g+5) < (1+§) (1-4).

€ Tx  x
sl

Since we already have that ||B — A| < % + 0 < ¢, it remains to show that B € BS(X1,..., Xy;Y). To

do so, it is enough to prove that E*yéo 1p é*yj;o for an arbitrary nonzero C € LN (X1,..., Xn;Y) with
B 1p C. In other words, since B*y;, € Bé(Xl,...,XN;]K), there exists (z1,...,2N) € Mﬁ*y* such that
L)

E*yzo (1,...,zn) LB 5*y20 (21,...,zy). This gives that

Uiy (Bor, o oow)) = || By, || = 1BI and g2, (o, o)) =0

which deduce (x1,...,2x5) € Mg and B(x1,...,zy) L C(z1,...,2N).
To prove the claim, we assume that B L g C. From (iii) of property quasi-, we have that

| B* + AC*|| :supI)HE*y:—i—Aé*yZ for any A € K.
a€
Thus for 0 < |A| < ﬁ {(1 —9) (1 + g) - (1 + Te (% +5>)}, we have

sup [ B*ys +ACTyAll < sup [[Bryill+ A sup [[CFy
acl\{ao} a€el acl\{ag

<(tare (G+o)) +[0-0 (14 3) = (1re (5+9))]
=(1-9)(1+3)

< 1B Y5, I

@0

Since B 1L g C implies B* L C* which means that HE* + )\C~'*|| > ||§*H for every A € K, we have
1By, || < |1 B s, + AC*ys || for X e K

by convexity of the norm, and so we finish the proof. O
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It is shown in [12] that BS(X;R) is dense in £(X;R) whenever X is locally uniformly convex. It is not
difficult to see that the underlying base field can be extended to the complex plane for an analogous result,
so we have the following immediate result.

Corollary 2.9. Let X be a locally uniformly convex Banach space and Y be a Banach space with property
quasi-B. Then, BS(X;Y) is dense in L(X;Y).

Lindenstrauss showed in [16] that there is a weaker condition than property « but still NA(X;Y") is dense
in £(X;Y) for such X. Hence, it can also be asked whether it works as property « is a universal condition
of domain spaces for BS(X;Y) to be dense in £(X;Y). Recall that a subset {24 }acr C Sx for some index
set I is said to be uniformly exposed if there exists {z}}oer C Sx= such that z¥(xz,) =1 for all & € T
and that for any given € > 0, there is ¢ > 0 so that ||z — x| < € whenever a € I and x € By satisfy
Rex}(x) >1—6.

Question 2.10. Let X be a Banach space such that By is the absolutely closed convex hull of a uniformly
exposing set. Is BS(X;Y) dense in £(X;Y) for every Banach space Y?

3. Operators with the Bhatia-Semr] property on cq

We focus on the case of operators defined on the null sequence space ¢y. In [11], the author showed that
Bé(co; Y) only consists of a zero operator whenever Y is a strictly convex Banach space, and it is applied
to show that BS(co; ) is not dense in £(co; o). We improve these results in further ways to observe that
the operators with the BS property do not play well when the domain space is cg. In this section, for a set
A C N, the notion P4: ¢y — ¢4 C co denotes the canonical projection on the components in A.

Theorem 3.1. Let Y be any Banach space and T € NA(co;Y) be given. If there is a finite set A C N so that
|TPA|| = |IT| and | T(I — Pa)|| < |T||, then T does not have the BS property.

Proof. Since T'P4 can be considered as an operator defined on a finite dimensional space, it attains its norm
at some xg € S, whose support belongs to A which means that o = Paxo.

To prove the statement, we construct an operator U € L(co;Y) such that T is orthogonal to U in the
sense of Birkhoff-James but T’z is not orthogonal to Uz for any norm attaining point z € Mp. The desired
operator is defined by

Ue; :=<{ 2" Txy ifi>r

0 otherwise,

where r is the largest element in A and {e;}$2, is the canonical basis of ¢y. We comment that this is the
one that firstly considered in the proof of [11, Theorem 2.6].
To show that T' L g U, take a functional y§ € Sy~ so that yg(Txo) = ||T]|. Since we have

9o (T(zo + (I = Pa)a))| < [T and [lzo + (I = Pa)z| =1
for any x € B,,, we obtain
Yo (T(xo £ (I — Pa)x)) = [T

by the equality
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yo (T(zo + (I — Pa)z)) +y5 (T(zo — (I — Pa)z))
2

()

— 7 - Al (1 - mZ2> |

i=1

1T = y5(Tzo) =

For arbitrary A € K and m > r, we have

(T +\U) (mo—i- i el>] =1

1=r+1

+ )\yo (Uxo + )\yo ( Z U€l>

i=r+1

By letting m goes to infinity, we get |7+ AU|| > ||T|| and so T Lg U.
Now we claim that Tz is not orthogonal to Uz in the sense of Birkhoff-James for any norm attaining
point z € Mp. In that case, it suffices to show that

(T +U)(I — Pa)x|| < ||T] for any x = (m(l))oo €B

i=1 co*

If the claim is true, we have for 0 < A\ < 1 that
ITz+ AUzl = (L =XNTz+ XT+U)I — Pa)z|| < ||T|| = ||T=]

which implies Tz is not orthogonal to Uz in the sense of Birkhoff-James.
For =%, , 2" "x(i), we have

(T +U)I — Pa)x|| = |[T(I — Pa)x + U(I — Pa)z|
= ||T(I — PA)J} + OéTon
=T (oo + (I = Pa)z)||

Note that |a| < 1. If @ = 0, it then follows that
(T + U){I = Pa)a|| = [|T(I — Pa)z|| <[IT],

so there is nothing to prove. Otherwise, sgn(a) = is well-defined, and so we deduce the following

inequality o
I(T+U)(I ~ Pa)e| = |IT (azo + (I ~ Pa)a)|
= |7 (1alzo + senta)(r = Pa)e )|
= |7 (1o (w0 + s@n(@)(z ~ Pa)z)) +T (1~ lal) sen(@)(1 ~ Pa)e)|
— [[l0d7 (w0 + sen(@)(1 = Paye) + (1 = Jal) sgn(@)T(7 ~ Paa|
<[allIT]l + (1 = laDIIT]| = T

as we claimed. 0O

The next lemma allows us to deal with many cases for norm attaining operators which admit the first
condition of Theorem 3.1.
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Lemma 3.2. Let Y be any Banach space and T € NA(co;Y) be given. Then, there exists a finite set A C N
such that ||TPal| = ||T|-

Proof. Let T attains its norm at xg = (mo(i))il € Se,- Since z((i) converges to 0, we can take m € N so
that |2o(i)| < 1/2 for i > m. Since ||zo + (I — P1,._my)2ol|| < 1 and

(TxO + T(I - P{l,...,m})xO) + (Tﬂfo - T(I - P{l,...,m})xO)

TIO = 2 )

we have
|TP....myx0|| = |Tzo — T(I = Ppa,...my)zo|| = [T
Hence, A ={1,...,m} is the desired set. O

We are now able to generalize [11, Theorem 2.6] by obtaining that the set of operators with the BS
property is never dense in L(cp;Y) for arbitrary range spaces Y. Note that in the case of norm attaining
operators, NA(cp;Y) is dense in £(cp;Y) when Y is (complex) uniformly convex (see [1]).

Corollary 3.3. Let Y be any nontrivial Banach space. Then, Bé(co;Y) is not dense in L(co;Y).

Proof. Fix a nonzero operator T' € L(co;Y) whose support B := {i € N: T'(¢;) # 0} is finite. Then it is
clear that

ITPg|l = |T|| and [|T(I - Pp)| = 0.

1 1
Let S be a norm attaining operator so that ||S — T|| < §||T|| which gives ||.S]| > §||T|| From Lemma 3.2,

there exists a finite set C' C N so that ||SP¢|| = ||S]|.
Hence, for A = BUC, we have ||[SP4|| = ||S|| and that

IS = Pa)ll < ST = Pp)l| < |T(I = Pp)l| + [[(S = T){I — Pp)| < %IITII-

By Theorem 3.1, S does not have the BS property. Since S is arbitrary, there is no operator with the BS
property whose distance from 7' is less than 5 IT)]. O

One may notice that Corollary 3.3 induces the following negative result on the denseness of N-linear
maps.

Corollary 3.4. Let Xo,..., Xy and Y be nontrivial Banach spaces. Then, Bé(co, Xo, ..., Xn;Y) is not dense
n ,CN(C(),XN, cen ,XN; Y)

Proof. The conclusion follows directly from the isometry £V (co, Xo, ..., Xn;Y) = L(co; L1 (Xa, ..., Xn;
Y)) and Corollary 3.3. Indeed, it is not difficult to see the fact that A € BS(CO,XQ, ..., Xn;Y) implies
Ta € BS(co; LN (Xa, ..., Xn;Y)). O

It is remarkable that the compactness of an operator defined on ¢o and the BS property are mutually
incompatible. Recall that a bounded linear operator T € L£(X;Y") is said to be compact if T(By) is relatively
compact in Y, and we denote by K(X;Y) the set of all compact operators in £(X;Y). We leave below a
sketch of its proof with an easy argument.
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Corollary 3.5. Let Y be any Banach space. Then, BS(co;Y) N K(co;Y) = {0}.

Proof. As ¢; = ¢j has the approximation property, every nonzero compact operator can be approximated
by finite rank operators [9]. Again, every finite rank operator can be approximated by operators with finite
supports. Since we have shown that each open ball (i) whose center is an operator with a finite support and
(ii) whose radius is less than half of the operator norm contains no operator with the BS property in the
proof of Corollary 3.3, any nonzero compact operator does not belong to Bé(co; Y). O

We recall the complex strict convexity to give more examples. A Banach space X is said to be complex
strictly convez if for every © € Sx, maxyer ||z + Ay|| = 1 implies y = 0. It is worth to note that the
strict convexity implies the complex strict convexity, and these two geometric properties are equivalent for
real spaces. This is the reason why we usually consider complex convexity only for complex spaces. For a
complex strictly convex Banach space Y, we see that every norm attaining operator T € L(cg;Y") is compact.
Indeed, by Lemma 3.2, there exists an element u € S., whose support belongs to a finite set A C N such
that || Tul| = ||T]|]. Then, it is clear that ||T (u + A(I — P4a)v) || = ||T|| for arbitrary v € S., and A € T by
convexity of the norm. Hence, z = Tu/||T|| and y = T'(I — Pa)v/||T|| gives that y = 0 which shows that T
has a finite support.

On the other hand, it is well known that every bounded linear operator from ¢y to Y is compact if Y
contains no isomorphic copy of ¢y such as spaces having the RNP (see [8, Theorem 6.26]). So the preceding
two remarks can be summarized by the following result.

Corollary 3.6. Let Y be a Banach space satisfying one of the following conditions:

(a) Y contains no subspace isomorphic to co. In particular, Y has the RNP.
(b) Y is (complex) strictly convez.

Then, BS(co;Y) = {0}.

We improve [11, Theorem 3.4] by showing that there is no nontrivial operator with the BS property when
Y = ¢p. In this case, neither all the operators satisfy the condition stated in Theorem 3.1 nor all the norm
attaining operators are compact. For instance, we may consider the identity operator Id € £(co; o).

Proposition 3.7. There is no nonzero operator T € L(co; co) with the BS property. That is, BS(co; co) = {0}.

Proof. It is enough to prove that T € NA(co; ¢o) with | T]| = 1 does not have the BS property. We denote
each T; € L(cp;K) for i € N to be the n'" coordinate projection of T'. Let

Q:={i e N: |T;]| =1 and T; € NA(co; K)}.

It follows easily that € is a nonempty set, and each T; for ¢ € Q has a finite support 4; := {j €
N: Tj(e;) # 0} since K is strictly convex. For i € €, as in the proof of Theorem 3.1, define R; € L(co; K) by

—Tiej lfj € A;
Ri(ej) = 2Ti_jTi.’Ei lfj >
0 otherwise,

where x; is a norm attaining point with the support A; and r; is the largest element in A;. From the proof
of Theorem 3.1, we observe that
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T, Lp R;, ||Ri]|=2 and |T;xz+ AR;z| <1forany z € My, and 0 < A < 1.

1
Define S = (5;); € L(cp;¢co) by S; = ;Ri if 1 € Q and S; = 0 otherwise. Then, T L5 S since for 7 € €,
we have that T; 1 R;, and thus
1T = T3] <

A
T, + =R;|| < ||IT+AS|| for any A € K.
i

It remains to show that T'zg is not orthogonal to Sz in the sense of Birkhoff-James for any xy € Mrp.
Define

O :={i e N: |Tizo| =1}.

Note that @ is a finite subset of £ and sup;cg.

T;x0| < 1. Moreover, we have the followings:

A
(i) sup |Tixo + =Rizo| < 1 for any 0 < A < 1,
i€ed ?
A
(ii) sup |Tiwo+ —Rixo| <1 —|A| for any A € K with 0 < [3\| < 1 — sup |T;zo|,
iedcn ? i€de

(iii) sup |Tizo| < sup |Tizo| < 1.
i€Qe icde

Consequently, ||[Txzo + ASzo|| < 1 whenever 0 < 3\ < 1 — sup;cge
orthogonal to Sx( in the sense of Birkhoff-James. 0O

T; 20|, which shows that Tz is not

Finally, as a direct consequence of Corollary 3.6 we are able to produce an example which distinguishes
the BS property with the typical norm attainment for bilinear forms. Recall from [13] that the set of norm
attaining bilinear forms on ¢y X ¢g is dense in £2(cg, co; K).

Example 3.8. There is no nonzero bilinear form with the BS property in £2(cg, co; K).

We finish the section with a very natural question. Let us bring to mind that BS(L,[0,1];Y) = {0} for
every Banach space Y (see [12]). As B,, does not have any extreme point as well as B L1[0,1]» it is natural to
ask if the same kind of result can be derived. Or we can ask the denseness question for an arbitrary Banach
space Y when Bx has no extreme point.

Question 3.9. Is it true that BS(co; Y) = {0} for an arbitrary Banach space Y?

Question 3.10. Let X be a Banach space be such that Ext(Bx) = 0. Is it true that BS(X;Y") is not dense
in £(X;Y) for every Banach space Y7
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