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1. Introduction

In this paper, our focus is on studying the Cauchy problem associated to the Kawahara equation,

Opu + BO2u + addu + 0, (u?) = 0, u=u(t,z) :R xR — R, )
u(0,z) = up(x), uo € H*(R),

where a # 0 and [ are real parameters. A renormalization process allows one to work with & = —1 and

B =0, 1, or —1. The Kawahara equation is known as a generalized KdV equation modeling arbitrarily

small perturbations of solitary waves with tails that have oscillatory structure (e.g. Kawahara [10], Hunter-

Scheurle [6]).

A natural object to investigate for evolution equations is the well-posedness (WP) of the associated
Cauchy problem. The local theory for (1) has received considerable interest, with contributions from Cui-
Deng-Tao [4], Wang-Cui-Deng [16], Chen-Li-Miao-Wu [3], and Chen-Guo [2]. It was completed by Kato [8],
who showed that (1) is locally well-posed (LWP) if s > —2 and ill-posed (IP) if s < —2. The latter is due
to the associated flow map being discontinuous in the corresponding topologies. Following Kato’s result,
Okamoto [15] proved IP in the same regime by exhibiting a norm inflation phenomenon. In what concerns
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the global well-posedness (GWP) for (1), the best result is also due to Kato [9] who showed that this is
valid when s > —38/21. Previous GWP results are due to Yan-Li [18] and Chen-Guo [2].
The natural solution space for our Cauchy problem is either

X:C([_TvT];HS(R))a T>O, (2)
X = O(R; H*(R)). (3)

However, for any of the WP results mentioned above, the solution was obtained to be unique only in X NY,
where Y is an additional functional space, and this is due to the analytic toolbox used in the argument.
Hence, an interesting topic to study about (1) is its unconditional WP, which means WP with the uniqueness
of solution derived directly in X. Our main result provides an answer in this direction.

Theorem 1.1. The Cauchy problem (1) is unconditionally GWP in L?(R).

The unconditional WP for nonlinear dispersive equations has been extensively investigated for the past
25 years, originating with Kato’s [7] work on nonlinear Schrédinger equations, with contributions from
Zhou [19] for the KdV equation, Su Win [17] for the derivative nonlinear Schrédinger equation, Masmoudi-
Nakanishi [14] for Zakharov systems, etc. The unconditional WP for periodic problems was studied by
Babin-Ilyin-Titi [1] for the KdV equation, Kwon-Oh [12] for the modified KdV equation, Guo-Kwon-Oh [5]
for the cubic nonlinear Schrodinger equation, Kishimoto [11] for the Benjamin-Ono equation, and others.
In the last ten or so years, an influential methodology for proving unconditional WP results has emerged,
which is based on normal form reductions (NFR). This approach can be traced to the periodic works of
Babin-Ilyin-Titi, Kwon-Oh, and Guo-Kwon-Oh, and it was recently refined and also adapted to the non-
periodic setting by Kwon-Oh-Yoon [13] and Kishimoto [11]. In fact, we refer the reader to [13] and [11] for
comprehensive expositions of these topics, which also include exhaustive lists of references.

The approach we take in proving Theorem 1.1 follows closely the framework implemented by Kwon-Oh-
Yoon, in which unconditional WP is reduced to the proof of a specific set of multilinear estimates (for more
on this, see related discussion in Section 2.4). Actually, our argument mirrors to a great extent the one for
Theorem 1.2 in [13], which applies to the modified KdV equation

Oru — O2u + 0, (u®) = 0. (4)
This is why, in what follows, we focus mainly on:

e presenting stand-alone arguments for the multilinear estimates related to the Kawahara equation;
 providing the reader precise directions to the NFR methodology in [13] on how to implement these
bounds to conclude Theorem 1.1.

Nevertheless, a review of all the key elements in the infinite iteration scheme of NFR is provided for the
convenience of the reader.

Our work can be seen as yet another case study for the wide applicability and robustness of this technique
and we believe the arguments in this paper are more transparent than in other related articles on highlighting
all the features in the NFR procedure. This is due to the enhanced dispersive relation and the less intricate
nonlinearity of the Kawahara equation.
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2. Fundamentals of the infinite iteration scheme of NFR
2.1. Basic notational conventions and terminology

First, we agree to write A < B when A < CB and C' > 0 is a constant varying from line to line and
depending on various fixed parameters. Moreover, we write A ~ B to denote that both A < B and B < A
are valid. We also use A < B to denote that A < eB for some small absolute constant € > 0.

Secondly, for a function h = h(£,7,() defined on R3, we convene to write

/ / (€,m,€ —m) dn = /(g,g—c,odc.

=n+¢

Next, we denote by

f@%@=ﬂ®=/f“w@ﬂw

R

the Fourier transform of the function w = w(x) defined on R and, for f = f(¢,x) defined on R?, we adopt
the notational convention

—

Following this, we introduce the norms
wllFre = [0l pe®),  Nwllas = {6 D) L2w),

with (a) = (1 + a?)'/2. For a set D C R?, 1p stands for its characteristic function.
Finally, in connection to the Kawahara equation, we let

denote its linear propagator and, for a function u = wu(t, x), we call

o(t) = S(=tult) (e, 3(t,€) = e DA ), (5)
its interaction representation.
2.2. Informal description of the iteration scheme

The first step in the iteration scheme we want to implement is to write the Duhamel formulation for (1),
which is given by

u(t) = /s (t — 7)(0u (u3(7))) dr-

Using (5), we can easily rewrite this formulation as

1 For clarity purposes, we are going to use F only on mathematical expressions of considerable width.
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t
O(t,€) = (€ / / eiTP(€:61,€2) O(r, £)0(r, &) dr (6)
0 £=&1+82

where

D(E,61,6) = & +& — € +B(E +& &)

(7)
= 460 + 68 +£5) +38)

and the last equality is justified by & = & + &2. In what follows, ® will be referred to as the modulation
function.
Next, if we assume that ®(£,&1,&2) # 0 and we rely on

{ et ®(£,61,€2)

: } — tP(&81,€2)
t (P(f, 517 52)

and

0:0(n =~ [ igemEO) 560l 6, 0
§=61+E2

then we can force an integration by parts with respect to 7 in (6) to derive

t

. eiT®(8:61,82)
o(t, &) = up(¢ / / zi@{m}vﬁ 1) (7, &2) dT

0 §=&1+82

L ' et P(&:61,62)
=uo(§)— / {25 m o(r, &) o(r, 52)}
§=€11&2

t
) eiTP(£,61,62)
+/ / i€ 7i‘1)(§7517§2) O {0(1,&1) 0(7,&2)} dr

0 £=&1+62

_ (o) / lie o v e |

T=t

7=0

T=t

7=0
2

t

et (2(€,€1,€2)+P(£1,m1,1m2)) ( ) )
3 v\T, T, v\T,
/ / 1 Z¢(€,§1,§2) 771) ( 12 ( 52

0 &=¢1+¢2
§1=m1+n2

This line of reasoning can be continued with

(I)(€7€17£2) = ¢(§7£17£2) + (I)(é.l?nlunQ)?

if one also knows that ®(¢,&1,&) + ®(&1,m1,7m2) # 0. Obviously, neither of the assumptions made so far
can be guaranteed to hold true throughout the domains of integration. This is why one splits the original
spatial integral in (6) into two integrals corresponding to the regions

{12(5,&1,&)| = large}  and  {[®(,&1,&2)] = small},
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respectively, where the terms large and small are to be specified later. It is only for the former integral that

we apply the integration by parts procedure, whereas the latter is dealt with as is. Similarly, for the resulting

integral in the region {|®(&,&1,&)| = large}, we decompose into two integrals for which the domains are”

{|(I)(€7§1a£2>| = large7 |¢(£7§17§2) + (I)(€17”717772)| = large}

and

{|¢)(§7£17§2)| = la‘rgev ‘®(€’§17£2) + @(5157]1’7&” = Sman}'

Yet again, an integration by parts with respect to 7 is applied only for the former integral and the whole
process continues along similar lines.
The final goal of this iteration scheme is to reach the normal form equation

v(t) = ug + ZNék)(U(T)) - + / ZNl(k?) (v(7))dr, (9)
k=2 =0 5

k=1

where Nék) = Nék)(w) and Nl(k) = Nl(k) (w) are k-linear and (k + 1)-linear expressions in w, respectively.
For a fixed k, both Nék) and Nl(k) are the outcomes of performing k iterations of the procedure outlined
above.

2.8. Formal derivation of the normal form equation

In order to formally implement this approach to our Cauchy problem, we recall the notions of ordered tree
and indez function from Section 3 in [13], which are adapted to the Kawahara equation (whose nonlinearity
is bilinear).

Definition 2.1. A finite, partially ordered set (7, <) is called a binary tree if:

¢ there exists a maximal element r € T, which is also named a root node.

o for each a € T\{r}, there exists a unique b € T such that a <band (a <c<b=c=aorc=0").In
this instance, a is called a child of b and b is called a parent of a.

e each parent b € T has exactly two children, labeled in the planar graphical representation of 7 (from
left to right) as b; and bs.

For obvious reasons, a parent in 7 is also named a non-terminal node of 7. The set of all non-terminal
nodes in 7 is denoted by 7Y, while 7% = T'\ T° stands for set of all terminal nodes in T.

Remark 2.2. For a binary tree T, it is straightforward to see that |T| = 2k +1, |[T°| =k, and |T>°| = k+ 1,
where k > 1 is a specific integer. Moreover, one has |¥(k)| = k!, where £(k) denotes the set of all binary
trees with k£ non-terminal nodes.

Definition 2.3. A sequence (7j)1<k<xk of binary trees is called a chronicle of K generations if:

o TreZ(k)foralll<k<K.

2 Tt is worth noting that the meanings of large and small in the context of P(&,&1,&2) + ®(€1, 11, m2) have to be readjusted from
the ones used in connection to ®(&, &1, &2).
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e for each 1 < k < K — 1, Ti41 is obtained from 7 by changing one of its terminal nodes into a
non-terminal one (with two children).

The binary tree Tk in a chronicle of K generations is known as an ordered tree of the Kth generation.

Definition 2.4. For an ordered tree T € (k), we call £ : T — R (identified with (§,)ee7) an index function
if

gbngl +§b27 (V)bE,]-O,
where by and by are the children of b. The set of all such index functions is denoted by Z(T).

To streamline how we write various terms appearing in the iteration scheme, we rely both on ordered
trees and index functions, as well as superscripts in connection to generations of frequencies. Thus, for an
ordered tree T € ¥(K) with its chronicle of generations (7x)1<kr<x and associated index function £ € Z(T),
we let

(€D, M ey = (&, 60, 60)

be the first generation of frequencies, where r is the root node of Tx and ry and ry are its children. Similarly,
for k > 2, we denote

(€@, 6P ey = (&, &, 6,)

to be the kth generation of frequencies, where b is the terminal node of 7;_1 changed into a non-terminal
one for T and by and by are its children in 7. Accordingly, we work with the following notation for the
modulation function introduced for the kth generation of frequencies,

e = @M, M, M) = (€)5 + (67)7 — (€®)® 1+ B((eM)? + (657)% — (M),

and we also write
k
P = Z -
j=1

Now, we have all the prerequisites to formally describe the iteration scheme. We start with (6) written

as
t
3(t,€) = w(e) + / N@)(r,€) dr,
0
with
N@)(r,€) = — / i€ eTPEEE) G(r €V T(r, &),

§=6118&2

Next, we fix N > 1 to be a large, dyadic parameter and write

N(v) = N{V(v) + NV (v),
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where®

N(l)( )(T f) / ICS ife”‘b(g ,61,€2) (7_ 51) (7_ 52)
§=61+&2

and Cp = {|®(&,&1,&)| > N}. Hence,

0w = N(v) = NP () + N (v).

Moreover, in the language of ordered trees and index functions,” we have Co = {|fi1]| = || > N},
/1\ . iTHL ~
M@eo=- ¥ [ 1gie®en ] .
Tie2(1) ce=(my) acT*
MO =- > [ eiWe ] .
Tie¥(1) ces(my) a€Ty™

=

Since p1 # 0 on Cy, we infer based on (8) that

-

L) €7F N
M=o~ ¥ [ 10e0 " ]

1
Tie®(1) ee=(m) 1 aerie
67;7—/]1 -
+ Z / 1, i€ i Oy H Vea
Tie2() ge=(m) a a€T™
0.4 — Z / 1002-5(1) eiul H .
2
Tie®(1) ee=(m) M aers

=

e
S / 1o, it®ie® < H ..
T2€2(2) ce=(15) a€Ts™

=

By introducing NéQ) = Néz)(v) and N® = N®)(v) according to

—

NP@)ne=— 3 / 16, i€ T ] .,
Tie2(1) ces(m) a€Ty

=

67'7/1'1

e“’Z

VOO == ¥ [ 1gie® €@ S T e
T2€2(2) ec=(T2) a€T3™

=

3 Nél) is obviously defined in complementary fashion using N and Nl(l)‘
4 Onward, for ease of notation, we write ve, for v(1,&,) in the integral terms.
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we have that
NV () = NP (v) + NP (v).

Following this, we let C7 = {|fiz| < 53|1|*~°}, where § > 0 is a small, fixed parameter, and write the
decomposition

N® () = NP (0) + N7 (v)

with
N () (r. ) = — e e € 5 15
Vme =~ ) concy i€V i€ e [ e, (15)
7’265(2)5?(72) a€T5°
o (1) o) €TF2 _
NP )(r,e) =~ > Lopnes 16D ig® = IT @ (16)
7363@)&;5(72) b ey

Thus, we deduce that

o = NP () + (N (0) + NP () + N (v).
Next, we notice that
o] > 5%[ ' 70 > 57N
holds true on Cy N C§ and, hence, we can argue like in the derivation of (12) to obtain
NP (v) = 9NV (v) + N® (v)

with

—

NP )= - Y / Lognes i€ i

T2€2(2) ec=(Ta)

=

NO@)nE = - Y / Legney i€ i€ i€

T€2(3) ee=(T3)

=

eMz

II #..

ifi1iho ae T

H Uga.

ifi1iho a7

At this point, we introduce Cy = {|fi3| < 7° max{|fi1], [fiz|}* ~°} and break up N®) into

N® (@) = NP () + N (v),

with
NP )(r e =— Y Leyncsne i€ i€ i€ e T] 9.,
7?56%(3)565(_7‘3) a€Ts™
N )=~ / Lognognes i€M ie® ie® S ifinifia H Vg, -
T3€2(3) ce=(73) aeTs™

=
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Hence, after this third step, we arrive at
o =0 N @) + NP ()} + (MY @) + NP @) + NP (0)) + NP ().

Continuing in the same vein, the kth step (k > 3) brings about Cx_; = {|fx| < (2k + 1)3 max{|/1],
k-1 [} 0},

N k—1
(k) _ ThE—1 N
NP )& =- Y / Lognpezes 1] i) £ H’“ - I .. -
Te-1€2(k—1) ee=(ry,_1) J=1 j=1 " aeTee,
k () 17’/%
N(k ( )(T f) Z / lcoﬂﬂk 2CJC Hzf — H an, (18)
TheZ(K) ee=(Ty,) j=1 H 1My aeTee
v Ticw €
Nimw)n ) =~ Z / Leonniz2 csncis H’f Hk e H Vg, (19)
TR (k) ce2(Ty) j=1 j=1 i qeTe
r=£
o T T
N, (v )(7' f) Z / lcoﬁﬂk e Hz§ — H ’Ufav (20)
Th€Z(k) ce=(73,) j=1 HJ 1M aeTee

=

for which
N (0) = 0N (0) + N 0) = 0:NGP (0) + NP (0) + N3 ()

and, consequently,

k
o =0,{ Y N (v) +ZN<J NP (v). (21)

Jj=2

Thus, by integrating with respect to the time variable and assuming that Nz(k) (v) is negligible when k — oo,
one formally obtains (9) by performing infinite iterations of this scheme.

2.4. Summary of key items complementary to the iteration scheme in the NFR methodology

Following the formal derivation of the normal form equation, the analysis shifts now to the two main tasks
left to validate in order to claim Theorem 1.1. The first one consists in proving that the Cauchy problem
associated to (9) is LWP in H* for s > 0, which is enough for our purposes given Kato’s conditional GWP
result when s > —38/21. In this direction, we develop localized bilinear estimates in H* and highlight
arguments similar to the ones in Sections 3.2-3.4 of [13] on how successive applications of these bounds yield
the desired goal.

The second task, which is more involved, has to do with justifying certain steps in the iteration scheme
which led us from the Kawahara equation to the normal form equation. On one hand, we need to show that

2_solutions of the former satisfy each of the intermediate equations (21). This means that we can rigorously
apply Leibniz’s rule of differentiation with respect to the 7 variable and commute the differentiation with
respect to 7 with the integration in the spatial frequencies. On the other hand, we have to prove that (9)

is a limiting value for (21) in the sense that N. (k)( ) — 0 pointwise in (7,&) as k — oo. For this purpose,
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we develop localized bilinear modulation estimates involving both FL* and H® and refer the reader to
arguments in Sections 4.1-4.2 of [13] which rely on these types of bounds to infer the mathematical facts
described above.

3. Localized modulation estimates in H*

In this section, we prepare a number of bilinear estimates to be used in the analysis of the normal form
equation. To this end, we introduce the bilinear operators N2, = N2, (vy,vz) and I, = I%,,(v1, v2) by”

Ny (o, v9)(1,6) = — / i€ HEEE) G (¢)) By (£) (22)

£=£1+&2
[®(§,61,62)—a|<M

and

— ] eit®(€:81.62) N
IS (o1, 02)(¢,€) = — / i€ a6 —a 01(&1) 02(&2), (23)

£=£1+€2
[®(&,61,62)—a|>M

with related definitions for N§, = N (vi,v2) and I, = I$;(v1,v2) in which the restriction in the domain
of the integral is now M < |®(£,&1,&2) — | < 2M. Above, M > 1 and « are real parameters and ® is given

by (7).
Proposition 3.1. If s > 0, then the following estimates hold true:

24
25
26
27

INZ s (01,02) ()| e S M2 vr ||z w2l e
Ny (v1,v1)(8) — N2y (v2,02) )| s S M2 ||y — va s (
172 0 (w1, v2) ()| e S M2 vy || s

172 3 (v1,01) () = 12 3 (v2,02) (0) | re S MY |lvr — vl 1= (

il s + [lvall <),

(24)
(25)
va| e, (26)
(27)

lvillzs + llvala)-
N3y and I, satisfy bounds identical to the ones for NZy and IS, respectively.
Proof. We start by showing that (24) is valid and we use duality to argue that it is sufficient to prove that

/ / Ljjo(e,e 60— a<M}<|§><<§>> w1 (&1) wa(&2) w(§) d§

R e=¢1+& (28)

< M2 || g2 lwe | 2wl 2,

where w, wy, and w € L? are all non-negative functions. Next, on the account of the triangle inequality
and s > 0, we have that (£)® < (£1)°(£2)° and, thus, it is enough to prove the claim for s = 0. As in the
corresponding result for (4) (i.e., Lemma 2.6 in [13]), we perform an analysis which takes into account the
sizes of various spatial frequencies. We can assume |£;| > |€2] since (28) exhibits symmetry in the indices 1
and 2. Accordingly, we split the analysis in the following complementary scenarios:

€IS 1 max{|&[1} <[¢],  and 1 <[E[ S (6] ~ (&l

5 For similar definitions, see Section 2.2 of [13].
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Case: [£| < 1. Here, we use the Cauchy-Schwarz inequality twice to deduce

LHSof(28)§H / w1 (§1) w2(&2)

2
E=€1+& ey

5H / w1 (&) wa(&2)

§=81+82 Eieisn

[l 22

[wllze S lwallz2 fJwal 2wl 22,

which proves the claim.

Case: max{|&2],1} < [¢|. In this instance, another double application of the Cauchy-Schwarz inequality
yields

LHS of (28) < H H / Lja(e.61,62)—al<mywi(§1) wa(62)

[w] >
L2
§=€1+&2
1/2
Sop (2 [ tgocereratmn ) lollisluslialiolz
€
: §=8§1+82
Hence, it suffices to show that
sup & / Lijo(e.er.62)—al<my S M-
le1>1 £=¢1+€2
max{|§2],1} <[]
For this purpose, we fix &, write G(&1) = ®(&1,€ — &1,€), and compute
G'(&1) = (& — (€ = &) BE + (€~ &)%) +3D). (29)

Since [¢| = [&1 + &| > |&2], it follows that [&| ~ |€] > |€ — &| and, consequently, G'(£1) ~ &*. On the other
hand, on the domain of integration, we have |G(&;) — a] < M, which implies that the range of G has size
< M. In the context of the mean value theorem, the last two facts tell us that the domain in which & varies
has size < M/¢* and we conclude that

M
sup &2 / Ljo(e,6,6)—al<my S SUP 5 S M.
[&1>1 lgI>1
£=€1+&2
max{ |2, 1} <[€]

Case: 1 < €] S |&1] ~ |&2|. For this scenario, we first argue that the triangle inequality leads to

max{|§ + &1, € + &2} ~ [§+ & +[E+ &2 > 3]

and we choose to work onward with the assumption max{| + &1|, € + &2|} = |€ + &1]- Yet again, we rely
twice on the Cauchy-Schwarz inequality to infer that
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LHS of (28) / L{ja(e.6,.60)—al<my €l wi(61) w(§) déy [lwa|| 2
[€11~]€E2121€1>1
[§+&11=[6+82] L2
2
1/2
< sup / Lo (.6 ,60)—al<ar} [€)7 d& w1 || L2 [Jwel L2 ||w]| Lz
[€2]>1

[€1]~1€2]21€1>1
[€+&11>1€+€2]

Thus, what we need to prove is

Sup / L{jo(e,61,62)—al<ar} [€]7 d& S M.

[§2[>1
[€1]~ €212 1€1>1

[€+&1]>16+E2]

To this end, we proceed in similar fashion to the second case. We fix &3, write H(&1) = ®(&1, 82,81 + &2),
and compute

H'(&) = —&(E+&)(B(& + &%) +38). (30)

Since 1 < €] < |&1| ~ |&] and € + &1] 2 |€], it follows that |H'(&1)] 2 |&|® and, arguing as before, we
derive that the set in which &; takes values has size < M/|&|2. Hence, we obtain

M
2
sup / Liao(ee 6)—al<my [§]7dE1 S sup — S M
eal>1 leal>1 62|
[€11~]€2121€1>1
[E+&1|>]E+E2|

and the proof of (24) is complete.
Next, we observe that (24) implies (25), since a symmetric bilinear operator T satisfies

T(Ul, ’U1) - T(Ug, ’Uz) = T(vl, V1 — ’UQ) + T(Ug, v — Ug).
Moreover, the estimates for N§; follow at once from (24) and (25) since
Npyy = NZop — N2y

For I¢;, we notice first that (28) is equivalent to

Haeere)—aan S 0D [R2(&)]| 5 MY |[or| g [|va | 1+ -
§=81+&2 g
Therefore, we infer directly from the definition of I§; that
o < 1 Sl o~ —~
123 (01, v2) )l = S 7 Hiaer.a)—al~any 6167101 [02(&)]))
L

£=&1+8&2
S Moy | g

Vg s

This estimate implies (26) since
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1o, 02) (D)l S D %01, 02)(0)] s
N>M
N dyadic

> Nl

N>M
N dyadic

vallre S M2 o[ are o2l

The arguments for (27) and the similar bound for I{; are identical to the one for (25). O
4. LWP for the normal form equation (9)

Following the development of modulation estimates in Sobolev spaces, we use Proposition 3.1 to show
that the normal form equation is LWP in H®, with s > 0, with the solution being unique in the natural
solution space (2). For this purpose, we first prove favorable bounds for Nék)(v) (k> 2)and Nl(k)(v) (k>1),
which were introduced in (13), (17), (10), (15), and (19). The key observation is that both Nék) and ka) are
linear combinations of multilinear operators, which are, in turn, compositions of specific bilinear operators
of the type defined by (22) and (23). For example,

N @) (1) = 4 12 (o0, 0(0) 0,2, @1
N ) (1) = 2 (1 s 000, )0, (0,2 -
I 000, I s (00, 2(D) ) 2),
N{D) (1) = N2 ((0), 0005 2), (53
N 0)(00) =i B (N s (0,00 0 (0 1.0
3

12 (0(t), N 5<v<t>,v<t>><t>><t,m>).

In fact, the generic term featured in the formulas (17) and (19) for Nék) and Nl(k) originates from the
compositions (in reverse order) of

1° I Ik , I fo—z

SNy Asssim o st man |2 300 0 IS (26—1)8 max{|ji |, fie—2 ]} 00
and

10 I Ik J k=2

SN Asss| =0 57 max{ | i} T 4> (2k—1)3 max{|fi |, ik—a |} =0

N fk—1
<(2k+1)® max{|f |, | ik 1]} 707

respectively. For a more formal treatment of the structures of N ) and Ny ) in the case of (4), we refer the
reader to Definition 3.13 and the comments following this definition in [13]. This can be easily adapted to
our setting since the nonlinearity is quadratic instead of cubic.

Proposition 4.1. If s >0, N > 1, and 0 < § < 1, then the following estimates hold true:
k k=1 k=2
ING @) le S N7 450wy, (35)

ING? (0)(t) = N (w) (@) |1 £ N2+ (|Jo(@) 521+ lw (b)) 4:1)
o(t) = w(t) e,
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IN @) (@)l S N™Z 45220 o) 42, (37)
INE (0) (1) = N (w) ()= S N7 50 (Jlo@) 1y + [lw (b)) (38)
o) = wt) e
for all k > 2. In addition,
IN @) () e S NY2{Jo(t) 13, (39)
1IN @)() = NP @)l $ N2 (@)l + @) 12-) (w0)

o) —w®)| a-,
are valid.

Proof. First, we notice that (36), (38), and (40) follows from (35), (37), and (39), respectively, in the same
way we derived (25) from (24). Moreover, the bounds (35) for k = 2 and (39) are the direct consequences
of (31) and (26) and (33) and (24), respectively.

Hence, in what follows, we focus on proving (35) for k£ > 3 and (37) for k& > 2. Due to the generic nature
of the terms in the expressions for No(k) and Nl(k), which was previously discussed, we analyze only one of
them. We choose to work with

T(v) =1y (v I~ (v...I_ﬁ'“’2 . (v,v))...)
>N \Y 553 1-5 Y >(2k—1)3 , _o¥1=8 Y ’
|Fal ( )2 max{| i1 ]|tk —2|}
k—1 times
and’
_ 70 — 1 —fk—2
S(U) - I>N (’Uv I>53|ﬁ1‘1—6 (U7 .- -I>(2k_1)3 max{ |1 ], |fix_2|}1—¢ ('U7
N_ e s (v,v))...)
<(2k+1)3 me R _ 1-6 i )
<( )? max{| i1 [,k -1}
k times

where we dropped the dependence of v in terms of ¢ to simplify the notation. We perform a dyadic analysis
in terms of the values taken by fi1, ..., ix—1 and we rely on the notation

Ny e2f || ~N;, M; =max{Ny, N}, (V)1<I<Ek,
which imposes the constraints
Ny >N, N >5M{~° ..., Ny > (2k —1)°M} =5
for T and
Ny >N, Ny >5 M=% ..., Ny > (2k — 12 M} 73, Ny < 2k +1)° M} ¢

for S.
By consecutively applying the results of Proposition 3.1 for the operators

0 — i1 —fk—2
I, Ik, I,

5 For N{Q), the formula of S(v) needs a slight adjustment (see (34)).
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and taking advantage of M; > Nj for all [, we derive

Tlaes| Y Y .. 3 T~ il

Ni1>N N2253M1176 Nk,12(2k—1)3M1:6 1<i<k—-1
s II et 3 SEIE )k b
2<] Ni>N

<k—
< H (20 +1)73/2 N~ 5270 ||y||k,..
I<k—

~

I /\

As explained in Lemma 3.15 of [13], this is an estimate which leads to (35) since, for a fixed value of s,

2 g(k) [ @+1)72 <1

2<1<k—1

uniformly in k.
Next, we turn to proving a favorable bound for S(v), for which we use in succession Proposition 3.1 for
the operators

0 —n fr—2 —HAk—1
Ings Iyt I "% Nyt
When compared to the analysis for T'(v), we need to consider here separately the cases when
M1 = Ni—1 or Mjp_1 = Ny.
Thus, we are able to infer that

1S5 () s

S IDIENEED'D 2 [T v w2 el

Ni2N Ny >(26—1)2M}Z5 Nip<(2k+1)3 M8 1<ISk—1

A

Z Z Z H lel/Q.Né/Q H ||k+1

Ni2N - N1 >(2k—1)3 M} 75 Np<(2k41)3N; 5 1SISk—1

DI > [T~ N ] ol

Ni2N Ny >(2k—1)3 M} 75 Np<(2k41)3N; % 1<I<k—1

S QI @402 2k +1)%72

2<I<k—2
—1_(k-3)2 1,16 k
SN ® ’ > N2 Il
N1>N Np_1>(2k—1)3N;—°
+ I @+n 2 @12 3 NI )k
2<i<k—1 N1>N

< ] @+ @k +1)*? ((2k e T el
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I

< H (204 1)"%/2 . (2k — 1)739/2(2k + )3/2N__+u5 lo]5.
I<k—

T aciz
This bound implies (37) by reasoning in the same way (35) was deduced from (41). O

Now, we have all the prerequisites to set up a contraction argument which proves that (9) is LWP in H*
when s > 0.

Theorem 4.2. If s > 0 and r > 1, then, for any ||uo||g= <, there exist T =T(r) >0 and N = N(r) > 1
such that the normal form equation (9) admits a unique solution v € X = C([-T,T]; H*(R)) and the
data-to-solution map

uo €9{z; ||z||lgs <r}—veX
is Lipschitz continuous.

Proof. We proceed in the standard way and denote the right-hand side of (9) by Ly, = L, (v), for a fixed
uog € H®. The goal is to show that L, is a contraction map on a closed ball of X. In fact, if ||ug||g: < 7,
we prove that we can take this ball to be B(0,2r) = {v; ||v|]|x < 2r} by choosing T' and N appropriately.

For this purpose, we let C' > 0 be an absolute constant which is valid for all the estimates (35)-(40) (i.e.,
one can replace < by < C-). A direct application of (35)-(40) in the context of (9) yields

—h-ilik—2
1Ly (@)1 x < fluoll e+ C D" NT=Z 4550 (Joflk + [luollfye)
k>2

+COT [ N2 o)k + Y N- 24520y 5
E>2

If we take v € B(0,2r) and N to satisfy

N~ <

DN | =

then the above two power series are convergent and we infer that
Ly (v)||x <7+ C (10r2N*1/2 FA4r2TNY? 1 16r3TN’6/2) .
By further enforcing

15C s 1
oY ~ N9/2 T< — —
5 < and = 120rN1/2

we deduce that L, : B(0,2r) — B(0,2r) is well-defined.
Next, arguing in similar fashion, we derive

L (v) = L (w) | x

<C (STN*W +4rTNY? 167‘2TN’5/2) o —wlx, (¥)v,we B(,2r).

If we also include the restrictions
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(24Cr)2 <N and  (4r)7T5 <N,

the map L, becomes a contraction on B(0, 2r). Furthermore, without any extra adjustments to the values
of T'and N, one obtains in the same manner that

1Ly (v) = L (8) 1 x < lluo = Toll+C [lo = ]|,
() luoll &

|Uoll s <7, v,v € B(0,2r),
for some fixed 0 < C < 1. This proves the assertion about the data-to-solution map. O
5. Localized modulation estimates in FL°° and H?®

In this section, we develop modulation estimates which allow us to justify certain steps in the itera-
tion scheme implemented in Section 2.3. For this purpose, we introduce the bilinear operators N <M =
NﬁSM(Ul,’Ug) and I, = Ij‘?f>M(vl,v2) by

N (o, 02) (1,6) = / €]9]¢, |1 P66 5 (61 B (62) (42)

£€=£1+¢€2
[®(€,61,62)—a|<M

and

" . s e ®(&:61,¢2) R R
Ij’>M('Ul,'U2)(t; §) = / €] |§j‘ mvl(fl)02(£2), (43)

£=§1+¢&2
[®(&,61,62)—a|>M

with obvious definitions for N&,, = N, (v1,v2) and I2y = I](-fM(vl, v2) in the spirit of the previous section.
As before, M > 1 and « are real parameters, ® is the modulation function, and j =1 or 2.

Proposition 5.1. If 0 < s < min{1, o}, then the following estimates are valid:

INS o (v1,02) ()| Froe S M2l Froellvs—l 1o, (44)

155 r (01, 02) ()| e S M2 0 mroe 03— | 1o (45)
N2y and I7, satisfy bounds identical to the ones for N7y, and I3\, respectively.

Proof. First, we notice that we only need to prove (44), since the other estimates in the proposition are
derived from it in the same way (26) and the corresponding bounds for N§; and I; in Proposition 3.1 are
derived from (24). We assume, without loss of generality, that j = 1 and, in this case, it is easy to see by
duality that (44) is the consequence of

‘§|S‘§1|1_S 1/2
su 1 —a = w < MY?||lw ,
e / (96 —al<m) = rone— 0(&) S ]l 2 (46)
§=&1+8&2

with w € L? being a non-negative function. We demonstrate this inequality by analyzing the following
complementary scenarios:

1611 S 1, (max{[&], 1} < [&1] or 1 < [&1] < [&2]), 16l S 1< 6] ~ |62l
and 1< ] S Il ~ &2l
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Case: |€1| < 1. The triangle inequality implies |¢] < (£2) and, consequently, we have

el
(§2)7 ™
Then, by using the Cauchy-Schwarz inequality, we derive that
1/2
LHS of (46) < sup / w? (€ — &1)d& S llwllze,
€

[&1]<1

which proves the claim.
Case: (max{|&],1} < [&1] or 1 < [&| < [€2]). In this scenario, the triangle inequality yields

max {1, min{|& [, [€2[}} < max{|&1], €21} ~ €], (47)

and, hence, we obtain that

1€
(§a) ™

Following this, we proceed like in the Case max{|{2],1} < €| of the argument for (24). We fix £, take
G(&) = P(&1,€ — &1,8), and, based on (29) and (47), infer that

€]

G’ (&1)] = |&F — &3|(5(6F + &) + 3B8) ~max {&], &} ~ &%

As argued before, we deduce that the domain in which &; varies has size < M /&%, By invoking the Cauchy-
Schwarz inequality, we finally derive that

1/2
LIS of (46) < |€]25]&1 |2
of (46) < sup L{jo(6.61,6)—al <M} T ge lwll 2
¢eR (€2)
E=&1+&2
1/2
< sup 52/1{\G(sl)—a\SM}mﬂG’(sl>\~54}d& [[w]| L2
€l>1
1/2 e
< sup lwllz ~ M= ||lwl| Lz,
> €l

which demonstrates the assertion.
Case: || £ 1< |&1] ~ |&2]- For this case, we have that

s 1—s
|€‘ |£1|0 5 |§2|1—s—0'.

(€2)

Next, we argue like in the Case: 1 < [¢| < |&1]| ~ |&2] of the proof of (24). We fix &, write H(&) =
D(&1,82,&1 + &), and, using (30), infer that

[H'(€1)] = |&|€ + &11(5(€F + €%) + 38) ~ |&llé ] ~ &.
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Consequently, the set in which &; takes values has size < M/£5. By applying the Cauchy-Schwarz inequality
as in the previous case, we deduce that

1/2
LHS of (46) < sup \§2|2‘25‘2”/1{|H<51>—a|SM}n{\H’<sl>\~f§}dfl [l 22
|&a>1
R
L wlles ~ M2
S osup s lwllpe ~ w||r2,
lea>1 (€ e

which yields the claim.
Case: 1 < |€] S |&1] ~ [€2]. In this instance, we have that

s 1-s
|§| |§1|J 5 |§1|1—a' ~ |£2‘1—a'

(€2)

and we proceed in identical fashion with the way we argued for (24) under the same assumptions. We infer
that

max{|§ + &), [§+ & 2 6> 1

and choose to work with max{|{ + &1|, | + &2|} = |€ + &1]- We claim that when max{|€ + &1],1€ + &} =
|€ + &2| the analysis is similar, by interchanging the roles of £ and &;. Hence, yet again, we fix &, consider
H = H(&), and, using (30), derive that [H'(&1)| 2 |€2]3. Now, the outcome is that the domain in which &;
varies has size < M/|&|. Therefore, much in the same spirit with the previous case, we obtain

1/2
LHS of (46) < sup IEQIH"/1{\H(51)—a|§M}n{\H'<sl>|~\s2|3}dfl lwllz2
[€2]>1 2
1/2 o
S osup s llwllpe ~ M7 Jwl| e,
lea|>1 |E2|1/2Fe

which finishes the proof of (44). O
6. Conclusion of the argument for Theorem 1.1

In this final section, we complete the argument for our main result by justifying the heuristics in Sec-
tion 2.4, which connect the Cauchy problem (1) to the normal form equation (9). This process is very similar
to the one used in Section 4.2 (and the related Section 4.1) of [13] to justify identical claims for (4). This
is why we present here only the key elements of this procedure and ask the reader to fill in the details by
following the line of reasoning in [13].

First, in order to justify the application of Leibniz’s rule with respect to 7, it is enough to show that
t > 0(t,€) is a Cl-function for each fixed £. On the basis of (5) and (8), we infer that

De0(t,€) = —2mi g e EHIE 12 (¢ g).

However, if u € C'(R; H*(R)) with s > 0, then u? € C(R; L'(R)) and the desired claim follows according to
the Riemann-Lebesgue lemma.
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Secondly, in order to explain rigorously why we can commute differentiation with integration in the
derivation of (21) and why this equation is a true approximation for (9), we argue that it is enough to
demonstrate the following result.”

Proposition 6.1. If 0 < s <1, N > 1, and 0 < § < 1, then the following estimates are valid for all k > 2:

[NOI@)(t,0)| S 161N+ o) 5, (48)
mewstwﬂw%“%%wmﬁ- (19)

In addition to the modulation estimates in Proposition 3.1 and Proposition 5.1, we need one more
ingredient for the proof of the above proposition, which is the following bilinear estimate.

Proposition 6.2. If s > 0, then

sup / €17 01(&1) 02(&2)| S [loallzs vzl s (50)

£eR
§=81+82

holds true.

Proof. The argument is straightforward, as s > 0 implies

€° S 1al” +1&[°

and, subsequently, an application of the Cauchy-Schwarz inequality yields

LHS of (50) S lll&]° 01(€) Iz [192]l 22 + |91z €2l” 02(&2)ll 2 S llvillze[lvz]lzre- O

Next, we finish this section and the entire paper by providing:

Sketch of proof for Proposition 6.1. The argument is similar to the one for Proposition 4.1. As was the case

there, the key observation is that, according to (18) and (20), N(*) and N2(k) are linear combinations with
constant coefficients of integral terms which can be written conveniently using the operators defined by (23)
and (43).
For example, one integral term featured in the summation formula for N(3) is
iTh3

T=- / Lognes i€ i€y i€y ——= [ (r,€4) = —isgn(€)le]'~*

A2 o 2 g

£=€1+&2
£1=€63+¢&4
£2=E5+E6

[ {erier-== T bt 060

S / 6T G ) (r

M1 po 7
£=€1+82 §1=63+¢&4
[ |>N [p2+7a1|>53| |1 =2

%MQMWJ%an&ﬁ@&ﬁ,
§2=E5+E6

7 This is the counterpart of Lemma 4.8 in [13], used to justify the same heuristics in the case of (4).
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with

ﬁl = @(5751,52)3 H2 = @(5175&54)7 M3 = ¢(£27£5a£6)'
If one defines the operator H = H(vy,v3) by
Hovo)tn = [ sl ™®0m )6 )5 (ne)

n=n1+mn2

then, according to (23) and (43), we can write

iTH _
T——isge)ig [ {|§|S|§2|1—5€ﬁ1 F (1285 s (D), 0(7) (m.61)
v

FHO().00) (.8
— —isgn(©)I"*F (1o n (I8 5 s (0(),0(0))(7), Hv(7),0(7))(7)) ) (7,€).
Furthermore, due to (50), we deduce

[1H (01, 02)(8) | 7o S [lon e

vall e (51)

Therefore, if we also factor in (45) and (26), then we derive

IZ) S € N R s (0(7), 0(m) ()|

— —14-9
ST NTF R (1) e

H(o(7), v(1))(7) || 7L

which matches exactly the estimate (48) for k = 3.
In general, the typical integral term in the formula for N*) can be written as a composition of operators
of the types

I

I i —fu
>(204-3)3 max{|@1 ]|} =07

—H1
> (2048)8 max{|jix ||} 1~ H

9

with 1 <[ <k—2and 1 <j <2 For Nék), the only addition would be a further modulation restriction
imposed by 1¢e | on H, which doesn’t bring any additional complications. All these considerations can
be made rigorous by working with the concept of shortest path between root nodes of a chronicle of k
generations. We refer the reader to Remark 3.6 and the formula (4.18) in [13] for precise details in the
context of (4). Following this, one takes advantage of (45), (26) and (51) to obtain the estimate for the
individual integral term. Finally, (48) and (49) are derived in the same way (35) is deduced from (41),

which is a bound for one of the individual terms in the formula for Nék). |
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