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Regularity theory

1. Introduction and main result

The Maxwell equations are the mathematical foundation of the theory of electromagnetism and therefore
one of the most significant partial differential equations in physics. In this paper we establish a detailed
regularity theory in the case of nonautonomous linear material laws and perfectly conducting boundary
conditions. Such results are known in the autonomous case, where, e.g., semigroup methods can be applied.
For the nonautonomous problem one only has satisfactory results in the full space case [8,9] or for other
types of boundary conditions (absorbing ones) [2,12,14]. The general theory of symmetric hyperbolic systems
merely yields partial regularity results [6,12,16]. In this article we obtain a full regularity theory using the
special structure of Maxwell’s equations. Based on these results, in the companion paper [19] we develop a
complete local wellposedness theory for quasilinear Maxwell equations in H3, which so far was only known
for the full space case, see [10].

In the presence of a linear heterogeneous anisotropic medium, the macroscopic Maxwell equations in a
domain G read
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Oi(eE)=cwlH — (cE+ J), for x € G, t e (to,T),
O(uH) = —curl E, for x € G, t € (tg,T),
div(eE) = p, div(pH) =0, for x € G, t € (to,T), (1.1)
Exv=0, (uH) -v=0, for x € 0G, te€ (to,T),
E(ty) = Ey, H(tg) = Ho, for z € G,

for an initial time to € R. Here E(t,z) € R® and H(¢,z) € R? denote the electric and the magnetic field.
The conductivity o(t,z) € R3*3 and current density J(t,2#) € R3 are given. The charge density p(t, )
depends on the current and the electric field via

p(t) = div(e(to) Eo) — / div(oE + J)(s)ds

for all t > tg. We further assume that the permittivity e(,2) € R®*3 and permeability u(t,z) € R3*? are
symmetric and uniformly positive definite on (t9,7") x G. In (1.1) we have equipped the Maxwell system
with the boundary conditions of a perfect conductor, where v denotes the outer normal unit vector to G.
In order to write the Maxwell equations (1.1) in the standard form of a first-order hyperbolic system, we
introduce the matrices

0 0 O 0 0 1 0 -1 0
J=(0 0 -1, Jo={0 00), J=[1 0 0
01 0 -1 0 0 0 0 0

and
w_ [0 —=J;
457 = <J]— 0J> (1.2)
for j =1,2,3. Note that 2321 J;0; = curl. Setting
_ (e O _(Oie+0o O (=

and introducing v = (E, H) as a new variable, we can write the evolutionary part of the Maxwell equa-
tions (1.1) as

3
Apdyu+ Y AO;u+ Du = f. (1.4)

j=1

Under mild regularity conditions on the fields and the coefficients, e.g., eE,uH € C([to,T], H(G)) N
Cl([to, T], L*(G)) and div(cE + J) € L' ((to,T), L*(Q)), a solution u = (E, H) of (1.4) satisfies the diver-
gence conditions in (1.1) if they hold at the initial time ¢ = to. Similarly, the second part of the boundary
conditions, i.e., (uH) v =0 on (tg,T) x OG is true if E x v =0 on (tp,T) x IG and (uH)(tp) - v = 0 on
O0G. We refer to [18, Lemma 7.25] for details. Defining the matrix

0 V3 —Uy 0 0 O
B=|-v3s 0 v 00 0],
Vo —U1 O O 0 O

we can thus cast the Maxwell system (1.1) into the first-order linear initial boundary value problem
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3
Apdu+Y APOu+Du=f,  weG, te (to,T);

i=1
! (1.5)
Bu =g, x € 0G, tE€ (ty,T);

u(to) = uo, reQG,

with additional conditions for the initial data. We also consider inhomogeneous boundary conditions here.
Besides being of mathematical interest, inhomogeneous boundary conditions for the perfect conductor also
have physical relevance, see [3].

The goal of this article is to prove a priori estimates for and the existence of regular solutions of (1.5)
provided that the coefficients and the data fulfill suitable regularity and compatibility conditions, see (2.4)
below. Our main Theorem 1.1 describes in detail how the constants in the a priori estimates depend on
suitable norms of the coefficients. This precise information is crucial for the nonlinear results in [19]. In view
of the above observations, our results for problem (1.5) directly transfer to (1.1).

Problem (1.5) is a symmetric hyperbolic system with conservative boundary conditions. Since the clas-
sical work of Friedrichs [5] and Lax-Phillips [11] on symmetric hyperbolic boundary value problems with
dissipative boundary conditions, a lot of progress has been made. We refer to [1] and [4] for an overview of
the state of the art for hyperbolic systems.

For Lipschitz coefficients, it is known that the system (1.5) has a unique solution in L?(J x G) if the data
satisfy up € L?(G), g € L*(J, H'/2(0@G)), and f € L*(J x G), see [4]. Here we set J = (t9, T). Moreover, one
has the basic L2-estimate (3.2) for the solutions. We start from this result and use a classical strategy. A
localization procedure transforms the problem to the half-space. In order to derive a priori estimates for more
regular solutions, one then differentiates in tangential directions and applies the basic L?-estimate to these
derivatives, as they again solve an initial boundary value problem with known initial value, boundary value,
and inhomogeneity, see [15-17]. But this procedure does not work for the derivative in normal direction since
we cannot control its behavior at the boundary. If the boundary matrix A(v) = Z;l:l Ajv; is regular, one
can express the normal derivative of the solution via the equation by tangential derivatives of the solution
and lower order terms and thus obtains the desired full regularity. Even if A(v) is singular (the characteristic
case), one can recover normal regularity from tangential regularity under certain structural conditions on the
problem, see e.g. [12,13]. However, these conditions fail for the Maxwell system (1.5) (which is characteristic
as the boundary matrix Z?:l A$°v; is singular) with perfectly conducting boundary conditions, cf. [12]. It
also seems that Kato’s approach from [8,9] cannot be applied here. On the other hand, for general symmetric
hyperbolic systems a loss of derivatives in the normal direction may occur, see e.g. [6,12].

In our paper we use the structure of Maxwell’s equations to prove the full regularity of solutions of (1.5).
We proceed as indicated above and focus on the half-space problem in ]Ri = {z € R3: 23 > 0}. The main
difficulty is to control the derivative in the normal direction dsu. Although the boundary matrix is not
invertible, using the equation, we can bound four components of dsu by Oiu, dou, Oyu, and f. The key
step is then to prove that the structure of the Maxwell operator allows us to estimate the remaining two
components. Here we exploit the divergence conditions for the Maxwell operator and a generalized variable
coefficient Maxwell operator which arises due to the localization. By means of a Gronwall argument, we can
then control these two components.

Also in the regularization procedure the characteristic boundary poses several challenges. It is no longer
sufficient (as in the noncharacteristic case) to regularize only in tangential directions. However, applying a
mollifier in the normal direction leads to a loss of derivatives in this direction at the boundary. We overcome
this problem by studying a family of spatially restricted problems. The regularity of corresponding solutions
then implies the smoothness of the solution of the original problem. To derive the regularity in tangential
directions we apply classical techniques from [7]. Here we rely on the structure of the Maxwell operator which
allows us to transform the half-space problem to an equivalent one with A = A$° so that no commutator
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terms between mollifier and A3 appear. For temporal differentiability, yet another regularization technique
is necessary as the a priori estimates do not allow for a mollifier in time. Moreover, these three regularization
steps have to be subtly intertwined to retrieve the full regularity of the solution.

Even for the wellposedness in L? in [4] coefficients in W1>°(J x G) (constant outside of a compact set)
are needed. To treat the initial boundary value problem in higher regularity, we require the coefficients Ag
and D to belong to

Fi(J x G)={AcWh(J x G)F*F. 9°A € L>®(J, L*(G))*** for all a € N§ with 1 < |a| < m},

Al £, (7xc) = max{||Allw1.c(sxa), max [|0%AllLe(s2(a))
1<]a|<m
where m € Ny, see Remark 1.2 below for the motivation of this particular space. The smoothness of time
evaluations of these coefficients will be measured in

) (G)={A¢€ L®(G)FF: 9% A € L2(G)F** for all a € N§ with 1 < |a| < m},

Al Fo,. ) = maX{||A||L°o(G)’1SY‘I}Ia|><_<m 10%All2(c) }-

We write Fy, ,(J x G) for the set of functions A € F,, x(J x G) with A(t,z)T = A(t,x) > n for all
(t,r) € Jx G. The set F,?, (J x G) contains the functions from F, ;(J x G) which are constant outside of a
compact subset of J x G and Fy, x(J x G) the ones which have a limit as |(¢,2)| — oo. Finally, F ., (JxG)
and Fy ;. (J x G) are defined as the intersection of Fy, 4, (J x G) with F?, (J x G) and Fy, ,(J x G),
respectively. We only use k = 1 and k = 6 in the following. As it will be clear from the context which choice
of k£ we consider, we usually drop it.

The analysis in [4] requires that the boundary data g belong to L?(J,H'/?(0G)). In higher regularity we
thus take g from the spaces

En(J x 0G) = (| HI(J, H™379(0G)),
j=0

l9ll 2, (7x0c) = O<mja<xm ”aggHL?(J,Herl/?*j(BG))'

We want to show that under suitable assumptions the solutions to (1.5) belong to

Gm(J xG) = ﬁ CI(J, H™(Q)).

=0

We equip these spaces with the family of time-weighted norms

lvlle,, . (7xa) = Jax lle—0fv| Lo (g, 1m-i(G))
for all ¥ > 0, where e_,, denotes the exponential function ¢ — e~ 7. If v = 0, we also abbreviate vl G0 (7x )
by [[v]|la,,(sxa)- Analogously, any time-space norm indexed by v means the usual norm complemented by
the time weight e_,.

When looking for solutions in G, (J x G) (with data ug € H™(G), g € Enn(J x9G), and f € H™(J x G))
with m > 1, we have to note that the time evaluation of w still has a trace on G which coincides with the
time evaluation of the trace of u on OG. In the case m = 1, we thus obtain Bug = ¢(tp) as a necessary
condition for the existence of a G, (J x G)-solution. For m > 1 there are more of these so-called compatibility
conditions which have to be satisfied. We discuss them in detail in Section 2 below. We can now state our
main result.
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Theorem 1.1. Let n > 0, m € Ny, and m = max{m,3}. Fix r > ro > 0. Consider a domain G with
compact C™2_boundary. Choose to € R, T' > 0 and T € (0,T") and set J = (to,to +T). Select coefficients
Ao € F§, ,(J x G) and D € Fg(J x G) with

| Aol Fpixa) <7y IDllEnoxa) <75

max{[|Ao(to)llFo_ (a), e ||55A0(t0)||Hm—j—1(G)} <o,
max{||[D{to)llre_,(c)s, s ||<9JD(t0)HHm i-1(G)} < To.

Choose data f € H™"(J X G), g € Epn(J x9G), and ug € H™(G) such that the tuple (to, Ag, AS°, AS°, AS°, D
B, f,g,uo0) fulfills the compatibility conditions (2.4) of order m.

Then the linear initial boundary value problem (1.5) has a unique solution u in Gy, (J X G). Moreover,
there exists a number v, = ym(n,r,T") > 1 such that

H

m—

Hullémﬂ(hc) < (Cpo +TC)emNT ( 167 £ (t0) | 3rm 1~ i@+ lgll%,, L (Ix0G)
7=0

Cm
+luollime)) + 21 Mg e

for all v > v, where C; = Cy(n,7,T") > 1 and C; 9 = Ci0(n,7m0) > 1 fori € {1,m}.
Several remarks are in order.

Remark 1.2.

(1) Since the L2-result [4] requires the coefficients to belong to W1*°(J x G), one may ask why we use
coefficients from F,,(J x G) and not from W™°(J x G). The reason is that the space F,,(J x G) occurs
naturally if one applies the above result to quasilinear problems, cf. [19]. In fact, in Theorem 1.1 and
other results in this article we could replace Fy,(J x G) with the space consisting of those W1°°(.J x G)-
functions whose derivatives up to order m belong to L°°(J, L>(G)) + L>(J x G). Since the part of the
derivatives in L>°(J x G) is much easier to treat, we however concentrate on Fy,(J x G) here.

(2) The assumption that G has a compact boundary is not necessary. We can also treat more general domains
with a uniform C™*2-boundary satisfying some extra properties. See [18, Chapter 5] for details.

(3) In [19] we also show the finite speed of propagation of solutions of (1.5).

The proof of Theorem 1.1 proceeds in several steps. In Section 2 we describe the localization procedure
which transforms (1.5) into a half-space problem. By an additional transformation we manage to keep the
matrix Az = A§° unchanged, which is a crucial ingredient in the regularization procedure. In this preparatory
section we further define the aforementioned compatibility conditions and protocol crucial properties of the
function spaces F,,(J x G). We then proceed with deriving a priori estimates in Section 3. Differentiating
in tangential directions and applying the basic L?-estimate, we obtain bounds for the tangential derivatives
of the solution. As explained above, the crucial step is to derive an a priori bound for the derivative in
the normal direction from the properties of the Maxwell operator, which is done in Proposition 3.3. An
iteration argument then yields a priori estimates of higher order. In Section 4 we show that the solution of
the initial boundary value problem has essentially the same level of regularity as the data and the coefficients.
Analogous to the derivation of the a priori estimates, the regularization procedure is also more difficult than
in the noncharacteristic case. We use three different regularization techniques in normal, tangential, and
time direction, which also have to be subtly intertwined, see Lemma 4.1, Lemma 4.4, and Lemma 4.5. For
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several arguments there we need more regular coefficients. However, approximating only the coefficients
violates the compatibility conditions. We therefore have to construct smooth coefficients and data which
approximate the original ones in suitable spaces and satisfy the compatibility conditions, see Lemma 4.8.
Combining these ingredients we finally obtain the claimed regularity of the solution.

Notation: By m we always mean a nonnegative integer. We further denote the differential operator
Apdy + 25:1 A;0; + D as L(Ay,...,As, D). If it is clear from the context which coefficients we consider,
we often suppress the argument and only write L for the differential operator. We also set dy = 0.

We further fix a number 77 > to and take T € (to,T"]. We set J = (to,T) and Q = J x R3. Due to the
translation invariance of (1.5), we often assume without loss of generality to = 0.

2. Compatibility conditions, function spaces, and localization

In this section we denote by G a domain with a compact C™+2-boundary or the half-space. The function
spaces F,,(J x G) and F2(GQ) as well as G,,,(J x G) contain the coefficients and the solution of (1.5).
In view of the strategy described in the introduction, it is clear that we will need corresponding bilinear
estimates for functions from these spaces. Also the spaces ém(J x G), consisting of all functions v with
0% € L*(J,L*(G)) for all @ € N§ with 0 < |a| < m, will be useful for the fixed point argument applied
to the nonlinear problem, cf. [19].

Lemma 2.1. Take mi,mo € N with m1 > mg and my > 2 and a parameter v > 0.
(1) Let k € {0,...,m1}, f € G, —x(J x G), and g € Gr(J x G). Then fg € Go(J x G) and

1fallo ,1xa) < CllflGm, —vrxa)llglle . rxc)-

(2) Let f € G, (J x G) and g € G, (J X G). Then fg € Gpm,(J x G) and

1f9llG, - (7xc) < Cmin{||flla,., 7xe)l9llG,, ,(7x6):

£l ~rxeylglle, (1xa)}-

The result remains true if we replace G, (J x G) by Fm,(J x G) or replace both Gy, (J x G) and

Gy (J X G) by Frp, (J X G) and Fi, (J x G).
(3) Let k€ {0,...,m1}, f € H™" ¥(Q), and g € H*(G). Then fg € L*(G) and

1 f9ll2) < Cllflgrmi—+ ) llgll mx )

(4) Let f € H™(G) and g € H™2(G). Then fg € H™(G) and

Il fllzmz @) < Clflami (@)llgllame @)-

The result remains true if we replace H™ (G) by F2, (G).

The assertions in (1) and (2) remain true if we remove the tildes there.

The proof relies on a term-by-term analysis of the derivatives of the products combined with an appro-
priate application of the Sobolev embedding theorem and Hoélder’s inequality, see [18, Lemma 2.22].

For the regularity results in Section 4 we have to apply techniques which only work for smooth coefficients.
We then need an approximating sequence for coefficients in F,,(2) with properties strong enough to transfer
regularity.
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Lemma 2.2. Let m € N. Choose A € F,,,(Q). Then there exists a family {Ac}eso in C°(Q) with

(1) 0%A. € F,(Q) for all o € N§ and ¢ > 0,

(2) [ Acllwr=(o) < CllAllwr=(o) and [[0%Ac||Lo(s2®?2)) < CllAllF, (@) for all multi-indices 1 < |af <m
and e > 0,

(3) Ac = A in L=(2) ase — 0, and

(4) A-(0) = A(0) in L>(R3) and 9*A and 0*A. have a representative in the space C(J, L*(R3)) with
0*A.(0) = 0*A(0) in L*(R3) as e — 0 for all « € N§ with 0 < o] <m — 1.

If A is independent of time, the same is true for A, for all e > 0. If A additionally belongs to FP(2),
FS(Q), Fryn(Q) for a number n > 0, or the intersection of two of these spaces, then the same is true for
A; for all e > 0.

The proof again follows standard ideas, see [18, Lemma 2.21] for details.

As indicated in the introduction, we will reduce (1.5) via localization to a half-space problem with variable
coefficients below. In order to discuss the compatibility conditions in a unified framework, we consider (1.5)
with variable coefficients Ay, Ay, A3 € F,,(J X G) independent of time for a moment. We further fix a positive
definite coefficient Ag € F,(J x G), as well as D € F,,(J x G), B € W™+L°°(@G) and data f € H™(J x G),
g € En(J x 0G), and up € H™(G). If (1.5) has a solution u which belongs to G, (J x G), then we can
differentiate the differential equation in (1.5) by Lemma 2.1 up to (m — 1)-times in time to obtain

afu(t) = SG,m,p(tv AO; Alv A2a AS» Dv fv u(t))v (21)

for all t € J and p € {0,...,m}, where Sg.mp = Sc.mp(to, Ao, A1, A2, Az, D, f,up) is defined by

Sa,m,0 = Uo,
3 p—1 p— 1
Scmp = Aolto) ™" (af_lf(to) - ZAjajSG,m,p—1 - Z ( ; >81§A0(t0)SG7m,p—l
=1 =1

p—1

By (p . 1) OAD(to)Scmp1-1); (2.2)

=0

for 1 < p < m. On the other hand, differentiating the boundary condition in (1.5) up to (m — 1)-times in
time and evaluating at any t € J, we get

Bopu(t) = dg(t) (2.3)

on OG for all 0 < p < m — 1 and t € J. Combining (2.1) with (2.3) in t = tg, we obtain the compatibility
conditions of order m

BSG,m,p(thA07"'7A3aDa f7u0) :afg(tO) on 0G foroSpSmf]- (24)

for the coefficients and data. These conditions are thus necessary for the existence of a solution in G,,(J X G).
We will show in Section 4 that they are also sufficient. If it is clear from the context which domain G we
consider, we will often suppress it in the notation.

The operators Sg.m,p for 0 < p < m appear frequently in the sequel and corresponding estimates are
indispensable.
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Lemma 2.3. Take n > 0, m € N, and set m := max{m,3}. Pick rq > 0. Choose Ay € Fy,,(J x G),
A1, As, As € Fy(J x G) independent of time, and D € Fy(J x G) with

[Ai(to)llro_ ) < 1o, [1Do)llFo_,(c) < 7o,
12X 18] Ao (to)l| 13 () < 7o, hax 10{ D(to)|| zrm—1-i(c) < 70

for alli € {0,...,3}. Take f € H™(J x G) and ug € H™(G). Then the function Sg m.p(to, Ao, ..., A3, D
f,uo) is contained in H™~P(G) for allp € {0, ..., m}. Moreover, there exist constants Cy, p = Chy (1, 70) >
0 such that

p—1
156 pll (@) < Conp( D Flt0)llsr-1-5(6) + ol rm ()
=0

for 0 <p<m.

For the proof one applies Lemma 2.1 to the terms appearing in (2.2), see [18, Lemma 2.33] for details.

Via localization, we reduce the initial boundary value problem (1.5) in general domains G to the corre-
sponding problem in the half-space. While this procedure simplifies the underlying domain, we no longer
deal with the curl-operators but more general variable coefficient linear first-order differential operators in
the half-space. However, these operators still have a structural similarity with the curl-operator. Since this
structure is utterly important in the following, we want at least to indicate how the half-space problem
arises from the local charts.

To that purpose, assume that we have chosen a finite covering (U;);en of OG with corresponding charts
@i, which are C™*+2.diffeomorphisms from U; to subsets V; of B(0,1). Denoting the composition with ;!
by ®;, we consider in the half-space the differential operator

3
Liv =, (490, + Y AP0, + D) o]}
j=1
3
=, (Aoatv o @; + Z A;O(?j(v ow;)+ Dvo gpi)
j=1

w

3
=P;A0 v + P; ( Z Z A;-O(I)i_laﬂ) 8]-%71) + &, Dv

i=1 1=

<.
—

3
= 0 Ao 0o+ Y (D AP0 )00+ BiDv, (2.5)

=1 j=1

for v € L?(V;), where ;.1 denotes the I-th component of ¢; for all i € N. Extending the coefficients of L
from the bounded set V; to R appropriately, we obtain coefficients A € FeP, () and D' € FP(Q) if A
and D belong to FP, (J x G) respectively FiP(J x G). Moreover, the remaining coefficients A}, A3, and
A% are contained in

3
P oeg(RY) :={A € FPo(Q): Ipa, p2, p3 € Fyr1 () independent of time, such that A = ZA;O,uj}.

m,coeff
j=1
In fact, they even belong to WmH’OO(]Ri) as G has a C™*2-boundary. Exploiting this amount of regularity

makes the spatial coefficients easier to treat. However, in order to streamline the assumptions in the results
below, we treat them in the larger space F,7 . (R%).
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Since the matrix B is of rank 2, we eliminate one row of the boundary condition in the localization
procedure. The boundary condition is then given by a 2 x 6 matrix B?. On the right-hand sides we obtain
localized data f?, g°, and u). We note that the localized coefficients and data can be estimated by their
original counterparts in the corresponding norms with a constant only depending on the shape of 0G.

Choosing the covering of dG fine enough, there exist numbers 7 > 0 and k(i) € {1,2,3} such that
|,ué’k(i)| > 7 on RY for all i € N, see Lemma 5.1 in [18]. Here we denote by uj ; the coefficients for which
AL = 2321 Agoué’ ;- This property allows us to transform for every ¢ € N the initial boundary value problem
on the half-space into the form

3
flg@tv+2fi§8jv+l~)iv:fi, zeRY, teJ;
,’:1
! B , , (2.6)
3 ~1 .
Bv =g, redRy, telJ;

v(0) = b, r €R3;

with coefficients Aj € FP, (), A3, A} € EY oot (RY), AL = A, and B' = B, where B is a constant
2 x 6 matrix of rank 2. (The actual form of B depends on k(i), e.g., in the case k(i) = 3 we have
B = (eg,—e1)T, where e; and ey are the correspondent unit vectors of R%.) For the transformed data
we have f' € H™(Q)% § € E,(J x 9R)?, and @) € H™(R2)® for all i € N if f € H™(J x G)S,
g € Ep(J x 0G)3, and vy € H™(G)S. The localized and transformed data can be estimated by its original
counterparts in the corresponding norms with a constant depending on suitable norms of the coefficients
and the shape of 0G. The transform is given by

3
At T At Y] T i § : T At -1 R %
Aj = Gz AjGi, D' = Gl D Gi — C:z AJG@]GZ Gi, B'=B Gi,

Jj=1

fr=Glf, =g, u=0G7"u,

for j € {0,...,3}, where

N 1 0 u
, 1 1,3
Z.:(C(r’)z G0> and Gi=—=— 0 1 by
’ t3z \O 0 pjj
in the case k(i) = 3 and pb3 > 7 on R3. In the remaining cases, the matrix G, has to be adapted

accordingly. A function u’ then solves the untransformed problem if and only if @' = G; Lut solves the
transformed one. Here we invoke the fact that the coefficients A} belong to W™ t1°(R3) for j € {1,2,3} in
order to conclude that it is enough to study the transformed problem in the half-space in the following. We
refer to [18, Theorem 5.6 IV)] for the details of the localization procedure and the subsequent transform.
Finally, we point out that there is a constant 2 x 6 matrix C® such that A$® = 1/2(CT B + BeoT <),
We further note that AS° has exactly two positive and two negative eigenvalues counted with multiplicities.

Remark 2.4.

(1) For the localization procedure we also have to treat the part Uy of G which is not contained in the
covering of 0G. In Uy a similar but simpler procedure as described above leads to a full-space problem
for the localized solution. The results in Sections 3 and 4 are also true on the full space and follow by the
same strategy, which is much easier in that case. See [18, Theorem 5.3] for a more detailed discussion.
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(2) The proof that Theorem 1.1 indeed follows from the corresponding result for problem (2.6) is very
technical but follows from standard ideas, see [18, Theorem 5.6] once again.

3. A priori estimates

In the previous section we have reduced (1.5) to the initial boundary value problem

3
Aoatu—l—ZAj@ju—i—Du:f, xERi, teJ,

=1
3 .
Bu =g, redRy, telJ;

u(0) = o, r e R3,

in the half-space with A3 = A$° and B = B. In this section we derive a priori estimates for G, (€2)-solutions
of (3.1). We note that L(Ay,...As, D)u = f € L*(Q) implies that the divergence of ((Agu)g,. .., (Asu)x)
belongs to L*(Q) for 1 < k < 6, Ay,...,A3 € Wh>(Q), and u € L*(Q). Therefore, this vector has a
normal trace ((Aou)y,...,(Aszu)) - v in H~Y/2(9Q), where v denotes the outer unit normal of 9. On
J x aRf_ this product coincides with —(Asu)k, which allows us to define a trace for Asu. One can find
a constant matrix M such that B = M A5° so that we obtain a trace operator Tr for the function
Bu. We refer to Section 2.1 in [18] for the details of this construction. A function u € C(J, L*(RY)) with
L(Ay,...,As,D)u = f in the weak sense, Tr(Bu) = g on J x dR3 , and u(0) = uy is referred to as a (weak)
solution of (3.1).

We first state the fundamental a priori estimate on L2-level which was shown in Proposition 5.1 in [4].
The dependencies of the constants follow from the proof of this result in [4].

Lemma 3.1. Let 7 > 0 and v > ro > 0. Take Ay € Fgh(Q), A1, Az € Fh  g(RY) with [|Aillwie) <7
and [|A;(0)||pe®s) < 7o for alli € {0,1,2}, and A3 = AS°. Let D € L>*(Q) with [|D| =) < r and
B = B. Let f € L*(Q), g € L*>(J,H/?(0RY)), and ug € L*(R%). Then (3.1) has a unique solution u in
C(J,L*(R3)), and there exists a number vo = Yo(n,r) > 1 such that

1
-t 2 2 2 2 - 2
ilelg e u(t)HLZ(Rj_) + 7||UHL3(Q) < 0070||u0||L2(R1) + CO,OH9||L3(J,H1/2(3R1)) + COV ||f”L3(Q) (3.2)

for all v > o, where Cy = Cy(n,r) and Co,o = Coo(n,70)-

We now derive the desired a priori estimates. In a first step, we give estimates for the tangential derivatives
of a solution. The proof is classical but since we are interested in the particular structure of the constants,
we provide the details.

We introduce the space H{({2) which consists of those functions v € L?(Q) with 9% € L?(Q) for all
a € N§ with |a| < m and a3 = 0. We equip this space with its natural norm.

Lemma 3.2. Let > 0 and r > ro > 0. Pick m € N and set i = max{m,3}. Take Ay € Fy’ (Q),
Ay Ay € FP (RY), A3 = AL, D € F(Q), and B = B with

m,coeff

14l

Fn@ <7 [ DlF, @ <7

max{[[4;(0)|| o, (ra), max 1||agAO(O)”Hm*1*J’(Ri)} < 7o,

1<j<m—

max{[|D(0) HJPQH(JW+

m

j .
o, 02 [0 D(O)]|zer—smyy} < o,



M. Spitz / J. Math. Anal. Appl. 506 (2022) 125646 11

for alli € {0,1,2}. Choose f € HZ(Q), g € Ep(J x OR3), and ug € H™(RY). Assume that the solution u
of (3.1) belongs to G, (). Then there exists ym = ym(n,7) > 1 such that

> 0%ulig, @) +lullZ

la|]<m
a3:0

@) (3-3)

ta,y

3

< Couo( 310 FO) sy + ol rwoms + ol )
J

I
o

Cm 2
T(HfHHm @ T HUHGM,,(Q))a
C

for all v > o, where Cp, = Cpy(n, 7, T"), and Cpy 9 = Cpn0(1,70)-

Proof. Let a € N§ with |a] < m and a3z = 0. It is straightforward to show that %u solves the initial
boundary value problem

L(Ag,...,As,D)v = f,, xERi, te J;
Bv=0%, «=x¢€ 81&17 teJ; (3.4)

v(0) = ug,a, x€R3,

where

fa=0"f~ Z > ( )aﬁA 0 Pou— (g)aﬁpa“ﬁu,

7=00<B<a 0<B<L

Uo,a = a(xu(o) = 8(07(11,&270)511@‘3_,171,&0 (07 A07 R A37 Dv fv U()),

and where we employed that A3 = AS° and B = B, see Section 3.1 in [18] for details. We note that f, is
an element of H™~1*l(Q) with

Ifallrz@) < Ifllag @) + Cr. T lulg,, @ (3.5)

by Lemma 3.4 of [18], which uses Lemma 2.1 above. Lemma 2.3 further yields that ug, belongs to
Hm™=1el(R3) and

>_\

m—

l[uo,all grm-1a1(m3 ) < Cz.s;m,\a|( 108 £ ()| g1k sy + ||U0\|Hm(R1)>’ (3.6)
k=0

where C5 3. o] = C2.3:m,]a| (1, T0) is the constant from Lemma 2.3.
Since 0%u solves the initial boundary value problem (3.4), we can apply estimate (3.2) to 0%u and then
invoke estimates (3.5) and (3.6) to deduce

10°ullE, () +VII0%ulliz (o)

1
< CoolluoalZzms) + Cooll 09Il (s 11/2(0ms ) + 00;|\fa|\%g(n)

,_.

m—

k
Cono( D2 198 FO) s + o l3m g ) + Comollgl
k=0

Em,~(Jx0R%)
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~ 1
+ O (Il @+ 1 o)

for all v > ~o. Here v(n,7) = v3.1.0(n,r) is the corresponding number from Lemma 3.1 and C’m,o =
Como(n,m0) and Cy, = Cp(n,7,T") denote constants with the described dependencies. Summing over all
multi-indices o € N§ with a3 = 0 and |a| < m, we thus obtain the assertion. O

The above procedure only works in tangential directions because differentiation in the normal direction
does not preserve the boundary condition. Since the boundary matrix As is not invertible, we neither obtain
the normal derivative from the equation itself. Instead, we will use the structure of the Maxwell equations
to get an estimate for the normal derivative in Proposition 3.3 below. In that proposition, we consider the
initial value problem

L(Ag,...,As,D)u = f, zeR3, teJ;
{ (Ao 3, D) i (3.7)

u(0) = wo, z € RY.
We define a solution of (3.7) to be a function u € C(J, L*(R%)) with u(0) = up in L*(R%) and Lu = f in

H~1(). For the subsequent application of Proposition 3.3, it is crucial that there is no boundary condition

n (3.7).
For the formulation of Proposition 3.3 we also need the following construction. Take Ap, As, A3 €
Fhoe(R%). The definition of this space then implies that there are functions p; € Fg¥ (2) such that

3

A; =Y APu; forall j € {1,2,3}. (3-8)
=1

We set

i= (g 2) (3.9)

where g denotes the 3 x 3-matrix (u;)1;, and we define

Mw

3
Div(Ay, Ay, A3)h = ( (A" R, Y (@A) (s ) (3.10)
k=1

k=1

for all h € L*(R3)°.

The next proposition is the key step in the derivation of the regularity theory for (1.5). It tells us that the
derivative in normal direction can be controlled by the ones in tangential directions and the data despite the
problem being characteristic. In the complement of the kernel of AS° we can control Oszu via the equation. For
the remaining components we exploit that the (generalized) divergence Div(A1, Az, As) of the (generalized)
Maxwell operator Z?:l A;O;ju only contains first-order derivatives of u. This cancellation property of the
Maxwell system then allows us to apply a Gronwall argument.

We point out that we do not assume that u belongs to G1(§2). For the derivative in the normal direction it
is enough to require that it belongs to L>(J, L*(R%.)). While the gain of regularity which is thus contained in
Proposition 3.3 is just a byproduct of the proof here, the reduced regularity assumption is utterly important
for the regularization procedure in Section 4. Similarly, estimate (3.13) with its less regular right-hand side
is a significant tool in Section 4.

Proposition 3.3. Let T" > 0, n > 0, v > 1, and v > ro > 0. Take Ag € Fy}(Q), A1, Ay € Fg‘;oeﬂ(Ri),
A3z = A$, and D € F®(Q) with
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[Aillwree@) <75 [[Dllwioe) <,

[Ai(0) | Loy < 70, [1D(0)]| Loe(re ) < 70
for all i € {0,1,2}. Choose f € Go(Q2) with Div(Ay, As, A3)f € L*(Q) and ug € H'(R3). Let u
solve (3.7) with initial value uy and inhomogeneity f. Assume that w € C*(J,L*(R%)) N C(J, HL(R3)) N

L>(J,H*(R3)). Then u belongs to G1(Q) and there are constants C1o = Cio(n,r0) > 1 and Cy =
Ci(n,r,T") > 1 such that

2
IVul, @) < €T ((Cro+TC) (Y 105ul, @ + 1713, ) + luolfn@s))
=0

C .
+ I Div(AL A2, A3)flEz ) (3.11)

If f additionally belongs to H*(Q)), we get

2

IVal, @ < €T ((Cro+TC)( Y 105ul, @ + 17 O)22@s) + luoll3n ms))
§=0

Ch 9
+ 7Hf||H}/(Q)>' (3.12)

Finally, if f merely belongs to L?(Q) with Div(Ay, Aa, A3)f € L?(Q), we still have

2
||Vu||%3(m < 661T<(CL0 + TCQ(Z ||3ju”%3(sz) + ||f||%g(9) + ||U0||?11(R1))
=0

Ciy e
+ 71HDlv(Al,A27A3)f||2L3(Q)>. (3.13)

Proof. To prove the lemma it is enough to show that dsu belongs to C(J,L?(R%)) and that inequali-
ties (3.11) to (3.13) hold.

By the definition of the space Fg% ¢(R%) there exist functions u; € Fgh(Q) for 1,5 € {1,2,3} which
satisfy (3.8) and are bounded by C(r) in Fy1(Q2). Since A3 = A5°, we have 13 = peg = 0 and pg3 = 1.
Moreover,

o 0 —J .
Aj° = (Jl 0 l) with Jimn = —€imn (3.14)

for all [, m,n € {1,2,3}, where &y, is the Levi-Civita symbol, i.e.,

L if (65, k) € {(1,2,3),(2,3,1
ek =14 -1 i (i,5,k) € {(3,2,1),(2,1,3

\/\_/
—_ =
0
l—‘
o
nas

0 else.

We use the matrix fi from (3.9). Since the coefficients are Lipschitzian, we can take the weak time derivative
of T AgVu componentwise to obtain

615 (ﬂTonu) = [LTﬁtAoVU + [LTAOBtVu
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— 370, AgVu + ﬁTAOv(Agl (f — 23: A;0u — Du))

Jj=1

3
= iT8,AgVu + a7 AgV A" (f -5 A05u — Du)

Jj=1

2 3
+ptvf -t Z VA;0;u— i"VDu— " DVu — i Z A;VO;u

j=1
in L>°(J, H~*(R3.)), also employing (3.7) and that
6
(VA Rk ==Y OxAg iyl
=1
and analogously for A; with j € {1,2,3} and D. We abbreviate
3
A= 0 AoV + T AV AT (f = 3 A0~ Du)
j=1

2
+ A"V = i"y VA0 — i"VDu — i" DVu
j=1

and note that this sum only contains first-order spatial derivatives of u. We further compute

3 3 3 6
Z(ﬂTZAjvaju) = Z k1 A51p 005
k=1 Jj=1 J,k=11p=1

3 6 3 6
co co
E E B At Ok0jty = > > i AS, i OOy,
e Lpmi jokeln=1p=1

using that fi;; = 0 for all (I, k) € {4,5,6} x {1,2,3}. Formula (3.14) thus leads to

3 3 3
Z (ﬂT Z A]vaju) Kk = Z Enlpﬂlkﬂnjakajuerg.
k=1 =1 dikdn,p=1

Interchanging the indices I and n as well as k and j, we arrive at

3 3 3
T
E (M E AjV3jU>kk= E Elnphing k0 Ortp 3
k=1 j=1 7,k,l,n,p=1
3
=— g Enlp ik ini Ok 0 Upts.
J,k,n,p=1

Equations (3.17) and (3.18) thus yield

23: (" 23: Ajvaju)kk = 0.

k=1 j=1

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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Analogously, we conclude
3
Z( ZA Vo, ) —0. (3.20)
— = (k+3)k
In view of (3.16), equation (3.15) now implies that
3 3
Z (" Ao V) = Z Aps.
k=1 k=1

An integration in H~*(R3) from 0 to ¢ then leads to the identity

3 3 3
Z m onu kk Z m onu kk )+Z/Akk($)d5
k=1 k=1 0

for all t € J. The integrand on the right-hand side is also integrable with values in LQ(R?;), implying that
the integral exists in L?(R3 ) and the equality holds in L?(R%) for all ¢ € J. Starting from (3.20), we obtain
in the same way that

3 3 3
Z " Ao V) (1op3)k (t Z " Ao V) (ot 3y ( )+Z/A(k+3)k(3)d3
k=1 k=1 k=117

in L?(R%) for all t € J. We denote the k-th row and the k-th column of a matrix N by Nj. and N.,
respectively, and set

3 3 t 2
F7(t) = Z(ﬂTAOVU)kk(O) -l-Z/Akk Z I A() k 8ku ) (3.21)
k=1 k=17 k=1
3 3 ¢t 2
Fy(t) = (" AoVt) (res3)x (0 )+Z/A(k+3)k(8)d8—Z(ﬂTAO)(k+3)~5kU(t)
k=1 k=17 k=1

for all t € J. Further, we define

2
(Fl,...,FG)T :fszjaJU7Du (322)

Jj=0

The function F' = (Fy,..., F3)" then belongs to C(J, L*(R%)). Introducing the matrix

As
fr=| (A" Ag)s. | € Fo(2)**°,
(A" Ao)e.
we obtain
f05u = F. (3.23)

We multiply g with the matrix
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1 0 0 0 0 0 0 0
0 -1 0 0 0 0 00
0 0 1 0 0 0 00
0 0 0 -1 0 0 0 O
G1= 0 0 0 0 1 00 0> (3.24)
0 0 0 0 0 1 00
—id Aous iR Aoa 0l Ao —id Ao 01 0
—igAogs g Aoa 0 iAo —adAogn 0 0 1
where summation over the index ! (from 1 to 6) is implicitly assumed. It follows
0O 0 0O 01 0
00 0 1 0 O
00 0 O0O0 O
il — 01 0 00 O
W=110 0 00 0
00 O 00 O
0 0 Q33 0 0 Q36
0 0 Qg3 0 0 (0731
with the numbers
3 6
Uk = D> 1 Avu(jn—3) 153 = ik Aofin = Aoskn
j=11=1
for all k,n € {3,6}. We conclude that
asz  Qse Aozs Aose
= ’ ’ > . .
(0463 a66> <A0;63 A0;66> =1 (3.25)
Hence, it has an inverse § satisfying
18]l () < C(n)-
Introducing the matrix
1 0
G2 = ( 656 6) s (326)
we compute
000 010
0 0 01 0O
000 000
N 01 0000 -
000 000
001 000
0 0 0 0 0 1

Using also (3.8) and (3.9), we see that
|G2G1ll =) < C(n)(1+ cp)?

with the constant
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Co = maX{jféaf?fg [ Al oo (), 1D oo () }-

Equation (3.23) and (3.27) yield

Since the matrices G; belong to C(J,L>(R3)) and F is contained in C(J, L*(R%)), we infer that dsu is
contained in C(J, L*(R%)) and

105u(t) || L2rz) < C()(1+ co)*|F ()|l L2 (r2 ) (3.29)
i i

for all t € J. To estimate [£(t)[|2(r2 ) we first note that

IFOll 2@y < M(F,- . Fs)T (@)l 2e) + 1 (Fr, Fs) T ()| 2w (3.30)
2

<N Ollczws) + COZ 18;u(t)| 2R3 ) + collul®) | L2ma ) + [(Fr, Fs) T ()] L2 (w3
§=0

for all t € J. Applying Minkowski’s inequality, we further deduce

1(Fr, Fe) T (8) || 222y < C(ro)lluollams ) + €5 Z [0k (t) || L2(r2 )

t

+C(n,r) /(HVU(S)HL?(M) + [[uls)l|L2ray + [ Div f(s)l| 2wz + [/ (5)]| L2 (r2 ) )ds
0

for all t € J, where we abbreviate Div(A;, Ay, A3) as Div. This estimate, (3.29), and (3.30), lead to the
inequality

[Vu)llLz®e) (3.31)

< C(n)(1 +co)? (Hf( Mz + (1+c0)® Y 105u(t)ll2re) + collu(®)llz2re )

j=0
+ Cro)uollm my) + Cn, / IVu(s)llams) + (o) 2
0

+ 1IDiv £(5) | 2qry) + 15 ()l 22 ) )ds)
for all t € J. Let v > 1. Using Holder’s inequality, we infer

IVu®)llz2 sy < C) (1 + co)*(1 +TC(n, 7’))<67t||f||c;oﬁ(9) + coeullg,., )

2

+ (1+ )2 > 95ullay @) + Clro) luoll ey )
j=0

1 .
+ C(ﬁ7r>(ﬁ€7t\| Div f|rz @) + / ||VU(3)HL2(R§)d8>
0
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t
::g@)+(er%/HVu@ﬂth$ds
0

for all ¢ € J. Since the function g increases in ¢, Gronwall’s inequality yields

1946y ) < (COpr0) (1 + o) (L +TC 1) (I o0 + el 00

2
1
+ > 105ulley @) + luollm s ) + ) —=

Div f|| 12 (q) )eC T, 3.32
> 3 Nl le2) (3.32)

Employing that 9;Ag belongs to L (), we further obtain

[ Aoz () < [[A0(0)l| w3y + Tl Aol[wr (@) < 1o+ T

We argue analogously for the remaining coefficients, which yields co < r¢ + 1'r.
To conclude (3.11), we write u as

t
mwzumyﬁ/@mgw
0
in L?(R%) using that u belongs to C*(J, L?*(R%.)). Minkowski’s and Hélder’s inequality then imply

1
ull, @) < 2luollZe @y + ;TllatUII%Mmy (3.33)

Plugging this inequality into (3.32), assertion (3.11) follows. If f additionally belongs to H'(Q), we argue
as in (3.33) for the function f to derive (3.12).

Now assume that f only belongs to L?(Q) with Div f € L?*(2). Then estimate (3.31) is still valid for
almost all t € J. We square (3.31), multiply with the exponential e_,-, and integrate from 0 to T'. Applying
Gronwall’s inequality to the function t — fg e~ 25| Vu(s)||
we obtained (3.11). O

%Z(Ri)ds, we deduce (3.13) in the same way as

Combining the a priori estimates in the tangential and normal directions with an iteration argument, we
obtain our first main result. It provides the desired a priori estimates of arbitrary order.

Theorem 3.4. Let T' > 0, n > 0, and r > r9 > 0. Pick T € (0,7'] and set J = (0,T). Let m € N and
1 = max{m,3}. Choose Ay € Fy, (), A1, Az € FY  g(RY), A3 = AS°, D € FP(Q), and B = B with

,coeff
[AillFr) <70 ID|Fn@) <7
max{[|4;(0)l|ro_, (r3), e 10{ Ao (0) | zrm-i-1 (2} < 7o,

max{[|D(0)|ro_, &), e 10 D(0)|| rm—i-1r3)} < 70

for alli € {0,1,2}. Let f € H™(Q), g € En(J x OR3), and ug € H™(R3). Assume that the solution u
of (3.1) belongs to G, (). Then there exists a number Yy, = Ym(n,r,T') > 1 such that
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||U||é,m(n) < (Cmyo + TCp )™M (Z 10 £ (O) 31 iRy T H9||Em7(Jx3R )

Cm
+ Hu0||%lm(R3_)) + 7||f|@1;n(9)

for all v > vy, where Cp, = Cry(n, 7, T") > 1, Cppo = Crao(n,10) > 1, and Cy = C1(n, 7, T") is a constant
independent of m.

Proof. We prove the assertion by induction with respect to m. To this purpose we observe that combining
Lemma 3.1, Lemma 3.2, and Proposition 3.3, and choosing v1 = ~1(n,r,T’) large enough, we obtain the
assertion for m = 1. Next suppose that m > 2 and that the assertion has been shown for m — 1.

We now take u, data, and coeflicients as in the formulation of the theorem. Let p € {0,1,2}. As in (3.4)
we deduce that Jpu solves (3.1) with differential operator L(Ay,..., A3, D), inhomogeneity fi ,, boundary
value Opg, and initial value 9,ug, where

2
frp=0pf = _ 0pAidu— 9,Du, (3.34)
i=0
8OuO = Sm,l(oy AOa R A37 D7 f7 ’LLO).
Note that fi, belongs to H™ '(Q) by Lemma 2.1. Since Ay € Fy/, (Q), A1, 42 € Fg(R3), D €
FP(Q), f € H™(Q), and ug € H™(R3), Lemma 2.3 yields that S, 1(0, Ao, ..., As, D, f,ug) is contained in
H™~(R3). The induction hypothesis therefore gives

l\')

m—

1051,y ) < (Cor0+ TCo )™ VT (3710 1 (0) g2 s
J=0

m 1
+ 105913, sxoms) + 10p0l3m 1&g )+~ a2 (3.35)

for all v > ~,,,—1. We next estimate the terms appearing on the right-hand side of (3.35). To that end, let
j€{0,...,m —2}. We observe that

7 .
37 (8,A00,u)(0 Z( >5l5 Ap(0)Sm,j+1-1(0, Ao, ..., A3, D, f,up).

=0

Since the function 9;8,A40(0) belongs to H™'=2(R%) and Sy, 41— is contained in H™ 7+ =1(R%) by
Lemma 2.3, Lemma 2.1 (3) in the case j = m — 2 and Lemma 2.1 (4) in the case j < m — 2 show

10805 A0(0)Smj11-1(0, Ao, - . ., As, D, f,u0)|| grm—2-s w2
< Co3m,5— 1+1(n,70) ro(ZH@’“ M gm—1- k(R3) + ||U0||Hm(R3))

where we also applied Lemma 2.3. Arguing analogously, for Ay, As, and D, we arrive at

||aijf1,p( )||Hm 2-i(R%) < C 77a7"0 (Z Hak ||Hm 1-k(R3) + ||u0HHm ]R3)> (3.36)

Lemma 2.1 further yields
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1ol =10y < 1 f 1 @) + Cr, T ulla,, @) (3.37)

for all v > 0.
We plug the estimates (3.36) and (3.37) into (3.35) and combine it with the induction hypothesis and
Lemma 2.3 in the case p = 0 to infer

2
lullZ,, ..o + Z 18pullZ,. .o (3.38)
p=0
m—1
< (Cmyo +TCm) 1OF F(O)[Frm—1- rR3) T l[o|7m (s
1)
k=0

2
+1lgl13,, sxome)) + 7m (1712 ey + sl o)
for all v > ~,,_1, where C’m,o = C’m,o(n,ro) and C,, = C’m(n,r, T') denote constants which may change
from line to line.
It only remains to control the Gy - (Q2)-norm of 95*u. To this purpose, we note that 95" 'u € G () solves
the initial value problem

Lv = fi 3, xERi, teJ; (3.39)
v(0) = 95" uy, z € RY; .
where
m—1 2 . , ,
frs == Y ( ‘ ) (Zag,Ak RO u+ 91D 8;"_1_]u>.
o<j<m-1 N J k=0
Lemma 2.1 (2) implies that f,, 3 belongs to H*(Q) with
Vsl < COT) (1 1By + il ) (3.40)

for all v > 0. As 8 A4;(0) is an element of H™1~7(R3) and 85" "7 du(0) of H/(R%), Lemma 2.1 (3)
yields

104 A (0)05" 9 Bu(0)l| 2 rsy < COm 7o) (LF(O) |1 (m )y + o] g )

for all k € {0,1,2} and j € {1,...,m — 1}, where we employed Lemma 2.3 for the case k = 0. The same
arguments applied to D allow us to conclude

o502y < C,70) (1FO) s sy + ol s )- (3.41)

On the other hand, Proposition 3.3 applied to (3.39) furnishes

2
185 ull, 0y < (Cro + TCl)eclT(Z 18,05 "l ) + Hfm,3(0)||2L2(]R3+)

Jj=0

. c
+ (105 1“0“%{1(]&1)) + _eCITHfm 3||H1
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for all v > 1. Combined with (3.40) and (3.41) the above inequality implies

1057 ulZ, @) < (Cmo +TCrn) CIT(ZHEJ ull%, @ + IO
7=0

+ loll3m s ) + 7’”(\|f||gm<g + [l o) (3.42)

for all v > 1. We then use (3.42) to estimate

2
||u|\ém,7(m < ||U\|ém,1,7(n) + Z ||5ju\|ém,m(m + ||a§"u||§;w(9)
j=0
ClT 2 ém 2
< (Cpo+TCp, (Z 19;ullZ,, . ka2 Gm,m(g)) + T||U| G ()

N . Cm
+ (Cmyo + TCm)eclT(||f(0)||fqul(m) + ||U0|@1m(R1)) + 7||f||fq;n(sz)

for all v > 1. Together with (3.38), it follows

m—1
lullZ,. @ < (Cmo +TCry mclT( 1OF £ (O)[Frm—1- rR3) T l9ll%,. . A (JxORE)
k=0
+ luol| +—(II£117 + [Jul|Z (3.43)
H™(RY) 5 Q) Gy () .

for all v > v,,—1. Choosing v, = vm(n, 7, T") large enough, the assertion follows. O
4. Regularity of solutions

In order to prove that the solution of (3.1) belongs to G,,(2) if the data and the coefficients are appropri-
ately smooth and compatible, we have to apply different regularizing techniques in the normal, tangential,
and time directions. We begin by showing that regularity in time and in tangential directions implies reg-
ularity in normal direction. The main difficulty here is to avoid a loss of regularity in the normal direction
at the boundary of OR?.

Lemma 4.1. Let 1) > 0, m € N, and m = max{m,3}. Take Ao € Fy;}, (Q), A1, Az € F} .q(RY), Az = A5,
and D € FP(Q). Pick f € H™(Q), and ug € H™(RY). Let u be a solution of the linear initial value
problem (3.7) with differential operator L = L(Ay, ..., As, D), inhomogeneity f, and initial value ug. Assume
that w belongs to (;-, C7(J, H™ 7 (R%)).

Take k € {1,. m} and a multi-index o € N§ with |a] = m, ag = 0, and a3z = k. Suppose that dPu is
contained in GO(Q) for all 3 € N§ with || = m and 83 < k — 1. Then 8%u is an element of Go(Q).

Proof. I) We have to start with several preparations. Let p € C2°(R3) be a nonnegative function with

Jgs p(z)dz = 1 and supp p C B(0,1). We denote the convolution operator with kernel p. = e 3p(e~!-) by
M. for all € > 0, where the convolution is taken over R3. We further define the translation operator

Tv(x) =v(xy, 22,23+ T) (4.1)
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for all v € L{ (R3), 7 > 0, and for almost all z € R? x (-7, 00). Clearly, T, maps W"P(R%) continuously
into WHP(R? x (—7,00)) and T, v = T,0% for all v € W'P(RY), & € N§ with |a| < 1,1 € Ny, 1 < p < oo,
and 7 > 0. If v € L] (R3), we further define T;v by formula (4.1) for all 7 € R.

Functions which are only defined on a subset of R? will be identified with their zero-extensions in the

following. We extend the translations T to continuous operators on H *1(]1@1) by setting

(Tsv, ) 12 )y xmy®2) = (U, T-s9) -1(R2 ) x Y (R2)

for all ¢ € Hj(R%) and § > 0. Since partial derivatives commute with 75 and the extension by zero on
Hg(R3), we thus also have

ajTg'U = Tgaj?} (42)

for all v € L*(R%) and § > 0.

We next take a closer look on the convolution operator M, which is defined for functions in L{. .(R?).
1

loc

(Ri) we will employ the regularization M Tsv

We want to properly extend this operator to functions in L
boundary. To this end, take 0 < & < §. For functions v in L{. .
and restrict it to Ri. As it will be clear from the context over which domain we consider M. Tsv, we will

(R3) without producing singularities at the

not write this restriction explicitly. It is easy to see that if v has a weak derivative in Ri, then also M Tsv
has a weak derivative in ]Ri and

6jMET5U = MET(;@jv

for all j € {1,2,3}.
We define p by p(x) = p(—x) for all x € R3. The convolution operator with the kernel j. is denoted by
M. for all ¢ > 0. Fix 0 < € < 8. A straightforward computation shows that

(McTs0,9) p-1R2 ) x g R2) = (v, T-s M) -1 (R3 ) x 1Y (RY) (4.3)

for all v € Lz(Ri) and ¢ € H} (Ri) As T_s M. maps H{(R3) continuously into itself, the mapping M. T
continuously extends to an operator on H~'(R3) via formula (4.3). We deduce the identity

8jMET5v = MaajT(sU = METgaj’U

by duality for all j € {1,2,3} and v € L? (Ri) using the fact that the partial derivative commutes with
T_s, M., and the zero extension on Hg(R3 ). We further note that for A € WH*(R%) and v € H*(R3)
we have

(T5A)T5’U = T5 (AU) (4.4)

in H-'(R%).

II) Let 0 < € < 4. In the following, we abbreviate the differential operator L(T5Ay,...,TsAs,TsD)
by Ls and Div(T5A;, TsAs, T5Az) by Divs. (Recall (3.10).) We define o/ = o — e3 € Ng and note that
|o/| =m —1 and of4 = k — 1. In particular, 8 u belongs to Go(Q) by assumption. Due to the presence of
the mollifier, the function M.T50% u is contained in C* (7, HY(R3)) — G1(Q), M_T58% ug is an element of
HY(R3), LsM_.T50* u is contained in Go(Q), and Divs LsM.T50* u belongs to L2(Q). We want to apply
estimate (3.11) from Proposition 3.3 with the differential operator Ls to differences of functions M_.T50% u
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and show that they form a Cauchy sequence in H'(R%) as ¢ tends to 0. Therefore, we have to study the
convergence properties of L(;METg@O‘/u and Divg L(;MET(;aalu as ¢ — 0. We focus on the latter as this is
the more difficult term.

We select functions p; € FgP) () (independent of time) with

3
Aj =) Ay
=1

for all j € {1,2,3} which exist by the definition of FP +(R3). We set

m,coeff

_ (0
o <0 u)
and compute

(Ts i)'V Ls M. T50% u (4.5)

2
= (Tsi) " (T5V A;)0; M.T50% u + (To i) " (Ts VD) M. T50% u
=0

<.

3
+ Ts(AT Ao) VM. T58,0% w + T (" D)VM.T50% u+ Y Ts(i" A;)VO; M.T50% u
j=1

fA“+ZT5 VO, M. T50% u,

where we exploited the results from step I). The cancellation properties of the Ls-operator established
n (3.19) and (3.20) show that

3 3 3
3 (Z(Tg(ﬂTAj)vangTéaa Wiks 3 (T5 (A7 A;)VO; M.T50% ) M)k) —0.
j=1 k=1 k=1
We thus obtain from (4.5) that
3
DlV,; L(;M Tgaa u = (ZAkk’ZA6k+3)k) (4.6)
k=1

We rewrite A% in the form

2
AP = Y ITs(ATV A;), ML, T50 w + [Ts(A7 VD), ML T50
j=0

+ [T5(3" Ag), MV T58,0% u+ [Ts(i" D), M.]VT50% u

2
4+ M_.Ts ( Z ﬂTVAjajao‘ u+ MTVDao‘ u+ i onata“ U+ MTDvaa )
§=0

and introduce the function
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Jo= 2. (g)aﬁ(ﬂTAo)V@“"Batqu 3 <6)85( T D)V Py

0<p<a’ 0<p<a’
+Z > ( ) (A"VA)O” P+ Y ( ) A"V D)o Py
Jj=00<p<a’ 0<B<a’

As u and dyu are contained in C(J, H™~*(R%)), Lemma 2.1 implies that the function f, is an element of
L2(£2). With this definition at hand, we deduce

2
A =N T5(ATV Ay, M0 T30 u + [T5(B7V D), M.]T50% u
j=0

+ [T5(3" Ao), MV T58,0% u + [T5(i" D), M.]VT50% u + 8% M.Ts(i"V f)
3
— M.Tsfor — Y 0% M.T5(i" A;VOju)
j=1
3

=: ]\575 — Z Ba/Mng(ﬁTAjvaju).

j=1
The cancellation properties of the differential operator from (3.19) and (3.20) imply that
3 3 3 3
s, E3 e e
(A A e) = (A% 2 Al
k=1 k=1 k=1 k=1

In view of (4.6), we conclude that

3 3
Divs LsM. T30 w = (Y AyE DA 40 )- (4.7)
k=1 k=1

Since @;0% u and d*'u belong to C(7, L? (R%)) and VA; and VD are contained in L>(£2), we have
[Ts5(ATV A;), M.]0;T5s0% u + [T5(iT VD), M.|Ts0 v — 0 (4.8)

in L?(Q) as € — 0 for all j € {0,1,2}. For the remaining commutator terms we employ estimates for the
commutator of a W1 *-function with a mollifier. Take j € {1,2,3}. To satisfy the assumptions of these
commutator estimates, we extend the function g Ag(t) by reflection at R? to a function in W (R?)
which we still denote by fi” Ao (t) for all t € J. Theorem C.14 of [1] now yields that [T5(i” Ag), M.]d;T50;0% u
maps into L?(R?), where we identify as usual the function 9,0 u with its zero extension to R3. In particular,
(IT5(aT Ao), M.)8;T50:0% u)(t) is an element of L2 (R3) and Theorem C.14 of [1] further shows that

(L5 (BT Ao), M)O;T50,0% w) (1)]| 2 e (4.9)

< ([T (B Ao), Me]0;T50,0% w) (1) 2 e

< OIIT5 (" A0) () lws. ) | T50:0° u(t) | 2 ey

< Ol(A" Ao) ()|l e ) 10:0% u(t)l| 2R3,

lim [|([T5 (2" Ao), Mc]9;T50,0% u) ()] 2R3 = 0 (4.10)
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for all t € J. Hence, the dominated convergence theorem implies
|| [T(;(IZLTAO)a Ms]ajTéataa/U”Lz(Q) — 0

as € — 0. In the same way we deduce that also the other remaining commutators in A%e converge to 0 as
e — 0. As T5(a"V f) belongs to H™ (J x R? x (=4,00)) and fos to L2(Q), we arrive at

Divs LyM.T50% u (4.11)

3
— Y T5((0° ATV E) = Far )i (07 (BT ) = Fadorare) = T faivar
k=1

in L2(Q) as € — 0. In the same way we infer that LsM.T50% v converges to Ty for with

far = 0% f — Z > < )aﬁAaaa u— Y (Og)aﬁpaa’ﬁu

=0 0<p<a’ 0<B<a’

in Go(f2). Here one combines commutator estimates as in (4.9) and (4.10) with a standard compactness
argument to derive that the convergence is also uniform in ¢, see [18, Lemma 4.1] for details.

Next take 1,7 > 0 with Ag > 0, || Ail|w1.c(q) < 7, and || D|lw1.00(q) < r for all i € {0,...,3}. Note that
in particular [|A;(0)([L~®s) < and [|[D(0)||~gz) < r for i € {0,...,3}. Now let § > 0 and take ns € N
with ny ' < 6. Fix a number v > 1 and define the constant C’ = C’(n,r, T) by

C- "
o — (05510+T0331_~_ 3731) eCosnT (4.12>

where Cs35.1,0 = Cs310(n,7) and Cs31 = Cs3.1(n,r,T) are the corresponding constants from Propo-
sition 3.3. Observe that M.T50% u solves the initial value problem (3.7) with differential operator Ly,
inhomogeneity LsM.T50* u and initial value M. Tsuq for each e € (0,4). Moreover, |75 Ail[woe @y < r and
1T5A4:(0)|| Lo gy < 7 for all § > 0 and i € {0,...,3}, and the same is true for D. Proposition 3.3 thus
shows

IV (M1 T50% w = My T50™ w)l|g, (o) (4.13)

< C'(ZH = M)T50% ull, () + ILs(My — M2)o™ ul%, o)

n

+ | Divs Ls(My, = M) ull3a ) + (M = M) T50" uo 3 g )

1 1
n k

for all n,k € N with n,k > ng. Since ajTgaa’u belongs to C(J, L?(R? x (—§,00))) for j € {0,1,2}, J is
compact, and T50 ug is contained in H'(R? x (—§,00)), the sum and the last term on the right-hand side
of (4.13) converge to zero as n, k — co. Exploiting that L(;M% Tg@a/u converges to f, and Divs L(;M% T(;aa/u
to T faiv,r in Go(€2) and L?(Q), respectively, as n — oo, we infer that (VM%T(;Z?“/U)”Z”(S is a Cauchy
sequence in Go(€2). Since (M% Tg@a/u)nZna converges to T50% u in Go (), we conclude that T50% u belongs
to C(J, HY(R%)) and that

IV ML T50% w — VT50% ul, (@) — 0 (4.14)

as n — oo for all § > 0. Applying Proposition 3.3 directly to M1 T50* u and letting n — oo, we obtain
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2

IVT50% ullg, () < C’(Z 10;T50% ullg, () + 15 farllE, @) + I1T5 faivar 172 o)
j=0

+ ([ T50* uOH?{l(Ri))v (4.15)

for v > 1, cf. (4.13).
I1I) We next show that 8 u(t) is an element of H'(R3) for all t € J. Note that we only have to prove
that d30* u(t) belongs to L*(R3) for this claim. We abbreviate R? x (6, 00) by R? and denote the restriction

operator to R by Rs for all § > 0. In the next step we show that Rsu(t) belongs to H'(R$) for all § > 0.
Fix § > 0 and t € J. Let ¢ € C2°(R3). We compute

/Rgaa/u(t,x)ﬁggo(x)d:ﬂ = /Tgﬁo‘/u(t,x)angga(x)dx
R? R?

=— /83T56°‘/u(t,x)T5go(x)dx = f/T_(;@ngao‘lu(t,x)@(m)d:c,
3 Rg

using that Tsp € C°(R3). It follows
D3R50 u(t) = T_s05T50% u(t) € L*(R? x (,00)) (4.16)
as 93T50% u(t) € L*(R3) by step II).

Next pick 0 > ¢ and ¢ € C°(R%). We compute

/RgagR,sao‘,u(t,x)go(m)d:c = /83R58°‘/u(t,x)<p(m)dx

R}

= f/R(;aa’u(t,x)agap(m)dx = f/Rgaa/u(t,z)agga(:z:)dzv

R3 R2

:/63R38a/u(t,:z:)tp(:c)dx,

3
RS

where we exploited that supp(p) € R2. Since ¢ € C°(R2) was arbitrary, we conclude D3R50 u(t) =
93 Rs0™ u(t) on R2. In particular, we can define the function v(t) € L, (R}) by setting for all § >0

loc
v(t,z) = 93Rs0% u(t,z) for almost all z € R,

Take ¢ € C°(R%). Fix a number 7 > 0 with dist(supp(¢),0R%) > 7, i.e., supp(p) € RE. We then
deduce

]R3

/80‘ (t,x)050(x)dx = /R o u(t x)03p(x) /83R 0 u(t, x)p(x)dx

:_/ﬁ@@ﬂmmz—/ﬁﬁwwmm.

R3 RS

This means that 8380‘/11(15) =o(t) € 10c (Rg )-
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We further note that d3R;8% u(t) converges pointwise almost everywhere in R% to v(t) = D30 u(t) as
0 — 0. Using (4.16), we further infer

105 Rs0™ w(t)[17 2 ge ) = / IT_s05T50% u(t, x)|*da = / |05 T50% u(t, z)|>dx
R3 RZ

= \|83T56a'u(t)\|%2(Ri) (417)

Let (8,,)n be a null-sequence. Fatou’s lemma, (4.17), and (4.15) then imply

/|838a/u(t7x)|2dx: /liminf|83R5n8a/u(t,x)|dx
n—oo
R? RY

< lim inf / |83R5n8a/u(t,x)|2dx:lirginf||83T5n8°‘/u(t)||%2(mr )

n—oo

K3

T 15 "2
< e liminf [ VT5,0% ullg, (o)

2
< C/GQVT(Z 10;0% UH%JOW(Q) + Hfa/“ém(m + ||fdiv,a’H%g(Q) + [|9* U0||%11(R1))
§j=0

=: Kg < 00,

where we used that 8;0%u,0%u € C(J,L*(R%)) for j € {0,1,2}, far € Go(Q), faiv,ar € L*(Q), and
9%'ug € H'(R3). We conclude that 8;9% u(t) belongs to L?*(R%) with \|838°"u(t)||Lz(Ri) < K, for all
tel.

We further point out that Rsd30% u(t) = Rsv(t) = 93 Rs0* u(t). This fact implies that

|05 Rs0™ u(t)| < |80 u(t)|
on R3. As 93 Rs0* u(t) tends to 930% u(t) pointwise almost everywhere on R, we obtain that
D3R50 u(t) — 930 u(t)

in L?(R%) as § — 0.

Since A3T50* u belongs to C (7, L2 (R%)) for all § > 0, one can argue as in (4.17) to deduce that d3R50* u
is also continuous on J with values in L?(R3 ) and thus strongly measurable. Hence, 930 u is the pointwise
limit of strongly measurable functions and therefore itself strongly measurable on J with values in L*(R3).
As a result, d30% u and thus VO u belong to L>°(.J, L2 (R%)). We then obtain via Proposition 3.3 that 0w
is contained in C(J, H'(R3)). O

Corollary 4.2. Let n > 0, m € N, and m = max{m,3}. Take Ay € Fp’ (), A1, Ay € F;;Bcoeﬁ(Ri),
As = AP, and D € FP(Q). Pick f € H™(Q), and ug € H™(R?). Let u be a solution of the initial
value problem (3.7) with differential operator L = L(Ay, ..., As, D), inhomogeneity f, and initial value ug.
Assume that u belongs to (\;-, C7(J, H™ 1 (R%)).

Take k € {1,...,m} and a multi-index o € N3 with |a| = m, ag = 0, and a3z = k. Suppose that 0P is
contained in L?(Y) for all B € N§ with |3] = m and B3 < k — 1. Then 0%u is an element of L?(12).
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Proof. We only have to make small amendments to the proof of Lemma 4.1. In step II) of that proof we
replace the a priori estimate (3.11) from Proposition 3.3 by estimate (3.13). The arguments from step II)
then yield that T50% u is an element of L2(.J, H'(R?)). Integrating over the time-space domain in step I1I)
of the proof of Lemma 4.1, we derive that 9 u belongs to L2(J, HY(R3)). O

For the regularization in spatial tangential variables, we first introduce the family of norms

ol ey = [ [0+ 16201200 6 ) Pdedos

R, R2

[0l sty = [ [ 1641+ 166) o) 6 P (4.18)
, R, R2
for all v € S'(@) with Fov € L (R3), s € R and § > 0, where F, denotes the Fourier transform in ;-
and zp-direction and S’ (@) the space of tempered distributions on @, see Section 1.7 and Section 2.4
in [7]. The space Hg,(R%) consists of those v for which [vll g, (2 ) is finite. As in the unweighted case we
have the identity

2
HUH?LI;;;(R@ = vl ms) + > ||ajv||§1§a75(ﬂa1) (4.19)
j=1

for all s € R and § > 0. We further note that the definition directly implies

1ol g, ,®3) < 0l g ms )

for all v € H ' (R%), s € R, and 6 > 0.

We further take a function x € C°(R?) such that Fox(€) = O(|¢]™1) as € — 0 and Fax(t€) = 0 for all
t € R implies £ = 0, cf. [7]. As usual we set x.(z) = e~ 2x(z/e) for all z € R? and £ > 0 and denote the
convolution in spatial tangential variables with y. by Jg, i.e.,

Jev(x) = Xe *a v(2) = /X(y)v(m — Y1, T2 — Yo, x3)dy
]RQ

for all v € L*(R3).

One of the advantages to work with the weighted norms from (4.18) is that one can reduce the task of
showing that a function v from H, (R%) belongs to Hf;l(Ri) to finding a uniform bound in § > 0 for the
HE, 5 (Ri)—norms. The following properties of this family of weighted norms are a consequence of (2.4.4),
Theorem 2.4.1, Theorem 2.4.2, Theorem 2.4.5, and Theorem 2.4.6 in [7].

Lemma 4.3. Let s € [0,m+1), v € HE '(R2), and let A € L>(R3) with 9% A € L*(R3) for all a € N3\ {0}.

(1) Assume that there is a constant C, independent of 6, such that

ol ey < €

for all 6 > 0 in a neighborhood of 0. Then v belongs to Hg,(R3).
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(2) There exist constants C,c > 0, independent of 6 and v, such that

IV -
Mol scm) < Nolsgas) + / vl (14 5) " de

<Oty
for all 6 € (0,1).
(8) There is a constant C, independent of § and v, such that

52\ 1
2 —2s—1 2
/ |AT v — JE(AU)||L2(R§r)€ (1 + 52> de < CHU”Hf;?(Ri)

for all 6 € (0,1).

We note that Héormander states the commutator estimate only for coefficients from the Schwartz space.
The proof of Theorem 2.4.2 in [7], however, also works for coefficients of the above regularity.

Employing the family of weighted norms from (4.18) and Lemma 4.3, we can now show how regularity

in time implies regularity in tangential directions. Since we want to apply Lemma 4.3, we have to assume
that the coefficients are smooth. We will return to coeflicients in F,(€2) with an approximation argument
below.
Lemma 4.4. Letn) > 0, m € N and i = max{m, 3}. Take coefficients Ao € F5,, (Q), A1, Az € F}  ¢(RY),
Az = AP, D € FP(Q) and B = B®. We further assume that 9®A;,0°D € L*(Q) for all « € N§ \ {0}
and i € {0,1,2}. Let u be the weak solution of (3.1) with differential operator L = L(Ay,...,As, D),
inhomogeneity f € H[Z(Q), boundary value g € E,,(J x ORY), and initial value ug € HZ(R3). Suppose
that u belongs to (;-, CI(J,H™ I (RY)). Pick a multi-index o € N§ with |a| =m and ag = a3 = 0. Then
d“u is an element of C(J, L*(RY)).

Proof. I) We will establish the assertion in two steps. First we will show that u is an element of
Lee(J, H (Ri)) To that end, we will apply Lemma 4.3 and the a priori estimates from Lemma 3.1.

Fix a parameter § € (0,1). Let v > 0. The generic constants appearing in the following will all be
independent of § and . We further note that Lemma 4.3 will be used in almost every step in the following
so that we will not cite it every time. Applying the differential operator L to J.u, we obtain

LJu—Jf—i—Z J:)0;u + [D, J-|u (4.20)
7=0

for all € € (0,1) since Az = A$°. Lemma 4.3 allows us to estimate

1
) I N
/ M/u Ag, L1070 a2 (14 55 ) e (4.21)
0
< Cllull? + C||opul?

L2(JH] 5N (RY)) L2(JH] 53 (RY))

< O\|u||L3(J7Hg31(R3)) + Cll0cull -1 g
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for all j € {0,1,2}. The commutator [D, J.]u is treated analogously. In particular, LJ.u is an element
of L?(Q2). Identity (4.20) further implies that A3d3J.u belongs to L?(f2) so that AszJ.u is an element of
L2(J,HY(R3)). We infer that the trace of BJ.u is contained in L2(J, HY/2(9R%)). Finally, J.ug is an
element of L?(R%) so that we can apply the a priori estimate from Lemma 3.1 to the function J.u. Before
doing so, we use Lemma 4.3 to derive

— 24t 2 —2~t 2
sup e |u() g1 my) < Csup e ul®)lim- my) (4.22)

52
+Csupe_27t/||Ju |\L2(R3)5_2’" 1(1+ ) de
teJ

2 1 52
<Clully, )+c/||Ju\|GO e (S

for all v > 0. The a priori estimates from Lemma 3.1 now show that there is a constant Cjy and a number
Yo > 0 such that

Co
1JeullE, @) < Coll Jeuoll72 s ) + CO||BJsUH%g(J,H1/2(aR3+)) + 7||LJsu||%g(Q) (4.23)

for all v > 7. Fix such a parameter v in the following. We next treat the terms appearing in (4.23).
Applying identity (4.20), Fubini’s theorem, and estimate (4.21), we infer

/”LJ u”LZ(Q)E 2 1(1+ ) d€

2
Com 62\ 1
C [ (Vef Wz + D245 J05ulids @ + 1D, Jlulta @ )2 (1+ 55 de

j=0

Il /\
Q
&\ O\H

1
e [ (1@ e +Z||A JL10u(t) 22z
0

Com— 52\ -1
1D, JJu®l e )e 2 (14 5 ) det

2 2 2
< OMNzs s ey + CMlLe sy + OOl g (4.24)
where we once again employed Lemma 4.3 in the last line. Since the matrix B is constant, it commutes
with the mollifier J. so that BJ.u = J.g for all ¢ > 0. We note that the proof of Lemma 4.3 (2), see
Theorems 2.4.5 and 2.4.1 in [7], shows that

52\ -1

2 —2m—1 2
/||Jav||Hl/?(fﬂRi)E (1 + 5_2> de < CHUHH?’”Q(aRi)
0

for all v € H™~Y2(9R3) and § € (0,1). Here we identify OR? with R? and make the natural adaptions
in (4.18) to define H;"*/Q(aRi), see also Section 2.4 in [7]. Consequently,



M. Spitz / J. Math. Anal. Appl. 506 (2022) 125646 31

IR -
/||BJ u||L2 (LH2(ORL)E 1(1+ ) de (4.25)

2

_ o b
:/e 2“Yt/||JEg (t) ||§{1/2(6R1)€ 2 1(1+?2

< C/ _Q’YtHg m 1/2(8R3)dt

)_ldsdt

< 0/672%”9( )||H'm+l/2(aR«5 dt < C”gHE ~(JxOR3 )"
J

For the initial value we note that Lemma 4.3 directly yields

—om— 62\ 1
el ye > (14 55) ™ de < Cluol s g, <l ey, (4.26)

Inserting (4.23) to (4.26) into (4.22), we obtain that

Sl€1p e u(t )HHT" 1R (4.27)

< Cllullg,,_, @) * Clluolirm®s) + Cllgllz,, . rxors)
¢ 2
+ = v (HfHLZ JH"’(]R ) + CHatuHHm*l(Q) + CHUHL%(‘]:HZZ,EI(R?;-))).
Choosing a number ~ large enough, we thus find a constant K such that

—2vt 2
sup e Il -1 s ) < K2 (4.28)

for all 6 € (0,1). Hence, Lemma 4.3 (1) implies that u(t) belongs to H/?(R%) for all ¢ € J and that u is
contained in L>(J, H{?(RY)).

II) Applying Corollary 4.2 inductively, we infer that w is an element of H™ (). To establish that u
belongs to G,,(2), we apply Lemma 3.1 again.

Fix a multi-index o € N§ with |a| = m and ap = a3 = 0. Since u is a solution of (3.1) and we already
know that uw € H™(Q), we derive

Ou=0"f - Z > ()aﬁA 0" Pou— Yy <g>aﬁpaa—ﬁu:; s

7=00< <L 0<p<

where f, belongs to L%(Q). Next consider the function J19%u, which belongs to Go(£2). As in (4.20) we
compute

2
LJL0%uw=Jifa+ » [A},J1]0;0% + D, J1]0%u

Jj=0

for all n € N. As f, is an element of L?((2), we have

J%fa—>fa (4'29)
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in L(Q) as n — oo. Arguing as in (4.9) and (4.10), we further derive
2
> [4;,7110;0% + [D, J1]0%u — 0 (4.30)

Jj=0

in L2(Q) as n — oo since u belongs to H™(£2). Since g belongs to E,,(J x OR3) and ug to H™(R?), the
functions BJ1 0% = J19%g and J10%uq tend to 0%g in Eo(J x ORY) respectively to 0%ug in L?(R%) as
n — 00. Applying Lemma 3.1, we get a constant Cy and a number v > 0 such that

||J%3au — J%aaU”éOW(Q) S O()HJ%@QUO — J%aaUOH%Q(Ri)

C
+Col|BJLO = BILO"ull%, | (svom) + 70||LJ% 0%u — LIy 0%ul[: (g

for all n,k € N. We conclude that (J10%u), is a Cauchy sequence in Go(Q2). As (J190%u),, converges to
0% in L%()), we obtain that 0%u is an element of Go(2). O

In the next result we show how to gain one derivative in time. We study the initial boundary value
problem formally solved by O;u. The time integral of the solution of this problem then coincides with wu.
Here one sees explicitly where the compatibility conditions are needed.

Lemma 4.5. Let n > 0. Take coeﬁﬁicients! Ay € FP(Q), A1, Ay € F§Y5(RY), A3 = A, D € F3P(Q),
and B = B. Choose data up € H'(R%), g € E1(J x 0R3), and f € H*(Q). Assume that the tuple
(0, Ag, ..., A3, D, B, f,g,uo) fulfills the compatibility conditions (2.4) of order 1. Let u € C(J, L*(R3)) be
the weak solution of (3.1) with differential operator L = L(Ay, ..., As, D), inhomogeneity f, boundary data
g, and initial data ug. Assume that w € C'(J', L*(RY)) implies u € G1(J' x R3) for every open interval
J" C J. Then u belongs to G1(£).

Proof. Without loss of generality we assume J = (0,7"). Take r > 0 such that

lAillmy) <70 D) <7,y

max{]| 4 (1)l rp(ry > max 10 Ao(®)l|z-s )} <

max{|[D(t)| ry ), Jnax, 10/ D) | 25 m3)} < 7 (4.31)
for all t € J and i € {0,1,2}. Let v = v(n,,T) be defined by

v =max{v;1,0,v3.41} > 1,

where v31,0 = ¥3.1,0(n,7) and v3.4.1 = Y3.4,1(n, 7, T) are the corresponding constants from Lemma 3.1 and
Theorem 3.4 respectively. We further introduce the constant Cy = Cy(n,r,T) by

CyunT
Co = max{C3.1.0,0,C31,0,1,C51,0,C5.4;1, (C3.41,0 + TC3.451)e"> 5" [ Cosq1} > 1,

where again Cs1.00 = C3.1.00(1,7), Cs.1.0 = Cs.1.0(0,7), C5.41 = C3.41(n, 7, T), and Co3.11 = Co.3.11(n,7)
are the corresponding constants from Lemma 3.1, Theorem 3.4, and Lemma 2.3 respectively. Finally, we set

Ry = CoezﬂyT(HfHéM(Q) + ||f||?q¢(9) + ||g||2E177(J><6R§r) + ||U0||%11(R1))~
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I) Take to € J and assume that u(ty) € H'(R3) with ||u(t0)||§{1(R3,r) < R;. We show the existence of a
time step 7, > 0 and a function v € C([to, T%], L*>(R%)) satisfying

t
Latvzatf—atD(/v(s)ds—l—u(to)), xeRi, teJ'
i

0 (4.32)
Bv = 0,4, z€dRY, telJ

U(to):Sl,l(t07A07"'aA37D7f7u(t0))) erRd,
where we abbreviate
Ly, = L(Ao, ..., As,0: Ao + D)

and define T := min{to + T, T} and J' := (¢o,T7). Recall that the function S1 1(to, Ao, - .., A3, D, f,u(to))
belongs to L*(R3) by Lemma 2.3.

Consider a number T € (0,7") to be fixed below and define J' and T, as above. We further set ' =
J' x R3. Let w € C(J', L*(R%)). Note that 0, Ag + D and 9, D still belong to L>°(£2). Hence, the problem

¢
Latv:&ﬁf—(‘9tD(/w(5)ds—|—u(to))7 zeRY, teJ,;
to

Bv = 09, xGBR‘:’L, teJ;
U(t0>:Sl,l<thA07'",A37D7f7u(t0>)’ ‘TER3»7

has a unique solution ®(w) in C(J’, L*(R%)) by Lemma 3.1. We next define
Br = {v e C(J,L*(RY})): |vllg, @) < R}, (4.33)

where R > 0 will be fixed below. Equipped with the metric induced by the Gy (€2)-norm this is a complete
metric space. Let w € Br. Employing Hoélder’s and Minkowski’s inequality, Lemma 3.1, and the bound

||Sl,1(t07 AO) s aA37 Dv fv u(to))”%,Q(]Ri) < 2022.3;1,1(||f(t0)”%,Q(Ri) + ||u(t0)||§-11(R3_))

< 4C2R,
from Lemma 2.3, we estimate

2
le(w)IZ, @) < Co

4.34
v (4.34)

t
Of — atD/w(s)ds - 8tDu(t0)‘
to

+ CO||3tg||2EM(J/X3R§r) + CO||Sl,1(tO7A07 ceey A3a D, fvu(to))”%Z(Ri)

T t
2
< 2007“2/6_2775(/ ||’w(8)||L2(R}r)dS + Hu(to)HL2(R3+)> dt + 4(1 + Cg)Rl
to to

<ACY?* Tyl[w|, . ) +4Cor*Ts Ry 4 8CG R

‘We now set
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— (18C3R))'V?
n (4.33) and choose T, € (0,T") so small that
9 1
4007‘ TS S §

We point out that T is independent of ty. Using (4.33) and this choice of R and T, we obtain from (4.34)

R2 R?
[P (w )||G(M @) S5t = R?

for all w € Bg, i.e., ®(Br) C Bg. Moreover, Lemma 3.1 implies that

2

@) - Do)l @) < Col|eD [ (wr(s) ~ wals))ds|

to

L2 ()

< Coll0: D7 () Tsllwr — wallZy,  ary < Cor*Ti[lwr = wallZ,

—_

< Sllwr = wallZ,

for all wy,ws € Br. The Banach Fixed Point Theorem thus gives a unique v € Br with ®(v) = v on J’,
i.e., v is the asserted solution of (4.32).
II) In this step we assume that wu(ty) belongs to H'(R%) with ||u(t0)||§{1(R§,r) < R; and that
(to, Ao, ..., As, D, f,g,u(to)) fulfills the compatibility conditions (2.4) of order one; i.e., tr(Bu(to)) = g(to).
Let J' be defined as in step I) and let v be the solution of (4.32) constructed in step I). A straightforward
computation shows that Agv has a weak time derivative in L?(J’, H*(R%)) and

t

at(on):atffatD(/ ()ds+uto> ZAav D,

to
see [18, Lemma 4.7] for details. We set

t

w(t) = u(ty) + /U(s)ds

to

for all ¢ € J'. Observe that w belongs to C*(J’, L?(R3.)) with w(to) = u(to). Employing (4.32) and (2.2) we
then compute in H~'(R3)

Luw(t) = (Agv)(t /(ZA@ )ds+§:Aj8ju(to)+(Dw)(t)
/(at (Agv)(s +ZA8U )ds—i—(Dw)() (Agv)(to)—l-iAj@ju(to)

t

= /(&f(S) — (8:Dw)(s) = (Dv)(s))ds + (Dw)(t)

to
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+ Ao (to)S1,1(t0, Ao, ..., A3, D, f,u( ZA Oju(to)

t

= 1(t) — f(to) - / &:(Dw)(s)ds + Duw(t) + f(to) — (Dw)(to) = /(1)

to

for all ¢ € J'. In particular, L(Ay, ..., A3, D)w belongs to L2(12).

To compute the trace of Bw on I'" = J' x R3, we stress that Tr(Bv) = d,g on I by (4.32). Moreover,
the trace operator Tr commutes with integration in time here, see [18, Corollary 2.18] for the proof. Since
(to, Ao, ..., As, D, f,g,u(to)) fulfills the compatibility conditions of order one, we thus infer

t t

Tr(Bw)(t) = Tr (B / v(s)ds +Bu(t0)) - / Te(Bu)(s)ds + tr(Bu(to))

t() to

= /&gg(s)ds +g(to) = 9(t)

for all ¢ € J’. The function w € C(J’, L*(R%)) consequently solves (3.1) on € with initial value u(to)
at initial time 5. As u also solves (3.1) on £ with inhomogeneity f, boundary value g, and initial value
u(tp) in to, the uniqueness statement in Lemma 3.1 yields u = w on Q. (Here we use the obvious variant of
the lemma for the initial time #,.) We conclude that u is an element of C*(J’, L?(R3)). The assumptions
therefore tell us that u belongs to G1(€).

IIT) We next consider to = 0. Since u(0) = ug € H'(R3), [Juo||32 (R2) < Ry, and (0, Ay,...,As,D, B, f,
g,ug) fulfills the compatibility conditions of first order by assumption, step II) shows that u belongs to
G1((0,Tp) x Ri), where we set Ty = min{T, T}. If Ty = T, we are done. Otherwise, we apply Theorem 3.4
to obtain

lull, . L) = CO(||f||GM(Q + ||u0HH1(]R3 + gl (I xORY) ;”f”?q%(g))
S B_Q’YTRl.

We conclude that [|u(T)||3,: ®Y) < R;. Moreover, (Ty, Ao, - .., A3, D, B, f, g,u(Tp)) fulfills the compatibility

conditions of first order by (2. 3) since u is a solution in G1(J’ x R%). We can therefore apply step 1I) with
to = Tp. We see that u belongs to G1((To, T1) x R%), with Ty = min{T, T, + T, }. Since

atuHO,To](TO) = Sl,l(T07 AOa tey A37 Dv fv ’LL(T())) = 8t1‘L|[To,T1](T‘O)a

we infer u € G1((0,T1) X Ri) In this way we iterate. Since the time step Ts does not depend on ty, we are
done after finitely many steps. We conclude that u is an element of G1((0,7) x R%). O

We want to iterate the previous result in order to deduce higher-order regularity. To that purpose we need
a relation between the operators S,, , of different order, which is stated in the next lemma. Its assertion
follows inductively from the definition of the operators S, , and a straightforward computation. We refer
to [18, Lemma 4.8] for the details.

Lemma 4.6. Let n > 0, m € N and m = max{m,3}. Take Ay € F;l;x{m+1 3y, (§2) with ;Ao € F:P(Q)
and D € F®? max{m-+1, 3}( ) Let Al, Ay € FIIlaX{m+1 3}, Coeff( 3_), Az = Ago} and B = B. Choose ty € 77
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ug € H™M(R), g € Epy1(J x ORY), and f € H™ Q). Assume that u € G, () solves (3.1) with
differential operator L(Ay,...,As, D), inhomogeneity f, boundary data g, and initial data ug. Set u; =
Sm+1,1(to, Ao, ..., A3, D, f,ug) and f1 = 0 f — 0yDu. Then

Smp(to, Ao, ..., Az, 0, A0 + D, f1,u1) = Smi1ps1(to, Ao, ..., A3, D, f,uo)
forallp e {0,...,m—1}.

A combination of the previous results with an iteration argument then yields the desired regularity of
the solution u provided the coefficients are additionally smooth.

Proposition 4.7. Let n > 0, m € N, and m = max{m,3}. Choose coefficients Ay € Fg’, (), A1, A €
F oet(RY), A3 = AS°, D € FY(Q), and B = B®. Assume that 0*A;,0*D € L*(Q) for all « € Ng \ {0}

and i € {0,1,2}. Take data f € H™(Q), g € En(J x ORY), and up € H™(R3) such that the tuple
(0, Ao, ..., A3, D, B, f,g,up) satisfies the compatibility conditions (2.4) of order m, i.e.,

Tr(BSm,l(O;A07 e '7A3;D7fv UO)) = 82{9(0) fO’/' 0<l<m-—1.

Let u be the weak solution of (3.1) with differential operator L = L(Ay, ..., As, D), inhomogeneity f, bound-
ary value g, and initial value ug. Then u belongs to G, ().

Proof. The assertion is true for m = 1 by Lemma 4.5, Lemma 4.4, and Lemma 4.1. Now assume that we
have shown the assertion for a number m € N. Let all assumptions be fulfilled for m + 1. By the induction
hypothesis, the weak solution u of (3.1) belongs to G,,(Q2). Moreover, d,u solves the initial boundary value
problem

Ly,v = 0if — O Du, zeRY, teld;
Bv = 0,9, ze€dRY, teJ;
’U(O) = Sm+171(0,A0, A ,Ag,D, f, UO), T € RB s

where we again write Ly, for L(Ao, ..., As, 9, Ao+ D). Using the abbreviations u; for Sy,41,1(0, Ao, ..., As,
D, f,up) and f; for ¢ f —0¢ Du once more, we deduce that u; is contained in Hm(Ri) by Lemma 2.3, that 0;g
belongs to Ey,(J x OR3), and that f; is an element of H™(£2) by Lemma 2.1 (2) since 8;D € Gryaxfm,2}(Q)
and u € G, (). Lemma 4.6 further shows that (0, Ao, ..., As, Ao+ D, f1, 0:g,uq) fulfills the compatibility
conditions (2.4) of order m. Finally, we have Ay € Fy’, (Q) with 9;A¢ € F5’(Q) and 9, A¢ + D € F’(Q)
and all derivatives of these coefficients belong to L?(£2). The induction hypothesis thus yields that d;u is
an element of G,,(Q), implying that u is an element of ﬂ;":il CI(J,H™'=I(R%)). By Lemma 4.4 and
Lemma 4.1, the solution u then belongs to G,,+1(Q2). O

It remains to remove the assumption of smooth coefficients. We therefore want to approximate the coef-
ficients from F,,,(2) by smooth ones. However, approximating the coefficients will violate the compatibility
conditions in general. We overcome this difficulty by not only approximating the coefficients but also the
initial value in such a way, that the tuple consisting of the approximating coefficients and data still satisfies
the compatibility conditions up to order m.

Lemma 4.8. Letn > 0, m € N, and i = max{m, 3}. Take coefficients Ay € Fp;} (), A1, Az € F%P:COQH(Ri),
As = A, D € F5P(Q), and B = B* and data f € H™(Q), g € En(J x OR2), and ug € H™(RY) which
fulfill the compatibility conditions (2.4) of order m in tg € J, i.e.,
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Tr BS,n(to, Ao, - - -, Az, D, f,ug) = dlg(te) for0<1<m—1.

Let {A; c}es0 and {D.}eso be the families of functions provided by Lemma 2.2 for A; and D, respectively,
for i € {0,1,2}. Then there exists a number €9 > 0 and a family {ugc}o<e<e, in H™(R3) such that the
compatibility conditions for (to, Ao,e, A1, A2, A3, De, B, f, 9,u0,e) of order m hold; i.e.,

Tt BSyn 1 (to, Aoe, A1ey Ao ey Az, De, fouo ) = 0ig(to)  for 0 <1< m—1,
and ug . — up in Hm(Ri) as € — 0.

Proof. Without loss of generality, we assume to = 0. Note that A; . and Ay, are still time independent
for all ¢ > 0. We set ug = ug + he and look for h, € Hm(Ri) with h. — 0 in Hm(Ri) such that the
compatibility conditions are fulfilled. Since B = M A3 for a constant matrix M = M*°°, it is sufficient for
that purpose to find h. with

A3S’m7p(07AO,EaA1,67A2,67A37 DEa f7 ug + hE) = A3Sm,p(07 AO) e 7A37 Da f7 UO)

forall0 <p<m—1on ORi. To simplify the notation, we will drop the dependence of the operators on 0,
As, and f in the following since they remain fixed throughout the proof.

I) The definition of the operators S, ; was given inductively. In principle, it is possible to derive an
explicit representation of S, ;. However, we are satisfied with the representation

p—1
Sm,p(AOv Ala AZ, D7 UO) = (_AO(O)_1A3)p8§u0 + Z Cp,p*j (A()v Alv AQ; D)3§U0
j=0

+BP(AOaA17A2aD)fa (435)

where C), ,_; is a differential operator which only involves tangential derivatives up to order p— j and which
maps H™ 9 (R3) continuously into H™P(R3 ) with

Hcp,pfj(AO,Ea Al,m A2,57 De)||Hm—j(R3+)_>Hmfp(Rs+) <C

foralle > 0and j € {0,...,p—1}. Here A; g and Dy mean A; and D, respectively, for ¢ € {0, 1,2}. Similarly,
B, is a differential operator of order p — 1 which maps H™({2) continuously into H™ P (R%).

For the proof of this claim one proceeds by induction with respect to p, inserting the representation (4.35)
for the lower order terms into the definition of S, ,. A very careful analysis of the regularity of the aris-
ing coefficients then yields the mapping properties of C, ,—; and B,. Similarly, an induction shows that
Spp(Ao,e, A1 ey Aa o, De, ug) converges to Sy, p(Ao, A1, Aa, D, up) in Hm_p(Ri) ase - 0for0<p<m-—1.
The details can be found in [18, Lemma 4.10].

II) Let h € H™(R%). By means of (4.35), we have

Sm,p(AO,aa Al,Ey A2,57 D, ug + h) = Sm,p(AO,aa Al,a; A2,87 D, UO)
p—1 ,
+ (= A0 (0) T A3)P R+ > Cpp (Ao, Are, Az e, D). (4.36)
=0

Set af = 0. Then af € H™(R?%)% and

Sm,0(Ao, A1, A2, D, ug) — Sy (Ao, A1y Aze, Doy i) = ug — ug = 0 = ag.
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Let k € {0,...,m —2}. Assume that we have constructed families of functions a5 € H™ ?(R% ) such that

A3 ((—AO,E(O)_lAg)pa;) (437)
= A3 (Sm,p(AO; Ay, As, D ug) — Spmp(Aose, Are, Ao e, De, Uo))

p—1
— Ag ( Z Cpmfj (07 Ao,sv Al,sv A27€7 Df)a;)’

=0

a, — 0 in H™ P(R3)0 ase — 0
for every p € {0,...,k}. Then the functions

k
Y Ot i—i(Aoe, Are, Ase, De)as,
§=0

Smk+1(Ao, A1, A2, D, ug) — Sy k+1(Ao,e, A1ey Az ey Doy ug)

belong to Hm_k_l(]Ri) and converge to zero in this space by step I) as ¢ — 0. Lemma 4.9 below thus gives
a number g9 > 0 and functions aj ,, € Hm_"“_l(]Rf)’F)6 such that

As ((_AO,e(O)_lAS)kHaiH)

= A3 (Sm,k+1(Ao, Ay, As, Dyug) — Sy (Aose, Are, Aoy De, Uo))

k
— A, ( Z Crt1,k+1—j (Ao e, A1e, Ao e, D‘E)c@)7

Jj=0

a5 — 0 in H"F 1 (R3)% as e — 0,
for all € € (0,ep). The induction is thus finished. We next define
m—p— 1
b :=a;(-,0) € H" P72 (9RY)

for 0 < p < m — 1. Since the trace operator from H™ P(R3) into H™ 72 (JR3) is continuous, we infer
that by — 0 in H™p=3 (OR%) as € — 0. Theorems 2.5.7 and 2.5.6 in [7] now yield functions h. € H™(R?)

with
Ohe(-,0) =b; on IR}

for 0 <p <m—1ande € (0,&), which satisfy h. — 0 in H™(R3) as e — 0.
We set ug. = ug + he for all € > 0. Then ug . tends to ug in Hm(Ri) and by construction we have

tr (A3Sm p(Aoe, A1,e, Aoe, Doy uge)) = tr (AsSim (Ao, A1, A2, D, ug))

for 0 < p <m — 1. Since (0, Ao, ..., As, D, B, f, g,up) fulfills the compatibility conditions (2.4) of order m
and B = M A3, we conclude the assertion. O

In the proof of the previous result we exploited that we can continuously invert (—Ag(0)"1A3)P on the
range of Az in a certain sense. We provide the proof of this statement in the next lemma.
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Lemma 4.9. Let n > 0 and m € N with m > 3. Take Ag € Fy6,(2) and Az = AS°. Pick k € N with
k< m-—1and p € Ny. Choose r > 0 such that ||Ay(0) ro_ (r2) < 1. Take an approzimating family
{Aoc}eso provided by Lemma 2.2. Let {voc}eso be a family of functions in H*(R%)S. Then there exists a
number o > 0 and a family of functions {v, . Yo<e<e, in H*(R3)S such that

A3(A0,(0) "1 A3)Pup . = Asvo e
for all e € (0,e0) and a constant C = C(n,r) such that

vp,ellmr®s) < Cllvoellmr®s)
for all e € (0,&9).

Proof. I) Due to the properties of the approximating family, we find an €y > 0 such that

[ 40,6 (0)||lFo_, 2y < 2r (4.38)
for all € € (0,ep). We introduce the invertible matrix
0 0 0 0 1 O 10 0 0 0O
0 0 0 -1 0 O 01 00 0O
0 0 1 0 0O 0 000 0O
@=1lo -1 0 0 o of %t AQ=15 09 91 0 0
1 0 0 0 00 0 000 1 O
0 0 0 0 01 0 000 0O

We further set

0. = (Ao,s;szs Ao,s;36) :

AO,5;63 AO,6;66
which inherits the positive definiteness from Ay, i.e., ©. > n on Q. In particular, ©, has an inverse with
“@;1(0)||F%71(Ri) <C(n,r) (4.39)

for all € € (0,&p).
IT) Let wy € H*(R3)S. Due to the previous step we can define scalar functions hy . and hs . by

(h1,e,hae) = —07(0) (Ao, (0)wo) (3.6)
where we denote for any vector ¢ from R® by (3 6) the two-dimensional vector ({3, (s). Note that

[(Pre, hoe)lle@sy < C(n,7)llwollmx ms) (4.40)

for all € € (0,e9) by Lemma 2.1, (4.38), and (4.39). We next set

Wo,e = —Ao,(0) (wo + hices+ h2,566),

wl,a = Qwo,s (441)

for all € € (0,e9). We once more obtain a constant C(n,r) such that
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||U~}1,€||H’€(]R§r) < 0(77’7“)||w0||Hk(R3)

for all € € (0,e0) due to Lemma 2.1, (4.38), and (4.40). We further point out that the construction of hq e,
ha c, and Wy . yields

(W0,¢)(3,6) = (—A0,e(0)wo)(3,6) = Oc(0)(h1,e,h2e) =0
for all € € (0,&¢). In particular,
AsQo . = Wo e
for all € € (0,ep). We thus compute
As(—Ao,c(0) 1 Az)y . = Az(—Ao(0) g, = Azwp

for all € € (0,&0), where we also used that the span of e3 and eg is the kernel of A3. To summarize, we have
shown that for each wy € H*(R%)S and ¢ € (0, &), there is a function w. € H*(R3)® such that

A3(=Ap,(0)"" A3)w. = Agwp. (4.42)
Moreover, there is a constant C' = C(n,r), in particular independent of £, such that

l|well e ray < Cllwoll e ws) (4.43)

for all € € (0, ¢p).
IIT) To show the actual assertion, we proceed inductively. We claim that for all p € Ny, € € (0,¢&¢), and
w € H¥(R3)® there is a function wy, .(w) in H*(R3)¢ and a constant C,, = Cp(n, r) such that
Ag(fAO,E(O)ilAg)p’wp,s(’w) = Ag’w, (444)
[wp,e(W)ll e @2 ) < Cpllwl aews)- (4.45)
Note that there is nothing to show in the case p = 0. Now assume that we have proven the claim for a number

p € Ny. Fix ¢ € (0,9) and w € H*(R%)C. Step II) applied with wy = w yields a function @, . € H*(R% )¢
with

Ag(—Ao0.(0) " As)pc = Agw and [[@p.clleces) < Cn,r)|wlleces - (4.46)

We now define wy41,-(w) = wp - (Wp,-) for each € € (0,e0). Then w41 (w) is contained in H*(R3)® and
we compute

Az(—Ag(0) L A3)P w1 c(w) = Az(—Ag(0) 1) Az(—Ag o (0) T Az)Pw, o (D)
= As(—4o 6(0)_1)143717;0,5 = Azw,

)

where we employed the induction hypothesis (4.44) and (4.46). Combining (4.45) with (4.43), we further
obtain

wp+1,e(W)l[ e ra) = [[wp,e(Wp,e) |l e ra) < CpllWpellaeray < Cllwl aera )y,

where C'= C(n,r). The claim now follows by induction.
The assertion of the lemma is finally proven by setting v, . = wy, -(vo) for all e € (0,e0) and p € Ng. O
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Applying now Proposition 4.7 to the solutions of the approximating initial boundary value problems with
coefficients and data from Lemma 4.8, we derive the differentiability theorem.

Theorem 4.10. Let n > 0, m € N, and m = max{m,3}. Take coefficients Ay € F;LI?U(Q), A, Ay €
FYet(RY), Az = AS°, D € FP(Q), and B = B®. Choose data f € H™(Q), g € Epn(J x OR3), and

ug € H™(R3) such that the tuple (0, A, ..., As, D, B, f,g,uo) satisfies the compatibility conditions (2.4) of
order m. Then the weak solution u of (3.1) belongs to G ().

Proof. I) Let {A; ¢ }e>0 and { D, }.~0 be the families of functions given by Lemma 2.2 for A;, ¢ € {0, 1,2}, and
D respectively. In particular, all derivatives of the coefficients Ag ., A1 ., A2, and D, belong to L?(Q) and
0;Ag ¢ is contained in F, () for each € > 0. Moreover, A; . and As . are independent of time for all ¢ > 0 as
Aq and A, have this property. Lemma 4.8 provides a parameter €9 > 0 and a family {uo « }o<e<e, € H™ (]Ri)
such that (0, Ao e, A1, Az e, A3, De, B, f, g, up,-) fulfill the compatibility conditions (2.4) of order m for all
e € (0,e0) and wp. — ug in H™(R3) as ¢ — 0. Let u. denote the weak solution of (3.1) with differential
operator L(Aoe, A1, Az, As, D) and inhomogeneity f, boundary value g, and initial value wug . for each
e € (0,e0). By Proposition 4.7, the function u. belongs to G,,(Q2) for all € € (0,¢¢). Take r > 0 such that

[AillFy ) <7 and  ||D]g, @ <7
for all 7 € {0,...,3}. Due to Lemma 2.2 we then also have

| Ai e

Fm(Q) S CT and ||DE|

) S Cr

for all e € (0,e9) and ¢ € {0,1,2}. Theorem 3.4 then yields a constant C = C(n,r,T) and a number
v =(n,r,T) such that

—

m—

; 1
||us||2Gmﬁ(sz) < C( ||5§f(0)||§qm717]-(R§r) + HQH%E,M(JxaRi) + HUO,sH?{m(Ri) + ;”f”%[;n(g)) (4.47)

j=0

foralle € (0,ep). Let (g,,) be a sequence of positive numbers converging to zero. Then (4.47) and ug . — uo in
H™(R%) as e — 0 yield that (0®u.,, ) is bounded in L>(J, L?(R3)) = (L*(J, L*(R%.)))* for each v € N§ with
|| < m. Since L*(J, L*(R%.)) is separable, the Banach-Alaoglu theorem gives a o*-convergent subsequence.
Taking iteratively subsequences for each v € N§ with |a| < m, we obtain a subsequence, denoted by (u,,),
such that the o*-limit u, of 9%u,, exists for all & € N¢ with |a| < m. Lemma 3.1 and Lemma 2.2 imply
that

lun — o @) < CUL(Ao, .., Az, Dy — Fl3, (e + 0.0 — w0l 3o gs)

2
< O3 114 = Al e ) 95, )
=0

+ D = Dol T o llunlZ, ) + w0, — U0||%2(R§r)) —0
as n — oo, where we also exploited that f = L(Agn, A1n, A2, A3, Dy)uy, (4.47), and that (ugn), is

bounded in H m(Ri) Consequently, u is equal to (g 0,0,0)- Looking at the distributional derivative, we
further deduce

(,0%u) = (=111 (@0, u) = (=1)*! lim (8¢, un) = (7, a)

n—oo
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for all ¢ € C2°(£2). We conclude that 0%u € L>=(J, L2(R3)) for all a € N¢ with |a| < m; ie., u € Gy (Q).
It remains to remove the tilde here.

IT) Let 0 < j < m — 1. Differentiating the differential equation and the boundary condition and employ-
ing (2.1), we see that 8{ u solves the initial boundary value problem,

L(A(),...,Ag,D)’U:fj, JZERS, teJ;
Bv:(?gg, .TG@RE)’H teJ;
v(0) = Sim (0, Ao, ..., A3, D, f,up), T e Ri;

where
fi=0lr-% (z> (angag“*lu + agpag*lu)
=1

belongs to H™ /() by Lemma 2.1. We want to apply Lemma 4.5 to ag'u. Therefore, the tuple
(0, Ao, ..., As, D, B, fj,(?fg,u%) has to satisfy the compatibility conditions (2.4) of order m — j, where
we abbreviate Sy, ;(0, Ao, ..., As, D, f,ug) by ug forall 0 < j <m.

Similar to Lemma 4.6, an induction with a straightforward calculation in the induction step yields

Smfml,mg (OvAOa ceey A3v Dv fM17u6nl) = Sm,m1+m2 (03 AO, e ,A37 Da fa UO) (448)

for all my, ma € Ny with may < my and m; + ma < m — 1. We once more refer to [18], see step III) of the
proof of Theorem 4.12 there, for the details. Note that this identity implies that

BSm—ml,mg(OaAOa ceey A37 Da fm17u6n1) = BSm«ﬂnl-‘er(OaAOa ) A3a Da fv ’Z,Lo)
=0, M2g(0) = 97" (9, 9)(0)

on 6Ri for all ms < m —my — 1, as the tuple (0, Ao, ..., As, D, B, f,g,up) fulfills the compatibility con-
ditions of order m by assumption. We infer that the tuple (0, Ao, ..., A3, D, B, fm,, 0" g, ug™") fulfills the
compatibility conditions (2.4) of order m — m;.

III) Step II) applied with j = m — 1 shows that 07 'u solves (3.1) with inhomogeneity f,,_ 1 €
HY(Q), boundary value 9" 'g € Ei(J x 0R%), and initial value uj’™' € H'(R3). The tuple
(0, Ao, ..., As, D, B, fm,l,alnflg,ug%l) fulfills the compatibility conditions (2.4) of order 1 by step II).
Next take an open subinterval J’ of J. Assume that 0;"'u belongs to C(J’, L*(R3)). As we already know
that 0] 'u belongs to L>(J, HL,(R%)), we can argue as in step II) of the proof of Lemma 4.4 to infer that
9" u is an element of C(J7, HL, (R3)). (Note that the smoothness of the coefficients is not used in that step
of the proof of Lemma 4.4.) Lemma 4.1 then implies that 9;" ' is contained in G1(J’ x R ). Lemma 4.5
thus yields that 0] 'u belongs to C*(J, L3(R%)); i.e., u € C™(J, L*(R%)). The previous arguments applied
with J’ = J now imply that 9" 'u is an element of G1(Q).

Next assume that we have proven that 8" *u is an element of G, (2) for some k € {1,...,m —1}. Then
O~ F~ 1y belongs to
k k+1
MO T (RD) = () C(T B (R,
=0 =1

Observe that 9" " !u solves (3.1) with inhomogeneity f,,_x_1 € H*t'(Q), boundary value 9" *"'g

Ep1(J x ORY), and initial value ug* "' € H*1(R3) by step II). Arguing as before, i.e., combining
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Lemma 4.5 with step IT) of Lemma 4.4 and Lemma 4.1, we derive that 9;"*~ '« belongs to C(J, H*+1(R3.))
and thus to Gj41(9).

By induction we arrive at 87" *u € Gy(Q) for all k € {0,...,m}. With k = m we finally obtain
ueGn(Q). O

Proof of Theorem 1.1. Combining Theorems 3.4 and 4.10, we derive the assertion of Theorem 1.1 for G =
]Rii. The localization procedure from Section 2, see Remark 2.4, then yields Theorem 1.1 for coefficients
constant outside of a compact set.

Once the regularity theory has been established for coefficients constant outside of a compact set, another
approximation procedure extends the results to coefficients Ay and D which merely have a limit as |(¢,z)| —
0o. We refer to [18, Theorem 4.13] for details. O

Remark 4.11. Not only the main result extends to coefficients Ay and D with a limit as |(¢,2)| — oo, but
also all the intermediate results. In particular, Proposition 3.3, Theorem 3.4, and Theorem 4.10 are still
true if Ag and D only have a limit as |(¢,z)| — oo, see [18, Theorem 4.13].
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