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Abstract

This paper investigates the existence of minimal and maximal solutions of the periodic
boundary value problem for first-order impulsive differential equations by establishing two
comparison results and using the method of upper and lower solutions and the monotone
iterative technique.
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1. Introduction

The theory of impulsive differential equations has become an important area of
investigation in recent years (see Refs. [1,2,5,6,9]). In this paper we consider the
periodic boundary value problem for first-order impulsive ordinary differential
equations (PBVP)

x'(t)= f(t,x@), t#u,tel,
Ax(ty) = Ii(x (), k=1,2,...,p, D
x(0) =x(T),
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where f € C(J xR,R), J =[0,T], Iy € C(R,R), Ax(ty) = x(t,;") — x(ty)
k=1,2,...,p),0<ti<tr<-- <ty <---<tp<T.

The method of upper and lower solutions coupled with the monotone iterative
technique has been widely used in the treatment of nonlinear differential equations
in recent years (see Refs. [3-9]). The basic idea of this method is that using
the upper and lower solutions as an initial iteration one can construct monotone
sequences from a corresponding linear equation, and these sequences converge
monotonically to the maximal and minimal solutions of the nonlinear equation.
When the method is applied to impulsive differential equations, it usually need a
suitable impulsive differential inequality as a comparison principle.

The results in the paper are inspired by Lakshmikantham and Leela [4], Liu [5],
Vatsala and Sun [6]. Here we establish two comparison principles, i.e., Lemmas
2 and 3. Then we discuss the existence and uniqueness of the solutions for
linear periodic boundary value problems for impulsive differential equation, i.e.,
Lemmas 4 and 5. Finally, by use of the monotone iterative technique and the
method of upper and lower solutions we obtain the existence theorems of extremal
solutions for the PBVP (1).

2. Preliminariesand comparison principles

Let PC(J,R) = {x:J — R; x(t) is continuous everywhere except some
at whichx(t,") andx(t,j) exist andx (7)) = x(n)}. Let J' = J\{r1, 12, ..., 1},
2 =PC(J,R)NCLJ’, R). Afunctionx € 2 is called a solution of PBVP (1)
if it satisfies (1).

Letro=0, 1,11 = T. We list the following assumptions for convenience.

(Ap) There exist functiom, 8 € 2, B(t) < a(r) (Vt € J) such that

{a’(t)éf(t,a(t))—Mra, t#n,tel, @
Aa(ty) < I(a(t)), k=12...,p,
and
{ﬂ’(t)>f(t,ﬂ(t))+Mrﬂ, t#n, e, -
AB(t) = I (B(1)), k=1,2,...,p,

whereM > 0, r, andrg are given by

[a(0)—a(T)] i
o — { 1o i<y <y AL~ He Ml —e~Miit1)? if 2(0) > a(T),
0. if «(0) <a(T),
[B(D)—B(0)] if 8(0) < B(T),

Yo Tigesy < A+LO LM —e Miit1y’

0, it B(0) = B(D);

rg=
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that is,a(t) and 8(¢) are lower and upper solutions of PBVP (1), respec-
tively.
(A1) The functionf € C(J x R, R) satisfies
f,x)—f,y)<Mkx—y),

wheneveB(r) < y <x < «(t), t € J, whereM > 0.
(A2) The functionsl;, € C(R, R) satisfy

Ie(x) — I (y) < L (x — y),

wheneverg(t) < y < x < a(), andk =1,2,...,p, whereL; < 1,
k=1,2,...,p.
(Bo) There exist functiona, 8 € 2, a(t) < B(t) (Yt € J) such that

{o/(t) < flt,a() — Mry, t#t,tel, @)
Aa(tr) < k(@ (), k=12,...,p,
and
{ﬂ’(t)>f(t,ﬂ(t))+Mf,3, t#n,tel, )
AB () = Ik (B(#)), k=12,...,p,
whereM > 0, r, andrg are given by
MT .
o= 1 Xlolly <zk[i(::ﬁqz]f><eM'f+Lerf>’ it (0) > (T,
0, if «(0) <a(T),
—B(0)]eMT .
g ={ Xizoll, <zk[i(:1<f(fozi><eM'f+1ferf>’ A0 <B(T),
0, if B(0) > B(T);
that is,a(t) and 8(¢) are lower and upper solutions of PBVP (1), respec-
tively.

(B1) The functionf € C(J x R, R) satisfies

f,x)—f@t,y)=2-Mx-y),

whenever () <y < x < B(t), t € J, whereM > Q.
(B2) The functionsl; € C(R, R) satisfy

Iy (x) — I (y) 2 —Li(x — ),

whenevera(f) <y < x < B), andk=1,2,...,p, whereL; < 1,
k=12,...,p.

Lemma 1[1]. Assume that

(Co) the sequencéy} satisfied <<t <tr <+ <ty <--- With limg_ o #
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(C1) me PCY(R,, R)is left continuous at; fork=1,2,...;

(Cp) fork=1,2,...,t > 1,
m'(t) < p(Om@t) +q(t), t#1k, (6)
m(t;") < dpm (1) + by, @)

wherep, g € C(R4, R), dy > 0 andby, are real constants.

Then

t

m <mio) [] dkexp( / p(s)ds)

fo<tp<t 10

/ I1 dkexp</ (G)do)q(s)ds

s<tp<t

+ > 1 d,exp( / (s)ds)bk. (8)

o<ty <t fx<tj<t

Remark 1. If the inequalities (6) and (7) are reversed then in the conclusion the
inequality (8) is also reversed.
Lemma 2. Assume that: € §2 satisfies

{m(t) >Mm@)+ Mry,, t#t,tel,
Am(ty) = Lim(ti), k=12 ...,p,

whereM >0, Ly > —1fork=1,2,...,p, [[/_;(1+ L)~ te M7 <1, and

)

Z{’:O Ht0<tk <t; (1+Lk)7l(e_M1i _e_MI’”Ll)
0, if m(0) > m(T).
Thenm(t) <0forre J.

{ [m(T)—m(0)] —if m(0) < m(T),
'm =

Proof. Consider inequalities (9). In view of Lemma 1, we get

m(T)=m@) [] @+LoeM T
t<ty<T
T

+ Mry, / [] @+LoeVas. (10)

t s<u<T

From (10), we have
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m(t) <m(T) 1_[ (1+Lk)_le—M(T—t)
t<ty<T
Mrm ftT Hs<zk<T(1 + Lk)eM(T*S) ds
1_[[<tk<T(1+ Lk)eM(T—l)

Sincer,, > 0, it is enough to show: (T') < 0, from which the lemma follows.
Letr =0in (11). We get

(11)

p
m©) <m(T) [ [+ L)t ™7
k=1

Mry, fOT Hs<tk 1+ Lk)eM(Tis) ds
[T (14 LieMT

p
=m(D) [ [@+ Lo e ™"

k=1
p n
—Mrml_[(1+Lk)_l|:/ [] @+Le™as
k=1 o s<t<T

7]

+ J] @+Loe™ds+-

T os<tr<T
g

fig1

+ l_[ 1+ Ly)e Msds + ..

T s<u<T
f

T
+/ l_[ (1+Lk)e_Msds:|

T os<tp<T
Ip

p
=m(D) [ [@+ Lo e ™"
k=1

p 14
—+rm 1_[(1+ Lk)_l(z l_[ (1+ Lk)(e_Mt[‘*'l o e—Mt,-))

k=1 i=01ti<tk<tpi1

p
=m(D) [Ja+Lote ™"
k=1

14
—Fm Z l_[ 1+ Lk)_l(e_Mti - E_Mt['*'l).

1=0 to<tr<t;
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Consider the casa (0) > m(T); thenr,, = 0. Supposen(T) > 0. We have

14
m(T) <m(©Q) <m(T) [ [A+ L) ™7 <m(T),
k=1

which is a contradiction. Sa(7T) < 0.
If m(0) <m(T), thenr,, > 0. Supposen(T) > 0. Then

p
m(©0) <m(T) [ [+ Lo~te T
k=1
[m(T) —m(0)]

ZzP:O l—lto<tk <t 1+ Lk)il(eth[ - eMti+l)

P
X Z l_[ 1+ Lk)fl(efM” - eiM”'“)

1=0 to<tr <t;

p
:m(T)|:l_[(1+ Ly~ te™MT — 1] +m(0)

k=1

<m(0),

which is also a contradiction. Therefone(T) < 0. The proof of Lemma 2 is
complete. O

Lemma 3. Assume that: € §2 satisfies

{m’(t)g—Mm(t)—Mfm, t#f,t€J, (12)
Am(ty) < —Lim(ty), k=1,2,...,p,
whereM >0, Ly < 1fork=1,2,..., p, [[1_;(1— Lp)e ™7 <1, and
[m(0)—m(T)]eMT if T
fm = Zzp:OHli<1k<1p+1(1_Lk)(eMl[+1—eMI") | m(O) = m( ),
0, if m(0) <m(T).
Thenm(t) <Oforre J.
Proof. Consider inequalities (12). By Lemma 1 we get
m(t) <m©) [] @-Lie ™
O< <t
t
— My, / [] @—LeMc"as. (13)
0 s<ty<t

Sincer,, > 0, itis enough to show: (0) < 0, from which the lemma follows.
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Letr =T in (13). We have

T

p
k=1 0 S<t<T

p 1
=m(0) l_[(l— Lie ™M — MF, |:/ 1_[ (1— Lp)eMts=D gg

k=1 o s<t<T
7]

+ J] @=L Dds+-

Tos<t<T
)

lit1

+/ [] a-LoecDds+--

T os<u<T
!

T
+/ 1_[ (1—Lk)eM(ST)ds:|

T os<tp<T
Ip

P
=m© [ @~ Lpe™™T
k=1

p
CEY T - Lo - Mye T,
i=01ti<tk<tpi1

Consider the casa (0) < m(T); thenr,, = 0. Supposen(0) > 0. We have

p
m(© <m(T) <m©O [ [A—Loe ™" <m(0),
k=1

which is a contradiction. Sa(0) < 0.
If m(0) > m(T), theni,, > 0. Supposen(0) > 0. Then

P
m(T) <m(O [ [~ Loe ™"
k=1

[m(0) —m(T)]eMT

p Mt Mt
i=0 Hti<tk<tp+1(1 - Lk)(e lit1 — ¢ t’)

p
x Z l_[ (l— Lk)(eMti+l _ eMl‘[)efMT

i=0ti <ty <tpi1

73
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14

:m(0)|:l_[(1— Li)e ™MT — 1} +m(T)

k=1
<m(T),

which is also a contradiction. Thereforg(0) < 0. The proof of Lemma 3 is

complete. O

Let us consider the following periodic boundary value problems of linear
impulsive differential equations (PBVP):

u'(t) — Mu(t) =o(t), t#h,t€J,
Au(ty) = Lyu(te) + Ie(n(t)) — Lin (%), k=1,2,..., p, (14)
u(0) =u(T),

and
w' (@) + Mu(t) =0o(t), t#t,teld,
Au(ty) = —Liu(t) + I(n() + Lin(), k=1,2,...,p, (15)
u(0) =u(T),

whereM, Ly (k=1,2,..., p) are constantsl; € C(J,R) (k=1,2,..., p),
o€ PC(J,R) andp € £2.
In view of Lemma 1, we can show the following two lemmas easily.

Lemmad.LetM >0, Ly > —1fork=1,2,...,p. If

p
[Ta+Lo™te™ <1,
k=1

then the PBVR14) has a unique solution

t

u(t) = u(0) ]‘[ L+ Lp)eM + ]‘[ L+ Lp)eMt =g (s) ds

O<t <t 0 s<ty<t
+ >0 [T @+ Lpe™= @) — Lin@)], (16)
O<fp <t tk<tj<t
where
u(0) = u(T)
p -1 T
=<1—H(1+Lk)eMT) {/ ]‘[ A+ L)eMT5(s)ds
k=1 o s<tk<T

+ > 11 (1+L,->eM<T—’k>[1k(n(rk)>—Lkn(rk)]}. (17)

O<tx <T ty<tj<T
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Lemmab.LetM >0, Ly <1fork=1,2,...,p.If
p

H(l— Lie ™MT <1,

k=1
then the PBVR15) has a unique solution

u@®)=u© [[ @-Loe™ + / [ @-Loe ™0 (s)ds

O<tx <t s<ty<t
+ > 1 (1—L,-)e*’”“*’“[lk(n(rk))+Lkn(rk)], (18)
O<fp<ttk<tj<t
where

u(0) = u(T)
T

P -1
- (1— ]_[(1— Lk)e_MT> {/ ]_[ A= L)e MT=96(s)ds

k=1 0 s<u<T

+ > ] @=Lpe™T[nm@)) + Lint)] . (19)

O<ty<T ty<t;<T

3. Themain results

Theorem 1. Assume that conditionsig)—(A2) hold and

p
]_[(1+ L) te™MT <1,
k=1

Then there exist monotone sequeniegs?)}, {8, (1)} with g = «, o = B, such
thatlim,— 0 o, (1) = r (1), liM,— 00 Bn(t) = p(¢) uniformly onJ, and p(z), r(¢)
are the minimal and the maximal solutions of the PB\J, respectively, such
that

Pos<BL< PSP <p<a<r<a, <--<aoe<ar<ag onJ,

wherex is any solution of the PBVPL) such that8(¢) < x(z) < a(¢) onJ.
Proof. Let[B,a] ={x € 2: B(t) <x(t) <a(t), t € J}. Foranyn € [8, a], con-
sider the PBVP (14), where

o(t)=f(t,n@)) = Mn().

By Lemma 4, PBVP (14) possesses a unique solution 2. We define an
operatorA by u = An, then the operatat has the following properties:
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() B<AB, Aa < a;
(i) A is monotone nondecreasing|i, «]; i.e., for anyn1, n2 € [8, o],

nm<mnz implies Any < Anz.

We consider here only the case whei®) > «(T) andB(0) < B(T). To prove
(i), setm = Bo — B1, whereBs = ABo. Then, from(Ag) and (14), we have

m'(t) = Bo(t) — B1(1)

[Bo(T) — Bo(0)]
> f(t,Bo(t))+ M
f( Bo( )) Zfzo ]_[to<tk<t,' 1+ Lk)—l(e—Mt,' — e~ Miit1)
= [MB1(1) + (1. Bo()) — MBo(1)]
[(Bo(T) — B1(T)) — (Bo(0) — B1(0))]
Zf:o Ht0<tk<t,- L+ L)~ He Mt — e~ Miis1)

=Mm(t)+ Mr,, t#t, tel,
Am(ty) = ABo(tx) — AB1(tk)

> I (Bo(tx)) — [ LiBrltr) + Ik (Bo(tr)) — LiBotx)]
=Lim(t), k=1,2,...,p,

=Mm(@t)+ M

m(0) <m(T).

By Lemma 2, we gein(r) <0 onJ, i.e., < AB. Similar arguments show that
Ao < .
To prove (i), letus = An1, up = An2, whereny < n2 onJ andni, n2 € [B, «].
Setm = uy — up. Using (A1), (A2) and (14), we get
m'(t) = u/l(t) — u/z(t)
= [Mu1(t) + f(t.n1(t)) — Mn1(t)]
— [Mu2(t) + f(t,n2()) — Mn2(1)]
> M(u1(t) —u2(t)) =Mm(t), t#n, tel,
Am(tx) = Aua(fr) — Au2(tr)
= [Liur() + Ik (1)) — Lina (1) ]
— [Liuz(t0) + I (n2(t0)) — Lin2(t) ]
> Lim(t), k=1,2,...,p,
m(0) =m(T).

In view of Lemma 2, we have:(r) <0onJ, i.e.,us <uos.
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It is now easy to define the sequendes(z)}, {B8,(¢)} with g =«, Bo= B8
such thatw, 11 = Aoy, Bu+1 = AB,. From (i) and (ii), the functionga, (1)},
{Bn(2)} satisfy the inequalities

Bo<Pr<Po< - <P < <oy <o <op<ar<ag onJ,
and eachy,, 8, € 2 (n=1, 2, ...) satisfies
o, (1) — Moy, (1) = 0,—1(1), t#t,teld,
Aay (k) = Loty () + (e —1(tk)) — Lran—1(tx), k=1,2,...,p,
a, (0) =, (T),

and
B (1) — MBu(t) =6, -1(2), t#t,teld,
[ ABn(tr) = LiBn(tr) + I (Bu—1(tr)) — L Bn—1(tx), k=1,2,...,p,
Bn(0) = Bu(T),
where

on—1(t) = f(tv Olnfl(t)) — May,_1(1),
Gn-1(t) = f(t, Bu-1()) — MBu_1(t).

Therefore there exisp, r such that lim_ .o, (t) = p(t), liM,— o0 B, (1) =
r(¢) uniformly on J. Clearly p,r satisfy the PBVP (1). To prove that,r
are extreme solutions of PBVP (1), letr) be any solution of the PBVP (1)
such thatx € [8, «]. Suppose that there exists a positive integesuch that
Bu(t) < x(t) <ay(t) onJ. Then, settingn = 8,11 — x, we have

m'(t) =B 1(1) —x'(1)
=[MBu1() + f(t. Bu()) — MB, ()] — £ (2, x (1))
>Mm(t), t#t, tel,

Am(tx) = ABnt1(tk) — Ax(t)
= [LiBut1(tr) + I (Bn(tr)) — LiBn ()] — I (x (10))
>Lim(ty), k=12,..., D,

m(0) =m(T).

By Lemma 2,m(t) <0 on J, i.e., B,+1(t) < x(¢t) on J. Similarly, we obtain
x() < ay11(8) on [0, T]. Sincepo(r) < x(t) < ap(t) on J, by induction we get
Bn(t) < x(t) < ay(¢) on J for everyn. Therefore,o(t) < x(t) < r(t) on J by
taking limit asn — oco. The proof of the theorem is completer

Theorem 2. Assume that condition®g)—(B>) hold and

)4
]_[(1 —Lpe MT 1.
k=1
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Then there exist monotone sequenegs:)}, {8, ()} with ag = o, Bo = B, such
that lim;,— o a0, (1) = p (1), liMm,— o B, (t) = r(¢) uniformly onJ, and p(¢), r(¢)
are the minimal and the maximal solutions of the PBMF, respectively, such
that

w<ar << <Koy <pL<a<r<Bp << Pa<Pr<Po onlJ,

wherex is any solution of the PBVPL) such thatx(z) < x(#) < () on J.

We leave out the proof of this theorem because it can be complete in the same
way as the proof of Theorem 1.
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