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Abstract
We determine a condition on M, «, A and p for which
" pu—1
‘(1 - a)(—ff)> —l—af’(z)(—fiz)) - 1’ <M

implies f € S;5(1), where S;(}) is the set of starlike functions of order A. We also give some ap-
plication of them. Some results of Mocanu and Ponnusamy are improved. We also obtain some new
results on starlikeness criterions.
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1. Introduction

Let n be a natural number, and let A, denote the class of function f(z) =z +
Z,foan axz* that are analytic in the unit disk U = {z: |z] < 1}. Let 0 < A < 1, and let

. zf'(2)
S*(A) = An: R
n ) {fe @

>AforzinU}.
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Function f is called starlike function of order A.

Let f, g be analytic in U. Function f is subordinate to g, written f < g or f(z) < g(z),
if there exists an analytic function w such that |w(z)| < |z| and f(z) = g(w(z)) for zin U.
Let

Su={feA: |f@—1<MforzeU}.

Singh [10] has proved that Sy; C Si"(O) if0<M<2/ V/5. Fournier [1,2] has proved
that

SMCSj0) & 0<M<

and

a1-Ma-M/2)

. ifo<M <3,

1 —M?2/4
oM =171 5002
5>(1—2M
M’ if%gMgl’
1—M2/4 .

is the order of starlikeness of Sjs. These results were extended by Mocanu, Ponnusamy
and others.

In this article we are mainly interested in determining a condition on M, «, A and p for
which

Iz pu—1
‘(1—&)(&> —l—otf’(z)(@) —1‘<M

Z

implies f € S;(1). We improved results of Mocanu and Ponnusamy. We also obtain some
new results on starlikeness criterions.

2. Main results

Lemma 1. (See [7].) Let B, C and D be complex function on U and let n be a positive
integer. Suppose that D(0) =0, B(z) # 0 and Re % >-—nforzeU.If p(z) = p7"+---
is analytic in U and satisfies

|B(2)2p'(2) + C(2)p(2) + D) < M

forz €U, then |p(2)| < N for z € U, where

N:sup{mz lz] < 1}.
[nB(z) + C(2)]
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Theorem 1. Let o > 0, u > 0, and let
(u+na)(1—2)

) 2 9

ntu(l—n ffoa>a

+ o) 2a(I =) =1 ,

Mooy = | —PEHOVA D 2L ey oy, (1)
V2o +2[np+ (1 - 2)p?le
a(p+no)(1—2) )
, if0<oa <o,

2u+(m—pu+ pur)a

where oy = [n 4+ (1 — A)]/[n(1 — X)], and

V2 4 2np +n? — (1842 4+ 2n )k + 9u?A2 — 3+ n + 3p
o 2n(1 — 1) ’

If p(2) and q(z) are analytic in U with p(z) =1+ ppyz"+---and q(2) =1+ g, 7" + - - -,
and satisfy

ay

M
g@) <1+ 22
noe+ @
then
q@[1 —a+ap@)] <1+ Mz, )

where 0 < M < My, (a, A, b), then Re p(z) > A for z € U.

Proof. Let

M My (o, 2,
— o and Nn(a,k’u)zw.
"+ no "+ no

N

If there exists zg € U such that Re p(zg) = A, then we will show
[4o)[1 —a+apzo)] - 1] > M. 3)
Note that |g(zp) — 1| < N for z € U, it is sufficient to check the inequality

@|p(z0) — 1| = N[l —a +ap(zo)| > M. “)
Since uM = N (u + na), then inequality (4) is equivalent to
VxZ4+1-2A
N< AUV X+ (5)

h w4 no + puy/ex2 +2(1 — a)ar + (1 —a)?’
where x = |p(z0)| = A. If we let
VxZ41 =24

uw~+no +[L\/Ol2x2 +2(1 —a)ar+ (1 —a)z’

p(x) =

then we have

o (x) = x{(ptna)y/a?x2+2(1—a)ar+(1—a)2+u[1-2a(1-1)]} '
V212022 42 (1—ayar+(1—a)2 (uno+pua/a?x2+2(1—a)ar+(1—a)? )2
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Noted that
Va2a2 +2(1 —a@)ar + (1 —a)? > [1 —a(l — )| forx >4,

we let
T = (u+na)|a(l —1) = 1]+ p[1 —2a(1 —1)].
When
1
1—2
we have

T =a[na(1 —A)—n—pu(l— A)].
Hence we obtain
n+p(l—2)

T>0 foro« > ———— and
n(l— )

1 1—2x
T <0 for <a<n+,u( )
1—2x n(l—2)

When
1 1
——<a<_—,
2(1—A) 1—a
we have
T=(u+na)[l —a(l -]+ p[l -2« -]
=2u—[Bu —n —3urla —n(l — )a?.

Hence we obtain

T <0 fora1<a<ﬁ and

1
T>0 for——<u<uoj.
2(1 =)
When
O<a< ——ror,
2(1—=2)

we have 1 — 2(1 — A)a > 0. It follows that T > 0. Therefore we are obtain ¢’ (x) > 0 for
x> Awhen0 <o <op or
n+upu(l—2)
—_—— =.
n(l—2x)
It follows that
(I—=2)
afn+p(d —0]
1—A
24 (n—p+ ph)a’

ifo > ap,
mi =p(A) =
>11£(ﬂ(x) 108

=

if0<a<aj.
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If a1 < o < ay, then we have ¢’ (1) < 0. Hence there exists a unique xg € (A, +00) such
that

(n +na)\/a2x§ +2a(l —a)r + (1 —a)? = pu[2a(1 — 1) — 1].
By a simple calculation, we may obtain
: V2a(IT-2) -1
le)lIAl(p(X) =@(x0) = NN R TR

This shows that inequality (5) holds. It follows that inequality (3) holds, which contra-
dicts (2). Hence we must have Re p(z) > A forze U. 0O

Theorem 2. Let o, 0, A, M and M, («, A, [0) be defined as in Theorem 1. If f € A, satisfies
a-o(L2) 4 f()(f(Z)) <14 Mz, ©)

then f € S’ (M).

Proof. If we let

%
qz) = (ﬁ) ,
z

then we have

o
q(2) + ;zq’(z) <1+ Mz.

By Lemma 1, we obtain

q(2) <1+ nM Z.
"+ no
Let
_z2f'(2)
PO="r0

Then we have
q@[l—a+ap@)] =<1+ Mz.
By Theorem 1, we have Re p(z) > A for z € U. It follows f € S}(A). O

Corollary 1. Let o > 0 and let

1+ na ifo> n—l—l
n+1° n
@ (1 4+na)v2a —1 if\/9—|—2n+n2—3+n<a<n+1
e = V22 +2(n + Do 2n = n
a(l + na) l_f0<a<\/9+2n+n2—3+n
24+ (m—Da’ 2n '
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If f € A, satisfies

(-« f(Z)+af(z)<1+Mz,

where 0 < M < My, (), then f € S (0).

Remark 1. It is easy to show that

1—h Va(l =) —1
L+ud =2 o2+ 2[u+ (1 — 1)l

for o > W By straightforward calculation, the inequality
a(l—21) . V2a(d—2) —1
2+ —p+phe ™ JaZ 4 20u+ (1 - ryplla

is equivalent to

[21 — (31 =2) = )a — (1 = )]’ >0

1457

Taking n = 1 in Theorems 1 and 2, we improve [8, Theorems 2 and 3]. Taking n =1 in
Corollary 1, we improve the results of Mocanu in [4—6] (or see [3, Theorems 5.5a, 5.5c]).

Theorem 3. Let 1w > 0 and
u+n

Vi + (e m?

If f € A, satisfies

’f()<f(z)) _1’<,3

forzeU, then f € S¥()\), where

0<B<

(w+n)(1—p) . w+n
- if0<pB< ,
w4+n+pup 2u+n
(u+n)* —[u? + (u+n)?1p? ALY p+n
2 +m? =202 T 2utn U i (un)?
Proof. From (7), we have
V1 =2\
(u+n) Cifo<a< M
_ V2 £2[np+ (1 =02 3u+n
11—
M, lf K <)\’<1.
n+pu+ pi 3u+n

It is easy to show that the inequality

\/9;1,2 +2nu+n? — (18u2 4+ 2un)A + 9222 <2n(1 —A) +3u —n — 3uir

)
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is equivalent to

a < # .
3u+n

Hence we obtain 8 = M, (1, A, u). By Theorem 2, we have f € S;()), where A is given
by (7). O

Remark 2. By a simple calculation, we have

wAn+y/p? 4+ +n)?p p+n
>1 forf>—
2(u+n—pup) 2ut+n

and

(et m (= B) _ b n— T ) b
= for0< g <

w+n+uB w+n+uB 2u+n’

Hence we obtain
N wAn—/ur4 n+wu)?p
m+n+up ’

where X is given by (7). Taking n = 1 in Theorem 3, we improve [9, Theorems 2 and 3].

A

Theorem 4. Let 0 < A < 1, a > 0, and let
(1 +na)(1—»1)
n+1—2x
(1+na)2a(1—2) -1
V22 12+ 1 — Mo
a(l +na)(l —A)
24+ (m—14+Na’

, ifa > ap,

My (a, ) = ifa; <a <oan,

if0<a <o,

where ay = (n+1—1)/(n —nl),

V94 2n+n2— (184 2m)1+ 922 —3+n 432
o 2n(1 —A) ‘

(%31

If f satisfies | f'(2) +azf”(z) — 1| < M forz € U, where 0 < M < M, (a, A), then zf'(z) €
S¥(A), Le., f is a convex function of order A.

Proof. If we let g(z) = zf'(z), then we have

8()

(1 —a)T +ag'(x) <14+ Mz

By Theorem 2, we must have g € S;(1). Hence f is a convex function of order A. O
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