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1. Introduction

In this paper, we are concerned with the following nonlinear scalar field equation:

—Au=g(|x|,u) ing, 1)
ueH'(2).

Here £2 C RN is either the whole space £2 =RN or the exterior domain of the ball Bg(0) with radius R > 0 (£2 = {x RV |
|x| > R}) and the function g(r, s) : [R, c0) x R — R is continuous in both variables and odd with respect to s € R. In the case
where £2 is the exterior domain, we consider (1) under the homogeneous Dirichlet or Neumann boundary condition:

ou
u=0 ondf2 or — =0 onas2,
av

where v is the outward normal vector of 9£2. Namely, we consider the following equations:

—Au=g(|xl,u) inRY, ueH'(RV), (2a)
—Au=g(lxl,u) in{|xl >R}, u=0 onlx|=R, ueH'({IxI>R}), (2b)
—Au=g(|x|,u) in{|x| >R}, 2—520 on|x| =R, ueH'({|x| > R}). (2¢)

When 2 =RV and g(r,s) does not depend on r, that is g(r,s) = g(s), (2a) has been studied by many researchers. For
example, we refer to [3-7,9,11,18] and references therein.

On the other hand, when g(r,s) depends on r in a monotone decreasing way, Li and Li [13] and Li [14] studied (2a)
and (2b). They showed the existence of a positive radial solution and infinitely many possibly sign-changing radial solutions
for a suitable class of nonlinearities (see Remark 2.3 for a precise statement).
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One of the aims of this paper is to deal with the Neumann boundary problem (2c¢) as well as (2a) and (2b), and
give a generalization of the results of [13,14]. Especially, we relax the condition on the behavior of g(r,s) near s =0.
In [13,14], the authors assumed lims_.o g(r,s)/s = —1 uniformly with respect to r (see Remark 2.3). However, our main
results (Theorems 2.1 and 2.2 below) enable us to deal with the following case: —oo < liminfs_.oinfi>r g(r,)/s <
limsups_,gsup,>z g(r,s)/s < 0. Therefore we can treat the following example: —Au = —(V(|x]) + a(|x|)sin2(1/u))u +
b(|x|) f(u) in £2 where V (r), a(r), b(r) are monotone functions and f(s) is superlinear near s = 0.

Another aim of this paper is to deal with nonlinear Schrodinger type problems without the monotonicity assumption on
g(r, s) with respect to r, namely the case g(r,s) = -V (r)s + g(s).

When 2 =R", Azzollini and Pomponio [2] studied (2a) and obtained the existence of at least one positive radial solution.
See also Remark 2.5. We give an extension of their result to the exterior problems (2b) and (2c). Moreover, we show the
existence of infinitely many solutions. See Theorem 2.4 for a precise statement.

We will prove our theorems by variational methods and use the monotonicity method due to Struwe [19], and devel-
oped by Jeanjean [10] and Rabier [16]. With the monotonicity method, a newly developed Pohozaev type inequality (see
Propositions 5.5 and 5.7) will play important roles in our argument.

This paper is organized as follows. We state our main results in Section 2. In Section 3, we introduce an auxiliary
functional J and prepare some lemmas. Proofs of lemmas in Section 3 will be given in Appendix A. In Section 4, we define
minimax values based on the symmetric mountain pass arguments. Section 5 is devoted to proving Theorems 2.1, 2.2, 2.4.
We shall state some open problems in Section 6 and we prove some lemmas in Appendix A.

2. Statement of main results
In this section, we state our main results of this paper.
2.1. Results for Egs. (2a)-(2c)

First we consider Eq. (1). We assume that g(r, s) : [R, o0) x R — R satisfies the following conditions. In what follows, we
regard R =0 if 2 =RV,

g€C([R,o0) xR,R) and g(r,—s)=—g(r,s). (3a)
IfR<ri<r;<ooands>0, theng(ri,s)<g(,s). (3b)
g(r,s) = goo(s) inLis.(R)asr — oo. (30)
There exists an m; > 0 such that co < liminf inf 80, ) < limsupsup 80r,) < —my. (3d)
s—>0 r=R S s—0 r>R S
(i) (N=2) lim supM =0 foranyo >0,
s—00,> exp(as?)
8.9 Ge)
(i) (N >3) lim sup =2 =0 where 2* = 2N/(N — 2).
s—>00, 5 §ET
N
There exist Zg > 0, Rp > R such that 1>an G(r, Zo) > 0 where G(r,s) = / g(r,7)dr. (3f)
r=Ko

0

Except for (3c) and (3d), the above conditions are the same as the ones in [13,14]. As for (3d), this type of condition
is used in [4,5,9,18] when g(r,s) does not depend on r, i.e., g(r,s) = g(s) (cf. (4b) below). We remark that in [13,14], the
authors suppose limg_, o g(r, s)/s = —1 uniformly with respect to r, which is stronger than (3d).

For the Neumann problem (2c), in addition to (3a)-(3f), we assume

—00 < infG(R, s). (3g)
seR
Our main results are as follows. First we state a result for (2c).

Theorem 2.1. Suppose that 2 = {|x| > R} and (3a)-(3g) are satisfied. Then (2c) has at least one positive radial solution and infinitely
many possibly sign-changing radial solutions.

For (2a) and (2b), we assume (3a)-(3f) and we do not need (3g).

Theorem 2.2. Suppose that 2 = RN (resp. 2 = {|x| > R}) and (3a)-(3f) are satisfied. Then (2a) (resp. (2b)) has at least one positive
radial solution and infinitely many possibly sign-changing radial solutions.
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Remark 2.3. In [13,14], in addition to (3a), (3b), (3d)-(3f), the authors suppose that the function g has a form g(r,s) =
—s+ f(r,s) where f(r,s) =o0(1) uniformly with respect to r as s — 0 (cf. (3d)). Under these conditions, they proved
the existence of one positive radial solution and infinitely many possibly sign-changing radial solutions to (2a) and (2b).
However Theorem 2.2 enables us to deal with the following type of equations: —Au = —(V (|x]) + a(|x|)sin2(1/u))u +
b(|x|) f(u) where V,a,b are monotone functions and f(s) is superlinear near s = 0.

2.2. Results for the equation of Schridinger type

Next we consider (1) with g(r,s) = -V (r)s + g(s) for N > 3 and assume the following conditions:

geCR,R), g(—s)=-g(s). (4a)
There exists m; > 0 such that —oo < lim ié’lf? < limsup ? < —my. (4b)
S5— s—0
I &(s)
1msup 51 < 0. (4C)
s—>o00 S
S
There exists a £ > 0 such that G(Zo) > 0 where G(s) = f g(r)dr. (4d)
0
. 1 2 =
—oco < inf( —=V(R)s> +G(s) ). (4e)
seR\ 2

The conditions (4a)-(4d) are the same as the ones in [4,5,9]. The condition (4e) is corresponding to (3g) above and is
only needed for (2c). For V, we assume the following:

VeC'([R,o0)) and V(r)>0 forallr>R, (5a)
lim V(r)=0, (5b)
r—00
+
[V D)Ly gy <25W (5¢)
where
IVu?
(x-vv(x))" =max{0,x-VV(jx])} and Sy= in %.
ueH RN} [[Ull75 oy

When §2 =RV, the above conditions (4a)-(4d), (5a)-(5¢c) are the same as the ones in [2]. Next we give a remark
about (5¢). If g(r,s) = —V (r)s + g(s) satisfies (3b), then we can see x - VV (|x|) < 0, which implies (5c). Therefore, we
can relax the monotonicity condition (3b) by (5c) for the nonlinear Schrédigner type equation.

Now we state a result for the equation of Schrodinger type.

Theorem 2.4. Suppose that N > 3 and g(r, s) = —V (s + g(s) satisfies (4a)-(4d) and (5a)-(5c). Then the following hold:

(i) (2a) (resp. (2b)) admits at least one positive radial solution and infinitely many possibly sign-changing radial solutions.
(ii) Assume (4e) in addition to (4a)-(4d) and (5a)-(5c). Then (2c) admits at least one positive radial solution and infinitely many
possibly sign-changing radial solutions.

Remark 2.5. In [2], the authors showed the existence of one positive radial solution to (2a) with g(r,s) = -V (r)s + g(s)
under the conditions (4a)-(4d) and (5a)-(5c).

In the following, we give an idea of proofs of Theorems 2.1, 2.2, 2.4.
We will prove Theorems 2.1, 2.2, 2.4 by variational methods and find critical points of

I(u)s%f|Vu|2dx—/G(|x|,u)dx.
2 2

One of difficulties is to show the boundedness of Palais-Smale (for short (PS)) sequences.
In [13,14], the authors introduced the following parametrized functional in order to obtain bounded (PS) sequences: (cf.
Remark 2.3)

L) = %/|Vu|2+u2dx—/F(|x|,u)dx—k/q(|x|)B(u)dx, re[0,1].
2

2 2
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Here F(r,s) = fos f(@r,t)dt, and B(s) and q(r) are suitable penalty functions. The virtue of their penalty functions is that I
satisfies the (PS) condition. However, the construction is rather complicated.
In our proofs, we consider another parametrized functional to obtain bounded (PS) sequences:

l,\(u)z%/|Vu|2dx—/G(|x|,u)dx—A/H(u)dx 1 el0,1].
2

2 2

Here H(s) is also a penalty function which is different from B(s) in ?A and we can construct the function H(s) in a simply
way (see the definition of H(s) in Section 3). To obtain critical points of I, we will apply the monotonicity method to I,. In
this paper, we apply a version of Rabier [16] (see Propositions 5.1 and 5.2) and obtain sequences (i), (ug) such that

M= 0, —Aup=g(|x], ur) + Ach(ug) in $2,

where h(s) = H'(s). To show that (uy) has a strongly convergent subsequence, we use the Pohozaev type inequality (15),
(21), (22). Here we remark that in [13,14] the authors used the Pohozaev Identity (for instance, see (16), (23), (24)) which
includes the term x- VG(|x|, u) and they need to approximate g(r, s) with a function of class C! in r. However, in this paper,
we introduce a new Pohozaev type inequality, which enables us to argue without introducing approximations.

Our proofs can also be applied for the equation of Schrédinger type, namely g(r,s) = —V (r)s + g(s) in (1). By virtue of
our proofs of Theorems 2.1 and 2.2, we will be able to show that not only (2a) but also (2b) and (2c) admit at least one
positive radial solution and infinitely many possibly sign-changing radial solutions under the conditions (4a)-(4d), (5a)-(5c)
or (4a)-(4e), (5a)-(5c).

3. Preliminaries

In this section, we introduce an auxiliary functional J and state some lemmas. Proofs of lemmas in this section will be
given in Appendix A.

First, we remark that when we consider (2b) or (2c) under the assumptions of Theorems 2.1, 2.2 or 2.4 we may assume
R =1 without loss of generality. Indeed, set £2 = {|x| > R}, v(x) = u(Rx) and ggr(r,s) = R2g(Rr,s). Then (1) is equivalent to
the following equation:

—Av=gg(r,v) in{lx|>1}.

Moreover, it is easily seen that g satisfies (3a)-(3g) in {|x| > R} if and only if gp satisfies (3a)-(3g) in {|x| > 1}. In the case
where g(r,s) = =V (r)s + (s), set Vr(r) = R2V (Rr) and gg(s) = R2g(s). Then it is also clear that § and V satisfy (4a)-(4e),
(5a)-(5¢), in {|x| > R} if and only if ggr and Vy satisfy (4a)-(4e), (5a)-(5c) in {|x| > 1}. Therefore to prove Theorems 2.1, 2.2
and 2.4, we may assume R =1 without loss of generality.

Hereafter we mainly consider (2c) and let £2 = {x e R" | |x| > 1}. Furthermore we assume the following condition in this
section:

The conditions (3a) and (3c)-(3e) are satisfied. (6)
In order to obtain radial solutions, we consider the following function space:
E=H}(£2)={ueH"(2) | uisaradial function}.

The following properties hold (for (i) and (ii), see Berestycki and Lions [4], Strauss [18]):
(i) There exists a C > 0 such that forallu € E and |x| > 1,

_N-1
lu@)| <CIXI™ 7 Jlully o) (7)

(ii) The embedding E C L9(£2) is continuous for 2 < q < 2*if N >3 and 2 < q < oo if N = 2 and it is compact for 2 < q < 2* if
N>3and2 <q<ooif N=2.
(iii) For each s € (0, 1], we define the extension operator Ts : H! ({|x| > s}) — H!(RN) by

u(|x[) ifIx| =s,

Tsw @) = (Tsu)(|x|) = {u(Zs —IxD) iflxl <s. 8)
Then, foreach s € (0, 1] and u € H: ({|x| > s}), it holds that
ITsull 2wy < V2lullizge=sy 1V Tsullzgyy < V20Vl 2(gs5)- 9)

Using (9), we have that the following Sobolev inequality holds for N > 3:
lull 2 (ejosp < CIVU 2 (=g Sorallu e HE ({Ix] > s}), s € (0,1]. (10)
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We define the following functional:

1
I(u)z5/|Vu|2dx—/c(|x|,u)dx:E—>R.
2 2

We note that I € C'(E,R) under the condition (6) and the functional I corresponds to (2c). So, we will find critical points
of I.
We prepare a penalty function to construct an auxiliary functional. For s > 0, we define f(s) and h(s) as follows:

1
f(s)zmax{o, —mls+supg(r,s)}, h(s) =sP sup @
2 r>1 o<t<s TP

Here m; is a constant appearing in (3d) and p is a positive number satisfying 1 < p < (N +2)/(N —2) if N >3 and
1 < p < oo if N=2. Note that by (3¢) and (3d), f and h are well defined. We extend h as an odd function on R and set

S
H(s)z/h(t)dt.
0
Then h and H have the following properties.

Lemma 3.1. (See Lemma 2.1 and Corollary 2.2 in [9].)

(i) h e C(R), 0 < h(s) and h(—s) = —h(s) for all s € [0, c0).
(ii) There exists an sg > 0 such thath = H = 0 on [—Sg, So].
(iii) For all s € R, it follows that

1m1sz +supg(r, s)s < h(s)s, 1m152 +supG(r,s) < H(s).
2 r>1 4 r>1
(iv) The following hold:
h(s)
s—00 exp(as?)
im 2 _o N,

b0 g2 1

=0 forallaa >0ifN=2,

(v) h satisfies a global Ambrosetti-Rabinowitz condition:
0< (p+1)H(s) <h(s)s forallseR.
Here p appears in the definition of h.

Next we rewrite the functional I as follows:

1 1 mq
I(u)ZEIIVuIIfz —/G(IXI,u)dxz5|Iullf;—/7u2+6(l><|,u)dx
2 2

where

m
2 2 1 2
luli = 1Vullz + ==l

We remark that || - || and the standard H!-norm are equivalent.
Next, we define a parametrized functional I, (A € [0, 1]) and an auxiliary functional J which gives us lower bounds of
minimax values b, (1) defined in Section 4:

1 m
I(u) = §||u||% — / Tluz + G(lxl,u) + AH(u)dx € C'(E,R),
Q

Jw = %IIUII% —Zf H(u)dx e C'(E,R).
2

Note that if A =0, then Io(u) = I(u). Furthermore, by Lemma 3.1, I, and | satisfy the following: for any 0 < 11 <Ay <1
and u € E,

JW) <) < Ly, < Iy (W) < Io(w). (11)
Now we state properties of I,, J. Similar properties are obtained in [2,9].
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Lemma 3.2. (See Lemma 3.5 in [2], Lemmas 2.3, 2.5, Proposition 5.3 in [9].) Set K (u) = fg H (u) dx. Then,

(i) K:E— Rand K’ : E — E* are weakly continuous.
(ii) Any bounded (PS) sequence (uy) C E for I, has a strongly convergent subsequence.
(iii) J satisfies the (PS) condition.

4. Minimax arguments

In this section, we define minimax values b,(1) of I, based on the arguments of symmetric mountain pass theorem
(cf. [9] and Rabinowitz [17]). In this section, we assume the following conditions:

The conditions (3a) and (3c)-(3f) are satisfied. (12)
First of all, we prove that I, and J have a symmetric mountain pass geometry under the condition (12). More precisely,
we have

Lemma 4.1.

(i) There exist § > 0 and p > 0 such that
0<s<Jw) forfule=p, 0<JW) forfule<p.
(ii) For eachn € N, there exists an odd continuous map y, : S" ! = {6 = (01,...,04) eR' | |o| =1} — Hé,r(ﬂ) such that
Io(yn(0)) <0 forallo € sn-1,
Here Hg’r(g) ={ucE|u(l)=0}
Remark 4.2. By (11), we see that [, and ] have a symmetric mountain pass geometry.
Proof of Lemma 4.1. We only prove (i). (ii) will be proven in Appendix A.
First, we show for N > 3. By Lemma 3.1, there exists a C > 0 such that
H(s) < C|s|** forallseR.
Using Sobolev’s embedding, we obtain

J@) > ulg = Clul?: = lulF (1= Cllulg ).

£2) >

Thus (i) holds for N > 3.
Next we consider the case N = 2. By Lemma 3.1, there exists a C; > 0 such that

H(s) < C1<1>(52/2) where @ (s) =exp(s) — 1 —s.
By Lemma A.2(iii), we have
/H(u)dxgczllulﬁ- for all u € E with |Ju|lg < 1.

Q
Thus it follows that if |u||g <1, then

J) = lull? — Collullg,

which completes the proof of (i). O
Next, we define minimax values of I, and ] using mappings () in Lemma 4.1.

Definition 4.3. For each n e N and X € [0, 1], we define b,(A) and ¢, as follows:

b,(A\) = inf I = inf
n(A) Inf max NOZC) ylé’rnﬂ%)ij(y(a))’

where D, = {0 eR" | |o| <1} and

Ih={y eC(Dp,E)|yisoddand y =y, on S""'}.

The values b, (1) and c, have the following properties.
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Lemma 4.4.
(i) Iy, # 9 foreachn € N.

(ii) bn(A2) < bn(r1) foreachO <Ay < A2 < 1.
(iii) 0 <8 < cp < by (1) foreachn e N and X € [0, 1], where § appears in Lemma 4.1(i).

Proof. (i) We define 9, as follows: for o € D", (o) = |0 |yn(0 /|0 ]). Then p, € I7,.

(ii) By (11), (ii) holds.
(iii) By (11) and (i), it holds ¢, < by (A) for each A € [0, 1]. The property 8§ < ¢, follows from the fact

lueE|ulg=p}NyDn)#9 forally el. O
Since | satisfies the (PS) condition by Lemma 3.2, we can show the following lemma as in [9].

Lemma 4.5. (See Lemma 3.2 in [9].)

(i) The value cy is a critical value of J.
(ii) Asn — 00, cp — <.

5. Proofs of Theorems 2.1,2.2 and 2.4

In this section, we prove Theorems 2.1, 2.2 and 2.4 by using the monotonicity method and the Pohozaev type inequality
(Propositions 5.5 and 5.7).

5.1. Monotonicity method

First, we will recall Rabier's result [16]. Let (X, | - ||) be a Banach space and A: X — R, B:[0,1] x X — R be (!
functionals and set Z, (u) = A(u) — B(A, u). We assume that A and B satisfy the following:

B(-, u) is nondecreasing on [0, 1] for every u € X, (13a)
B
lim —O,u)=o00, (13b)
B(r,u)—o0o OA
lim A(u) = oo. (13c)
luf]—o00

Moreover, we suppose that there exist eq, ep € X such that
max{Z,(e1),Zr(e2)} <c, forall A €[0,1]. (13d)
Here

cxzyienlf*orgtagx]ﬁ(y(t)) and I'*={y eC([0,1.X) |y =e1, y(1)=e2}.

Then the following proposition holds.

Proposition 5.1. (See Rabier [16].) Under the conditions (13a)-(13d), for almost every A € [0, 1], Z, has a bounded (PS) sequence at
level ;.

We will apply the above proposition for the functional which satisfies the symmetric mountain pass structure. Assume
the following conditions in addition to (13a)-(13c):

A(—u)=A@) and B(\,—u)=B(r,u) forallue XandA €0, 1]. (13e)

{ For alln € N, there exists an odd map y, € C(S"1, E) such that max, csn—1 Zy (¥, (0)) < dn(}) (130
where dy(A) = inf, ¢ » maxsepn 7, (Y (0)) and I = {y € C(Dp, E) | y isodd and y =y, on sn=1y,

The following proposition holds from the arguments in [16].

Proposition 5.2. Suppose (13a)-(13c) and (13e)-(13f). Then, for almost every X € [0, 1], there exists a bounded (PS) sequence of Z,
at level d,,(A) for alln € N.

Next, we show that we can apply Proposition 5.2 for I, to obtain a bounded (PS) sequence of I;.
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Lemma 5.3. Under the assumption (12), for almost every A € [0, 1], I, has a bounded (PS) sequence at level b, ().) for alln € N.
Proof. Set X =E, y, =y,

1 m
A(u) = §||u||%, Bk, u) :/ 71”2 + G(|x], u) + AH (u) dx.
Q
It is easily seen that (13a), (13c) and (13e) are satisfied. Moreover, by Lemmas 4.1 and 4.4, (13f) holds. As to (13b), by
Lemma 3.1, we have

B, u) < (1 +A)/H(u) dx.
Q

On the other hand, it follows that

%)\ )—/H(udx
8A(’u_ ) dx,
Q

which implies (13b). Then by Proposition 5.2, for almost every A € [0, 1], I, has a bounded (PS) sequence at level b,()) for
alneN. O

Combining Lemmas 3.2 and 5.3, we have the following:

Proposition 5.4. Suppose that (12) is satisfied. Then for almost every A € (0, 1], there is a critical point u, , € E such that I, (u; n) =
bn,() foralln € N.

From Proposition 5.4, it follows that for each n € N, there exist (A, k) C [0, 11, (up ) C E such that A, — 0 and
Iknyk (Un,k) = bn(Ank), Iinfk (un) =0. (14)

5.2. Pohozaev type inequality

To show that (uy, ) in (14) is bounded, we introduce the following Pohozaev type inequality.

Proposition 5.5. Assume that the conditions (3a)-(3f) are satisfied. Let un € E be a solution of

0
—Au=g(|x|,u) +Arh(u) ing, %:0 onos,

where v is the outward normal vector of d§2. Then uy satisfies the following:
N-—-2

. ||VuN||§2—N/Ck(|x|,uN)dx>/CA(|x|,uN)ds. (15)

2 82

Here G, (|x], s) = G(|x], s) + AH(s).
Remark 5.6. If we suppose that g is of class C! with respect to r in addition to (3a)-(3f), then the Pohozaev Identity holds:

N-—-2 ~ a
219Nt g, = N [ Gl un)dx= [ - 9G(x uw)dx+ [ G, un) ds. (16)
2 2 982

Thus from (16) and (3b), we can see that (15) holds. For a proof of (16), see the end of a proof below or Lemma 1.4 in
Chapter III of Struwe [20].

Proof of Proposition 5.5. Note that under the conditions (3a)-(3f), uy has an exponential decay:
lun (] + [uy )] + [uf ()| < Crexp(—Cor) forallr > 1.

Therefore x - Vuy € H!(£2) and the curve n(t) = un(tx) : [1,2] — H!(£2) is of class C!. Since I/ (uy) = 0, we have

d
alx(n(t))hz] =I5 (un®))(x- Vun(x)) =0. (17)
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On the other hand, it holds that

t—N+2 2 N x|
L(n®) = 5 /|VuN(x)| dx—t~ /G<T,uN(|x|)>+/\H(uN(|x|))dx.

x| >t x| >t

By (3b), it follows that

R t_N+2
L(n®) =10 =

/\VUN(x)fdx—t’N f G(Ixl, un (1x1)) + AH (un(Ix])) dx.

x>t x>t
Noting that I(n(1)) = i)\(l), from (19), we infer

L) — L) _ 1) =11

> .
—1 2 P— forallt e (1,2]
By (17),
Ln®) — Li(n(1)) 0 ast— 140
t—1 ’

On the other hand, since duy/dv =0 on 942, it is easily seen that as t — 1+ 0,

L) —1,.(1) N-2
%_
t—1 2

IVun |2, +N/G(|x|,uN)+AH(uN)dx+/G(|x|,uN)+AH(uN)dS.
2 982

Thus, from (20), we conclude that

N-2
/G(lxl,uN) +AHuy)dS < T||Vu,v||§2 —N/G(|x|,uN) + AH(uy)dx.
982 2

(20)

If g(r,s) is of class C! in r, then we note that the right hand side of (18) below is differentiable with respect to t.

Combining (17), we can obtain (16). O
Here we also state the Pohozaev type inequality for (2a) and (2b).

Proposition 5.7. Assume that (3a)-(3f) are satisfied. Let up € Hy (£2) (resp. ugw € H} (RN)) be a solution of

—Au=g(|x|,u) +Arh(u) ing, u=0 ond2  (resp. —Au=g(|xl,u) +rh() inRY).
Then up (resp. ugy € H}(RV)) satisfies the following:

2
?HVH[A@ZKD - N/@,x(|x|, up)dx > % /(a;—‘f’) ds
2 992

N-2 : .
resp. —— [ Vugn > gw) = N Ga(Ixl, ugn)dx >0 ).
RN

Remark 5.8. As in Remark 5.6, if g(r, s) is of class C! with respect to r, then the following Pohozaev identity holds:

2
N-2 ; 1 9
2 ”V”D”%Z_N/GA(“"’“D)dX:/X-VG(IXI,uD)dx+5/(—55) ds
2 Ye)

2

N-2 .
<resp. THWRanz(RN) —N/GA(le,uRN)dx:/x.VG(le,uRN)dx>.
RN N

By (3b), we can show (21) and (22) from (23) and (24).

Proof of Proposition 5.7. We only show for up since a proof for ugn is similar to the one of Proposition 5.5.

(21)

(22)
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For the Dirichlet problem, critical points of I € C 1(H(1)(.Q), R) correspond to solutions. However, for technical reasons,
we regard I, € C'(H'(£2),R) in this proof. We set 7j(t) = up(tx) € C'([1,2], H'(£2)) and as in the proof of Proposition 5.5,
we shall calculate

d .
EI)‘ (T](t)) |I’=1 :

Since up satisfies —Aup = g(|x|,up) + rh(up) in 2, up =0 on 32, using integration by parts, for any ¢ € H!(£2) N
C1(£2), we have

Ifx(uD)go:/VuD-V(pdx—/(g(|x|,up)+Ah(uD))(pdx=—/VuD~xgodS.
2 2 FYe)

Noting 7'(1) = x- Vup(x) € H' () N C1(£2), it follows that

d - 3UD 2
alk(n(t))h:] :_/<8—v) ds. (25)

82

On the other hand, set

. —N+2 )
INOE /|VuD(x)| dx—tN / G(|x,up) + AH(up)dx,
[x| >t |x|>t
then we have
. N-2 1 [ [oup\?
1;(1)=—T||Vu,3||f2 — 5/(3_53) dS+N/G(|x|,uD)+kH(uD)dx. (26)
482 2

Since I(7i(t)) > I, (t) and I(7i(1)) = I;.(1), by (25) and (26), it follows that

1 dup

2
N-2 )
if(W) ds < == |IVup|%, —N/G(|X|,uu)+AH(uD)dx. O
a2 2

5.3. Proof of Theorem 2.1

Now we prove Theorem 2.1. Suppose that the conditions (3a)-(3g) are satisfied. Let (u, k) be a sequence satisfying (14)
and set

bno = lim by (1) = lim I, (un ) € [ba(1), bn(0)].
A—0 k—o0

Proposition 5.9. There exists a C, > 0 such that |u, k||g < Cy forallk € N.

Proof. First, we prove that (Vi k)p2; is bounded in L2(£2). Since I;nk(un,,() =0, by Proposition 5.5, we have

N-2 1
- / G(|X|» un,k) + AnkH(Un k) dx > _W ||Vun,k||%z(9) + N / G(1,upg) + )\n,kH(un,k)dx~ (27)
2 082

From (27), we obtain

1
buhn) = 51 Vtn s, — [ G tns) + Angluns)
2

1 1
> Vit kll ) + / G (1, Un k) + A jeH (ttp o) dx. (28)

082

Noting that H(s) > 0 for all s € R, limy_, oo bn(Ay k) = bn,o < bn(0) and (3g), we deduce from (28) that there exists a C, > 0
such that ||Vup kll 2oy < Cn for all ke N.
Next, we show ||u,kllg < Cy for all k € N. First, we consider the case N > 3. By Lemma 3.1, it holds
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br(Ane) = Ly (Un ) = %nun,kn% - / %uﬁ,k+c(|x|,un,k) + A H (U i) dx
2
> N2 = 1 42 )/H(u Vx> gl = CllitnsliZee o (29)
= 2 KIE n,k k = 2 nkllE n,k 12%(2)
2
From (10) and (29), it holds that

1 *
buGon i) = 5 lun il = ClIVin k22 ) (30)

Since bn(Ank) and ([[Vunkll2(o))re, are bounded, taking Cy sufficiently large, [|upkllg < Cn follows from (30).
Next we consider the case N = 2. Following the arguments in [13] (cf. proof of Proposition 5.5 in Jeanjean and Tanaka
[12]), we prove indirectly. Assume that 1, = ||un,k\|L‘21(Q) — 0. Set
- - X
Vi(x) = (Tr, Vi) (%), V() = un,k<a>, Q= {x] x| >},
where Ty, defined by (8). From ||Vl7k||,_2(9k) = [Vukll 22y, ||\7k||Lz(_Qk> =1 and (9), (vy) is bounded in H!(R?). Therefore, we
may assume
vi—vo weaklyin H'(R?) and vi(x) - vo(x) aa.xeR’.
Next, we show vg = 0. We remark that since v (x) = Vi(x) in £, vi satisfies
—rgAvg = g<m Vk) + Apkh(vy) in £2,
Tk (31)
vjc(rk) =0.

By the boundedness of (vy) in H!(R?), for any ¢ € C3°(R?) with supp¢ C R*\{0}, we can show

X
/h(vk)fde—> /h(vO)wdx, /g<%,vk><pd><—> /goo(vO)fde- (32)
-Qk R? 2 ¢ R2

k
By (31) and (32), we obtain

/goo(vo)cp dx=0 forany ¢ e C§°(R?) with suppe C R*\{0},
R2
which implies
8oo(Vo(®) =0 aa.xeR?. (33)

Since v € H! (R?) C C(R?\{0}), (3d) and (33), we infer that vo =0.
On the other hand, by (31), we have

x|
rf / |Vvk|?dx = / g(?vk Vi + Ankh(vi) vi dx. (34)
2 2 :

Therefore it follows from (34), 1= ||[Vkll;2(g,) = I Vkll 2(g,) and Lemma 3.1 that

m _m 2 2 2 m 2
0< 7 - 7”kaL2(Qk) g rk ”Vvk”LZ(.Qk) + 7||Vk”L2(Qk)
m X
= 7]V£ + g(|r_| Vk) Vi + Ach(Vi) viedx < (14 An k) / h(vi) vy dx.
!

Since Anx <1 and h(s)s > 0 for all s € R, we obtain

% < 2/h(vk)vkdx. (35)
RZ

On the other hand, since v; — 0 weakly in H'(R?), by Lemma 3.2(i), we have

/h(vk)vk dx — 0.
R2
This contradicts (35), therefore it holds that |[up kll;2() < Cn, which completes the proof. O



N. Ikoma /J. Math. Anal. Appl. 386 (2012) 744-762 755
By virtue of Proposition 5.9, we have
Corollary 5.10. The sequence (un k)i is a bounded (PS) sequence at level by o for Io.

Proof. We remark that it holds that

|10(un,k) — I, (Un,k)| < An kK (Un k), |I/(un,k)§0 - 13\,1_,( (un,k)§0| < Ank ”K/(un,k) ”E* lelle.
By Lemma 3.2 and A, — 0, we can prove Igp(upy) — bno and Ij(u, ) — 0 as k — oc. Thus (Un)p2, is a bounded (PS)
sequence at level b, o for I. O

Now we complete the proof of Theorem 2.1.

Proof of Theorem 2.1. For each n € N, by Corollary 5.10, there exists a bounded sequence (uy k)72, C E
Io(unk) = bno,  Io(upk) = 0 ask— oo.

Thus by Lemma 3.2(ii), there exists a up o € E such that
Io(un0) =bno,  Ip(uno) =0.

On the other hand, by Lemmas 4.4 and 4.5, b, 9 — 0o as n — oo. Therefore we show the existence of infinitely many radial
solutions.
In order to obtain positive solutions, we modify g(r, s) as follows:

_J&@r,s) ifs>0,
8+, 5) = {o if s <0.

Then any nontrivial radial solution of
—Au=g(|x|,u) ing2, (1) =0
is positive on {|x| > 1} by the maximum principle. Thus we will find a critical point of
1
L () = S Vullf, —/G+(|x|,u)dx.
Q

We can prove that I has a mountain pass geometry as in Lemma 4.1. Moreover, using the monotonicity method as before,
we can show that I} has a nontrivial critical point. Thus we complete the proof. O

5.4. Outline of proof of Theorem 2.2

In this subsection, we give an outline of proof of Theorem 2.2. Throughout this subsection, we assume the conditions

(3a)-(3f).

As in the Neumann case, we define the following functionals: for each A € [0, 1],

1
Ips(v) = §||Vv||%2(m — / G(Ixl, v) + AH(v)dx € C' (H} ,(2), R),
2
1
Ign 5 (W) = 5||Vw||§2(RN) - f G(Ixl, w) + AH(w)dx e C'(H} (RV), R),
RN
1
Jryv (W) = 5||Vw||f2(RN) - Z/H(w)dx e C'(H! (RV),R).
RN
Then, noting Ha,r(Q) C H!(RN), we can see that
Jrv (V) < Ipa(v), Jry (W) < Igw 5 (W)

for all A €[0,1], v € H} ,(2), w € H}(RY). Furthermore Ip ;, Ign ; satisfy (11).
Let yn € C(S""1, H{ (£2)) appear in Lemma 4.1. Then y; € C(S"~', H} (R")) and we can define minimax values for Ip ;,
Ign ; and Jgn:
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bpp(M) = inf maxIp,(y(0)), b, gv(A) = inf m%xIRN_A(y(G)),

vyelnpoeDy yan,RN o€

¢, pv = Inf max Jpn(y(0)),
n.R VEFHVRNO-GDnJR (v()

where

Ip={y €C(Dn, Hj () | ¥ =yaonS"'},

gy ={y €C(Dn. HI(RY)) |y =ynons" 1}
It is easily seen that all lemmas in Sections 3 and 4 hold if we replace I, J, bn(A), ¢n by Ip s, Ign ;, bn.p(X), by gy (1), €, g.
Moreover, we can apply the monotonicity method for Ip; and Ign ; (cf. Lemma 5.3). Therefore for each n € N there are
sequences (Ank) C [0, 1], (Vi) C H(],,r(.Q), (Wnk) € HH(RVY) such that A, — 0 and

ID,)»n,k (Vnp) = bn,D()\n,k)» I/D,)‘"Y,((Vn,k) =0,
IRN,)\,I),< (Wp i) = bn,RN Ak, I;(N,)Ln k(Wn,k) =0.

As in the Neumann case, it is sufficient to show that (vyx)p2; (resp. (W )p2,) is bounded in H}lr(.Q) (resp. H} (RV)). Using
(21) and (22) instead of (15), it is easily seen that (vn )2, (resp. (Wyk)pe,) is bounded in H}),r((z) (resp. H} ®R"YY) in a
similar way as in the proof of Proposition 5.9.

The remaining part of the proof of Theorem 2.2 is the same as the proof of Theorem 2.1, so we omit it.

5.5. Proof of Theorem 2.4

In this subsection, we prove Theorem 2.4 and let g(r,s) = —V (r)s + g(s). We only consider (3c), since proofs in other
cases are similar. As mentioned in Section 3, we can suppose §2 = {x € RN | |x| > 1}. Furthermore, as in [2,4,5,9], instead
of (4c), we can assume

g(s
lim & =0. (4c)
s—o0 §2°—1
Indeed, set Z; = inf{s € [Zg, 00) | £(s) = 0} where £y > 0 appearing in (4d). If (s) > 0 for all s > Zo, then we set ; = oo.

We define g(s) as follows:

_ g(s) if|s| <7y,
g(s)z{go 5| < £
0 if |s| > ¢1.
Then g satisfies (4a), (4b), (4c’) and (4d). Moreover, any solution of
_ . 0
—Au+V(X)u=gu) ing, 8—;’:0 on a2, (36)

satisfies [|ul|re(2) < Z1 by the maximum principle. Therefore any solution of (36) satisfies (4c) with g(r,s) = —V (r)s + &(s),
which implies that we can assume (4c’) instead of (4c) without loss of generality.
As stated in the above, we prove Theorem 2.4 under

N > 3, the conditions (4a), (4b), (4c’), (4d), (4e), (5a)-(5c¢) are satisfied. (37)

Under the condition (37) we will find infinitely many critical points of

B DR 1 mi\ m o, =
1(u>=5||Vu||Lz(m+5/(V(|x|)+7>u dX—/Tu + G dx
2 2

12 mi 5, &
= Slui? [l s S,
Q
where 17 appears in (4b) and G(s) = fo g(t)de.
In this case, we can define h € C(R) satisfying Lemma 3.1. Thus we define an auxiliary functional J and parametrized
functional I, for each A € [0, 1]. We note that all lemmas and propositions in Section 4 hold for these functionals. Moreover,
noting V(r) — 0 as r — oo and a proof of Proposition A.1 (in Appendix A), we can also prove that I, J have a symmetric

mountain pass structure and define b,(A) and ¢, as in Definition 4.3. Furthermore, we see that all lemmas in Section 3
hold. By Proposition 5.2, for each n € N there exist (Ap)p2, and (Un )2, C H}(£2) such that J,j — 0 as k — oo and

Iy @) =bnGngo), 17 (i) =0.

Next, we show that (il )2, is bounded in H}(£2).
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Lemma 5.11. There exists a Cp, > 0 such that ||ty k|| < Cy forallk >1.

Proof. As in Proposition 5.9, firstly we show that (Vi )72, is bounded in L%(2). By Remark 5.6, Uip i satisfies

1 5 .. - . 1. . 5 1 5
5/v(|x|)un’kalx—/G(u,,,k)ﬂn,kH(un,k)dXZ—2—*||VuT,,,<||L2“,2)— ﬁ/‘x-vv(lxoun’kdx
2 2 2

1 - > . ~ -
- / =5 VD 4 G(iin ) + S iH ([l i) 4.
982

By (4e) and Holder’s inequality, there exists a C > 0 such that

2
Q 2

- 1, 1 8 . . .
I, Wni) = Envun,k”%z((z) +—/V(le)uﬁ_kdx—/c(un,k)+An,kH(un,k)dx

1T 1 - T s -
= Vil o) = 557 | X V(xR dx+ [ =3V D+ Cling) + o icH (ln) dS
2 982

1 N 1 + -
> G IVankliz g, = s |- VVXD) ]y o ikl for ) = €.

We extend i, as follows:

N Un gk (Ix) if x| > 1,
Up (X)) =1 -~ .
up (1) ifx] <1.
Then it is clear that fn € HIRY), Vil llz@yy = | Vilnkli2ie) and [lingl 2+ o) < llinkl 2 gy)- Furthermore, since
||Un,k||iz* ®Y < |\Vunyk||%2(RN)/SN holds, we obtain ||Un,k|\iz* @ S ||Vun,k||f2(9)/5N. Here, from (5c), we can take an g9 > 0
such that
+
x-VV(|x < 2SN — &o.
ooV ()l <250
Then we have
~ - 1 - 12Sy—¢€0, . -
5 1 2 L2oN—¢&o 2 2
I)Ln,k (un,k) > N ||Vun,k||L2(Q) N 251\] ||Vun,k”L2(Q) C 2 81 ||vun.k||,_2(9) C

for some &1 > 0. Thus there exists a C, > 0 such that || Vi kl;2(o) < Cn for all ke N.
Since a proof of the boundedness of (i, k);2; in L%(£2) is similar to the one of Proposition 5.9, we omit it. O

Now we complete the proof of Theorem 2.4.

Proof of Theorem 2.4. From Lemma 5.11, we see that (iink)p2, is a bounded (PS) sequence for I as in Corollary 5.10.
Therefore we can show the existence of infinitely many solutions and at least one positive solution as in Theorem 2.1,
which completes the proof. O

6. Open problems
Lastly, we state some open problems concerning (1):

(i) Can we relax the monotonicity condition (3b)?
(ii) Does the sequences (b, (4)) (resp. (bp ne.)). (brv (1)) converge to bp(0) (resp. bp n(0), bgn ,(0))?

(i) In the case where g(r, s) = —V (r)s + g(s) namely the Schrédinger type equation, we could replace (3b) by the weaker
condition (5c). Can we replace (3b) by a weaker condition in general? We note that by Proposition 5.4, we can construct
a sequence of approximate solutions to (2c) without (3b) (see (12)). Hence the problem is whether we can prove the
boundedness of the approximate solutions without the monotonicity condition.

(ii) In the previous section, we showed that lim;_ob,(A) =: by o < bp(0) is a critical value of Iy for each n € N. In
particular, by, corresponds to a positive solution of (2c). If the uniqueness of positive radial solution to (2c) holds or b1(0)
is equal to the least energy value of (2c), then we have bq(0) < by,0, which implies b1(1) — b1(0). Hence, the natural
question is that we can prove whether b, (A) — b, (0) holds or not in general.
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Appendix A

In this appendix, we prove Lemma 4.1(ii), Lemmas 3.1 and 3.2. Moreover, we state a useful lemma. Firstly, we give a
proof of Lemma 4.1(ii).

A.1. Proof of Lemma 4.1(ii)
In this subsection, we prove the following proposition.

Proposition A.1. Let £2 = {x € RN | |x| > 1} and (12) be satisfied. Then for each n € N, there exists a continuous odd map y, : S*~ ! —
H{ (£2) such that

I(yn(0)) <0 forallo € S"".

Before proving Proposition A.1, we introduce some notations. Firstly, we define G(s) for s > 0 as follows:

G(s) = inf G(r,s),
r=Ro
where Rg appears in (3f). By (3c) and (3f), G(s) is well defined and satisfies G(p) > 0. We also set

1
I(u) = 5||Vu||f2(RN) - /g(u)dx e C(H!(R"),R).
RN

Note that if u € H} (£2) and suppu C {|x| > Ro}, then I(u) < I(u). Therefore it is sufficient to prove that there exists a
continuous odd map ¥y, : S™! — H}(£2) such that

I(yn(0)) <0,  suppya(o) C {|x| > Ro} forallo e """ (38)

Proof of Proposition A.1. By the arguments of Theorem 10 in [5], for each n € N, there exists a 7, € C(S"1, H}(RY)) such
that

Tn(—0) = —m(0), ||rrn(cr)HLw(RN) =0, /Q(nn(cr)) dx>1 forallo e S" 1.
RN
We modify 7, to obtain y;, satisfying the property (38). Let ¢ € C*°([0, 00)) be a cut-off function such that

0 ift<1,
Ose®<T, (p(t):[l ;ft>2

and set g (t) = @ (kt) and 1(0)(x) = @k (1X|)7(0') (x) for k € N. Then it holds supp (o) C {|x| > 1/k} for all o € S"! and
/Q(nk(a)) dx — /g(nn(a)) dx ask — oo uniformly w.r.t.o € "1,
RV RV

since 7, (S"~1) is uniformly bounded in L°°(RN). Therefore for a large ko € N, we have
/g(nko)dx > % forallo e S"1. (39)

RN

We consider n, (o) (x/t) for t > 1. By (39), we see that supp n, (o) (-/t) C {|x| > t/ko} and

1
l(nkg (G)(/t)) = tN_z (E || vr]kg (G) ||i2(RN) - tz /Q(nl<o) dx)

RN

1 ¢
< tN_z(E Vg (0)”%2(11”) a 5>'
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Since [[Vik, () [l 2Ny is uniformly bounded with respect to ¢ € S"~!, we can choose a to > 1 satisfying to/ko > Rg and

(ko (0)(-/t0)) <0 forallo e S"™ 1.
Set ¥4 (0)(X) = Nk, (0)(X/to), then y, satisfies (38). The oddness and continuity of y;, follows from the ones of #y,, which

completes the proof. O

A.2. Proofs of Lemmas 3.1 and 3.2

Next we give proofs of Lemmas 3.1 and 3.2. Firstly we show Lemma 3.1.

Proof of Lemma 3.1. By (3c) and (3d), it is clear that (i)-(iii) hold.
We prove (iv) for N > 3. The case N =2 can be proven in a similar way. From (3e), for any & > 0, we can choose sy > 0
such that if s > sq, then f(s)/s2"~! < &. By the definition of h, if s > s, then

h(s 1 T 1 T T
25_)1 = 2—p-1 SUP o S 7o —1< sup I \ Sup fzgf—)1>
s §2*=p §2* =P o<t<so TP so<s<s T

o<r<s TP
Thus we can show that there exists an s; > sg such that if s > sq, then

1 f(o) <e
N N )
s2' P 1 gcrgsy TP

which implies that h(s)/sz*f1 < 2¢. Therefore (iv) holds.
(v) By the definition of h and H, we have

(p+1DH(s) —h(s)s= /(p + Dh(t) — h(s)dt
0

N

=/((P+l)t" sup M—s” sup M>dt
0

o<r<t T o<r<ss TP
S
T
< sup M/(p—i—l)t"—s"dt:&
o<r<s TP 0

Thus (v) holds. O

Next we show Lemma 3.2.
Proof of Lemma 3.2. (i) Firstly we show that K is weakly continuous. Let uy satisfy u, — up weakly in E. Without loss of
generality, we may assume

Up(x) = up(x) aa.xe $2, luklle < M.

Since (uy) is bounded, by (7) and Lemma 3.1, there exists an Ry > 0 such that if x| > Ry, then H(ug(x)) = H(ug(x)) =0 for
all k > 1. Therefore, it is sufficient to show

/ |H (ug) — H(ug)| dx — 0.
QﬂBRl

We set Q(s) =|s|2" (N =3), Q(s) =exp(s/2M2)) — 1 — s?/(2M?) (N =2). Then by Lemma 3.1, for each & > 0 there exists
an sg > 0 such that if |s| > s¢, then H(s) < &Q (s). Then we define H(s) as follows:

o ) HE) if[s| <se,
H(s)_iH(se) if || > s

Since H is bounded, it is easy to see that
A(up) — H(ug) inL'(2 N Bg,).

On the other hand, since \I:I(s) — H(s)| < €Q(s) we have
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f |H(uy) — H(uo) | dx < / |H(ue) — Au)| + [H ) — Huo)| + |H(uo) — H(ug)| dx
.QﬁBR1 QnBR]

<e / Q) + Qo) dx+ [ ) ~ Ao |1 grpy
.QOBR1

Thus to prove the weak continuity of K, it is sufficient to prove

sup/ Q (ug) dx < co. (40)
2

k>1

In the case N > 3, (40) follows from Sobolev’s inequality and in the case N = 2, (40) holds by Lemma A.2(iii). Therefore
K is weakly continuous.
Next we prove that K’(u,) — K'(up) strongly in E*. Since

K’ (up) @ :/h(uk)fp dx forallg € E,
2

if we can show

ifN=2,

. 2
h(ug) — h(ug) strongly in LPN(£2), pn= { 2N/(N+2) ifN>3

(41)

then K’(ug) — K'(ug) strongly in E*.
We prove (41). As in the above, there exists an R > 1 such that if |x| > Ry, then h(uy(x)) = h(ug(x)) =0 for all k > 1.
Therefore we only show

h(ug) — h(ug) strongly in LPN(£2 N Bg,).

Set Q (s) = exp(s2/(8M?)) — 1 —s2/(8M?) if N=2 and Q (s) = |s|N*+2/(N=2) jf N > 3. By Lemma 3.1, for each & > 0, there
exists an sg > 0 such that if |s| > s, then |h(s)| < €Q (s). Then define h(s) as follows:

. h(s) — ifs| <se,
h(s) = {h(sg) ifs > sg,
h(—sg) ifs < —s;.

Then we have ﬁ(uk) — fl(uo) strongly in LPN(£2 N Bg,). Therefore, to prove (41), it is sufficient to show

sup/ Q (up)PN dx < oo. (42)
1)

In the case N > 3, by Sobolev’s inequality and py (2* —1) = 2*, (42) holds. In the case N = 2, we remark that Q (s)% < Q (2s)
for all s € R. By Lemma A.2(iii), we have

sup f Q (ug)?dx < sup / Q (2ug) dx < Csup ||ug|| < oo,
k>1Q k>19 k>1

which implies (42). Therefore K’(uy) — K'(ug) strongly in E*.
(ii) Let (ux) C E be a (PS) sequence at level ¢ for I, and |ugllg < M. Since (uy) is bounded, there exist ug € E and
subsequence (uy,) such that

ug, — ug weaklyinE, ug, (x) = ug(x) aa.xe 2.

Let ¢ € Cgf’r({lx\ >1)={peC®{|x| >1}) | ¢ (x) = ¢ (|x]) and supp ¢ is compact}. Set py =2 if N=2 and py =2N/(N +2)
if N > 3. Applying similar arguments as in the above, we can show

g(Ixl, u,) — g(1xl, uo(x)) strongly in LPN (2 N Bj),
h(ug,) = h(ug) strongly in LPN (£2)

for all R > 1. Therefore we obtain

fg(|x|,uk[)g0dx—>/g(|x|,u0)<pdx, /h(uké)uk/Z dx—>/h(u0)u0dx. (43)
Q 2 Q

2
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Noting that I} (ug,) — 0, by (43), we see that I} (ug) =0 for all ¢ € Cgfr({|x| > 1}). Since Cgf’r({lxl > 1}) is dense in E, it

holds I (ug)ug =0, that is,

m
luollz = / 7%:3+g(|x|,uo)uo+xn(uo>uodx.
2

On the other hand, since (u,) is bounded, we have I’ (uy,)uy, — 0, which implies
2_ [ M2 h dx — 0
”uk( ”E - 7”]{5 + g(|X|, uk()uk( + (uk/é)uk/ X — 0.
Q
Next, we rewrite

1

2 2

2 2

By Lemma 3.1 and Fatou’s lemma, we have

. m m
llzrgégf/h(uk[)ukg - 71111%@ — g(Ix], uk, )ug, dx >fh(u0)u0 - 7111(2) — g(Ix], uo)uo dx.

52 2
By (43)-(46), we obtain

m
limsup [Jug, ||i- <A+ / h(ug)updx — /h(uo)uo — 71112 _ g(|x|, uo)uo dx
{—00

Q Q

m
- f "L + (11 uo)uo + Ah(uo g dx = fuo .
2

Thus ug, converges to ug strongly in E, which completes the proof.

m m
/—]ua + g(Ix], ug, g, + Ah(ug, g, dx = (1 +k)/h(uk@)uké dx—fh(ukg)ukz - —up -
2

(44)

(1], uk, )uk, dx.

(iii) Next we prove that ] satisfies the (PS) condition. Let (uy) C E be a (PS) sequence at level ¢ of ], i.e.,, J(ux) — ¢ and
J'(ug) — 0 strongly in E*. Since h(s) satisfies a global Ambrosetti-Rabinowitz condition, we can infer that (uy) is bounded.

Indeed, the boundedness of (uy) in E comes from

Jwouwe (2 2 1
J(uk)—ﬁ—(l p+1)llu/<||5 /H(Uk) th(uk)ukdx

|x|>1

><1 2 )nu 12
= P"'r] kIE-

Thus we may assume that taking a subsequence if necessary,

up — ug weaklyinE.

By (i), we have K'(uy) — K'(ugp) strongly in E*. Therefore by standard arguments we can conclude that (uy) has a strongly

convergent subsequence and this completes the proof. O
A.3. A technical lemma

The following lemma is useful and we use it in proofs of Lemmas 3.2 and 4.1.
Lemma A.2. (See Adachi and Tanaka [1], Byeon, Jeanjean and Tanaka [8], Ogawa [15].)

(i) Let @(s) =exp(s) — 1 —sand B € (0, 47). Then there exists a fﬂ > 0 such that
2 flull?
u > L4(R?) 1(R2
f(b(ﬁW) dx < CﬂW forallu e H' (R%)\{0}.
R2 L2(R2) L2(R2)
(ii) Forany M > 0 and B € (0, 47), there exists a Cﬁ_; > 0 such that
4

2 llull
u ~ 4 (R2
/cb(i/l—Z) dx < Cﬁ,]# forallu e H1(R2) with || Vu(|2gey < M.

R2
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(iii) Forany M > 0 and B € (0, 4m), there exists a Cﬂ,z > 0 such that

Bu? - lull? .
/¢<W dxgcﬂ,zM—f forallu € H!(2) with | Vul| 2oy < M,

where 2 = {x e R? | |x| > 1}.

Proof. The inequality in (i) can be proven in the same way as in [1]. (ii) is a direct consequence of (i). Indeed, since for
each x e RV it follows that

a, [ BUEX) B2 X) X (Bu?(x)))
M ‘p( M2 ) X; jIM2] _2; jim2i—4
J= Jj=

2 2
Z (B’ (%)) _||v”||2;2q§<ﬁu (»;))7
IVul,

2j—4
= invul

(ii) holds by (i). As to (iii), using the operator T; (see (8)), by (ii) and Sobolev’s inequality, we can easily obtain (iii). O
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