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1. Introduction and main result

Let f be a rational map from the Riemann sphere C onto itself of degree d > 2. The Fatou set F(f) and the Julia set
J(f) of f represent the stable part and the chaotic part of the complex dynamical systems generated by the iteration of f
respectively. For the background of the complex dynamical systems, readers can refer to the book [10]. The purpose of this
paper is to study the geometrical properties of the Julia sets, such as the measures and dimensions relative to J(f). The most
important dimension associated with the Julia sets is the Hausdorff dimension. It is a fractal dimension which can describe
the complexity of the Julia sets. The definitions of Hausdorff measure and Hausdorff dimension can be found in [5]. In this
paper, we denote by dimy the Hausdorff dimension and H; the t-dimensional Hausdorff measure.

Conformal measure is an important geometrical measure associated with the Julia set, which is first introduced to
complex dynamical systems by Sullivan in [17]. It is defined as follows.

Definition 1. A probability measure u supported on J(f) is called a conformal measure with exponent « or an «-conformal
measure (0 < « < 2) for f if the equation

W) = / @) du
A

holds for every Borel set A C J(f) such that f|, is injective.

The existence of the conformal measure for any rational map was shown in [17] by Sullivan, see also [3]. Conformal
measure is one of the tools to study the Hausdorff dimension of Julia sets because of the following principle, which is very
useful to estimate the Hausdorff dimension.

Theorem 1 (See Theorem 1.1 of [18]). Assume that X is a compact subset of the plane and p is a Borel probability measure on
X. Then for every t > 0, there exist constants hy(t) and h,(t) with the following properties: If A is a Borel subset of X and C is a
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constant such that

(1) for all (but countable many)x € A
B

b w(B(x, 1)) S

lim su s
rt

r—0
then for every Borel subset E C A we have H;(E) < h{(t)Cu(E). In particular, H;(A) < oo, t > dimy(A); or
(2) forallx € A

limsu

r—0

then for every Borel subset E C A we have H;(E) > hy(t)Cu(E).

> M(B(f, ) <

’

According to the construction of the conformal measure, all the conformal measures for a rational map f form a closed set
in the sense of weak convergence, so there exists a conformal measure whose exponent is the infimum of all the exponents
of conformal measures for f. Denote by

o, (f) = inf{a € (0, 2] : 3 an a-conformal measure supported on J(f)}.

This minimal exponent o, (f) is called the conformal dimension of J (f).

In [17], Sullivan also proved that for any hyperbolic rational map f, there is only one conformal measure p supported on
J(f), whose exponent § equals the Hausdorff dimension of J(f). It implies that the conformal dimension of J(f) equals the
Hausdorff dimension of J(f) in the expanding case.

Naturally, we want to know that for a general rational map, whether or not the above two dimensions of its Julia set are
equal. This problem has been studied in several cases before and almost all the answers are affirmative:

(1) Parabolic rational maps, [19].

(2) Rational maps with no recurrent critical points in their Julia sets, [20].

(3) Collet-Eckmann rational maps and non-renormalizable quadratic polynomial z > z?4-c with ¢ not in the main cardioid
in the Mandelbrot set, [11].

(4) Quadratic Feigenbaum map whose Julia set has zero 2-dimensional Lebesgue measure, [1]. However, if a quadratic
Feigenbaum map has a Julia set with positive area, then the above conclusion fails.

(5) Rational maps satisfying the backward contraction property, [8].

In this paper, we will concentrate on a special class of rational maps with Cantor Julia sets and obtain a positive result about
the problem mentioned above. Notice that if the Julia set J(f) of a rational map f is a Cantor set, then the Fatou set F(f) is
connected and F(f) is either an attracting domain or a parabolic domain.

Let F be the set of rational maps f with Cantor Julia sets satisfying the following hypotheses.

(1) F(f) is an attracting domain. In other words, there is an attracting fixed point in F (f).
(2) J(f) contains no persistently recurrent critical points.

The definition of the persistently recurrent critical point will be given in the next section. The main result in this paper is
the following

Main Theorem. If f € ¥, then «,(f) = dimy(J(f)).

Notations. (1) C denotes the complex plane; C=cu {oo} denotes the Riemann sphere; R denotes the set of real numbers.
(2) B(z, r) denotes the ball of radius r centered at z. Specially, D, = {z : |z| < r} and D = D; denotes the unit disk.
(3) diam denotes the diameter and dist denotes the distance.

2. Branner-Hubbard puzzle and KSS nest

The combinatorial tool we used in this paper is the Branner-Hubbard puzzle. The Fatou set of a rational map with Cantor
Julia set is either an attracting domain or a parabolic domain. In other words, there is either an attracting fixed point in F (f)
or a parabolic fixed point in J(f). In this paper, we focus on the attracting case.

Now, we construct the Branner-Hubbard puzzle for f € . We always assume that oo is the attracting fixed point of f.

Take a simply connected neighborhood Uy C F(f) of oo such that Uy C f~!(Up). In particular, we can take the disk
{z : |z| > R} as Up, where R is a sufficiently large number and {z : |z| = R} is disjoint from the critical orbits of f. Let U, be
the component of f~"(Uy) containing co. Then U, C U,+¢ and F(f) = Uﬁio Uy. For an integer Ny large enough, f~"(Uy,)
has only one component for any n > 0. The setf*"(()C\ — UT,O) is a disjoint union of finitely many topological disks. For each
n > 0, let P, be the collection of all the components of f ~(C — Up,), which are called puzzle pieces of depth n. For arbitrary
two different puzzle pieces P; and P, there are three possibilities: P; NP, = %, P; C P, or P; D Ps.

For any point x € J(f) and any n > 0, there is only one puzzle piece P,(x) € P, containing x. Thus each point x € J(f)
determines a nested sequence Py(x) D P1(x) D ---and ﬂwo P,(x) = {x}, since each component of J(f) is a singleton.
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Take Ny large enough such that Uy, contains all the critical points in F(f) and each puzzle piece contains at most one
critical point.

We say that a critical point is recurrent if c € w(c), where w(c) is the set of limit points of forward orbit of c. Otherwise,
c is called non-recurrent. Let

Crit = {c € J(f) : c is a critical point of f}.

Definition 2. (1) We say x is combinatorially convergent to y, write as x — y, if for any n > 0, there exists j > 0 such that
fl(x) € Py(y).1tis clear that x — y if and only if y € U@lf‘”(x) ory € w(x), the limit set of the forward orbit of x. If
x — yandy — z, then x — z. For each recurrent critical point ¢ € Crit, let

={c eCrit:c — ¢’and ¢’ — c}.

[c] is called the combinatorially equivalent class of c.

(2) We say x is non-critical if x - ¢ for any ¢ € Crit.

(3) We say Py i (c") is a child of P,(c) if ¢’ € [c], f¥(Pask(c)) = Pa(c), and f*=1 : Poy—1(F(c)) — Pu(c) is conformal.

(4) Suppose c — c, i.e. [c] # @. We say c is persistently recurrent if P,(c1) has only finitely many children for all n > 0 and
all ¢; € [c]. Otherwise, c is said to be reluctantly recurrent.

Remark 1. We say that a critical point ¢ is combinatorially recurrent if c — c. This terminology is equivalent to recurrent
in the usual sense that ¢ € w(c) when J(f) is a Cantor set.

Remark 2. We consider the preperiodic critical points as non-recurrent ones since their orbits are finite. All the statements
and proofs about non-recurrent critical points are available for preperiodic critical points.

While we construct the Branner-Hubbard puzzle piece, take Ny large enough if necessary to make sure that for each
¢ € Crit, f"(c) & Py(c’) holds for any n > 0 and any ¢’ € Critifc = c'.
Let
Crit, = {c € Crit : c is non-critical},
Crit, = {c € Crit : c is reluctantly recurrent},
Crite, = {¢’ € Crit: ¢’ - ¢ and ¢’ — ¢ for some ¢ € Crit,},
Crite, = {¢’ € Crit: ¢’ » ¢’ and ¢’ — c for some ¢ € Crit,}.
Then
Crit = Crit, U Crit, U Crit,, U Crit,,.

This is not a classification because these sets might intersect.
Let A be an open set and x € A. The connected component of A containing x will be denoted by Comp,A. Given a puzzle
piece I, let

D(I) = {z € C : There exists k > 1such that f¥(z) e I} = Uf’k(l).
k=1

Fgr any z € D(I), let k > 1 be the smallest integer such that f¥(z) € I and let ny be the depth of I. Then there is at most one
piece in

{Pag£(2) = Compf (), f (Pug41(2)), - -, [ (Pag41(2)))
which contains a critical point ¢ for any ¢ € Crit. Hence

deg(f* : Poyri(2) > 1) <D
for a constant D < oo depending only on Crit.

3. Distortion lemmas

This section is devoted to proving several distortion results about the holomorphic maps which are concluded by the
famous Koebe distortion theorem.

Theorem 2 (Koebe Distortion Theorem). Suppose that ¢ : D — ¢(D) C C is a conformal map, then for any z € D, we have

2| / 2]

——— < 0)| < Ol——F—=.

i 7 < 190@ =l < I Ol
2] 1+ Iz]

o <)|(1+||)3\|<p<z>| Ol

¢ (0)]
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Corollary. If ¢ : D — ¢(D) is a conformal map, then we have
1 . ’
Z(l —z*)l¢'@)] < dist(p(2), dp(D)) < (1 — |z[)|¢' @], Vz €D.

In this paper, we also need the following theorem which is the generalized version of Koebe distortion theorem.

Theorem 3. Let U, V be two simply-connected domains in C satisfying U C V and g be a conformal map in V. Suppose the
conformal modulus of V — U equals v > 0. Then there is a constant C > 1 depending only on v such that the inequalities

-l !
L 18"l <
C 1gwl
hold forallx,y € U.
Let U be a subset of C and xq € U, the shape of U about the point x, is defined as

max dist(xq, z) max dist(xq, z)
zeoU zedU

min dist(xg, z) _ dist(xg, 3U)

zedU

shape(U, xq) =

Lemma 1. Assume that U CC P and U cgC P are two pairs of simply connected domains, xo € U, and ¢ : (P, U) — (F, ﬁ) is
a conformal map satisfying Xo = ¢(xg) € U.If mod(P — U) > v > 0, then there exists a constant Cy = Cy(v) such that

1 ~
o shape(U, xo) < shape(U, xg) < Cp - shape(U, xo).
0

Proof. Let h; : (P,U) — (D,V) and h; : (F, ﬁ) — (D, V) be the Riemann maps with h;(xg) = 0 and h,(X;) = 0
respectively, so we have

mod(P — U) = mod(P — U) = mod(D — V) = mod(D — V) > v.

By Grotzsch Theorem, there is a constant ry = rg(v) < 1 such that V, V C Dy, (in two different unit disks). Clearly,
g = h]’1 o ¢ o h, is a conformal map from D onto itself with g(0) = 0, so g(z) must be a rigid rotation e’z for some 6 € R.

Moreover, we have g(V) = V. - -
Suppose that the points x; € 9U and x, € 90U, Xz € 9U and X, € dU satisfy

|Xg — Xo| = max [x — Xol, |X: — Xo| = min [x — Xo
xedU xeoU
and
[Xk —Xo| = max [X —Xo|, [X; —Xo| = min [X —Xo|
xeoU xeoU

respectively. Correspondingly, there are points zz, z, € dV andZ, Z, € av satisfying

|zgl = max|z|,  |z| =min|z]|;
zedV zedV

gl = max [z,  [Z|=min|Z].
zedV zedV

Consider the conformal map hfl first, by Koebe distortion theorem, we have

X — Xo| > |h7 ' (z) — hy'(0)] > I(hIl)’(O)IA,
(1+ |zp])?
% — 0l < [y @) — B )] < 101 @) 2
(1 - |z])?
Therefore we can conclude that
shape(U, xq) = Xz = Xo| > @ (1 — Iz > shape(V, O)M.
|%: — Xo ] (14 |zg])? (1+ ro)?

Now we consider the map h,. We have the following inequalities,

5 1, o
ZR| = |ha(Xp)| = |ha(Xg) — h2(Xo)| > c Ihy(Xo) || X — Xol,
(Z:] < [ha ()| = |ha(x;) — ha(Xo)| < C - [Wy(Xo) || X — Xol,
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where C is the constant given in Theorem 3. It follows that

Z Xg — Xo| 1 1 ~
|iR| > M— = — - shape(U, Xo).
Z] = & —%|C2 ’

Since g is a rigid rotation, it follows immediately that
shape(V, 0) = shape(g(V), 0) = shape(V, 0).

Combining the above facts together, finally we deduce that

. (+ ro)?
(1 —ro)?

where ( is a constant depending only on v.
Another inequality can be proved by the same method if we deal with the mapg™! = hz_1 o loh;insteadofg. O

shape(v, 0) =

shape(ﬁ,')?o) <C shape (U, xg) = Cy - shape(U, xg),

Lemma 2. Suppose g : D — D is holomorphic proper map of degree d > 1 and g(0) = 0. Let V C D be a simply connected
domain containing 0. Then there exists a constant C; = C;(d) such that

shape(U, 0) < C; - shape(V, 0),
where U = Compyg ' (V).

Proof. Let
L; = max |w|, Iy = min |w|;
wedV wedV
L, = max |z|, I, = min |z|.
zedU zedU

By Schwarz’s Lemma, we know that [, > [;.
IfL; > 1, then

shape(U,0) = — < — <
L L
Now we consider the case of L; < % Denote by D the component of g ~!(B(0, 2L;)) containing 0, so D is simply connected.

Let ¢ : D — D be the Riemann map with ¢(0) = 0. Denote by W the set ¢~ (U).
The composed map G(x) = igo(p(x) : D — Disaholomorphic map of degree d. It is easy to see that max,,escw) |w| =

% and shape(V, 0) = shape(G(W), 0). Obviously,

L, 1 2L
T = 2shape(V, 0).
1

— 1
mod(Dy, — V) > - In2,

so, mod(D — U) = mod(D — W) > 12

shape(W, 0) < 2shape(G(W), 0) = 2shape(V, 0).

. According to the former case, we have

By Lemma 1, there exists a constant C; = Co(%) such that shape(U, 0) < Cy - shape(W, 0). Hence,
shape(U, 0) < 2, - shape(V, 0) = C; - shape(V, 0),

where C; is a constant depending onlyond. O

Lemma 2 is a version of distortion lemma of the d-to-1 holomorphic maps, one can refer to the Refs. [2,6,14,16,21] to find

out the previous work about this topic.

4. Proof of Main Theorem

In this section, we start with the following lemma that gives a control of the degrees of iterations from arbitrarily deep
critical puzzle pieces to a fixed puzzle piece.

Lemma 3 (See Lemma 7 of [22]). There is a constant D < oo such that for any c € Crit and alln > 0, there exist a puzzle piece
Py of depth 0 and infinitely many i, satisfying

deg(f™" : P, (c) — Po) < D.

Proof. If ¢ € Crity, then there must be an integer no > 0 such that forany n > 1, f"(c) & U, ccic Pno (€1), SO

deg(f" : Prgin(c) = Poo (f"(€))) = deg(f Iy 1n(c))-
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Thus, there exists an integer D; such that
deg(f™*" : Pyy1n(c) — Po(f"*"(c))) < Di.

Take a subsequence i, of ny + n such that Py(fi"(c)) = P, for some fixed puzzle piece Py.

If ¢ € Crit,, according to the definition, there exist an integer ng > 0, ¢’ € [c], ¢; € [c] and infinitely many integers k,, > 1
such that {Py; 4, (c")}n>1 are children of P, (c1). Since ¢’ € [c], we have ¢ — ¢’. For each n, let m,, be the first moment that
f™(C) € Prytk, (¢'). Let Py, (c) = Compf ™ (Pyy4k, ('), then

deg(F™ ™ : Py, (c) — Pay(c1))
are uniformly bounded from above. So there must be an integer D, such that
deg(f™ 0 1 Py (c) — Po(f™(c1))) < Dy

For a critical point c of other kind, it must combinatorially converge to a critical point ¢, € Crit, [ Crit,. For each
n, suppose I, is the smallest integer such that f"(c) e P;,(co). Denote by P;,(c) the component Comp_f ~ln (P, (co)). So
deg(fin : P;,(c) — Py) are uniformly bounded from above. Pay attention to the symbols, for different critical points, the
indices i, are also different. O

Lemma 4 (See Lemma 5 of [8]). Suppose that w is an a-conformal measure for a rational map f. Then there is a constant K
depending on f satisfying
n@ (V)
(diam(U))® ~ " (diam(V))*’

where V is a simply connected open set and U is a simply connected component of f~1(V).

Proposition 1. There is a constant M > 1 such that for each critical point c € Crit, we have
shape(P;,+1(c), ¢) <M,
where the puzzle pieces P;, (c) are given in Lemma 3.

Proof. This proposition is an easy conclusion of Lemma 2 by normalizing the puzzle pieces to the unit disk by the Riemann
maps, see also the proof of Proposition 2 of [22]. O

The following proposition is the main result of this section.

Proposition 2. Assume that p is an a-conformal measure for f € ¥, then there is a constant L > 0 such that for all c € Crit
and n > 0, we have

(P 1(0))
(diamP;,41(©)* ~

)

where the pieces P;, (c) are given in Lemma 3 and the constant L is independent of n.

Proof. By Lemma 3, we know that there is a constant D depending on Crit such that for each ¢ € Crit, there exist a sequence
of nested puzzle pieces P;, (c) and a fixed puzzle piece P, of depth 0 satisfying

deg(f™ : P, 11(c) — P1(f"(c))) < deg(f™ : P;,(c) — Po) <D.

By passing to a subsequence, we may also assume that P, (fin(c)) = P, is a fixed puzzle piece of depth 1. Letji, k=1, ..., m,
0 =ji <Jj» < -+ <jm < iy, be the moments that f’ (P; ;1(c)) contains a critical point. Obviously, for each n, the iteration
' P, +1(c) €an be decomposed into several steps as follows:

J i Piyy1(c) — f(Pi41(0)),

7 f (P (©)) = f2(Py41(0)),

[ P2 (Pyga(0)) = P21 (P 41(0)),
fTRl fREN P, L1 (0)) = f53(Py41(0)),

F i (Pisa (©0) = fImH (P (0)),
forn=ts Py (€)) — P
It is easy to see that the following m iterations
A=l et P 1(0) = P (©), k=2,....m,
flTn=1: Py 4 (0)) — Py
are all conformal maps.
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Note that we can find a neighborhood 51 of Py satisfying P; C Fl and the annulus Fl — P; is disjoint from the critical
orbits, since J(f) is contained in the union of puzzle piece of depth 1 and all the critical orbits in F(f) are attracted to the
fixed point co. Moreover, because there are only finitely many puzzle pieces of depth 1, so there must exist a constant v > 0
such that

min{ mod(P; — P;)} > v,
P1ePq

which means that all the distortion theorems stated in Section 3 are applicable in P;. Therefore, there exists a universal
constant K; = K;(v) (see Subproposition below) such that

WO P @) pFEPa©) .
(diamfi 1+ (P 1 (@)« ~ ' (diamfik (P i () T

w(fm TPy, 11(c))) N u(Pr)
(diamP; 1(c))* ~ ' (diamPy)®"

(2)

Subproposition. Let f and w be as in Proposition 2, U 5> U be two topological disks intersecting | (f) with mod(ﬁ —-U) >
v > 0. Suppose that zo € U and shape(U, zy) < M, shape(f™(U), f™(zp)) < M. If f™ is injective in U for some positive integer
m, then we have

A O ey L G O
(diamf™(U))® = (diamU)* ' (diamfm™(U))’

1

where Ky and K| are constants depending on v and M.

Proof. Letp : D — U and ¢ : D — f™(U) be the Riemann maps with ¢(0) = zy and ¥ (0) = f™(zo) respectively. Then
the composed map F(w) = Y1 of™o @(w) is a conformal map from D onto D satisfying F(0) = 0. Thus F must be a rigid
rotation, that is, F(w) = e’ w for some 8 € R. In particular,

my/ . ’ O
FO) = 1= of™og)(0)] = L2221

[y’ (0)]
So taking advantage of the corollary in Section 3, we have
[v¥'(0)]  4diamf™(U)  4diamf™(U) diamf™(U)
™ (20)] = o < — <= —8M - — .
l¢’(0)] dist(zg, 0U) diamU /2M diamU

On the other hand, we have

™Y (20)] = YO _ dist(f™(z0), 8" (U)) - diamf"(U)/2M _ 1 diamf"(U)

lo'(0)] ~ 4diamU 4diamU 8M  diamU
According to the definition of conformal measure, we conclude that
« o N o« (diamf™(U))*
r(fmU)) = / I(F™)' @)% du < C*|(F™) 20)|“ n(U) < (BMC)* - ——————pu(U),
U (diamU)*

where C > 1is given in Theorem 3. In other words,
O 1 4 ()
(diamU)* ~ ' (diamf™(U))®

is true for some constant K; depending only on v and M.
The inequality in another direction can be proved if we use another estimate of |(f™)'(z9)|. O

The rest of the iterations f : fit (Piy+1(c)) — ffk“(P,-nH(c)), k = 1, ..., m,are all branched coverings of degree bigger
than one. Therefore, by Lemma 4, there exists a constant K, depending on f such that
(% (P, 11(€))) S K PP (P, 14(€)))
(diamfik(Py,11(c))* ~ " (diamfit1(Py,1(c))”
Multiplying the above inequalities (1)-(3), we obtain that

P; P
H( a+1(C)) S KK fu( 1) .
(diamP;, 1 (c))* (diamP;)*

k=1,...,m. (3)
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Notice that 2™ < D < df.., which means that

1
ogD cm< logD,
log dpax log 2

where d.x is the maximal local degree of the critical points in Crit. Moreover, since there are only finitely many puzzle
pieces of depth 1, we have

. w(Pr)
mmn,y-——¢ > 0.
PiePy | (diamPq)¢

Finally, we can claim that there is a constant L such that for all ¢ € Crit, we have

m(Pi11(0))
(diamP;, 1(c))* ~

)

where L is not dependantonn. O

Another important dimension associated with the Julia set is the hyperbolic dimension which is introduced by Shishikura
in [15].

Definition 3. We call a compact forward invariant subset X C J(f) hyperbolic if there exists n > 1 such that |(f")'(x)| > 1
for every x € X.

The hyperbolic dimension of the Julia set J(f), denoted by hypdimg (J(f)), is defined as the supremum of the dimensions
of all the hyperbolic subsets of J (f).

The relation between the conformal dimension and the hyperbolic dimension of the Julia set is as follows.

Theorem 4 (See [4,12]). For any rational map f, o, (f) = hypdimy (J(f)).

Proof of Main Theorem. For every non-negative integer n, define the set

Y,=1zeJ(f): fr@) & U P; 4+1(c) foreveryk e N¢ C J(f),

ceCrit

where the puzzle pieces P;,(c), ¢ € Crit, are given in Lemma 3. So we have Yy C Y; C Y, C - - - and the set
Y=Y
n

is the collection of points which do not combinatorially converge to any critical point. For each n, Y, is a hyperbolic set (see
the proof of Fact 5.1 of [7]). Then dimy (Y;) < hypdimy (J(f)) holds for each n > 0, so

dim(Y) = sup{dim(Yn)} < hypdimy, ((f)) = . (f).

For each point z € J(f) — Y, here, we may assume that z is not critical, or we can use Propositions 1 and 2 directly. The
orbit of z enters the union of critical puzzle pieces | J ¢ Pi,+1(c) infinitely many times for each n. Let p, be the smallest
positive integer such that f?"(z) € (J.ccsic Pint+1(C). Assume that fP"(z) € P;,11(co) for some ¢y € Crit, denote by Uy (2)
the component Comp,f ~P"(P;,+1(co)). Then for n large enough, fP" : U,(z) — P;,+1(co) are conformal maps, since J(f) is a
Cantor set, the pieces U, (z) with sufficiently large depth contains no critical points if z is not critical. Using the similar proof
of Propositions 1 and 2, we can conclude that there are constants Ly and My such that for all n, we have

u(Un(2))
(diamU,(z))*

Moreover, diamU,(z) — 0 since J(f) is a Cantor set. Combining the above several facts, we can easily conclude that

> Ly and shape(U,(2),z) < My.

B
limsup “B& ) ¢
ro

r—0

for some constant C. It follows that
dim((f) - V) <«
by Theorem 1. Actually, the above proof is also true for the conformal measures with arbitrary exponent, so

dim((f) =) < e (f).
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Finally, we get the relation about the dimensions:
a.(f) = hypdim, ((f)) < dim((f))
max{dLmG(f) -Y), dLm(Y)} < au(f).

The proof is completed. O

Improvement of the result

Of course, we hope to prove Main Theorem without the assumption that J(f) contains no persistently recurrent critical
points. In this case, the difficulty is how to find a good estimate of the moduli of critical nest of puzzle pieces around the
persistently recurrent critical points. Precisely speaking, in [7], Kozlovski, Shen and van Strien introduced a critical nest
containing the persistently recurrent critical points, which is usually called KSS nest. Qiu and Yin proved that the moduli of
the annuli between arbitrary two adjacent pieces in the KSS nest have a positive lower bound if J (f) is a Cantor set, see [13].
But this estimate is not good enough. To improve Main Theorem, we have to show that the moduli of the annuli increase to
infinity as the depths tend to infinity. Lyubich obtained a similar result about quadratic polynomials. He proved the linear
growth of the moduli about the principal nest around the critical point of a special class of quadratic polynomials, for details,
see [9].
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