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1. Introduction

This paper is devoted to the Cauchy problem for the following KdV equation with 2n+1 order dispersion

1
Opu + 02"y 4 5893 (uz) =0, z,teR, neN", n>2 (1.1)

u(x,0) = ug(x), (1.2)

which arises in the study of propagation of unidirectional nonlinear dispersive waves. Note that (1.1) at
least possesses the following three invariant functionals

Li(u) = /ud:c,
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Is(u) = % /(8;Lu)2dx — %/u?’ dz. (1.3)

R R

Consequently, (1.1) at least possesses three conservation laws

Ii(u) = Ij(uo) (j=1,2,3). (1.4)
We define Poisson bracket as follows:
oF 0 60G
R

It is easily checked that the bracket (1.5) is anti-symmetric and satisfies Jacobi identity. Thus 9, is a
Hamiltonian operator, see [26]. Obviously, (1.1) can be rewritten in the following form

- 0 5]3(u)
O = Oxr du

Thus (1.1) possesses Hamiltonian structure. When n = 1 in (1.1), we have the KdV equation which has
been extensively studied by lots of authors, for instance, see [18,27,29,19,2,21-23,11,6,4,12,14,13]. The KdV
equation possesses bi-Hamiltonian structure, Lax pairs and infinite conservation laws. It is known that the
KdV equation is associated with the Virasoro algebra, see [7]. The KdV equation can be viewed as the
geodesic equation on some diffeomorphism group with respect to the invariant L? metric, thus the KdV
equation is also viewed as the generalized Euler equation. In [28], the authors studied the long time behavior
of solutions to a class of Korteweg—de Vries type equations

A

atu+az<“7) + 0, (—02) " u =0, (1.6)

where \€ ZT, A >2and a € R, a > % They showed that for o > % and A > a+ % + (a® 4+ 3a + %)1/2,
solutions of the nonlinear equation with small initial conditions are smooth in the large and asymptotic when
t — +00 to solutions of the linear problem. In [20], the authors also considered the long time behavior of
solutions to (1.6), (1.2) and improved the result of [28]. In [2], the authors proposed the Fourier restriction
norm method. In [21,23], the authors developed the Fourier restriction norm method. In [23], by using the
Cauchy—Schwartz’s inequality and the Fourier restriction norm method, the authors established the local
well-posedness of the KAV equation for the initial data in H*(R) with —2 < s < 0. In [3], the author
proved that the KdV equation is locally ill-posed for the initial data in H*(R) with s < —% if the flow
map is C3-differentiable at zero from H*(R) to C([0,7]; H*(R)). In [30], the author proved that the KAV
equation is locally ill-posed for the initial data in H *(R) with s < —% if the flow map is C?-differentiable
at zero from H*(R) to C([0,T]; H*(R)). In [5], by using the I-method, the authors established the global
well-posedness of the KAV equation for the initial data in H*(R) with f% < s < 0. In [6], by using the
I-method, the authors proved that the KdV equation is globally well-posed for the initial data in H*(R)
with —% < s < 0. In [4], the authors proved that the KdV equation is locally well-posed for the initial
data in H*(R) with s = —2 and that the real KdV equation is ill-posed for the initial data in H*(R) with
-1<s< —% if the flow map is uniformly continuous. In [13], by using the I-method which can be seen in
[6] and the dyadic bilinear estimates and resolution spaces which can be seen in [16,17], the author proved
that the KdV equation is globally well-posed for the initial data in H*(R) with s = —%. In [24], the authors
proved that the complex KdV is not uniformly continuous for the initial data in H*(R) with s < f%. In
[1], the authors introduced a general well-posedness principle. Recently, in [9], the authors considered the
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periodic case of (1.1), (1.2) with n > 2 and n € N7T, they proved that (1.1), (1.2) are locally well-posed for
the initial data in H*(T) with s > —1.

In this paper, inspired by [9,15,10], we consider the nonperiodic initial value problem of (1.1), (1.2). By
using the Fourier restriction norm method which can be used to establish bilinear estimate and the fixed
point argument, we derive the local well-posedness of (1.1), (1.2) for the initial data in H*(R). We prove
that (1.1), (1.2) are ill-posed for the initial data in H*(R) with s < —n + %, n > 2, n e NT if we require
that the flow map

ug — u(t), te€l0,7]

is C2-differentiable at zero from H*(R) to C([0,T]; H*(R)).

We introduce some definitions and notations before giving the main results. Throughout this paper, we
denote (£)* = (14 €2)2 for any ¢ € R. Fu is the Fourier transform of u with respect to its all variables.
7~ is the Fourier inverse transform of u with respect to its all variables. .%,u is the Fourier transform
of u with respect to its space variable. .#, !u is the Fourier inverse transform of u with respect to its space
variable. .(R™) is the Schwartz space and .#/(R"™) is its dual space. H*(R) is the usual Sobolev space
with norm || f||zs(r) = H(stwf(f)HLg(R). For any s,a € R, X; o(R?) is the Bourgain space with phase
function ¢(&) = (—1)"¢2™+L. That is, a functions u(z,t) in #/(R?) belongs to X; o(R?) if

lullx, . r2) = [[(€)(T + (_1)n§2n+1>aﬁ“(57T)HLE(R)LE(R) < 00

For any given interval L, X, (R x L) is the space of the restriction of all functions in X ,(R?) on R x L,
and for u € X, (R x L) its norm is

lullx, .rxr) = nf{|U]lx, .®2); Ulrxw = u}.

When L = [0,7], Xs (R x L) is abbreviated as X;f,a' We always assume that ¢ is a smooth function,
Ys(t) = 1/)(%), satisfying 0 < ¢ < 1,1 = 1 when t € [~1,1], supp¢ C [~2,2]. We define o = 7+ (—1)7¢?n+1
and 0; = 7; + (71)"55-"Jrl ( = 1,2). We define

W (t)uo C/ei(m£+t(—1)”£2”“)ymuO(5) de
R

and

1llsons = (/(/|f<x,t>|”d:c) ‘ dt) T P

R R

We use | X| < Cy|Y| to denote X < Y, where Cy is a generic positive constant. We denote X ~ Y by
A1 X| < Y] < A2|X|, where A; > 0 (j = 1,2), which may depend on C. C' is a generic constant which may
depend on n and may vary from line to line.

Obviously, (1.1), (1.2) are equivalent to the following integral equation

u(t) = W(t)uo(x) — % /W(t —7)0, (u?(7)) dr. (1.7)
0

The main results of this paper are as follows.
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Theorem 1.1. Let s > —n+3,n € NT. Then (1.1), (1.2) are locally well-posed for the initial data in H*(R).

Theorem 1.2. Let s < —n + i, n > 2, ne€NT. Then there does not exist any T > 0 such that (1.7) admits
a unique local solution defined on the interval [0,T] and such that the flow map

u — u, te0,7T]
is C-differentiable at zero from H*(R) to C([0,T]; H*(R)).

Remark 1. When n = 1, (1.1), (1.2) are ill-posed if the flow map is uniformly continuous, see [4]. Thus we
only consider the case n > 2 of (1.1), (1.2).

Remark 2. We believe that the local well-posedness for the case s = —n + i can be obtained with the aid
of the idea of [13].
—2n+ﬁ.

Remark 3. In Theorem 1.2, inspired by [1], we choose t = N

Remark 4. In Theorem 1.2, for an arbitrary fixed T" > 0, we can choose sufficiently N such that t =
N2t mss <Tforn>2andne€ Z.

The remainder of this paper is organized as follows. In Section 2, we give some preliminaries. In Section 3,
by using the Fourier restriction norm method, we establish a crucial bilinear estimate. In Section 4, we give
the proof of Theorem 1.1. In Section 5, we give the proof of Theorem 1.2.

2. Preliminaries
Lemma 2.1. Let n € N* and £ = & + &. Then

- i S H [ S (2.1)
where [§min| = min{[¢], [&1], [&2]} and |Emax| = max{[¢], 1], [E2]}-

Lemma 2.1 can be found in Lemma 2.5 in [31].

Lemma 2.2. For0<d<1,s€R and% <b< 1, we have

[s(OW (tuo |, < 52" uo |+, (2.2)

andfor—%<b’<0<b<b’+1, we have

Lemma 2.2 can be seen in Lemmas 3.1 and 3.2 of [8].

<O fllx, - (2.3)
Xsb

s (t) / Wt — ) f(r) dr

3. Bilinear estimates

In this section, we will prove a crucial bilinear estimate.
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Lemma 3.1. Let s > —n+i+(6n+3)e, neNT, b= %—1—26, b = —%+3€, 0<e<1l. Then
2 2
O (H Uj) <O Iwlx..,- (3.1)
j=1 X,y j=1
Proof. Let
Fj(&, 7)) = (&)°(03)" Fuy(&. ) (=1,2),
F(&7) = (&) (0) ™" Ful&, 7).
By duality and the Plancherel’s identity, to derive (3.1), it suffices to prove
€1(€)° | FITT; -, |F] s
| o T (e e < Ol TLE s, (32)
R? £=6+6 ! =1
T=T1+T2
Without loss of generality, we can assume that F;(£;,7;) (j =1,2) > 0 and F(§,7) > 0 and |&] > |€2| since

|€1] and |&2| is symmetrical. It is easily checked that {|€2] < 1]} C U;zl 2;, where,

0 = {l&] <la] <1},

25 = {4l&] <&l &2l < 1,]&] = 1},

25 = {4|&| < |§1| &2 = 1, |&| = 1},

24 = {|&] <1< [&] < 4[]}

25 = {1 < [&] < |&| <4&], && < 0,2(¢] < (&},
2 = {1 <|&] <&l < 4&l && < 0,]&] < 2[¢}
Q7 ={1 < [&] < |&] < 4]&], &&= 0}

In this lemma, integrals over the subregion {2;’s are respectively denoted as Ji (1 < k < 7). Let

€1(6)*
(o)=Y TT5=1(os)¥(€5)°

Ki(&,m,6,7) =

and
F; F

(1) Subregion {|¢3] < |£1| < 1}. In this subregion,

C
(o) Tl (o)

This case can be treated similarly to Subregion (1) of Lemma 3.2 of [25].

Kl(€177-17€a7—) <

(2) Subregion {|&1] > 4|&2, [€2] < 1,]&1] = 1}. In this subregion, €| ~ |&1] which yields

€] <o lg-gn:

Kl 1,7T1,6,T gc 2 = / 2 .
&) S T oy S o TR
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This case can be treated similarly to Subregion (2) of Lemma 3.3 of [25].

(3) Subregion {|&1| > 4|&], |€2] = 1,|&1] = 1}. In this subregion, [¢] ~ |&1]. By using (2.1), since £ = & + &2,

we have

3max{|o|, |o1],|o2|} = |0 — o1 — oa| = [ — T — Y

2 C|€min||§max|2n~

(3.3) implies that one of the following three cases always occurs.

o] = max{o], |o1], |02} = Cléminl[€max*",
C‘gmin ‘ |£max ‘ 2n’

|o1| = max{lo], o1, [o2]} =
} 2 C 6min”£max‘2n-

lo2| = max{|o|,[o1], |o2]
In the case s > 0, we have

I - -
(o)t Hj:1<0j>b (o)t Hj:1<gj>b

K1(§177—17§7T) < C

)

can be treated similarly to Subregion (2) of Lemma 3.3 of [25].
In the case s < 0, we consider the cases (3.4), (3.5), (3.6), respectively.

Case (1). When (3.4) holds.
If —s+ b <0, since b/ = —% + 3¢, we have

2n—1
4

|£|1+2nb’ ‘§2|—s+b'

€1
K1(£17T17577)<C D) <C D) .
Hj:1<0j>b Hj:1<0j>b
If —s+b >0, since s > —n+ 1 + (6n+ 3)e and b’ = —1 + 3¢, we have

2n—1
4

/ ’ / ’
|£‘1+2nb ‘£2|—s+b |§|1—s+2nb +b <o ‘£1|

TN R | VI S T

Kl(flaTlafaT) < c

This case can be treated similarly to case 3.6 of Subregion (5) of Lemma 3.2 of [25].

Case (2). When (3.5) holds.
In this case, since (0)?' T < (o1)Y*? which yields (o1)~?(0)?" < (01)? (6)~?, we have

[€l1ga1*¢o)” _ L JE1TTE o]t

Ki(&,m,§7)<C ()b (o)t (o2)b(a)

if —s+ b <0, since ¥/ = —% + 3¢, we have

1
gl jegn — g2

(oa)rloy S C ooy

if —s+b >0, since s > —n+ i + (6n +3)e and V' = —% + 3¢, then

K1(€177—1753T) < C

|§|1fs+b'+2nb'

(02)%(0)?

1
&8 — )}

Ki(&,m,6,7)<C (02)0 (o)

<C
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This case can be treated similarly to case 3.6 of 1 < n < 2 of Subregion (4) of Lemma 3.2 of [25].
Case (3). When (3.6) holds.

In this case, since (0)? 0 < (52)?+? which yields (o3)?(0)? < (02) (6) P, we have

€[> o>+

(1))

oléligal ™ o2)"
(o1)0{o)?

K1(§137175,7)< <C

if —s4 b <0, since ¥ = —1 4 3¢, we have
2

‘£|1+2nb/ ‘51 2

(01)%(0)® = 7 {o1)¥ o)

if —s+b >0,since s > —n+ 1+ (6n+3)eand b’ = —1 + 3¢, we have

Kl(flaTlvgvT) < C

271 1

gltmert et el

(o)b(@)e = (o) o)

K1(§17Tl7§>7-) < C

This case can be treated similarly to case 3.7 of Subregion (5) of Lemma 3.2 of [25].

(4) Subregion {|¢&] < 1 < |&1] < 4]¢2]}. In this subregion,

C
(o) Tl (o)

K1(£17T17£a7—) <

This case can be treated similarly to Subregion (1) of Lemma 3.2 of [25].

(5) Subregion {1 < |&] < |&1] < 4]&2,&1é2 < 0,2[E] < |&2]}. Obviously, in this subregion, since €12 < 0,
2|¢] < [&2] and [€2| < [&1] < 4], we have

1 1 1 1 1
" —gnE = Clelrlal" ™, g =gt = Clalt, [ - gE = Clal

which can be seen in [25].
In the case s > 0, we have

I Y-

Bl mbn <o Lot (o) Thm (o)

This case can be treated similarly to Subregion (2) of Lemma 3.3 of [25].
In the case s < 0, we consider cases (3.4), (3.5), (3.6), respectively.

Case (1). When (3.4) holds.
By using (3.4), since —n + 1 + (6n + 3)e < s <0 and b’ = —1 + 3¢, we have

YT | sty 1ie 12 254 (2nt1)0
K1(§1,7'1,§,T)<C|§| H23:1 KJL SC\§|2|§1\22 :
Hj:1<0j> Hj:1<gj>

% n—% 2n __ 2n%
oleblar _ lg - g

X 2 ~X

Hj:1<0j>b H?:1<Uj>b

This case can be treated similarly to case 3.6 of 1 < n < 2 of Subregion (4) of Lemma 3.3 of [25].
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Case (2). When (3.5) holds.
In this case, since (0)? 0 < (01)Y+? which yields (o1)~(0)?" < (o1)?

/

(o)7?, since —n + 1 + (6n + 3)e <

s <0and b = —1 + 3¢, we have
/ v’ 2 —s+nb’ _92g n ’
Ki(&,m,¢,7)<C [€l{on)? < €™ Hj:l 517 < ST
(02)(0)* T () (02)0)" (02) ()"
n 2n _ ¢2n %

(a2)b(0)e = (0)(02)’
This case can be treated similarly to case 3.6 of 1 < n < 2 of Subregion (4) of Lemma 3.3 of [25].

Case (3). When (3.6) holds.
By using |€2" — £27|2 > C|¢;|" and an idea similar to Case (3.5), in this case we obtain

2
Js < COINF ez, TTIE e,
j=1

(6) Subregion {1 < |&| < |&1] < 4)&2],&1€2 <0, (82| < 2/¢]}. In this subregion, |&1] ~ [€2| ~ |£| which yields

ST

K1(§177-17£7T) < C<O_>_b/ H3:1<0-j>b.

We counsider (3.4), (3.5), (3.6), respectively.

Case (1). When (3.4) holds.
Since —n+ 1 + (6n +3)e < s <0 and b’ = —1 + 3¢, we have

2n—1

|§1|175+(2n+1)b' 4

2 <ol
Hj:1<‘7j>b Hj:1<0j>b

This case can be treated similarly to case 3.6 of Subregion (5) of Lemma 3.2 of [25].

Case (2). When (3.5) holds.
Since (o) < (01)Y+? which yields (o1) (o)
we have

Kl(€17T17€aT) < C

’

< (01)Y (o) 7P, by a calculation similar to Case (3.4),

2n—1

Ky m, 6 1) < oAt

(o2)* (o)’
This case can be treated similarly to case 3.7 of Subregion (5) of Lemma 3.2 of [25].

Case (3). When (3.6) holds.
This case can be treated similarly to case 3.7 of Subregion (5) of Lemma 3.2 of [25].

(7) Subregion {1 < 6| < [&1] < 4lé2],&162 > 0.
This case can be treated similarly to subregion of Lemma 3.2 of [25].
Consequently, by putting the estimates of J(1 < k < 7) together, we obtain

2 2
|| m@nenrl]Bdaindedr<cipis [TIE . (3.7)
R? £=£1+& =t =t
T=T1+T2

Thus we complete the proof of Lemma 3.1.
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4. Proof of Theorem 1.1

In order to prove Theorem 1.1, firstly, for ug € H*(R) and 6 € (0,1], v € X, ,(R?), we define G, (v) by

Guo(v) = V(OO)W (t)ug — %%/W(t — ') (0,0%) at’. (4.1)

Applying Lemma 2.2 and Lemma 3.1 to (4.1), we conclude that for a certain constant C,

|G < Clluollaemy + C8" vk, ,m2): (4.2)

(v) HXS,b(Rz)

where s, b, ' of (4.2) concords with s, b and b’ of Lemma 3.1. Let

5= < !
802(Hu0||H3(R) +2

T
)) , and 7 = 2C|uol gs(r), (4.3)

where 0 < 0 < 1, thus based on (4.2) and (4.3), we obtain that G is a mapping from the closed ball
B<07T) = {U € Xs,b(R2)7 ”ul

X, ,(R?) < 7} into itself. By a similar calculation, we have

HGuo (’U) - Guo (u) ‘

o omey S O o —ullx, e (lullx, o) + llx, m2)

1
< gllv =
2

Xs’b(R2)7
thus G is a contraction mapping from the closed ball B(0,7) = {u € X,,(R?), |ulx, ,®&?) <7} into itself,

by using Banach fixed point theorem, we have G,,,(v) = v. The rest of local well-posedness of Theorem 1.1
follow from a standard proof.Consequently, we complete the proof of Theorem 1.1.

5. Proof of Theorem 1.2

This section is devoted to proving Theorem 1.2. We give Theorem 5.1 before proving Theorem 1.2.

Theorem 5.1. Let s < —n + i and T be a positive real number. Then there does not exist a space Yp
continuously embedded in C([0,T]; H*(R)) such that

W (#uolly, < Clluollz.. Yuo € H*(R), (5.1)

< Clul3,, Yu€Yr. (5.2)
Yr

/W(t — 1) (v?(7)) dr
0

Proof. We assume that u = W (t)ug in (5.2) and Y7 satisfies (5.1), (5.2), since Y7 is continuously embedded
in C([0,T]; H*(R)), for any t € [0, T], we have

t

/ W (t — 7)00 (W (t)uo)® dr

0

< Cllugl|%., for all ug € Y. (5.3)
s

We prove that (5.3) fails by choosing

ngON(x) = 771/2]\775 (XIN (5) + XIN(_é-))?



656 Y. Li, W. Yan / J. Math. Anal. Appl. 416 (2014) 647658

where Iy = [N, N +2v] and N > 1 and 7 will be chosen later. Thus

uonllfrs ~ 1.

We define
t
Us N = /W(t —7)0y (W(t)uON)2 dr.
0
Thus
U2 N = C(f—9),
where

_ _1N_25 (fl + 52)6“3(51+52)+it(¢(51)+¢(§2)) p
f=n K/ o6+ 0E) o6 1 &)
13
_ _1]\/'_23 (fl + 62)€i$(fl+f2)+it¢(51+52) y
g / B(E) + 0(E) — o6 + &)

3

Thus we deduce that

[z, (1) || = / 1625 Fpua n (1, 6)|” de

_ s ,Q/K

d(§1)+(§2)—d(&1+E2))—
)+ d(&2) — d(& + 52)

mu

where

&y

2

dg,

Ke={& |-G elny, G e—IntU{& & €ly, E-& € —IN}.

Notice that mes(K¢) > v where mes denotes the Lebesgue measure. Thus we have
[z, (8)|[ 5o > N4y 7 292592y N7an =292 = N—dsmdng 12
Taking vy =N ~@=3 and t = N~ 2"t #=3 which yields

t($(61) + D() — B(&1 + &2))| ~ tE][1 > ~ 1

resulting from (2.1), then we have

2 A _ 4s42 Aedn—2 42
HuQ’N(t)HHs >N ds—Ann—qn3 — NS T3 AT g

When s < —n + i which yields —4s i” —4n —
We complete the proof of Theorem o.l.

2
4n—3

> 0, (5.4) contradicts with (5.3

(5.4)

) for sufficiently N.
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Now we prove Theorem 1.2.
Let u be a solution of (1.1), (1.2), then we have

Suppose that the flow-map is C?. By using the fact that u(z,t,0) = 0, we derive

w(w0) = (a1, 0)[4] = W(Oh,

s (@, 1) = 682—50(90,15, 0)[h, ] = — / W(t — )0, (W(t)h)* dr.

By using the fact that the flow-map is C2, we derive

|uz(®)|| . < ClIBN%., VR € H*(R). (5.5)
By using Theorem 5.1, we have that (5.5) does hold. Consequently, we have completed the proof of Theo-
rem 1.2.
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