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1. Introduction

Let u be a finite positive Borel measure supported on an infinite subset of R. It is well-known that

the polynomial kernels (also called reproducing, Christoffel-Darboux or Dirichlet kernels) associated with

the sequences of orthogonal polynomials corresponding to i are frequently used as a basic tool in spectral

analysis, convergence of orthogonal expansions [2,23,27], and other aspects of mathematical analysis (see

[26] and the references therein). In the setting of orthogonal polynomial theory these kernels have been
especially used by Freud and Nevai [4,21,22] and, more recently, the remarkable Lubinsky’s works [9,10]

have caused heightened interest in this topic. Also, other interesting and related results corresponding to

Fourier-Sobolev expansions may be found in [11-15,17-19,25].
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Our goal here will be to analyze the asymptotic behavior of the partial derivatives of the diagonal
Christoffel-Darboux kernels corresponding to classical Laguerre orthogonal polynomials (in short, the di-
agonal Laguerre kernels), i.e., we will consider the n-th Christoffel-Darboux kernel K, (z,y), given by

and its partial derivatives

K9 (a,y) =

n

where, as it is usual, {E% () }n>0 is the sequence of monic polynomials orthogonal with respect to the inner
product

(f. G)a = / f(@)g@)aedr, a> -1, fgeP,
0

and P denotes the linear space of polynomials with real coefficients. Then, for ¢ > 0 we will study the
asymptotic behavior of Kr(Lj k) (¢,c), 0 < j,k < n. From this starting point, we will focus our attention on
the study of asymptotic properties of the sequences of polynomials orthogonal with respect to the following
Sobolev-type inner product on the linear space of polynomials with real coefficients IP:

(fo9)s = (f.9)a + Y Mif®(e)g™ (o), (1)
k=0

where ¢ > 0, My, >0, for k=0,...,N —1, and My > 0.

To the best of our knowledge, asymptotic properties of the diagonal Laguerre kernels K,gj ’k)(c, ¢), 0 <
j,k < m, are not available in the literature up to those cases where the following situations have been
considered.

e Case 1: ¢ >0 and either j =k =00r 0 < j,k <1 (cf. [6,8]).
e Case 2: ¢ =0 and either 0 < j,k <1lor0<jk<mn (cf. [3,24]).

The outline of the paper is as follows. Section 2 provides some basic background about structural and
asymptotic properties of the classical Laguerre polynomials. The estimates of the partial derivatives of the

diagonal Christoffel-Darboux kernels Ky(lj o)

(¢,c¢) (Theorem 2) are deduced. In Section 3 we prove our main
result (Theorem 3), where an estimate in the Laguerre weighted L?-norm for the difference between Laguerre
orthonormal polynomials and the Laguerre-Sobolev type polynomials EgvM(x), orthogonal with respect to
(1) with ¢ > 0, is obtained.

Let consider the multi-indexes M = (M, ..., My) of nonnegative real numbers, My > 0. The notation
Up ~p Up will always mean that the sequence u, /v, converges to 1 when n tends to infinity. Positive
constants will be denoted by C, C1,C} 4, ...

notation will be properly introduced whenever needed.

and they may vary at every occurrence. Any other standard

2. Asymptotics for the partial derivatives of the diagonal Laguerre kernels

For a > —1, let {E%(x)}nzo, {L&(x)}n>0, and {L%a)(x)}nzo be the sequences of monic, orthonormal

and normalized Laguerre polynomials with leading coefficient equal to (7711!)n, respectively. The following
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proposition summarizes some structural and asymptotic properties of the classical Laguerre polynomials
(see [6,7,19] and the references therein).

Proposition 2.1. Let {Eg(x)}”zo be the sequence of monic Laguerre orthogonal polynomials. Then the fol-
lowing statements hold.

1. For every n € N,
(Lo, L) = |Ze|)2 = P(n+ DI (n+ a + 1). (2)

2. Hahn’s condition. For everyn € N,

d Ta Ta
Lo = nLgti (@) 3)

3. The n-th Laguerre kernel K, (x,y) satisfies the Christoffel-Darboux formula (cf. [27, Theorem 3.2.2]):

Ko(i,y) = — (Z%“W:i(y)—zgufmy)

= , x#y, n>0. 4
L5112 Ty ) W

4. The so-called confluent form of the above kernel is

K, 7) = m%{ [Fe) @E2() - [B2) @)% (@)}, n>o0.

5. (See [27, Theorem 8.22.2].) Perron generalization of Fejér formula on Ry. Let o € R. Then for z > 0
we have

L) (z) = n— 122/ 2g—a/271/4pa/2-1/4 (:08{2(7”@)1/2 —ar/2—7/4}

k=0

+ w1/ 2er/2pma/2= 1 Ay a/2=1/4 sin{?(nx)1/2 —am/2—7/4}
p—1

. {Z By (z)n /2 +(’)(n—p/2)}, (5)
k=0

where Ap(z) and By(x) are certain functions of x independent of n and regular for x > 0. The bound
for the remainder holds uniformly in [e,w]. For k = 0 we have Ag(z) =1 and By(z) = 0.

In the next result, we show a confluent form for the partial derivatives of the kernel polynomial K,,_1(z,y)
forx=y=c

Proposition 2.2. For everyn € N and 0 < j,k <n —1, we have

: 1! i+ k+1
K(kd) — J
n—1 (C, C) Z l

(j+k+1)!l\f%_1||§ 1=0

x (e Y[V ) - 22V (@ [Ee )" 0 | (6)

n—1
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Proof. For k = 0 and 0 < j < n — 1, it is enough to follow a standard technique in literature (see, for
instance [1, p. 269]) by taking derivatives in (4) with respect to the variable y and then to evaluate at y = c.
Thus we obtain

(0,5) _ J! . L Ta Ta 7. . Ta\Ta
K, (z,¢c) = ||E%_1||3(9€ i (T] (a:,c, Ln_l)Ln(a:) T; (a:,c, Ln)Ln_l(a:))7 (7)

where T} (x, ¢; f) is the j-th Taylor polynomial of f around y = c.
Using the Taylor expansion of L%(z) and LY _;(z) in (7), we only need to look for the coefficients of
(z — ¢)Itk+1 therein in order to find (6). O
Taking p = 1 in (5), it is difficult to analyze the behavior of ng‘)(x), x € Ry, for n large enough, i.e.

Eﬁ(x) _ (—1)"F(n + 1)7771/261/2337&/271/47101/271/4
. cos{Q(na:)l/2 —ar/2 —w/4}(1+ O(nil/Q)).

So, we can rewrite the above expression as follows

Zg(aﬁ) =(-1)"I'(n+ l)n%_%aa(x) cos cp%(a:)(l + (’)(n_l/z)), (8)
where
pa(@) = 2ne)"/2 = 5~ 2
and

UQ(I’) — 7_‘,71/2617/2:6704/271/47

is a function independent of n.
Now, our task is to find the asymptotic behavior of the diagonal Laguerre kernels. In order to do this we
must estimate expressions like

cos Py, (€) cos g 10 (c) — cos e (¢) cos o (o).

Under some conditions on the parameters ng, ni, ne, and ng, we will prove that the above expression goes
to zero when n tends to infinity and, moreover, we can compute its speed of convergence. The result reads
as follows.

Lemma 1. Let n,ng € N, a > —1, and ¢ € Ry. For fixred ny1,ns,n3 € N with ng = ny + ng and n > ng, let
us consider

Fo(n) = cos 9}, (€) cos g0 (e) — cos g0 (¢) cos 5 (c).

Then,

%(ng —n1 —n3)(ng —ny +n3)en™t  if ng =0 mod 4,
= (

Fee(n) Z(na — ny — ng)y/en=1/? if np =1 mod 4,
C(n) ~

" i(ng —n1 —n3)(ng —ny +nz)en=t if nop = 2 mod 4,

1(ns —ny — ng)y/en1/? if np = 3 mod 4.
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Proof. By using trigonometric identities, a straightforward computation yields

Fe(n) = f5(n) + g°(n),

where
et = —sin Vs + Vel + /el ) + /e -~ 1T
X sin(\/(:(n —n9) 4+ Ve(n —ny) — Veln —nz) — Jen),
and

g¢(n) = —sin(\/c(n—nl) —e(n —n2) + Veln —n3) — \/0771)
X sin<\/c(n—n1) — eln —ng) + ven — e(n — ng) — nmr).

2

Our first technical step will be to show that

lim 7?2 sin(v/c(n —n2) + v/e(n —n1) = v/e(n —nz) — Ven ) = an\/E.

n—»00 4

(9)

Since h(n) = (/n —v/n—ny) — (/n —ni — +/n — n3) can be written as h(n) = k(n) — k(n — ny), with
k(n) = \/n — /n — ng, then, according to the mean value theorem, we obtain

ni
2

h(n) = nmik'(&,) = ( L ! ), where n —n; <&, <n.

@_ Vén — N2

Let I(n) = ﬁ By using the mean value theorem we get

h(n) = T (U(E) — 16 —n2)) = Donal!(8,) = — 225,372,

2 2 2

where n —ny —ng < &, —ng < 0, < &, < n. Taking into account that lim,, %’” =1, we get (9). Since
the first factor in f*¢(n) is bounded, we obtain

lim n/2f*¢(n)=0= lim nf*°(n). (10)

n—oo n— oo

In our second technical step will show that the speed of convergence of the first factor in g°(n) is n=1/2.

In a similar way to the previous situation, we have

lim /nsin(yv/c(n —n1) — Ve(n —ng) + ven — /e(n —na))

n—oo

1
= 5\/6(”3 —n1 + na).
Then, the speed of convergence of g¢(n) can be determined by discussing the following four cases

(i) If np = 0 mod 4, using that sin(x — 27) = sin(z), then

nhﬁrg() ng®(n) = Tc(ng —ny —ng)(ne —ny +nz) #0.
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(ii) If no = 1 mod 4, using that sin(z — §) = cos(x), then

. . ~1
lim n'/2¢%(n) = 7\/5(712 —ny —n3z) #0.

n—oo

(iii) If np = 2 mod 4, using that sin(z — 7) = —sin(z), then

1
nhHH;O ng‘(n) = Zc(ng —ny —ng)(ng —nyg +nz) #0.

(iv) If ng = 3 mod 4, using that sin(z — 2F') = — cos(z), then

. c 1
lim ”1/29 (n) = 5\/5(712 —n1 —nz) #0.

n—oo

Finally, from the above analysis and (10) the statement of the lemma follows. O

Theorem 2. For ¢ > 0, we get the behavior of the partial derivatives of the diagonal Laguerre kernels

Jtk+1

K(k’{)(c &) ~n Co,k,jn . 2 if j+ k=0 mod 2,
" Cl,k,jn# if j+k=1mod 2,

where 0 < j,k <n—1 and

(-1

Tagr1 @ OvE

Cok,j =

— 0

Cpii = (1) 5+ a (g titRtL (o)
Lk = (=1) KT (c)o (e)c

Proof. Without loss of generality, we can assume that j < k. From (3) and (6), we obtain

. ielnpdtE+1
KR (ey0) = —
(+k+ D52
J .
JHE+1Y =, Sacbjtk1-1 a Satjtk+1-1
S (I @ eme - BeR ).
=0

Now, using (2) and (8), we get

i
(k,5) J+k+ 1> j+k

K" (e e) mn —1)J
n—1 ( ) l:O < l ( )

51k
X e —
G+k+1)

itk
2

o (c)o@TItEHL (o) FLpathep ),

On the other hand, for all [ =0,...,7, Lemma 1 withngo=j+k+1—-2l,ny =1, no=5+k+1-2l,
and ng = j + k + 2 — 21 implies that

(~D'j+k+1—20en™'  if j+k+1=0mod 4,
FO‘H’C(n 1)~ (-1)y/en=1/2 ifj+k+1=1mod 4,
(=D G+ k+1—20)en if j+k+1=2mod 4,
(=)t fen—1/2 if j+k-+1=3mod 4.
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Since the above relation can be reduced to

(—I)H# Jen—1/2 if 7+ k=0 mod 2,

FCM"I‘l,C(n —_ l) ~n k1
(-2 (j+k+1-2D)en™t ifj+k=1mod 2,

we obtain the statement of the theorem with

itk K] o o d ]+k+1
Cok,;j = (—1)= ma (c)o +]+k+1 \/EZ 1)l7

peie1 IR o L (kA1
Cl7k,j:(_1) 2 m(f (C)O' +J+k+1(C)CZX: I (]+k+1—21)(—1)l+1

Using the identities

(= ()

1=0
5 R LR R ]
1=0 k!
the above expressions read
Cok,j = %UQ(C)UQHMH(Q\/@
Crpy = (—1) 557+ ]]z +§ o%(c)o IR ().

Thus, we conclude the proof of the theorem. O

Remark 1. Notice that Theorem 2 generalizes the asymptotic behavior of the diagonal Laguerre kernels given
in [6] (where only the case 0 < j,k < 1 has been analyzed). The interested reader can find an analogous
result of Theorem 2 when ¢ =0,0< j,k <1,and ¢ =0, 0 < j,k < n— 1, in [3,24], respectively. Also, it
is worthwhile to point out that with a different approach the authors of [8] obtained a lower bound for the
Christoffel functions when ¢ > 0.

3. Inner relative asymptotics

As an application of Theorem 2, we will study the inner relative asymptotics for a certain family of
Laguerre—Sobolev type orthogonal polynomials. More precisely, we compare the behavior of the Sobolev
and standard Laguerre polynomials on (0, 00) for n large enough. The main result in this section guarantees
the norm convergence of the Laguerre-Sobolev polynomials to the Laguerre ones in the Laguerre L2-norm.
Before to deal with the general case, we are going to analyze a more simple framework. For example, let us
consider the Sobolev type inner product

(f:9)s = {f,9)a + Mf'(c)g'(c), (12)

where o > —1, ¢ > 0 and M > 0. Notice that this is just a particular case of the family of inner products
defined in [16]. Let {L:%(x)},>¢ be the monic Laguerre-Sobolev polynomials orthogonal with respect
o (12). We also consider the normalization
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YR 7€)
LT
nlla

i.e., the normalized Laguerre—Sobolev type orthogonal polynomials with the same leading coefficient as the
classical orthonormal Laguerre polynomial of degree n. Then (see [16, Eq. (2.8)])

M(Lg)'(c)

0,1)
1+ MK(l’ll)(c c) Knzi(me).

L3 (w) - L(a) =

Let consider the standard L?-Laguerre norm of the previous expression, i.e.

|EMe — o = M2[(L2) (0))? KD C><[<iz>'<c>}2.
! e MK (e "KMV (e

Now, from Proposition 2 we obtain
1,1 3
K (e.) ~on On,

and, on the other hand,

v o nLeti(e) nl(—1)"1 (at1)
() (@) = ||Eg|1|a T+ DI(n+a+] ))1/2L"+1 ©

[(E%)I(C)]QWM(QH) )} < Cnl/2,

As a consequence,
L = L < on 7,

so, we have proved the norm convergence of the n-th Laguerre—Sobolev type orthogonal polynomial to the
n-th Laguerre one:

lim HLMO‘ Eg|| =
«

n—oo

3.1. The multi-index case

Let us consider the Sobolev type inner product (1) and ZgM(x) the corresponding monic orthogonal

polynomial of degree n. Also, we consider the normalization
O"M(.’lﬁ) — L%’\M(m)
125 o

i.e., the Laguerre-Sobolev polynomials with the same leading coefficient as the orthonormal Laguerre ones.
From now on, we will denote by ji; < --- < j, the indexes such that M;, 1 =---=M; 1 =0.

Theorem 3. With the above notation, the inner relative asymptotics for the Laguerre—Sobolev polynomials
orthogonal with respect to (1) reads

lim [|LooA — LY = (13)

n—oo
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Proof. Following a standard technique we can expand the Laguerre-Sobolev type orthogonal polynomials
in terms of the Laguerre classical ones to obtain

n—1 N
LoM(z) = Lo(2) = Y 3 My (Le) (o) (£3)V (e) Ly ()
k=0 5=0
N ) ]
= £2(0) = > My (E2M) V() KT (¢, ). (14)
7=0

At this point, estimations for (E%M)(j)(c) when j =0,...,N, j#j1—1,...,j, — 1, are needed.
In order to do that, we can write (14) evaluated at = ¢ in a matrix form as follows,

AL*M = L
where
1+ MoK,_1(c,e) MK, “i (¢, c) MgKr(i’%)(c, c) MNKT(lJX’IO)(c, c)
MOKT(LO 11)(c c) 1+ MK 7(11’11) (¢, c) MgKn2_’11)(c, c) MNK,,(IJX’IU(C, c)
— | MY MK 1+ My K% MyENY
A= ok, 27 (¢, ¢) 1K, 77 (e, ¢) + M2 K, (¢, ¢) NE, 7 (¢ 0) :
MoK (e, ¢) MK f’(c ¢) MoK ey .0 14 MK (e e)
« T Fay/ T« (N) T
L¢ = (Ln(c), (Ln) (). .y (Ln) (c)) ,
and

LM = (L2M(c), (LeM) (), ..., (L&) (e)) .
Here, vT denotes the transpose of the vector v. Then, applying Cramer’s rule we get

- det(Am)
Loy oy = C8Bm) g =1, N+ 1
( n ) (C) det(A) 9 or m 9 ) + )
where A, is the matrix obtained by replacing the m-th column in the matrix A by the column vector L.
Thus, by using Lemmas 5 and 6, for n large enough we obtain

2m—1

|(Ee2) V(o) < on 5, (15)

where C is a positive constant which does not depend on n.
Finally, in order to obtain (13) we take norm in (14). Thus

N 2
|Za = La|f2 < || D2 My (L) Y (@ K (e, )
j=0 o

N
< (N+ 1) M [(EM) D ()] K8 (e ).

=0
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From Theorem 2 and (15) we get

N i .
T T e O N Y e
j=0
<Cn* O

Remark 2. Notice that in [5] estimates in the weighted L?-norm for the difference between continuous
Sobolev orthogonal polynomials associated with a vector of measures (YW, W) and standard orthogonal
polynomials associated with W, where W is an exponential weight W (z) = e~2Q(*) and 1) is a measurable
and positive function on a set of positive measure, such that the moments of the Sobolev product are finite,
have been obtained in terms of the Mhaskar—-Rakhmanov—Saff number. The authors assume that @) is an
even and convex function on the real line such that Q" is continuous in (0, 00) and Q' > 0 in (0, ), as well

as for some 0 < a < 3, a < xg,lég) < B, x € (0,00) holds. The study of analogue estimates as above for

general exponential weights constitutes an interesting problem in which we are working.
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Appendix A. Estimates for det(A) and det(A,,)

First of all we will need the following well-known result, see for instance, [20, vol. III, p. 311].

Lemma 4 (Cauchy’s double alternant). Let x1,...,Zn, Y1, --,Yn be real numbers. Then,
det{ } . H1§i<j§n(xi —x5)(yi — Yj)
Ti T Yil1<ij<n Ilicij<n(@i +5)

Let us denote

N+1 N+1
M= J] Mo, Q= > 1

=1 =1

I#715--Jq I#715--,0q

Lemma 5. With the notation introduced in Section 3, we have

2Q—=(N+1)+gq
2

det(A) ~,, Cin , (A1)
where C1 is a positive constant independent of n. In particular, there exists a constant Cy > 0 such that
2Q—(N+1)+q
2

det(A) > Con

for n large enough.
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Proof. We denote by a;;, 1 <14,5 < N + 1, the (7,7) entry of the matrix A. Notice that these entries verify

Mj_leLj;fll’ifl)(c, ¢) for j such that M;_; >0,
Aj5 ~n 1 if 4 :j and Mj,1 =0,
0 1fz7é]and Mj_lio.
Then, from Theorem 2, we obtain

itj—1

Mj_lCo,j_lyi_lnT, if i +j =0 mod 2 and Mj_l > 0,
iti=2 ...
G Mjflcl’jflﬂ;ln 2, ifd +j =1 mod 2 and Mjfl > 0, (A 2)
A | ifi =jand M;_; =0, '
0 le;éjandMJ_lzo

Using the definition of determinant and (A.2), we get

det(A) = Y sen()arsq) - anps(n1)

6ESN+1
0 phs 143 (1)
—pP1 —
~n E sgn(6)Csn— 2 n P2 H noz , (A.3)
0eSN 11 =1
I#51,.-.dq

where Sy41 is the group of permutations of the set {1,...,N + 1}, p1(d) (resp. p2(d)) is the number of
indexes ! in {1,...,N +1}\{j1,..., g} such that [ + o(I) is even (resp. odd) and

N+1

Cs = H Msay-1Co50)-1,1-1-
=1
l?éjly-“vjq

Let us define the set

A={5ESN+1 l+6(l)isevenforalll:1,...7N+1,}.

and 0(1) =1, for l = j1,..., 44

Notice that plTw) +p2(0) attains a minimum when p2(d) = 0. Then, the asymptotic behavior of (A.3) will
be given by the terms corresponding to permutations in A, if they do not vanish. Thus, we have to check
that ) 5.4 sgn(8)Cs is not zero.

N+1
Z sgn(0)Cs = Z sgn(d) H M51y-1Co,5()-1,1-1
seA JeA » =1
J15--50q
pa be® ) oy _atlto(l)—1 1
= Z Sgn(é) H Md(l)fl(—l) 2 g (C)O' (C)\/Em (A4)
SEA =1
I#G15-50q

—a+l+5()—1
oM=L —1/4

Recalling that o®H+30=1(¢) = 7=1/2¢¢/2¢ , we get

N+1
_ _ N4l-—g (N+l-q)e _ a(N+1-q)+2Q—(N+1—q)
H O_a+l+5(l) l(c) - T e 5 ¢ 5

=1
1#]1,0,0q

= (0“71(0))1\]“_467@ = (aa(c))NH_chzl*qc*Q.
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After some computations, (A.4) becomes
N41

Z sen(8)Cs = M(—1)29 (Ua(c))2(N+1_Q)CN+17q*Q Z sgn(0) H m

dEA dEA = 1
I#351,-

Now, let us consider

{1,2,...,N—|—1}\{j1,j2,...,jq}:{7’1,7’2,...,TKI}U{Sl,SQ,...,SKQ}

where r; is odd for i = 1,2,..., Ky and s; is even for i = 1,2,..., K5. Notice that K1 + Ko = N +1 —gq.
Then, we have

N+1 Ki

1 1
S ] Y Y wsmo]] i
sex 1] =1 L+ 5 8€SK, EE€ESK, i1 T + sy — 1 j=1 85+ Se(y) — 1
J1s-- 7.7(1
K K>
1 1
= > s [y X @]
Pl it —1 e, o1 85t se) — 1

H1§i<j§K1 (ri — rj)2 H1§i<j§K2(si - Sj)2

B H1§i<j§K1 (ri+rj—1) H1§z‘<j§K2 (si+s;—1)

where we have used Lemma 4 in the sense

K,

= Z sgn(é)H !

1
det[ : 1] I
ri—g+rT 1<ij<K1  §eSg, i it rse — 1
Finally, (A.4) becomes

2 2
ngn(é c :M(UQ(C))Q(N+1 ) NH1-a-Q H1<1<3<K1 (ri —ry) H1§i<ng2(5i*5j)
SeA H1<1<J<K1 (ri+r;—1) H1§i<j§K2(si +s;—1)

which is, as desired, different from zero. Then, we can state that

2Q—(N+1)+q

det(A) ~, Cn 7 , (A.5)
where C' is a positive constant independent of n. This concludes the proof. 0O
Lemma 6. For n large enough, there exists a constant C' > 0 such that

2Q—m—N+q _

|det(Am)| < Cn 2

N[N

Proof. Notice that for i £ m, the entries of the matrix A, are the same as those of the matrix A. Their
asymptotic behavior was given in (A.2). Let us denote by d;,, the (i, m) entry of the matrix A,
According to (8), we have

Qim = (i%)(i_l)(c) ~n (—1)"_”10“”_1(0)71%_% cos goZJri_&(c) (A.6)

fori=1,...,N+1.
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We expand det(Ay,) along the m-th column:

N+1
det(Am) = Z (_1)1+m&lm det Bim; (A?)
i=1
where Bjy, is the N x N matrix obtained by deleting of A the i-th row and the m-th column.
Using (A.6) in (A.7), we obtain
N+1
. i3 4
det(Am) ~n Z (—1)tm g ()25 cos T (c) det Bim,

i=1

where det Bj, can be computed as

N N41
detBim = Y sgn(o) [[browy = Y_sen@®) [  awvw: (A.8)

€SN =1 PEW =1

1#1,51,..,0q

with
’l,[}(l) = l7 for [ :j17~-~7jq
v = .
{1/} € SN and ¥(i) =m

Now, we will discuss two cases:
1. Case i +m even.

The highest power of n that can be reached in the sum (A.8) appears when [ + 9(l) is even for all
l=1,...,N+1,l#4%,71,...,Jq This means that

det Bim ~n C( Z Sgn(v)C’;)nW,

yerl'
with
I+~()iseven foralll=1,...,N +1,
I'=<{~veSny1 v() =1, forl = j1,...,Jq ,
and y(i) =m
whenever
Z sgn(v)C., # 0. (A.9)
ver

2. Case i +m odd.
In this case, the highest power of n in the sum (A.8) could be at most w — 1, when the
permutation ¢ satisfies that [ 4 (1) is odd for one ! € {1,..., N + 1}\{7,j1,..., 74}, and it is even for
the remainder indexes.

We obtain the highest power of n for the first case, and after checking (A.9), we conclude

N+1
det(Am) ~p Z (71)n+m+10_o¢+i71(C)n2Q7m27N+q -3 oS QDZt;_T_}(C)
=1
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Then, for n large enough, there exists a constant C' > 0 such that

2Q—m—N+q __ 3
2 1,

|det(Am)| < Cn

In order to conclude the proof we must check that (A.9) holds. Indeed,

N+1
E sgn(7) H My(l)—lco,»y(l)ﬂ,lq
vel’ =1
1#4,J1,--:dq
M 2(N—q) 2N+ 2¢—2Q N+1
i — itm—2q—2
= (1) ()T N sen(y) ]
m—1 o
yer =1
1#5,51,-:7q

Let suppose now that m is even. Let

{1,2,...,N+1}\{i,j1,j2,...,jq}:{7‘1,7‘2,...,7"1(1}U{m,sl,SQ,..

1

I+~ -1

© SKz}a
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where r; is odd for i = 1,2,..., Ky, and s; iseven for i = 1,2, ..., K5. Notice that K; + K5 = N —q. We can

write
N+1 1 K, 1
osen(v) [ ——= ( > s [[ ———
= o -t el S -1
1#4,J15.:dq
where
1 1 1
m+i—1 m—+s1—1 tet m+sK2—l
1 1
B o s1+i—1 s1+s1—1 e 51+SK271
1 1 1
3K2+i—1 SK2+$1—1 sK2+sK2—1
Using Lemma 4,
N+1 1
dosen(y) ]
= e I+~ -1
1#4,J15--+50q

K .
. [[2(m—s)(i — s1) H1§i<j§K2 (si —54)° H1§i<j§K1 (ri —75)

) det B,

2

(m+i—DIlcicjcr,(si+8 =1 Tlcicjer, (ritr—1)

In an analogue way, if m is odd, let

{1,2,...,]\74—1}\{i,j1,j2,...,jq}:{m,Tl,’I‘Q,...,TKl}U{S1,82,..

where r; is odd for i = 1,2,..., K7, and s; is even for i = 1,2, ..., K5, and
N+1 1
Yosen() Il
Ner =1 L) -1
1#4,J1,--:q

K .
. [I2(m—r)(i—r) ngi<j§K1 (ri — 7"]')2 H1§i<j§K2 (8i — s5)

'78K2})

2

(m+i—DIlcicjer,(ritri =1 Theicjer,(sits;—1)

This is different from zero and we get our statement. O
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