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1. Introduction

In recent years, the control problems of transmission systems described by partial differential equations
have been studied by many authors. Transmission systems appear in many practical control systems such
as electromagnetic coupling, coupled chemical reactions, fluid-structure interactions, structural-acoustic
systems and many other interactive physical processes. The analysis of controllability and stabilization for
the transmission of hyperbolic systems, which arises in the control and suppression of noise, has been widely
carried out.

For the coupled wave equations with constant coefficients (describing the wave with constant propagation
speed), the stabilization and controllability results are presented in [15,16] by means of multiplier method.
For the coupled wave equations with variable coefficients (describing the wave with variable propagation
speed), the boundary controllability is treated in [13] and the stabilization is investigated in [5,7]. For the
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coupled Euler-Bernoulli plate equations, the uniform decay of solution is proved in [2], and by applying
force and moment feedback control on different geometric domain a logarithmic decay of energy is obtained
in [3] by the means of Carleman estimates. For the transmission system of coupled wave and plate equations,
the stabilization problem is considered in [1] where the boundary feedback controls are applied on both the
wave and plate equations and a logarithmic decay of the energy is obtained in [4] where the feedback is
applied only on the boundary of the plate. For other transmission problems of hyperbolic systems, we refer
to [6,11,13,17-19] for the related results.

These works offer a rich body of results regarding the transmission systems in the Euclidean setting.
However, the problem on the compact Riemannian manifolds is less developed than that on Euclidean spaces.
One important reason is that the trapped geodesics in the general Riemannian manifolds can preclude the
effectiveness of the canonical multiplier such that it is hard to obtain the global estimates that are necessary
in the stabilization and controllability analysis. On the other hand, a strong motivation for the problem on
Riemannian manifolds comes from the practical applications. An example of this is the shape of protein and
the non-zero curvature of membranes in the biological processes lead one to discuss the physical models on
manifolds. In particular, if the plate in [1] has a curved middle surface {2 that is a part of surface in R3,
then the problem treated by [1] becomes one on the Riemannian ({2, g), where g is the induced metric of R3.

In the present paper we consider the stabilization of a coupled wave-plate system on Riemannian mani-
folds. K. Ammari and S. Nicaise presented in [1] the stabilization of the coupled wave-plate system in the
Euclidean metric case (where the Gaussian curvature function on the whole domain equals zero). Inspired
by [1] and [12] in which Guo and Yao investigated the uniform stabilization of a single Euler-Bernoulli
plate equation on a Riemannian manifold, we consider the stabilization of the wave equation coupled by the
interface with an Euler-Bernoulli plate equation on a Riemannian manifold. By introducing the nonlinear
boundary feedback control on the boundary of the domain (not on the interface), we establish the uniform
energy decay rate for the coupled system.

The main tool we use is the geometric multiplier method, which first appeared in [23] and subsequently
in [8,10,14,22,24,25], and many others. First, we establish energy estimates for the coupled wave-plate
system on Riemannian manifolds. Then, under different assumptions on the growth rate of the nonlinear
feedbacks on the boundary, we obtain the exponential and polynomial energy decays of the coupled system
in Theorems 2.2 and 2.3, respectively.

The content of this paper is organized as follows. We introduce the notations and state our main results
in Section 2. In Section 3, we establish the energy estimates for the transmission system by the geometric
multiplier method. Finally in Section 4, we present the proofs of the main results.

2. Main results
2.1. Some notations

We introduce some notations and definitions which are standard and classical in the literature, see [21].
Let M be a complete two dimensional Riemannian manifold of class C% with C3-metric g(-,-) = (-,-). We
shall denote it by (M, g). For each x € M, M, is the tangential space of M at x. Denote the set of all n
order tensor fields on M by T™(M) = J, ¢ Tt (M), where n is a nonnegative integer. It is well known that
the space T (M) of n order tensor on M, is an inner product space. Its inner product is defined by

2
<T1,T2>T:, = Z Tl(eil,- . ,ein)Tg(eil,~-~,ein) at Z, (21)

11,82, in=1

for any T1,T> € T7(M), where e1, es is an orthonormal basis of M, for z € M. For any T € T?(M), the
trace of T is defined by



1506 W. Zhang, Z. Zhang / J. Math. Anal. Appl. 422 (2015) 1504-1526

T => T(eie). (2.2)
i=1

Further, we denote by V the gradient, by D the Levi-Civita connection, by D? the Hessian, by A = div(V)
the Laplace-Beltrami operator in the Riemannian metric g. For any vector field H on M, DH is the covariant
differential of H which is a second order tensor field in the following sense:

DH(X,Y) = DyH(X) = (DyH,X) forall X,Y € M,, = € M. (2.3)

For scalar function u we have Du = Vu.
We refer the readers to [9,12,24] for further relationships.

2.2. Statement of the problem and main results

Let £2 be an open, bounded, connected subset of M with smooth boundary such that 2 = 2, U {2y,
where (2;, i = 1,2 are two disjoint open connected bounded domains with smooth boundary. They satisfy
that 2, N2y =S, 921 = SUTIY, and 92 = S U Ty, where S # (), I't # () and I, # 0.

We consider the wave equation in {27 coupled with the Euler—Bernoulli plate equation in {2 by the
interface S under nonlinear boundary feedbacks v; (i = 1,2,3). More precisely, we consider the following

System:

O2uy(z,t) — Aug(z,t) =0, in 27 x (0,400),

D2ug(w,t) + A%ug(z,t) — (1 — p)d(Kduz)(z,t) =0, in 25 x (0,+00),

ui(z,0) = ud(x), du;(x,0) = ul(x), inf&, i=1,2,

up = ug, Brug =0, Baugy = 0,,uq, on S x (0,400), (2.4)
Oy ur = vy, on Iy x (0, +00),

Biug = vo, on I x (0,400),

Bouy = vs, on Iy x (0, +00),

where v; = v;(x) denotes the unit outward normal vector of (2; along 902; = I; U S for i = 1,2. Here

Oy, u; = gz?' = (v;, Du;). In the above system, K is the Gaussian curvature function on {25, 0 < p < % is

the Poisson coefficient, d is the exterior derivative, ¢ is the formal adjoint operator of d, and the boundary
operators By, By are defined on 082, = I3 U S as follows:

By = Ay — (1 — p)D?y(72, 72),

0
B2y = aV2Ay + (1 - M)g (DQy(T% VZ)) + Kal/zya
2
where D?y is the Hessian of y and 7, is the unit tangential vector along the boundary 02, = IL U S.
The nonlinear functions v; (i = 1,2,3) are the feedbacks implemented on the boundary acting through
the FEuler-Bernoulli equation and the wave equation, respectively. In the present work, we will use the
following nonlinear boundary feedback laws:

vy = —a(z)ur — p(Gruq), vy = —fB(x)0y,us — h(0,,0ruz), vy = y(x)uz + q(Opug). (2.5)
Remark 2.1. The term (1 — p)d(Kdug) in system (2.4) comes from the curvedness of the Riemannian

metric g. Transmission system (2.4) is considered in [1] when M = R? K = 0 (the Euclidean metric case),
and p(s) = q(s) = h(s) = s (linear boundary feedbacks).
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In what follows, we write system (2.4) as an abstract Cauchy problem to treat its well-posedness.

Define a Hilbert space, by

H= {(U17w17UQ7w2) € Hl(Ql) X LQ(Ql) X H2(92) X L2(QQ), ’ul‘s = U2|5}

equipped with the inner product

<(u17w17u23w2)a (yla 21, Y2, Z2)>H

- /((Dul,Dy1> —|—w121)dx—|—/(a(u2,y2) + wazp)dx
Ql 92

—|—/a(w)ulylda—l—/(B(x)&,qu&,zyg —|—’y(3:)uzy2)do'.

[‘1 F2

Then we define the operator A in H by

0 Id 0 0
A 0 0 0
0 0 Id
0 0 —A%24(1—p)sKd 0

with the domain

D(.A) = {(ul,wl,u2,w2) eH ‘ (wl,Aul,wg,—A2u2) €eH,

Biuz =0, Bauy = 0y, u1, on S,

aulul = —a(x)ul _p(wl)a on Fla

Bius = —3(x)0y,us — h(dy,wa), on Iy,

Byuy = y(x)uz + qws), on Iy},

1507

(2.8)

By the semigroup theory, we can show that the operator (A, D(A)) defined by (2.7) and (2.8) generates
a contraction semigroup on the Hilbert space H endowed with the inner product (2.6). Thus we can obtain
the well-posedness for problem (2.4). Here we state this proposition without proof. Its proof is similar as

that in [1].

Proposition 2.1. For all given initial data (uf,ul,u3,ul) € H, problem (2./) admits a unique global weak

solution

(uq1, Opuy, ug, Orug) € C([O,oo);D(A)) N C’l([O,oo),H).

We define the energy of a solution

U, I E 017
u =
U2, T € 027

of system (2.4) with feedback laws (2.5) by

(2.9)
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E(t) = %{/(}&uﬂx,t}ﬁ + |Du1(x,t)|2)dx + /(|8tu2(x,t)|2 —|—a(uQ,uz))dx}
(o2 023
+ % /a(x)’ul(x,t)|2da + % /(B(x)|6u2u2(x,t)‘2 + (@) us (@, )| ) do, (2.10)
I Iy

where the bilinear form a(-,-) is defined on H?(§22) x H?(£2;) by

a(y,z) = (1— u)<D2y,D2z>T2 + u(trDzy tr DQZ), (2.11)

where the inner product (-,-)72 and operator trT" are given in (2.1) and (2.2), respectively. The following
formula presents the relationship between the interior terms and boundary terms, which can be found in
[12, Lemma 3.1]:

/[AQy — (1= pé(Kdy)|zdx = /a(y7z)dx - / Blyg—lzda—k / Bayzdo, (2.12)

22 (o2 ILus I,us

for all y € H*(§2) and z € H?((2,). By using the above formula (2.12) and Eq. (2.4) we have

d

%E(t) =— /p(atul)é‘tulda - /(h(@watuz)ﬁyzé‘tw + q(dyu2)Opuz)do. (2.13)

Fl F2

Here we can see, if we assume that p, ¢ and h are nondecreasing continuous functions such that p(0) =
q(0) = h(0) = 0, it follows from (2.13) that system (2.4) with feedback law (2.5) is dissipative in the sense
that the associated energy E(t) is non-increasing.

To obtain the stabilization of problem (2.4), the following geometrical hypotheses are assumed:

Geometrical assumptions. Given the triple {21, S, {22}, there exists a vector field H on Riemannian manifold
(M, g) such that the following three properties hold true:

(A.1) DH(-,-) is strictly positive definite on §2: there exists a constant p > 0 such that for all z € £2, for all
X € M, (the tangent space at x):

DH(X,X)= (DxH,X) > p|X|?. (2.14)

(A.2) (Hyv;) > 6 on I}, i=1,2, (2.15)
for some positive real number 6.

(A.3) (H,v;) =0, i=1,20nS. (2.16)

Remark 2.2. For any Riemannian manifold M, the existence of such a vector field H in (A.1) has been
proved in [23], where some examples are given, too. See also [24]. For the Euclidean metric, taking the
vector field H = z — ¢ and we have DH(X, X) = | X|?, which means assumption (A.1) always holds true
with p =1 for the Euclidean case.
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Our main results can be summarized as follows:

Theorem 2.2. We assume geometric assumptions (A.1)-(A.3) hold. Assume there exist some constants ;,
Bi and vy; (i =0,1) such that

a(z) € L*®°(I1), a1 >alx)>ay >0, only, (2.17)
Blx) € L=(Is), B1 > p(x) > Po >0, only, (2.18)
v(x) € L®(I3), v >~v(x) >~ >0, onls. (2.19)

We assume the nonlinear feedbacks satisfy

p(x) € C°(R), nondecreasing, p(0) =0, p(s)s >0, for all s # 0, (2.20)
q(z) € C°(R), nondecreasing, q(0) =0, q(s)s >0, for all s # 0, (2.21)
h(z) € C°(R), nondecreasing, h(0) =0, h(s)s >0, for all s # 0. (2.22)
Let u be a solution of system (2.4).
(i) If there exist Lo, L1, Lo, L3, Ly, L5 > 0 such that
sl Isl Isl
T < p(s) < Lo|s|, < q(s) < Lsls], < h(s) < Ly|s|, forallse R, (2.23)
1 3 5

then for any given Cy > 1, there exists a constant wy > 0 such that
E(t) < CoE(0) exp(—wit), for allt > 0. (2.24)
(it) If there exist Lo, Ly, Lo, L3, Ly, Ls > 0 and k > 1 such that
1. .
I, mm{|s|7 |s] } < p(s) < Lo|s|,
1. .
I mm{|s|7 [s] } < q(s) < Ls|s|,
3
1
- min{]s|,|s|"} < h(s) < Lals|, (2.25)
5

for all s € R, then for any given Cy > 1, there exists a constant we > 0, depending continuously on E(0)
such that

E(t) < CoE(0)(1 + wat) %1,  for allt > 0. (2.26)

Theorem 2.3. Assume assumptions (2.17)-(2.19) and (2.20)-(2.22) hold true. In addition, if there exist
several constants Lo, L1, Lo, L3, Ly, Ls >0 and k < 1 such that

s
1 < p(s) < L masc{ sl |sP"}.
1
‘Li‘ < q(s) < L5 max{[s], |s|*},
3
lsl < h(s) < L§ max{|s|, |s|*}, (2.27)

Ls
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for all s € R, then for any given Cy > 1, there exists a constant wz > 0, depending continuously on E(0)
such that

E(t) < CoE(0)(1 + wst) T8, for all t > 0. (2.28)
3. Some technical lemmas

To get some technical estimates for the solution of problem (2.4), in this section we assume that u is a
strong solution. By a classical density argument we can see that these estimates hold for a weak solution.

Lemma 3.1. (See [12, Lemma 5.1, p. 55].) Let y,w € H*({23). Then we have

/(A2y — (1 = p)d(Kdy))wdx = /a(y,w)dx - / Blyg—:j;do + / Byywdo. (3.1)

022 £ 0822 0822

Lemma 3.2. Let H satisfy assumption (A.1). We have

[ otz = 5 [ atwitrmds +p [ atis + ), (32)
2 082 22
where
o) = nr D) - - [ i) (33)
£2:

which is a lower order term with respect to a(y,y) and p is the constant given in (2.1/]).

Proof. Since D?y is a symmetric second order tensor field, we have from [25, Lemma 2.7] that

(D?y, D? (H(y))>T£ = %H(|D2y|§,§) +2DH (D%y, D%y) + <D2y,l(y)>Tm2, (3.4)
and
tr Dy - tr D*(H(y)) = %H((Ay)z) + 2DH(Ay, Ay) + tr D?1(y), (3.5)

where I(y) = —R(Dy,-, H,-) — D*H(Dy,-,-) and “-” denotes the position of the variable. Here R is the
curvature tensor of the Levi-Civita connection D (for details see [21]).
Applying Cauchy—Schwartz’s inequality, we have

/<D2y, l(y)>T§ dx

2

2 1 2
< p/|D2y}T3da: iy /}Z(y)|T3dx, (3.6)
.Qz Q2
where p is given in (2.14). Combing (3.4), (3.5), (3.6) and assumption (A.1) we obtain

1 1 2
ot tt)de =5 [ atwptmds+o [ s+ pe D) - - [0,
Qz 092 QQ 92

We notice that both [, |I(y)|72da and tr D?I(y) are lower order terms respect to a(y,y). Thus we denote
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9 1 2
L(y) = ptr D?(y) — ” )| 72
2

and the proof is completed. O

Lemma 3.3. Let y € H*({2) be such that

A%y e L2(£2), on (29,
By =0¢€ L?(9), on S,
Boy = x1 € L*(S), on S, (3.7)

By = vy € L?>(I%), on I3,

(
Boy = vs ELQ(FQ) on I5.

Then we have

_ /(AQy — (1 — w)3(Kdy)) H(y)da

< —p/a(y,y)dx+£(y) —/le(y)dU

29 S
e / (oal? + fos2 + 4 (@)lyl? + B(2)|Buayl?) do, (3.8)
I

where H s the vector field defined in (2.14), C > 0 is a constant independent of function y, and L(y)
defined in (3.3) is the lower order term respect to a(y,y).

Proof. By Lemmas 3.1 and 3.2 we deduce that

/(AQy — (1 — p)é(Kdy))H (y)da

£29

> % / a(y,y)(H, u2>da+p/a(y,y)d:c+£(y)— / B1ydy, (H (y))do + / BayH (y)do

082> 25 [oX02) 1ok 02
0
> 5 [awvdo o [ alpdo s L)~ [ vt (Hw)do
FQ .Qg F2
+ [t + [wH@d (3.9)
S I>

where via assumptions (2.15) and (2.16) we have that

5 [ v sas = [ty = 3 [ atw)ao

6.(22 Fz F2

Since H is a vector field, there exists a constant C' > 0 independent of y such that

100, (HW)[* < C(100,y1 + [D?y]3,).
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Thus we have

— )b c
/|v25‘u2 }dg < (1 4;) /|8y2 (H(y))|2dg+ (1_M)9/|U2|2da
I

I

(1_M)9/ 2,12 (1_M)9/ 2 c / 2

<P Al a7id -

< 1 |D y’T3d0+ 1 |8y2y} do + =)0 |va|*do
FQ F2

Iy

0 (1—p)o ) c / )
< Z /- [ .
< 4/a(y,y)d0+ 1 /I8u2y| do + a=00 |va|*do, (3.10)

I I, Iy

recalling the definition of a(y,y) in (2.11).
Next, we estimate the term [, v3(H(y))do. Let oo be the smallest positive constant such that

J1stas < oo [1D%]7, + [ @lonl +k)as (3.11)
I 2

I

for any y € H?(§2,). It follows from the above inequality (3.11) that
Jlestwldo < sup || [ Jua]| sl
el

Iy
<7/|V 2do + (Supxef2 Y200 /| vs[2do

IN

0
<7 [atwdo +C [( + 510y +2lyP)do. (312)

FQ FQ

Substituting estimates (3.10) and (3.12) to inequality (3.9) yields the desired estimate (3.8). O
Lemma 3.4. Let w € H%(£2) be such that

Aw € L3((y), on (2,
w = x2 € L*(S), on S, (3.13)
Oy, w=wvy € L3(I)), on I}.

Then we have

/Aw w) + oyw)dr < — /<p+01 — ;divH(x)>|Dw|2+/3ylw(H(w)+01w)da
S

o3

+C</v% +/aw2do>, (3.14)

I I

for any constant o1. Here C > 0 is a constant independent of function w.
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Proof. Using the identities in [23, Theorem 2.1] we have

/ AwH (w)dz = / H(w)d,, wdo — / DH(Dw, Dw)da

2 o 2
1 1
~3 / |Dw|2<H,V1>dU+§/|Dw|2divH(x)dz, (3.15)
891 Ql
and
/UlAwwdx = /le&,lwda—/ol\Ddex. (3.16)
2 o 21

Due to (3.15) and (3.16), we have

1
/Aw(H(w) + oyw)de = / (H(w) 4 01w) 8y, wdo — 3 / |Dw|*(H, vy)
(P2 02,=I1uUsS o =I1uUs

- /DH(Dw,Dw)dx - /(m — %div H(ac))|Dw|2

Ql Ql
1
< / (H(w) + o1w) 8y, wdo — 3 / |Dw|*(H, vy)
0,=I1us o2 =Ius
1
—/<p+ 1= divH(:r)) | Dwl?. (3.17)

1

Now we notice that Young’s inequality yields

/8,,1wH(w)da < e(sup|H|) /|Dw|2da—|—C’e/U%dU, (3.18)
Iy
Fl Fl

Iy

and

1 2 ‘7% 2
Oy, woywdo < 3 vido + > wdx
Iy

Fl Fl
1 2 i 2
< 3 vido + a0 ow*dz, (3.19)
Fl Fl

where g is the positive lower bound of a(x) given in (2.17). Using assumptions (2.15) and (2.16) we have

1 1 0
-5 / |Dw|*(H,v,)do = —§/|Dw|2(H,V1>dU < —§/|Dw|2da. (3.20)
891 F1 Fl

Finally substituting estimates (3.18), (3.19) and (3.20) to (3.17) yields the desired estimate (3.14). O

Corollary 3.5. Assume that geometric assumptions (A.1), (A.2) and (A.3) hold true. Let u be a strong
solution of problem (2.4). Then we have
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/Aul (H(ul) + Glul)daj — /(A2u2 -(1- u)5(l€du2)) (H(uz) + 01u2)dx

2 [
< —/<p+ o1 — %divH(m)) |Duy|? — (p + 01)/a(u2,u2)dac + C’</ V3 + /au%do)
21 25 I I
+ C/(v% +v3 + y(z)uj + B(2) |0, uz|?)do + L(uz), (3.21)
Iy

for any constant o1. Here C > 0 is a constant independent of function u, and L(usz) defined in (3.3) is the
lower order term with respect to the energy.

Proof. By Lemma 3.1, we have

_ /(A% — (1 — p)d(Kdus))oruzda

=—0 </ a(ug, ug)dx — / Bius0y,usdo + / Bzuzu2d0>

2, 8022=IUS 802.=I,US8
< -0y /a(ug,uQ)dx — /Bgug - (o1u1)dx
2 s
+C /(v% +v3 + y(z)uj + B(2)|0y,uz|*) do. (3.22)
I

We combine inequalities (3.8), (3.14) and (3.22) to obtain the desired estimate (3.21), noticing the boundary
condition on S in system (2.4). O

For the proof of the exponential and polynomial decay of the energy, we need the following lemma which
plays an important role in the proof.

Lemma 3.6. Let u be a smooth enough solution of problem (2.4). Consider z = (z1, z2) the solution of

Az (z,t) =0, in 21 x (0,+00),
A%z (x,t) — (1 — p)§(Kdzo(z,t)) =0, in 25 x (0, +00),
21 = 29,A20 = 0,0,,Az0 = 0, 21, on S x (0,+00), (3.23)
Z1 = uq, on It x (0,+00),
Zo = U3, on I'y x (0, +00),
Oy, 22 = O, Uz, on I'y x (0,+00).
Introduce the bilinear form
We) = [(Dor. Do+ [ ez, i, (3.24)

(o2 22

for all z,y € V', where

V= {z = (21,22) € H' (1) x H*(25) : 21 = 25 on S}.
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Then there exists a constant oo > 0 such that

/|z|2d:r < 02{/a}u1(x,t)|2do+/(ﬂ|8,,2u2(:17,t)|2 +’y}uz(x,t)|2)do}, (3.25)
(9] I Iy
b(z,u) = b(z,z) > 0. (3.26)

Proof. According to the classical theory for elliptic equations, we have
/|z|2dx < C{/‘zl(x,t)fdo—i- /(‘&,zzg(w,t)‘Q + !zg(x,t)f)da}, (3.27)
2 Iy I

which yields the desired estimate (3.25) as we notice assumptions (2.17), (2.18) and (2.19) on the functions
a(z), B(x) and y(x), respectively.
Next we aim to prove (3.26). Here we start with z € H2(£2;) x H*(§2,). By Green’s formula we have

/<Dz1,D(z1 —u))dz = / Oy, 21(z1 — up)do — /Azl(zl —uy)dx
2 EYel) o}

= /8ylzl(zl—u1)do. (3.28)
o

Applying Lemma 3.1 with y = 2o and w = 25 — ug, we have

/G(ZQ, z9 — ug)dr = /(A222 - (1= u)é(lCdzg))(ZQ — ug)dx

f)z 92
+ / Blzg&,z (2’2 — UQ)dO’ - / BQZQ(ZQ — ’LLQ)dO’
8(22 892
= / Blzgﬁuz (2’2 — ’LLQ)dO’ — / BQZQ(ZQ — UQ)dO’. (329)
802 892

Combining the above two equalities and using the boundary conditions in Eq. (3.23) we obtain b(z, z—u) = 0.
Finally by a standard argument of density, we complete the proof of Lemma 3.6. O

For further purposes, we assume u is the weak solution of Eq. (2.4) in class (2.9). Let z be the solution
of system (3.23). For some constant r > 0 we define

R(t) = /3tu(H(u) + ru+ o3z)dz, (3.30)
7

where the constants r and o3 are positive constants which to be determined later.

Lemma 3.7. Assume that geometric assumptions (A.1), (A.2) and (A.3) hold true. Let u be a strong solution
of problem (2./). Then there exist four positive constants Cy, Co, C3 and Cy such that

|R(t)| < C1E(t), (3.31)

R(t) < —gE(t) + Cs /(|5‘tu1|2 + p*(Opur))do

I
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+ C5 /(\3tuz|2 + qz(atUQ))do

I

e / (1912 Brtis]? + 1*(Bysyuz) ) dor (3.32)
I

Proof. The first estimate is easy to be verified by using Cauchy—Schwartz’s inequality and Lemma 3.6.
A direct derivation of R(t) yields

Rt)= [ ug (H(u) +ru+ ng)dx + /ut (H(ut) + ruy + O'32’t)

9]

I
DS R

Uy (H(ut) + ruy + 0'32575) + / Auq (H(ul) + rup + 032’1)
L0

— /(A2u2 — (1 = p)éKdus) (H(uz) + rus + o322)da
£22

= /Au1 (H(ul) + rul) — /(A2u2 —(1- u)élCduz) (H(uz) + ruz)dx
Ql -QZ
+ Ug/Aulzl — 03 /(A2uz —(1- M)élCduz)zgdm
21 £22
+ /ut (H(ut) + ruy + ngt)dm S+ 1+ I, (3.33)
o)
where we denote as
I = /Aul (H(u1) +ruy) — /(A2u2 — (1 = p)éKdus) (H(ug) + rus)dz, (3.34)
2 £2:
I, = o3 / Auiz; — o3 /(A2u2 -(1- u)élCduQ)Zde, (3.35)
.Ql Q2
Iy = /ut (H(ut) + rug + ngt)d.%‘. (3.36)

i)

Now we estimate the items Iy, Is and I3, respectively.
According to Corollary 3.5, we have

1
I < /(p+’f’ §divH>|Du1|2(p+r)/a(uz,uQ)dx+C</vf+/au%da>
2 2 Iy I

+C /(v% +v3 + y(x)uj + B(2)|0y,uz|*)do + L(uz). (3.37)
I

Due to Green’s Formula and Lemma 3.1 we have

I = 03{ / (Op,u1)z1 — /(Dul,Dzl)da:

(9.!?1 Ql
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_/Q(U2,22)+ / Blugf)l,zzgdo— /(BQUQ)ZQdU}

.(.)2 892 8~QZ
= 03{/v1u1 —b(u, z) +/U28,,2’UQCZO' — /vqudU}
Iy I I
S 0'3{/’0111,1 + /028V2u2d0 — /’UgUQdO’}, (338)
I Iy I

where we noticed the boundary condition on the common boundary S and estimate (3.26).
An integral by parts in space yields

1 1
/uitH(u”)dm =3 / w2 (H,v;)do — 3 /(div H)u;?dz. (3.39)

£2; 012, 2

Using Cauchy—Schwartz’s inequality we have

ag/utztdx
Q
o2
< e/\atu|2dx+ 4—‘3/|8tz‘2dx
€
Q 10

2
< e/ 1Opul?dz + "Z"i" {/a@tu12da + /(6|8l,28tu2|2 +7|8tu2|2)da}. (3.40)
2

€
I Iy

Substituting inequalities (3.39) and (3.40) to (3.36) yields

I3 <CO/|atU1|2dU+Co/|3tu2|2da+/<r+e_
I Iz 7]

2
+ 2% {/a|atul|2d0+ /(5|3u25tu2|2 +7|3tU2|2)d0}

4e
Fl F2
2 2
< (Co " ”Z—?) [ 0o + (Co " A”Z—j”) JACR
Fl FZ

2
45 12"3 / |0, 0yusz|2do. (3.41)

divH

)|8tu|2dac

I
Inserting estimates (3.37), (3.38) and (3.41) to inequality (3.33) yields
1 divH
R'(t) < /(p +7r— 5 divH) |Duy|? — (p+ r)/a(ug,ug)dzr + /(T +e— 1\; )|8tu|2dx
2

1 2

—|—C/<;1/v%—i—C’/a(m)ude—i—Clig/vgda—i—C’/ig/vgdo

I I I I

+C’/(7(x)u§+6(a:)|8y2u22)d0+03{/v1u1+/v23y2ugda—/v3uzd0}
I I

Fz F2
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010903 0902
+(Cp+ 22223 /|3tu1|2d0+ Co + 12273 /|8tu2|2d0
4e 4e
I, I

2
n % / |0y, 0yuz|2do + L(us). (3.42)

First by the definition of the energy we know

1 divH
—/(/J—¢—7'—5divH)|Du1|2 (p+ )/ a(usg, usg da:—i—/(r—Fe v )|3tu|2dx

o, 25 [0}

1 3 1
— _pE(t) — 2 — ZdivH ||Duy |?
LoE() /(4p+r L div )|uu

i

1 div H
_ (Z;H—r)/a(ug,ug)dx+/<1p+r+e_ iv >|8tu da
Q 7}

2

1
+ —p/a(m)’ul(x7t)|2da+1p/( )| 0y uz(z, t) ] + (@) |uz(z, t)’ )do

In Iy

< —BE(t) +2 /a(ac)|u1(x,t)|2da

- 2 4
I
+§/( )| Buy (2, 1) + () |ua(x, 1)| ) do, (3.43)
Iy

where we notice div H = tr DH > 2p and take

1
0< < leH*%p<T< dlvapre

Next we use feedback laws (2.5) and assumptions (2.17)-(2.19) on the functions a(z), f(z) and v(z) that
lead to

V3 < —20v1u1 — ol + ﬂ102(8,51“) on Il x (0, 00), (3.44)

Ug S *2ﬂ1’t)28y2UQ 61B‘3V2U2|2 ﬂ h2(8yz8tu2) on FQ (0, OO), (345)
2 2, N 2

vy < 271v3u2 — Y1YUs + %q (Oruz) on Iy x (0,00). (3.46)

Using the above inequalities (3.43), (3.44), (3.45) and (3.46) in (3.42) to get

R'(t) < ng( )+ C(E +1-— /<;10q> /a(x)u%dcf

In

+cQC+LWWQ/<> w+c@C+LwﬁQ/mwmwﬁw
I

2

+ (o3 — 20/11041)/1117“ + (03 — 2CKa 1) /vgﬁuzugda — (03 — 2C/€371)/U3u2d0

I I> I
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+ (C’o + a10203) / |0 | da—i—Cm—/pQ(atul)da
o

Iy

(Co + 710203) / |Ous|?do + Cli3% /qQ(atuz)da
0

4
I Iz

510203 /|(9,,25tu2| d0+0,§2§1 /h2(3V23tu2)d0+C(u2)'
0

Iy

1519

(3.47)

Here we notice that both o3 and &; (i = 1,2, 3) are constants to be determined. To get rid of the integration

terms about viuy, v99,us and v3us we can take

03

g > 1,
1 2Cay —
o3
frng > ]_,
"7 50, ~
o3
— >1
K3 20’}/1 =

which means we only need to choose the constant o3 such that

o3 > 2C max{a1, B1,M}-

Thus we obtain

R(t) < —gE( )+ L(uz) + C(l - % + E) /a(m)u%da

I

+C’<1—%—F%)/W(ac)u%da—i-C(l———k—)/B V|0, uz)?do

2

2
+ (p+co+0‘1‘i—§”3> /|8tu1|2da+Cn1%/p2(8tu1)da
0

Fl Fl

2
+ (p+Co + 712“:’3) /|8tuQ|2dJ+Cn3%/qz(atuQ)da
0

2

510203 /|8l,26tuz| do+Cl€2g1 /}ﬂ(&,zatm)dcr
0

I

To get rid of the integration terms about u?, u3 and |0,,uz|* we need

o >2C<1+%>.

Combing (3.48) and (3.50) we take o3 = 2C' max{a1, 81,71,1 + f%} to obtain
(1) < LB + 0 /(\@ul\Q 4 p2(0rwr))do
I

+ C3 /(|atU2|2 + q2(atU2))d0'

I

(3.48)

(3.49)

(3.50)
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+Cy /(|6,zam|2 + h*(0y,0u2))do + L(uz).

I

(3.51)

Finally, by a compactness-uniqueness argument, the lower order term L(u3) can be absorbed. Thus we get

the desired estimate (3.32). O
With these lemmas we can get the desired decay rate of the energy.

4. Proof of the main results

Proof of Theorem 2.2. Our proof is similar to that in [12,20]. For the sake of completeness, we give the

sketch of the proof.
For any € > 0, we define the functional

E.(t) = B(t) + <R(t) (E(t)) "2,
Since E(t) is nonincreasing in ¢ and by Lemma 3.7, we have
(1—-eCiEO)* V) E(t) < E.(t) < (1+CLE(0)*D/2)E(t).
Thus for any given constant Cy > 1, a straight computation shows that

—-1/2 k+1)/2 1/2 k+1)/2
CO / (Eg(t))( )/ <E(t)(k+1)/2 SCO/ (Eg(t))( / ,

provided ¢ is small enough such that

A simple computation leads to

k—1 (k;:i) (k—1)

El(t)=FE'(t)+¢ 5 (E(t)) R()E'(t) +e(E(t)) = R'(t).

(4.3)

(4.4)

Using assumption (2.23) or (2.25) on functions p(s), ¢(s) and h(s) we deduce from (3.32) that there exists

a constant C5 > 0 such that
R/(t) S —gE(t) + C5 / |8tu1\2da + C5 /(|at’LL2|2 + |8u26tu2|2)d0'.
I Iy
By (2.13), (4.5) and Lemma 3.7, we have

k41

EL(t) < —gE(E(t))T - (1 —|—e’:‘k ; 1E(0)k2101> /p(@tm)@tmda

I

k—1 —1
- (1 +e 5 E(O)kTCl> /(h(ayzatug)&,ﬁtm + q(dyu2)Oyus)do

I

(k=1)
+eC5(E()) * {/|8tu1|2d0+/3tu2|2d0+/|6‘y28tu2|2d0}.
I I I

(4.5)
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(i) If kK =1, then by (2.17)-(2.19), (2.23) and (4.6) we have
BL(t) < ~eB(t) - / p(Orur) Py do
Iy

_ /(h(@uzatu2)8V28tu2 + q(dyu2)Opuz)do

I

+6C’5{/|8tu12d0+/|5‘tu2|2d0+/|6,,25‘tu2|2d0}
I I I

< —gsE(t) + (=1 +¢eC5Ly) /p(atul)atulda

In

+ (—1 + €C5(L3 + L5)) /(h(ay26tu2)8y28tu2 + q(atUQ)at’LLQ)dU.

I
By choosing eCs(Ly + L3 + Ls) < 1, we obtain
L) < ~2eB(t) < ~2eCy VB,

Then (4.3) and (4.8) imply that

E(t) < CoE(0) exp (—gsCo_l/Zt) = CoE(0) exp(—w1t),

with the constant wy = 550(;1/2.

(ii) If £ > 1, by (2.17)-(2.19) and (2.25) we have

|s|*T1 < Lip(s)s for all |s| < 1; |s|* < Lip(s)s, forall |s| > 1,
|s|*t1 < Lsq(s)s forall |s| <1;  |s|> < Lsq(s)s, forall |s| > 1,
|s|Ft1 < Lsh(s)s for all |s| < 1; |s]* < Lsh(s)s, forall |s| > 1.

Using (4.9) we have

(k-1)
s (E(1) / Oy 2o

I
(k=1) 9 (k=1)
S€C5(E(t)) 2 |8tu1| d0'+805(E(t)) 2
Mn{|dsul|>1} Iin{|0cus| <1}
(k—1)
S6C5L1(E(O)) 2 / p(@tul)()tuldo’

Flﬂ{|81u1\21}

(k—1)

+eC5(E(t)) *

|0y |*do.

In{|0su1|<1}

|0y | do

1521

(4.7)

(4.8)

(4.9)
(4.10)
(4.11)

(4.12)
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Now applying Young’s inequality to the second term on the RHS of (4.12) we get

(k—1)

eCs (E(t)) 2 |8tu1|2do
Iin{|ocur|<1}
(k1) &3
< %E(t) S e(2p71Cs) Iatull2d0>
Flﬁ{\atuﬂgl}
But by Holder’s inequality we know that
(k;l) (kgl)
( / |8tu1|2d0) < ( / do / |0y |* T do
Flﬂ{|6tu1\§1} Flﬁ{\c’)tuﬂgl} Flﬁ{\(’)tuﬂgl}
< (meas 1) S Ly / p(Opur)Orurdo.

nn{|ou|<1}

Substituting (4.13) and (4.14) to (4.12) gives

€C5
< ep )(k;rl)
8
(k=1 L
+ 8L1{C5 (E(O)) 2+ (meas Fl) (2,0 05 )Gtuldo'.
Similarly, using (4.10) and (4.11) we show that
€C5
< %E(t)i(k;n
8
(k1) L
+¢eL3{C5(E(0)) * + (meas Fg) (2p C5 VOruado,
and
(k=1
805 (E(t)) 2 /|8V28tU2|2d0'
I
2

ep
< —E(t
< LE()

(k—1

(k—1) (k+1)
+5L5{C5(E(0)) 2 +(measF2) (2p 1C’5 B }/h(ay28tu2)8y28tu2da.

Plugging (4.15)-(4.17) into (4.6), it follows

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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provided ¢ is chosen such that

(k—1) (k—1) (k+
2

E(Ll + L3+ L5){C5 (.E(O))T + (measF1 @] Fg)i (2p_105) 21)} <1

Combining (4.18) and (4.6), we obtain

__k_ k— k-1 2
Et) < C’OE(O){I +ep C, " E(0)2} =CoE0)(1 +wat) 1 forallt>0, (4.19)

k-1

ok
with the constant w, = ep®tCy ' E(0) T . O

Proof of Theorem 2.3. The proof of this theorem is similar to that of Theorem 2.2 provided k is replaced
by % Here for the sake of completeness, we give the sketch of the proof. For any € > 0, we define the
functional

1-k)/2k

E-(t) = E(t) + eR(t) (E(t))" (4.20)

Since F(t) is nonincreasing in ¢ and by Lemma 3.7, we have
(1—eCLE0) MM E1) < B.(t) < (1+C1E(0)=M/2R) E(t). (4.21)

Thus for any given constant Cy > 1, a straight computation shows that

/2k

ooV (Ea(t))(k+1)/2k < B(t)+D/2k < o1/2 (Eg(t))(kH) , (4.22)

provided ¢ is small enough such that

< (E(O))(k—l)/2k(1 _ Co—k/(kJrl))/Cl'

A simple computation leads to

1-— k (1—3k)

BL(t) = B'(t) + e~ (B() ™ ROE'(H) +(E®) ™ R(2). (4.23)

Using assumption (2.27) on functions p(s), ¢(s) and h(s) we deduce from (3.32) that

R'(t) < —gE(t) + Cs (/pz(ﬁtul)da + /(qz(é‘tug) + h2(8y28tu2))d0), (4.24)

I I

with the constant Cs = max{Co(1 + L?),C3(1 + L3),C4(1 + L2)}.
By (2.13), (4.24) and Lemma 3.7, we have

1tk 1-k 1—
B0 < ~5e(E0) % 1 (<14 B0 F ) [ pom)onds

I

1—-k -
o E(O)Zkkcl) /(h(@,,gatuQ)ByzatUQ +q(atU2)8tU2)dO'

Iy

+(—1+5

+¢eCq (E(t)) E {/p2(8tu1)do' + /(qz(é‘tuz) + h2(3V23tuQ))da}. (4.25)

Fl FZ




1524

By (2.17)-(2.19) and (2.27) we have

Ip(s)| "0 < Lop(s)s for all |s| < 1;
la()] *T7* < Log(s)s for all |s| < 1;
In(s)| "% < Lyn(s)s for all |s| < 1;

Using (4.26) we have

A-k)

eCs(E(t) =

/p2 (8tu1)da
I

(A—Fk)

<eCs(E(t) **

Inn{|6sus|>1}

A=k)

<eCL{(E(0))
Flﬁ{‘atul IZI}

(A=k)

+eCq(E(t)) *

In{|0su1|<1}

pz(ﬁtul)da +€CG (E(t)) 2k

W. Zhang, Z. Zhang / J. Math. Anal. Appl. 422 (2015) 1504-1526

|p(s)’2 < LEp(s)s, forall |[s| > 1,
‘q(s)|2 < Lq(s)s, forall |s| > 1,

|h(3)’2 < L¥n(s)s, forall |s| > 1.

(1—k)

p2 (8{&1 )dU

I'nn{|0tus|<1}

p(f)‘tul)atulda

p?(Oyuy )do.

Now applying Young’s inequality to the second term on the RHS of (4.29) we get

-k

eCe(E(t)) ** p?(0ur)do
Flﬁ{\é)tuﬂgl}
(k+1) %

< %)E(t)(k;l) +5(2p_106) 2k pQ(atul)do>

Iin{]8su|<1}
But by Holder’s inequality we know that
(k+1) 1-k)
2k 2k E+1
p2(atu1)d0.) < do / |p(3tu1)| k do
Iin{|8,u1 <1} In{|8,ur [<1} In{|8.u1|<1}
(1—k)
< (measIy) 2x L p(Opu1)Orurdo.

Substituting (4.30) and (4.31) to (4.29) gives

C(E() ™

/ p?(0yur)do

1—k)

A—k)
+e{CsL§(E(0)) * + Lo(measI?)

In{|dsuq|<1}

(1—k) _ (k+1)
zkk (2p 106) 2k }/p(@tul)atulda.
I

(4.26)
(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)
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Similarly, using (4.27) and (4.28) we show that

A=k )
€CG(E(t)) 2k /q (Oruz)do
I
(k+1)
2k

ep
<LE@
g E)

(—k) (k+1)
+5{06L§(E(0)) 2> +L2(measf’2) (2p 'Cs) et }/q(@tuQ)E)tquo, (4.33)

and

a—k)
eCs(E(t)) = / h%(8,,0us)do

Iy
ep (et
L ()
& (A—k) (k+1)
+8{C6L4 (E(O)) 2k —|—L4(measF2) (2,0 6) 2k }/h(@uzatug)awatuzda. (434)
I
Plugging (4.32)-(4.34) into (4.25), it follows

Bt < -2 (B0) F < -0 (B.0) 7 (4.35)

provided ¢ is chosen such that

1

—k (1—k) (k+1)
s{ <C6(L’5 + L5+ 1Y) + 7@) (E(0)) ** 4 (Lo + L2+ La)(meas Iy U )= (2p 'Cq) } <1.

Combining (4.35) and (4.25), we obtain

1-k — 1 1- 2
B(t) < C’OE(O){I +ep——Co ’““E(O)%k} = CoE(0)(1 +wst) =% forallt >0, (4.36)

L 1-k

with the constant wy = ep22Cy 1 E(0) 2 . O
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