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1. Introduction

The aim of this paper is to put forward a concept of summability of formal (i.e. divergent in general) power
series with controlled growth in their coefficients in the framework of general Carleman ultraholomorphic
classes in sectors, so generalizing the by-now classical and powerful tool of k-summability of formal Gevrey
power series, introduced by J.-P. Ramis [36,37].

Given a sequence of positive real numbers M = (M, ),en,, the Carleman ultraholomorphic class Aw(G)
in a sectorial region G of the Riemann surface of the logarithm consists of those holomorphic functions f
in GG whose derivatives of order n > 0 are bounded on every bounded proper subsector of G by, essentially,
the values n!M,,. Equivalently (see Subsection 2.3), these functions admit a (non-uniform) M-asymptotic
expansion at 0 in G, given by a formal power series f = >0 an?"/n! whose coefficients are again suitably

bounded in terms of M (we write f ~p f and (an)nen, € Ami; f is said to be flat if B(f) is the null sequence).
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The map sending f to (an)nen, is the asymptotic Borel map B, and its injectivity in Ay (G) means that
every function f in such a class is determined by its asymptotic expansion f' (in other words, the class does
not contain nontrivial flat functions). In this case, the class Ay (G) is said to be quasianalytic, and it makes
sense to call f the sum of f ; this is the idea behind summability methods in this context.

We will only consider strongly regular sequences M as defined by V. Thilliez [40], which are subject to
standard conditions guaranteeing good properties for the considered classes (see Subsection 2.2). The best
known example is that of Gevrey classes, corresponding to M, = (n!*),en,, @ > 0, for which we use the
notations ﬂa(G), Aoy | ~a f and so on, for simplicity. Let us denote by S, the sector bisected by the
direction d = 0 and with opening 7. It is well known that B : fia(Sv) — A, is injective if, and only if|
~v > a (Watson’s lemma, see for example [2, Prop. 11]). This result is the departure point for the definition of
1/a-summability in a direction, introduced by J.-P. Ramis [36,37]. A paradigmatic example of flat function
in Ay (Sa) is fa(2) = exp(—2~Y/9), and it gives rise to kernels in terms of which one may define formal
and analytic Laplace and Borel transforms permitting the reconstruction of the sum of a given Gevrey
formal power series belonging to g(f{a (S4)) for some v > a. The technique of multisummability (in a sense,
an iteration of a finite number of 1/a-summability procedures) has been proven to apply successfully to a
plethora of situations concerning the study of formal power series solutions at a singular point for linear
and nonlinear (systems of) meromorphic ordinary differential equations in the complex domain (see, to cite
but a few, the works [1,2,4,9,29,38]), for partial differential equations (for example, [3,6,15,27,34]), as well
as for singular perturbation problems (see [7,11,21], among others).

However, it is known that non-Gevrey formal power series solutions may appear for different kinds of
equations. For example, V. Thilliez has proven some results on solutions within these general classes for
algebraic equations in [41]. Also, G.K. Immink in [16,17] has obtained some results on summability for
solutions of difference equations whose coefficients grow at an intermediate rate between Gevrey classes,
called of 17 level, that is governed by a strongly regular sequence. Very recently, the second author [28] has
studied some singularly perturbed small step size difference-differential nonlinear equations whose formal
solutions with respect to the perturbation parameter can be decomposed as sums of two formal series, one
with Gevrey order 1, the other of 11 level, a phenomenon already observed for difference equations [10].

All these results invite one to try to extend summability tools so that they are able to deal with formal
power series whose coefficients’ growth is controlled by a general strongly regular sequence, so including
Gevrey, 1T level and other interesting examples. Our approach will be inspired by the study of moment
summability methods, equivalent in a sense to 1/a-summability, developed by W. Balser in [2, Section 5.5
and which relies on the determination of a pair of kernel functions with suitable asymptotic and growth
properties, in terms of which to define formal and analytic Laplace- and Borel-like transforms. These summa-
bility methods have already found its application to the analysis of formal power series solutions of different
classes of partial differential equations (for example, by the second author [25,26] and by S. Michalik [30,31]),
and also for so-called moment-partial differential equations, introduced by W. Balser and M. Yoshino [8]
and subsequently studied by S. Michalik [32,33].

It seems clear that an analogue of Watson’s lemma should be obtained for a proper definition of summa-
bility, and flat functions in sectors of optimal opening (like f,, see above) should be determined. We recall
that V. Thilliez [40] introduced a growth index (M) € (0, 00) for every strongly regular sequence M (which
for M, equals a), and proved the following facts: if v < v(M), then Awm(S,) contains nontrivial flat func-
tions; and, resting on Whitney-type extension results, he obtained a generalized Borel-Ritt—Gevrey theorem
(coming with right linear and continuous inverses for the Borel map). By means of these flat functions, the
authors [20] defined suitable kernels and moment sequences and reproved this last result by the classical
truncated Laplace transform technique, in the same vein as Ramis’ original proof. In the last section of [20],
and resting on some partial Watson-like results obtained by the first and third authors [22], some hints
are given on how to define a Laplace transform which behaves properly with respect to M-asymptotics,
and a definition of M-summability is suggested. However, the preceding results for general classes are not
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fully satisfactory, as the quantity (M) is not known to be optimal for quasianalyticity and, moreover, flat
functions are only obtained after restricting ourselves to sectors S, with v < (M).

These drawbacks have been recently overcome in the paper [39] by the third author. There, for every
strongly regular sequence M a new constant w(M) is introduced, measuring the rate of growth of the
sequence M in terms of which quasianalyticity may be properly characterized due to a classical result of
B.I. Korenbljum [19]. This constant is easily computed (see (7) and (4)), and indeed it is the inverse of
the order of growth of the classical function M(t) associated with M, namely M (t) = sup,,cy, log(t"/M,),
t > 0. So, a definition of M-summability in a direction d may be easily put forward, see Definition 3.3.
Regarding the construction of flat functions, V. Thilliez [41] had characterized flatness in Aw(S,) in terms
of non-uniform estimates governed by the function e~ (/120 much in the same way as the function P
expresses flatness in the Gevrey case. The theory of proximate orders, which refines the notion of constant
exponential order, allows one to specify the rate of growth of an entire function in terms of the function
M (t), and results by V. Bernstein, M.M. Dzhrbashyan, M.A. Evgrafov, A.A. Gol'dberg, I.V. Ostrovskii
(see [23,14]) and, in our regards, mainly L.S. Maergoiz [24], have been the key for the construction of
flat functions in S, ), whenever M induces a proximate order (which is the case in all the instances of
strongly regular sequences appearing in the literature). Section 4 is devoted to these results. We mention
that proximate orders had already been used in the study of some questions regarding multisummability,
see [5].

Now that we have assured its existence under fairly mild assumptions, we devote Section 3 to the intro-
duction of kernels of M-summability (see Definition 3.4), and the associated formal and analytic transforms,
in terms of which to reconstruct the sums of M-summable formal power series in a direction, as stated in
Theorem 3.18. Once our tool has been designed, it is necessary to test its applicability to the study of
formal solutions of different types of algebraic and differential equations in the complex domain. Our first
attempt is contained in the last section of the paper. The notion of formal moment-differential operator was
firstly introduced by W. Balser and M. Yoshino in [8]. Generally speaking, given the sequence of moments
me = (me(p))pen, of a kernel function e of order k£ > 0 (in other words and according to Remark 3.19(i),
a kernel for Ml /,-summability), one can define O, . as an operator from C[[z]] into itself given by

fp fp+1
Om, 2 2| = 2P,
S| -3 d

>0 Me (p)

in much the same way as, for the usual derivative 0, one has 0 (Zp>0 %zp) =2 .50 %21’. For two

sequences of moments my; = (m1(p))pen, and my = (ma(p))pen, of orders ki and kg, respectively, they
study the Gevrey order of the formal power series solutions of an inhomogeneous moment-partial differential
equation with constant coefficients in two variables,

p(amht:amz,z)ﬁ(ta Z) = f(t7z)a

where p(, §) is a given polynomial. Subsequently, S. Michalik [32] considers the corresponding initial value
problem

P(Omy tsOm, 2 )u(t,z) =0, 8,{117,511(0, z) =;(z) forj=0,...,n—1,

where P(\,€) is a polynomial of degree n with respect to A and the Cauchy data are analytic in a neigh-
borhood of 0 € C. A formal solution 4 is constructed, and a detailed study is made of the relationship
between the summability properties of @& and the analytic continuation properties and growth estimates for
the Cauchy data. We will generalize his results for strongly regular moment sequences of a general kernel
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of summability. A significant part of the statements are given without proof, since the arguments do not
greatly differ from those in [32]. On the other hand, complete details are provided when the differences
between both situations are worth stressing.

2. Preliminaries
2.1. Notation

We set N:= {1,2,...}, Ny := NU {0}. R stands for the Riemann surface of the logarithm, and C[[z]] is
the space of formal power series in z with complex coefficients.
For ~ > 0, we consider unbounded sectors

or, in general, bounded or unbounded sectors
S(d,a,r) :={z € R: |arg(z) — d| < %, |z| < r}, S(d,a) :={z € R:|arg(z) — d| < %}

with bisecting direction d € R, opening avm and (in the first case) radius r € (0, 00).

A sectorial region G(d, @) with bisecting direction d € R and opening am will be a domain in R such
that G(d,a) C S(d, ), and for every § € (0,«) there exists p = p(8) > 0 with S(d,8,p) C G(d,a). In
particular, sectors are sectorial regions.

A sector T is a bounded proper subsector of a sectorial region G (denoted by T' < G) whenever the
radius of T is finite and T \ {0} C G. Given two unbounded sectors T and S, we say T is an unbounded
proper subsector of S, and we write T < S, if T\ {0} C S.

D(zg,r) stands for the disk centered at zo with radius r > 0.

For an open set U C R, O(U) denotes the set of holomorphic functions defined in U.

R(z) stands for the real part of a complex number z, and we write |z | for the integer part of z € R, i.e.
the greatest integer not exceeding .

2.2. Strongly reqular sequences

Most of the information in this subsection is taken from the works of A.A. Goldberg and 1.V. Ostro-
vskii [14], H. Komatsu [18], V. Thilliez [40] and the third author [39], which we refer to for further details
and proofs. In what follows, M = (M,,)pen, will always stand for a sequence of positive real numbers, and
we will always assume that My = 1.

Definition 2.1. We say M is strongly reqular if the following hold:

(o) M is logarithmically convex: Mg < My_1Mpy, for every p € N.
(1) M is of moderate growth: there exists A > 0 such that

My < APYEM,My,  p,l € Np.

(v1) M satisfies the strong non-quasianalyticity condition: there exists B > 0 such that

M, M,
<B—2 . peN,.
j; ((+ DMppy = Myyy P57
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Example 2.2.

(i) The best known example of strongly regular sequence is My, := (n!*),en,, called the Gevrey sequence
of order a > 0.

(ii) The sequences My 5 := (n!1* T _, log” (e + m))neNO7

(iii) For ¢ > 1, M = (q”Q)neNO satisfies (ap) and (1), but not (u).

where o > 0 and 8 € R, are strongly regular.

For a sequence M = (Mp,),en, verifying properties (o) and (1) one has that the associated sequence of
quotients, m = (myp := Mpi1/Mp)pen,, is an increasing sequence to infinity, so that the map A : [0, 00) — R,
defined by

hy(t) == piéleo Myt?, t>0; hn(0) = 0, (1)

turns out to be a non-decreasing continuous map in [0, 00) onto [0, 1]. In fact

P 1 1 _
hM(t):{Mpt ifte L o), p=12..,
1 if t > 1/mo.

Definition 2.3. (See [35,12].) Two sequences Ml = (M) en, and M/ = (M) en, of positive real numbers are
said to be equivalent if there exist positive constants L, H such that

LPM, < M), < H’M,,, p € No.
In this case, it is straightforward to check that
hav(Lt) < by (t) < hy(HE), t > 0. (2)

One may also associate with such a sequence M the function

M(t) = sup log (;4—1) = log (hu(1/)), t>0;  M(0)=0, (3)

which is a non-decreasing continuous map in [0, co) with lim;_, oo M (t) = oo.
We now recall the following definitions and facts.

Definition 2.4. (See [14, p. 43].) Let a(r) be a nonnegative and nondecreasing function in (¢, co) for some
¢ > 0. The order of « is defined as

o] = limsup >
= Q| = [1m su
p p Tﬁoop 1Og(T)

(where log™ = max(log, 0)).

Theorem 2.5. (See [39].) Let M be strongly reqular, m the sequence of its quotients and M (r) its associated
function. Then, the order of M(r) is given by

iy JosM(r) o dog(n)
plM] = lim Tog(r) ln_iop og(mn) € (0, 00). (4)
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Some additional properties of strongly regular sequences needed in the present work are the following
ones.

Lemma 2.6. (See [40].) Let M = (M,)pen, be a strongly reqular sequence and A > 0 the constant appearing
in (u). Then,

M;/p <m, < AQM;/” for every p € Ny. (5)
Let s be a real number with s > 1. There exists p(s) > 1 (only depending on s and M) such that
hua(t) < (haa(p(s)t))*  for t > 0. (6)

Remark 2.7. The condition of moderate growth (1) plays a fundamental role in the proof of (6), which will
in turn be crucial in many of our arguments.

For the sake of completeness we include the following result.

Proposition 2.8. Given two strongly regular sequences M = (Mp)nen, and M/ = (M), )nen,, the product
sequence M- M := (M,, M} )nen, is also strongly regular.

Proof. Properties (ag) and (p) are easily checked for M- M'. Regarding (1), we will use that, according to
Lemma 1.3.4 in Thilliez [40], M® := (M$),en, is strongly regular for every s > 0, hence M? and M’ % are.
Now, Cauchy—Schwarz inequality gives that, for every p > 0,

2
Z MeMé _ (Z MZ )1/2(2 M/£ )1/2 < VB M, M];
= (+1) Mg My, — = (C+1)MZ, = L+ HM'; = My M)

where the positive constants B and B’ are the ones appearing in (vy;) for M? and M’ 2, respectively. 0O
2.3. Asymptotic expansions and ultraholomorphic classes

Given a sequence of positive real numbers M = (M, )pen,, & constant A > 0 and a sector S, we define

Ao a(S) = {F € O(S)  flypp = sup LGy
) : M,A * e AnpI M, .

(Am,a(S), || [l 4) is a Banach space, and Aw(S) := Ua>o0.Am,a(S) is called a Carleman ultraholomorphic
class in the sector S.
One may accordingly define classes of sequences

A = { = n)n S (CNO . = M < }
MA = = (fn)neN, [ty o AnpiM,

(Am,a, | [y 4) 1s again a Banach space, and we put Am := UasoAm, 4.
Since the derivatives of f € A 4(S) are Lipschitzian, for every n € Ny one may define

™) := lim f™(z)ecC,

z€8,2—0

and it is clear that the sequence
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B(f) = (f™(0))neny € Awa,  f € AwalS).

The map B : Ay (S) — Ay so defined is the asymptotic Borel map.
Next, we will recall the relationship between these classes and the concept of asymptotic expansion.

Definition 2.9. We say a holomorphic function f in a sectorial region G admits the formal power series
f= Yoo @p?? € C[[z]] as its M-asymptotic expansion in G' (when the variable tends to 0) if for every
T < G there exist Cp, A7 > 0 such that for every n € N, one has

n—1
‘f(z) — Zapzp’ < CrARM, 2", ze€T.
p=0

We will write f ~u >0 2 gap2? in G. Ap(G) stands for the space of functions admitting M-asymptotic
expansion in G.

Definition 2.10. Given a sector S, we say f € O(S) admits f as its uniform M-asymptotic expansion in S
of type A > 0 if there exists C' > 0 such that for every n € N, one has

n—1

’f(z) =3 2P| < CAM, 2",z €S
p=0

As a consequence of Taylor’s formula and Cauchy’s integral formula for the derivatives, we have the
following result (see [2,13]).

Proposition 2.11. Let S be a sector and G a sectorial region.

(i) If f € Am,a(S), then f admits f= ZIJGNO %f(p) (0)zP as its uniform M-asymptotic expansion in S of
type A.

(i) f € Aw(G) if, and only if, for every T < G there exists Ap > 0 such that f|r € Ay a, (T). Hence, the
map B : Ay(G) — Ay is also well defined.

Remark 2.12. Consider a pair of equivalent sequences M and M. It is obvious that Ay = Apr; given
a sector S, the spaces Ay(S) and Ay (S) coincide, and also Ay (G) and Apy (G) agree for a sectorial
region G.

3. M-summability

We are firstly interested in characterizing general ultraholomorphic quasianalytic classes. Due to a clas-
sical result of B.I. Korenbljum [19], the third author has obtained the following one [39].

Theorem 3.1. For a strongly reqular sequence M with associated function M(r), put

1
wM) = —— € (0,0). (7)
p[M]
Then, nw(M) is the optimal opening for M-quasianalyticity, in the sense that the class Ay(S) is (respectively,
is not) quasianalytic whenever the opening of S exceeds (resp. is less than) this quantity.
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Remark 3.2. If the strongly regular sequences Ml = (M, )nen, and M/’ = (M)),en, are such that M, < M/
for every n, then Ap(S) C Aw(S) for any sector S, and so w(M) < w(M'). Moreover, if M and M’ are
equivalent then, by Remark 2.12, we see that w(M) = w(M').

As an easy consequence, we deduce that if the opening of a sectorial region G is greater than mw(M),
then B : fiM(G) — Ay is injective. So, we are ready for the introduction of a new concept of summability
of formal power series in a direction.

Definition 3.3. Let d € R. We say f = > >0 f—’:z” is M-summable in direction d if there exist a sectorial
“Y'n

region G = G(d, ), with v > w(M), and a function f € Ay(G) such that f ~y f.

In this case, by virtue of Proposition 2.11(ii) we have (f,)nen, € Am. According to Theorem 3.1, f is
unique with the property stated, and will be denoted

f= SMdf, the M-sum of f in direction d.

Our next aim in this section will be to develop suitable tools in order to recover f from f by means
of formal and analytic transforms, in the same vein as in the classical theory for the Gevrey case and the
so-called k-summability. We will follow the ideas in the theory of general moment summability methods put
forward by W. Balser [2]. The case w(M) < 2 is mainly treated, and indications will be given on how to
work in the opposite situation.

Definition 3.4. Let M be strongly regular with w(M) < 2. A pair of complex functions e, E are said to be
kernel functions for M-summability if:

(1) e is holomorphic in S, ).

(11) z7te(z) is locally uniformly integrable at the origin, i.e., there exists to > 0, and for every zg € S,
there exists a neighborhood U of zy, U C S,,r, such that the integral foto t=lsup, ey le(t/z)|dt is
finite.

(111) For every € > 0 there exist ¢,k > 0 such that

k — z
le(2)| < chm (m> =ce MUK 5 e Seo(M)—es (8)

where hy and M are the functions associated with M, defined in (1) and (3), respectively.
(tv) For x € R, z > 0, the values of e(z) are positive real.
(v) If we define the moment function associated with e,

me(N) 1= /t’\*le(t)dt, RN >0,
0
from (1)—(1v) we see that m, is continuous in {R(A) > 0}, holomorphic in {R(A) > 0}, and m.(z) >0

for every x > 0. Then, the function £ given by

n

E(z) = ij(n)’ z €C,

n=0




A. Lastra et al. / J. Math. Anal. Appl. 430 (2015) 1175-1206 1183
is entire, and there exist C, K > 0 such that

c M K
< = (Iz|/K) X
|E(2)| h (K/|z|) Ce , z€C (9)

(Vi) 271E(1/z) is locally uniformly integrable at the origin in the sector S(m,2 — w(M)), in the sense

that there exists to > 0, and for every zy € S(m,2 — w(M)) there exists a neighborhood U of zy,
U C S(m,2 — w(M)), such that the integral f(fo t=tsup,cy |E(z/t)|dt is finite.

Remark 3.5.

(1)

(ii)
(iii)

The existence of such kernels may be deduced, as we will show in Section 4, by taking into account
the construction of flat functions in AM(SUJ(M)) accomplished by the third author in [39], whenever
the function M (r) associated with M is such that d(r) = log(M(r))/log(r) is a proximate order in
the sense of E. Lindel6f (see, for example, the book by B.Ya. Levin [23]). This is the case for all the
strongly regular sequences appearing in applications, as it has also been shown in [39].

According to Definition 3.4(Vv), the knowledge of e is enough to determine the pair of kernel functions.
So, in the sequel we will frequently omit the function E in our statements.

In case w(M) > 2, condition (V1) in Definition 3.4 does not make sense. However, we note that for a
positive real number s > 0 the sequence of 1/s-powers M(1/%) .= (MY "Vnen, is also strongly regular
(see Lemma 1.3.4 in [40]) and, as it is easy to check,

hysaso (8) = ()", >0, (10)

and w(M(1/#)) = w(M)/s. So, following the ideas of Section 5.6 in [2], we will say that a complex function
e is a kernel for M-summability if there exist s > 0 with w(M)/s < 2, and a kernel & : S,y /s — C for
M(/#)_summability such that

e(2) = e(z'/*) /s, 2 € Sumy.

If one defines the moment function m,. as before, it is plain to see that mq(A\) = mz(sA), ¥(A) > 0.
The properties verified by € and m; are easily translated into similar ones for e, but in this case the
function

does not have the same properties as before, and one rather pays attention to the kernel associated
with €,

P = 2 el = 2 e/ S

which will behave as indicated in (v) and (vi) of Definition 3.4 for such a kernel for M(*/#)-summability.
It is worth remarking that, once such an s as in the definition exists, one easily checks that for any
real number ¢ > w(M)/2 a kernel é for M(*/)-summability exists with e(z) = é(z/*)/t.

Definition 3.6. Let e be a kernel for M-summability and m, its associated moment function. The sequence

of positive real numbers me = (Mme(p))pen, is known as the sequence of moments associated with e.



1184

A. Lastra et al. / J. Math. Anal. Appl. 430 (2015) 1175-1206

The following result is a consequence of the estimates, for the kernels e and F, appearing in (8) and (9)

respectively. We omit its proof, since it may be easily adapted from the proof of Proposition 5.7 in [39].

Proposition 3.7. Let M = (M) en, be a strongly regular sequence, e a kernel function for M-summability,

and me = (me(p))pen, the sequence of moments associated with e. Then M and m. are equivalent.

Remark 3.8.

(i)

(i)

In the Gevrey case of order a > 0, My = (p!*)pen,, it is usual to choose the kernel
1 1/ 1/«
ea(2) = —2/%exp(—2"?), 2z€ S,.
o

Then we obtain that m._ (A) = I'(1 + a\) for £(A) > 0. Of course, the sequences M, and m,, =
(ma(p))pen, are equivalent.

Indeed, for any kernel e for M-summability one may prove that the sequence of moments m, =
(me(p))pen, is also strongly regular: Firstly, up to multiplication by a constant scaling factor, one
may always suppose that m.(0) = 1. Property (ap) is a consequence of Holder’s inequality, since for
every p € N one has

me(p)® = 1" ()T < I 2e() (3] (t7e()) /2|13 = me(p — me(p+1)

(where || - ||; and || - ||2 are the standard L' and L? norms). Condition (u) for m, is deduced from the
equivalence of Ml and m, (Proposition 3.7) and condition () for M: for every ¢, p € Ny,

me(p +£) < APHMPH < Ap”Bp“Mng < Ap“Bp“CpCeme(p)me(ﬂ),

for suitable positive constants A, B, C. Finally, one can find in the work of H.-J. Petzsche [35, Corol-
lary 3.2] that condition (7;) remains invariant under equivalence of sequences.

Bearing this fact in mind, in Definition 3.4 one could depart not from a strongly regular sequence M,
but from a kernel e, initially defined and positive in direction d = 0, whose moment function me(\) is
supposed to be well-defined for A > 0, and such that the sequence m, is strongly regular. This allows one
to consider the constant w(m,), which would equal w(M) according to Proposition 3.7 and Remark 3.2,
and also the function hn,, in terms of which one may rephrase all the items in Definition 3.4, specially
the estimates in (8) and (9), with exactly the same meaning, according to the relationship between
hwm, and hy indicated in (2). This insight will be fruitful in Section 5, when dealing with so-called
moment-partial differential equations.

The next definition resembles that of functions of exponential growth, playing a fundamental role when

dealing with Laplace and Borel transforms in k-summability for Gevrey classes. For convenience, we will

say a holomorphic function f in a sector S is continuous at the origin if lim,_,o .er f(2) exists for every
T<S.

Definition 3.9. Let Ml = (M,,),en, be a sequence of positive real numbers verifying (o) and (1), and consider

an unbounded sector S in R. The set O™ (S) consists of the holomorphic functions f in S, continuous at 0

and having M-growth in S, i.e. such that for every unbounded proper subsector T of S there exist r, ¢,k > 0

such that for every z € T with |z| > r one has

c

f(z)] < PRED (12)



A. Lastra et al. / J. Math. Anal. Appl. 430 (2015) 1175-1206 1185

Remark 3.10. Since continuity at 0 has been asked for, f € O™ (S) implies that for every T < S there exist
¢, k > 0 such that for every z € T one has (12).

We are ready for the introduction of the M-Laplace transform.
Given a kernel e for M-summability, a sector S = S(d,a) and f € OY(S), for any direction 7 in S we
define the operator T, ; sending f to its e-Laplace transform in direction 7, defined as

)
(Terf)(2) = / e(u/z)f(u)%, larg(z) — 7| < w(M)7/2, |z| small enough, (13)
0

where the integral is taken along the half-line parameterized by t € (0,00) — te'”. We have the following
result.

Proposition 3.11. For a sector S = S(d,a) and f € O™(S), the family {T.f}+ in s defines a holomorphic
function T. f in a sectorial region G(d, o + w(M)).

Proof. Let 7 € R be a direction in S, i.e., such that |7 — d| < an/2. We will show that for every 8 with
0 < 8 < w(M), there exists r = r(f, 7, 5) > 0 such that T, ; f is holomorphic in S(7, 8,r). Hence, T, - f will
be holomorphic in G; := Uy<g<w,mnS(7, B,7), which is a sectorial region G, = G(7,w(M)).

For every u,z € R with arg(u) = 7 and |arg(z) — 7| < w(M)7/2 we have that u/z € S, ), so that the
expression under the integral sign in (13) makes sense. We fix a > 0, and write

OO(T)e(u/Z)f(u)d_u - ae”e(u/Z)f(u)d—u + Oo(T)e(u/z)f(u)
[ ety = [ ey

0 0 aei™

du
—

Since f is continuous at the origin, and because of Definition 3.4(11), it is straightforward to apply Leibnitz’s
rule for parametric integrals and deduce that the first integral in the right-hand side defines a holomorphic
function in S(7,w(M)). Regarding the second integral, for u as before and by Definition 3.9 there exist
c1, k1 > 0 such that

F@)] < er (hralr/ul)) ™

Also, for z such that |arg(z) — 7| < f7/2 we have that u/z € Sg, and Definition 3.4(111) provides us with
constants co, ko > 0 such that

le(u/2)| < cohma(kalz]/lul),

so that

lGe/A1 < T G

Let p(2) > 0 be the constant appearing in (6) for s = 2, and consider r := ki /(p(2)k2) > 0. For any
z € S(r, B,r) we have that p(2)ka|z| < k1, and from (6) and the monotonicity of hy we deduce that

c1c2 hig(p(2)ka|2|/|ul) _ cica .
W ke S Jap e/l

| Le(u/2)f(w)] <
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By the very definition of hy we have that hy(ki/|u|) < Miki/|ul, so the right-hand side of the last
inequality is an integrable function of |u| in (a,0), and again Leibnitz’s rule allows us to conclude the
desired analyticity for the second integral.

Let 0 € R with |0 — d| < an/2. The map T, ,f is a holomorphic function in a sectorial region G, =
G(o,w(M)) which will overlap with G, whenever 7 and ¢ are close enough. Since we know that

lim thig(1/t) = 0,

by Cauchy’s residue theorem we easily deduce that T, ; f(z) = Te, f(z) whenever both maps are defined.
Thus the family {T¢ r f}+ in s defines a holomorphic function T, f in the union of the sectorial regions G,
which is indeed again a sectorial region G = G(d,a +w(M)). O

We now define the generalized Borel transforms.

Suppose w(M) < 2, and let G = G(d,a) be a sectorial region with o > w(M), and f : G — C be
holomorphic in G and continuous at 0. For 7 € R such that |7 —d| < (« —w(M))7/2 we may consider a path
duvy(7) in G like the ones used in the classical Borel transform, consisting of a segment from the origin
to a point zg with arg(zp) = 7 + w(M) (7w + ¢)/2 (for some suitably small € € (0, 7)), then the circular arc
|z| = |z0] from zg to the point z; on the ray arg(z) = 7 — w(M) (7 + €)/2 (traversed clockwise), and finally
the segment from z; to the origin.

Given kernels e, E' for M-summability, we define the operator 7, sending f to its e-Borel transform in
direction T, defined as

(T. f)(u) == 2_—732 / E(u/z)f(z)i—z, u € S(7,¢€0), €0 small enough.

6u(M) ()

In case w(M) > 2, choose s > 0 and a kernel é for M(!/*)_summability as in Remark 3.5(iii), and let T,
be defined as before, where the kernel under the integral sign is the function E given in (11). Then, if ¢, is
the operator sending a function f to the function f(2°), we define 7, by the identity

s 0 Ty = Tiy 0 b, (14)
in the same way as in [2, p. 90].

Proposition 3.12. For G = G(d,«) and [ : G — C as above, the family

{TETTf}‘f'?

where T is a real number such that |7 — d| < (a — w(M))7w/2, defines a holomorphic function T, f in the
sector S = S(d,a — w(M)). Moreover, T, f is of M-growth in S.

Proof. Due to the identity (14), it is clearly sufficient to prove our claim in the case w(M) < 2. Since f is
holomorphic in G and continuous at 0, for every 7 € R such that |7 — d| < (& — w(M))7/2 the condition
in Definition 3.4(v1) implies that T, f is holomorphic in the sector S(7,ew(M)/7), where € > 0 is the one
entering in the definition of o, (7), and it is small enough so that u/z stays in the sector S(m,2—w(M)) as
u € S(7,ew(M)/m) and z runs over the two segments in d,,) (7). Cauchy’s theorem easily implies that the
family {7, f}, when 7 € R and |7 —d| < (a —w(M))7/2, defines a holomorphic function 7, f in the sector
S = S(d,a —w(M)). Let us finally check that T f is of M-growth in S. By compactness, it suffices to work
on a proper unbounded subsector 7" of S(7,ew(M)/7), for 7 and ¢ as before. Put o, (7) = 91 + 2 + 3,
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where §; and J3 are the aforementioned segments in directions, say, 6; and 63, and J- is the circular arc
with radius ro > 0. As f is continuous at the origin, there exists M > 0 such that |f(z)] < M for every z
in the trace of d, ) (7). So, for every u € T'and j = 1,3 we have

T2 r2/|ul

-1 dz M [1 ; M 1 —

- E <« 2 Z\E —i6; Oldt = — Z\E i(arg(u)—6;) d

o [ B %] < o7 [ B =52 [ Sk /5)\ds,
5; 0 0

3

after the change of variable ¢t = |u|s. According to the condition in Definition 3.4(vI), these expressions
uniformly tend to 0 as u tends to infinity in 7. On the other hand, the estimates for E in (9) allow us to
write

-1
2711

/E(U/Z)f(z)% < M(Q;iﬂ_e?’) max |B(u/z)| < %
62

|z|=r2

So, this integral has the desired growth and the conclusion follows. O

In the next paragraph we follow the same ideas as in [2, p. 87-88] in order to justify the forthcoming
definition of formal Laplace and Borel transforms.

Let M = (M,)pen, be a strongly regular sequence, e a kernel for M-summability and S = S,. It is
clear that for every A € C with R(\) > 0, the function f\(z) = z* belongs to the space OM(S). From
Proposition 3.11, one can define T, f\(z) for every z in an appropriate sectorial region G. Moreover, for
z € G and an adequate choice of 7 € R one has

)

T.fr(2) = / e(%) w1du.

0

In particular, for z € R with arg(z) = 7, the change of variable u/z = t turns the preceding integral into

Tefa(2) = /e(t)z)‘fltAflzdt = me(N)2. (15)
0

Next, we recall the following result by H. Komatsu, which was useful in the proof of Proposition 3.7.

Proposition 3.13. (See [18, Proposition 4.5].) Let M(r) be the function associated with a sequence M verifying
(). Given an entire function F(z) =Y.~ janz", z € C, the following statements are equivalent:

(i) F is of M-growth.
(ii) There exist ¢,k > 0 such that for every n € Ny, |ay,| < ck™/M,.

Taking this characterization into account, one may justify termwise integration to obtain that, for such
a function F,

T.F(z) = Z apme(n)z"

whenever |z| is small enough. In case w(M) < 2, and particularizing this result for F = E (the kernel
function corresponding to e), we deduce that for every z # 0 and w # 0 such that |z/w| < 1 one has
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oo(T)

o= [ etwB@e) (16)

0

a formula which remains valid as long as both sides are defined. Suppose now that f is holomorphic in
a sectorial region G(d, «), with o > w(M), and continuous at the origin. By Propositions 3.12 and 3.11,
T.T; f is well defined; a change in the order of integration and the use of (16) prove that

T.T, f =1 (17)

Finally, since f) (defined above) is continuous at the origin, it makes sense to compute

_ -1 _
T fa(u) = 5 / E(u/z)2 1dz.
e vy ()

Putting u/z = t, the integral is changed into
T fy(u) u /E(t)t"\_ldt
u) = —
e A 2mi ’
Y=z

for a corresponding path ~,. However, Cauchy’s theorem allows one to choose one and the same path of
integration as long as z runs in a suitably small disk, and we deduce, by the identity principle, that 7.7 fx(u)
is a constant multiple of u* in S(d, @ — w(M)). According to (15) and (17), we conclude that

T, fa(u) = (18)

me(A)

Observe that, taking into account (14), the same will be true if w(M) > 2. Therefore, it is adequate to make
the following definitions.

Definition 3.14. Given a strongly regular sequence M and a kernel for M-summability e, the formal e-Laplace
transform T, : C[[z]] — C[[2]] is given by

Te(Zapzp) = Zme(p)apzp, Zapzp e C[[z])-
p=0 p=0 p=0
Accordingly, we define the formal e-Borel transform 7 : C[[z]] — C[[2]] by
Te_(Zapzp) = Z % 2P, Zapzp e C[[#]).
=0 =0 me(p) p=0

The operators T, and T~ are inverse to each other.

The next result lets us know how these analytic and formal transforms interact with general asymptotic
expansions. Given two sequences of positive real numbers M = (M, )nen, and M’ = (M) pen,, we consider
the sequences M - M = (M, M} )nen, and M'/M = (M, /M, )nen,- We note that if both sequences are
strongly regular, M - M is again strongly regular (see Proposition 2.8), but M’ /M might not be.
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Remark 3.15. One may easily prove (see Remark 5.8 in [39]) that given K > 0, there exist C, D > 0 such
that for every p € N one has

/ tP hy (K /t)dt < CDPM,,. (19)
0

Theorem 3.16. Suppose M is strongly reqular and e is a kernel for M-summability. For any sequence M/ of
positive real numbers the following hold:

() If f € OM(S(d, ) and [~ f, then Tof ~yaw Tof in a sectorial region G(d, o + w(M)).
(ii) If f ~w f in a sectorial region G(d,a) with o > w(M), then T f ~MY /M T f in the sector S(d, o —
w(M)).

Proof. (i) From Proposition 3.11 we know that g := T.f € O(G(d,a + w(M))) for a sectorial region
G = G(d,a + w(M)). Put f = 32 fu™. Given § € (0,a), there exist ¢,k > 0 such that for every
u € S(d,d,1) and every n € N one has

n—1
— Z fru®| < ek M) |ul".

k=0

Then, we deduce that | f,| < ck™M], for every n. Also, since f is of M-growth, for every u € S(d, J) we have,
by suitably enlarging the constants,

k ClklM |u|”
Zf’“ = Tl 0

Observe that, by (15), for every z € G we have

Zme it = () = 3 fi) (2)
k=0

So, given 7 € R with |7 — d| < an/2 and z € S(7, 8) with 8 € (0,w(M)) and |z| small enough, we have

oo(7)

n—1
Zme sz / u/z kau du

0

Since u/z € Sg, by Definition 3.4(111) there exist cq, k2 > 0 such that

le(u/2)| < cahm(kalz|/|ul),

and so, taking into account (20) and (6),

e(u/z) =, & gt n—1 P (ke|2]/ul) w1 M (p(2)ka| 2|/ [ul)
‘ ” (f(u)—kzz;)fku )‘ < creok i M |ul 1W < creok M |ul 1 MhM(k1/|u|) .

For z € S(7, 8,k1/(p(2)k2)) we have p(2)ka|z|/|u| < k1/|u| and, hy being increasing, we obtain that
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n—1
X2 () — 3 )| < creaki MLl hag(p (221 ),
k=0
what implies that
n—1 0
o) = 3" me0) it < creakt M, [ 6 huslp(2hall/f5)ds
k=0 0

Making the change of variable s = |z|t and applying (19) leads to the conclusion.

(ii) From Proposition 3.12, g := T, f belongs to O(S(d,« —w(M))). As in the proof of that proposition,
we limit ourselves to the case w(M) < 2. It suffices to obtain estimates on a bounded subsector T =
S(t,ewM)/m, p) < S(d, e —w(M)), for 7 and ¢ entering in the definition of the path ., (7) = 61 + 2+ I3
within G(d, @) (91 and d3 are segments in directions 6y and 03, respectively, and d5 is a circular arc with
radius r > 0). If f= oo fau™, there exist ¢,k > 0 such that for every z in the trace of 6, (7) and
every n € N one has

n—1

- Z fiz®| < k™M) |2|". (21)
k=0
By (18), for every u € T' we have
n—1 n—1
u)— i uf = z u —1 u/z zZ)— P d—z
o0 -3 ka [ B > )’
Swany (1)
_1 3 n—1 d
N EUEIGEED ST E (22)
jfl(sj k=0
By applying (21) and (9), we see that
cC(0y — 03)k" M/ r™
’/ (u/2)(f kaz 7’ < c(0; — Gg)k"M'r"max|E(u/z)| < (};W(Ki)”u)"r

So, for n large enough we may choose r = |u|/(Kmy,) and, since hy(1/my) = M, /mI*, we deduce that

00(91 — 93)an/ |u|"
E( " . 2
| / (/=) (f 2 fi)Z| g COBE (23)
On the other hand, again (21) implies that for j =1, 3,

T

‘/Eu/z Zfz —‘< k”M’/"wdt

0

r/|ul

z(arg(u) 0;)
= ck™ M |u|" / s" /S>|d5,
0

after the change of variable t = |u|s. The same choice of r as before leads to
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1/(Kmy,)

n—1 .
dz B(eilarew—0;) /
[ B - X 5 S < oargpur [ P,
5 k=0 )
1/(Kmn)

E i(arg(u)—0;)

< ok My [ul" [Ele [9) g, (24)
K”mz S

0

Since lim,_ o m, = oo, the last integral admits an upper bound independent of u and n because of
condition (vI) in Definition 3.4. According to (5), (22), (23) and (24), the conclusion is reached. O

We are ready for giving a definition of summability in a direction with respect to a kernel e of
M-summability. Let T, be the corresponding Laplace operator, and recall that m. is strongly regular and
equivalent to M, so that, on one hand, Ayy = A, and, on the other hand, it makes sense to consider the
space O™¢(S) for any unbounded sector S and, moreover, O™¢(S) = OM(9) (see (2)).

f

Definition 3.17. We say f =3 >0 —7;2" is T, -summable in direction d € R if:
=% nl

(i) (fu)neny € Am,, so that g := T f = > >0 py In 2™ converges in a disc, and

me(n)

(ii) g admits analytic continuation in a sector S = S(d,¢) for some € > 0, and g € O™=(5).

The next result states the equivalence between M-summability and Te-summability in a direction, and
provides a way to recover the M-sum in a direction of a summable power series by means of the formal and
analytic transforms previously introduced.

f n

Theorem 3.18. Given a strongly reqular sequence M, a direction d and a formal power series f = >0 =z
=n

the following are equivalent:

(i) f is M-summable in direction d.
(ii) For every kernel e of M-summability, f 1s T-summable in direction d.
(iii) For some kernel e of M-summability, f is T, -summable in direction d.

In case any of the previous holds, we have (after analytic continuation)
Suaf = T(T; f)
for any kernel e of M-summoability.

Proof. (i) = (ii) Let f = SM,df, the M-sum of f in direction d. Then f ~y; f in a sectorial region G(d, o)
with a > w(M), and moreover (f,)nen, € Am. If we put M’ = (1),,¢n, (the constant sequence whose terms
are all equal to 1), item (i) in Theorem 3.16 states that g := T f ~y Ty f, what implies that 7, f
converges to ¢ in a disk, and g is, by Proposition 3.12, of M-growth in a small unbounded sector around d,
as we intended to prove.

(ii) = (iii) Trivial.

(iif) = (i) Since g := Te_f converges in a disc and admits analytic continuation in a sector S = S(d, ¢)
for some € > 0, we have that g ~yp 7 f in S with M/ = (1),,en,. Moreover, g € O™ (S) = O™(S), and due
to (i) in Theorem 3.16, we obtain that the function f := T.g is holomorphic in a sectorial region of opening
greater than mw(M) and f ~y f there, so we are done. O
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Remark 3.19.

()
(i)

(iii)

In case M = M, ;, the summability methods described are just the classical k-summability and
T.-summability (in a direction) for kernels e of order k > 0, as defined by W. Balser.

If M and M’ are equivalent strongly regular sequences, the respective families of kernels of summability
coincide, as it is easily deduced from (2), hence the summability methods just introduced for M and
M’ are all the same, as well as the sums provided for every M- (or equivalently, M'-) summable series
in a direction. Note that, by Remark 3.2, one also has w(M) = w(M'); however, it is important to
note that for general (non-Gevrey) kernels the value w(M) does not determine the equivalence class of
strongly regular sequences, nor the summability methods, we are dealing with. This fact will be taken
into account throughout the last section of this paper.

In particular, consider a kernel e, its moment function m. and the strongly regular sequence of mo-
ments m,, as in Remark 3.8(ii). According to Definition 3.4, Remark 3.5(iii) and Remark 3.8(ii),
for every s > 0 one may deduce that e(®)(z) := e(2'/*)/s is a kernel for mgs)—summability (re-
call that m'® = (mE(n))nen,) with moment function m. (A) = me(sA) and sequence of moments

e
M) = (Me(8N))nen,, and consequently, mgs) and m ) are equivalent (Proposition 3.7) and

w((me(sn))nen,) = w(ml) = sw(me) = sw((me(n))nen,)- (25)
Moreover, by (2) and (10), there exist A, B > 0 such that for every ¢ > 0 one has

(hm, (A8))" = B 0 (AE) < b (#°) < B0 (BY) = (i, (BY)). (26)

4. Kernels of summability from proximate orders

In this section we show how one can construct kernels of summability for a strongly regular sequence M

by relying on the notion of analytic proximate orders, appearing in the theory of growth of entire functions
and developed, among others, by E. Lindeldf, G. Valiron, B.Ja. Levin, A.A. Goldberg, I.V. Ostrovskii and

L.S.

Maergoiz (see the references [42,23,14,24]).

Definition 4.1. (See [42].) We say a real function p(r), defined on (¢, 00) for some ¢ > 0, is a prozimate order
if the following hold:

(1)
(i)
(iif)
(iv)

p(r) is continuous and piecewise continuously differentiable in (¢, 00),
p(r) > 0 for every r > ¢,
iInT‘—>OO P(T) =p < 00,

1
lim, 00 7p’(r) log(r) = 0.

Definition 4.2. Two proximate orders p1(r) and pa(r) are said to be equivalent if

lim (p1(r) — p2(r)) log(r) = 0.

T—00

Remark 4.3. If pi(r) and pa(r) are equivalent and lim, , p1(r) = p, then lim, . p2(r) = p and
hm’l‘*)OO T'pl(r)/r)OQ(T) = 1.

Definition 4.4. Let p(r) be a proximate order and f be an entire function. The type of f associated with
p(r) is

log max |-, | f(2)]

of(p(r)) = oy :=limsup o)

r—00

We say p(r) is a prozimate order of f if 0 < oy < o0.
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Remark 4.5. If p(r) — p > 0 is a proximate order of f, then f is of exponential order p and there exists
K > 0 such that for every z € C with |z| large enough one has

£ (2)] < exp(E |12,

Moreover, and according to Remark 4.3, the type of f does not change if we substitute a proximate order
of f by an equivalent one.

The following result of L.S. Maergoiz [24] will be the key for our construction. For an arbitrary sector
bisected by the positive real axis, it provides holomorphic functions whose restriction to (0, c0) is real and
has a growth at infinity specified by a prescribed proximate order.

Theorem 4.6. (See [24, Thm. 2.4].) Let p(r) be a prozimate order with p(r) — p > 0 as r — co. For every
v > 0 there exists an analytic function V(z) in S, such that:

(i) For every z € S,,

uniformly in the compact sets of S .
V(z) = V(Z) for every z € Sy (where, for z = (|z|,arg(z)), we put zZ = (|2, — arg(z))).
V(r) is positive in (0,00), monotone increasing and lim,_,o V(r) = 0.

)
)
(iv) The function t € R — V(') is strictly convex (i.e. V is strictly convex relative to log(r)).
) The function log(V (r)) is strictly concave in (0,00).

)

The function po(r) :=log(V (r))/log(r), r > 0, is a prozimate order equivalent to p(r).

Remark 4.7. We denote by 9B(v, p(r)) the class of such functions V. Given a strongly regular sequence M
and its associated function M (r) (see (3)), suppose the function d(r) = log(M (r))/log(r) is a proximate
order. The main results in [39] rested on the fact that, for every V' € B(2w (M), d(r)), the function G given
by G(z) = exp(—V(1/z)) is a flat function in the class A (S, ). We will make use of some of its properties
in the next result.

Theorem 4.8. Suppose M is a strongly regular sequence with w(M) < 2 and such that the function d(r) =
log(M(r))/log(r) is a proxzimate order. Then, for every V € B(2w(M),d(r)), the function ey defined in
Sy by

1
w(M)

ev(z) = zexp(=V(z2))

s a kernel of M-summability.

Proof. Since V' is holomorphic in Sy, m) and real in (0, 00), the same is true for ey, so that (1) and (1v) in
Definition 3.4 hold. Properties (11) and (111) in that definition have been obtained, with a slight modification
in the first case, in Lemma 5.3 of [39], as a consequence of the following result.

Proposition 4.9. (See [2/, Property 2.9].) Let p > 0, p(r) be a proximate order with p(r) — p, v > 2/p and
V € B(y,p(r)). Then, for every o € (0,1/p) there exist constants b >0 and Ry > 0 such that

R(V(z)) >bV(z]), z€ Sa, 2| > Ro.
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Note that, since d(r) is a proximate order and, by (4) and (7), we have that

i d(r) = p[M] =

we may apply Proposition 4.9 with p = 1/w(M), p(r) = d(r) and v = 2w(M).
Then, the moment function associated with ey,

o0 1 o0
my(\) == /t’\*lev(t)dt = 000 /tke*V“)dt,
0 0

is well defined in {R(A) > 0}, continuous in its domain and holomorphic in {R(A) > 0}; clearly, my (z) > 0
for every z > 0. Moreover, we have the following result.

Proposition 4.10. (See [2/, Thm. 3.3].) The function

n

Evy(z) = Z mi(n)’ z € C,

n=0

is entire and of prozimate order do(r) = log(V(r))/log(r).

According to Remark 4.5, from this fact we deduce that there exist constants C7, Ky > 0 such that for
every z € C one has

|Ev (2)] < Crexp(K1V([2])).
Since dy(r) is a proximate order equivalent to d(r) = log(M (r))/log(r), by Remark 4.3 we have
|Bv(2)] < Cexp(KM(|z]))

for every z € C and suitably large constants C, K > 0, and so condition (v) in Definition 3.4 is satisfied.
Finally, we take into account the following.

Proposition 4.11. (See [2/, (3.25)].) Let p(r) be a prozimate order with p > 1/2,~v > 2/p and V' € B(~, p(r)).
Then, for everye > 0 such thate < w(1—1/(2p)) we have, uniformly as |z| — oo, that (in Landau’s notation)

1 s
Ev(z):O<|?>, 2—p+5§\argz|§7r.

This information easily implies that also condition (V1) in Definition 3.4 is fulfilled, what concludes the
proof. O

Remark 4.12. In case w(M) > 2, we consider s > 0 and M(/%) ;= (Mi/s)neNO as in Remark 3.5(iii), in such

a way that w(M(/%)) = w(M)/s < 2. With obvious notation, we have that d"/*)(r) = sd(r*) —log(s)/ log(r)
for r large enough, and

1
r(d)Y (1) log(r) = srod (r*) log(r®) + IZES;
whenever both sides are defined. So, it is clear that d(r) is a proximate order if, and only if, dV/*)(r) is.
Were this the case, by the previous result we would have kernels é for M(!/%)-summability, and the function
e(z) = &(z'/#%) /s will be a kernel for M-summability.
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Regarding the question of whether d(r) is a proximate order or not, we have the following characterization
and result.

Proposition 4.13. (See [39, Prop. J.9].) Let M be a strongly reqular sequence, and d(r) its associated function.
The following are equivalent:

(i) d(r) is a prozimate order,

(i) lim,_yoo mzl,d’(m;r)llog(mp) =0,
N S B
(iii) plgrolo M(my) ~ () p[M].

Corollary 4.14. (See [39, Corollary 4.10].) If

lim plog (

%) exists (finite or not), (27)
p—oo m

P

then its value is a fortiori w(M), d(r) is a proxzimate order and, moreover,

wM) = lim log(my)

A o) (instead of liprg%)rolf, see (7)).

Remark 4.15.

(i) The previous condition (27) holds for every sequence M, g, so that in any of these cases d(r) is a
proximate order and it is possible to construct kernels. Indeed, we have not been able yet to provide an
example of a strongly regular sequence for which d(r) is not a proximate order, i.e., for which condition
(iii) in Proposition 4.13 does not hold.

(if) If M is such that d(r) is not a proximate order, but there exists a proximate order p(r) and constants
A, B > 0 such that eventually A < (d(r) — p(r))log(r) < B, then one may also construct kernels for
M-summability.

(iii) The method described in this section provides kernels, but not all. For example, for k£ > 0 the function
e(z) = kzFe=*" gives rise to the standard Laplace and Borel (with Mittag—Leffler kernel) transforms
of order k, and it is a kernel for M) /,-summability. However, it does not arise from the previous
construction, as it would correspond to the function V(r) = r*¥ — (k — 1) log(r) which does not have
the required properties.

5. Application to some moment-PDE

Following the idea of W. Balser and M. Yoshino (8], given a sequence of moments m := (m(p))pen, let
us consider the operator Op , from C][[z]] into itself, given by

fp fp+1
O, = —r2P | = P,
| Z mip)” Z mp)”

S. Michalik [32] has studied the initial value problem for linear moment-partial differential equations of the

form
P(Omy t50m,,z)u(t, z) =0, (28)

with given initial conditions
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O, uw(0,2) = @i(2) € O(D), j=0,...,n—1, (29)

for some n € N, and some neighborhood of the origin D, say D(0,r) for some r > 0. Here, P(\, &) € C[[\,£]]
is a polynomial of degree n in the variable A, and my; = (mi(p))pen, and my = (m2(p))pen, are given
moment sequences corresponding to kernels e; and e of orders k1 > 0 and ko > 0, respectively, as defined
by W. Balser in [2]. In this last section we aim at stating analogous results to those in [32], now in the case
when these kernels are associated with general strongly regular sequences (which might not be equivalent to
Gevrey ones). So, our setting is as described in Remark 3.8(ii). Although the class of linear moment-partial
differential equations under study has been enlarged, the main ideas do not greatly differ from the ones
in [32], so we will omit some proofs requiring only minor modifications with respect to the ones provided in
that work.

The approach in [32] is based on the reduction of the initial problem (28), (29) into a finite number of
problems which are easier to handle. For this purpose, we put

P(X, &) = Po(§)(A = Au(§))"™ -+ (A = Ael€))™, (30)

where nq,...,n; € N with nqy +--- + ng = n. For every j = 1,...,¢, the function \;(§) is an algebraic
function, holomorphic for |{]| > Ry, for some Ry > 0, and with polynomial growth at infinity. The existence
is proven of a normalized formal solution 4 to the main problem (28), (29), chosen so as to satisfy also the
equation

(amht - Al(ammz))nl T (aml,t - )‘f(amQ,Z))néﬁ =0 (31)

(the meaning of \;(Onm,,.) to be specified). Indeed, Theorem 1 in [32] states that one can recover @ as

5 S e
Uqp being the formal solution of

8mt7)\(x8mz Br&a :O,

(O, ., 8

a‘j';"lytﬁaﬁ(o7 Z) = 0’ ] = 07 s 76 - 27 (33)
8511_,17104,@(07 Z) = )\g_l(amz’z)(baﬁ(,z)’

where ¢a5(2) = Z;L:_Ol dagi(Om,,2)0(z) € O(D(0,7)), and dag;(§) are holomorphic functions of polynomial
growth at infinity for every o and . One may easily check that the formal solution of (33) is given by

iontt) = 3 (57, ) ety (31)

i< -1 m1(j)

We do not enter into details about this point, for the proof of this result is entirely analogous in our situation.
We will focus our attention on the convergence of the formal solution, and also on the growth rate of its
coefficients when it has null radius of convergence, but firstly we recall the meaning of the pseudodifferential
operators A(Onm, ») (like the ones appearing in (31), (33) and (34)), where A(§) is an element in the set
{Xj:j=1,...,¢} and m. = (me(p))pen, is the strongly regular sequence of moments of a kernel e with
moment function m.(A). Given r > 0, one can check (see Proposition 3 in [32]) that the differential operator
Om, - is well-defined for any ¢ € O(D(0,r)), and for 0 < ¢ < r and every z € D(0, ) one has
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oo (0)
O 02 = 5 § o) [ B deau,
|lw|=¢ 0

for every n € Ny, where 6 € (—arg(w) — %, —arg(w) + %) and E is the second kernel in Defini-
tion 3.4.
This expression inspires the definition of the pseudodifferential operator A(Om, ) as

ABnm, 2)9(2) 1= 5~ f d(w / A(E )dgd

|w|=¢

for every ¢ € O(D(0,7)), where &y = Rpe’® with suitably large Ry > 0 and 6 as before (see Definition 8
n [32]).

Next we study the growth rate of the formal solution of (33), given in (34). To this end, we need the
following definition and lemmas.

Definition 5.1. Let U C C be a neighborhood of co, and ¥ € O(U). The pole order g € Q and the leading
term 1 € C\ {0} associated with ¥ are the elements satisfying

if they exist.

Lemma 5.2. Let e, m. and m. be as before, A(§) have pole order q and leading term Ao, and let € O(D(0,1)).
There exist ro, A, B > 0 such that

sup |[A(Om,,z)P(2)| < [Ao|ABIme(q).

[z|<To

Proof. One may choose Ry > 0 such that |A(&)] < 2|Xg]|€|? for every & with |{] > Ry. Let w € C with
0 < |w| =¢ <, and put § = —arg(w) and & = Rpe'®. One has

oo(0)

JRGLEE (f“’)ds <2l / 1] (se )| 1L g (35)

o

The properties of the kernel functions e and E stated in Definition 3.4, rephrased according to Remark 3.8(ii),
allow us to write

|E(se?2)e(sePw)| <

hm(_)hm (52)

for some ¢y, ca, ¢35 > 0 and for every s € [Rg, 00). From (6) one has

< cihi, (A2

SE

— 1 h (2 < _
h, (577) 7 se h, (57%)

Let 7o > 0 be such that ro < cae/(p(2)cs), so that p(2)es/(se) < ca/(s|z]) for every z € D(0,r). For such z,
the expression in the right-hand side of (36) is upper bounded by ¢1hm, (p(2)c3/(se)), and one obtains that

(36)

the last expression in (35) can be upper bounded by
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p(2)03 )dS

201|A0|/Thme( :
Ro

In turn, by the very definition of hy,, the previous quantity is less than

1 T
lg]+2 -
2c1|Aol(p(2)c3) s me(lq) + 2)/ Ay ds.
Ro

The last integral is easily seen to be bounded above by some constant independent of q. Moreover, the
moderate growth property of m. leads to an estimate of the form

Mol AoBy " me(lal).

Finally, we observe that the function = € [0,00) — m.(z) is continuous, strictly convex (since m[(z) > 0
for every x > 0) and limy,_ oo me(x) = 00, so it reaches its absolute minimum me(zg) > 0 at a point
xo > 0, and it is decreasing in [0, zg) (if zo > 0) and increasing in (g, 00). So, we deduce that whenever
xo <z <y we have m.(x) < me(y), while if 0 < z < x¢ and = < y, then mq(z)/me(y) < me(0)/me(zo).
In conclusion, there exists a constant A; > 0 such that mq(x) < Aym.(y) whenever 0 < z < y, and in
particular, m.(|z]) < Ayme(x) for every x > 0, what leads to the final estimate. O

For j € N, the function M\ (¢) has pole order jq and leading term )\6. So, an argument similar to the
previous one provides the proof for the following result.

Corollary 5.3. Let j € N. Under the assumptions of Lemma 5.2, one has

sup | N (Om,,2)0(2)| < [Aol! AB79m.(qj)

|z|<ro

for some rg, A, B > 0.

Remark 5.4. The previous estimates, according to Remark 3.19(iii), could also be expressed as
[Ao|? AB{?(m.(j)) for suitable By > 0.

As indicated before (see (33) and (34)), a problem of the form
0
j=0,...,0—2, (37)

where 8 € N and ¢ € O(D(0,r)), has
st S Y MOmE) SN
(t,2) j§1<51> eyt Z_: (o)t (38)

as its formal solution, and Corollary 5.3 allows us to claim that

m2(qj)
sup |u;(z)| < CDY -,
|Z|<T0 ’ ml(])
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for some 1y, C, D > 0 and for every j € Ny. Hence, convergence or divergence of 4 in some neighborhood of
ma(qj)
m1(5)

the origin is a consequence of the growth rate of the sequence ( )j>0. More precisely, one has

Corollary 5.5. If

N 1/d
i, oo (mz(qq)) <,
m1(j)

then 4 in (38) defines a holomorphic function u(t,z) on D1 x D(0,rq) for some neighborhood of the origin
D, CC, and u solves (37).

We now turn our attention to the determination of sufficient conditions for u(t,z) to admit analytic
continuation in an unbounded sector with respect to the variable ¢t and with adequate growth. We first need
some notation, starting with O™« (S) (see Definition 3.9), where S is an unbounded sector in R and m, is
a strongly regular sequence of moments for a kernel e.

Definition 5.6. We write f € O™¢(S) if f € O™(S) N O(S U D) for some disc D = D(0, 7).
Let D = D(0,7). We say f(t,z), holomorphic in S x D, belongs to O™¢(S x D) if for every T' < S and
r1 € (0,r) there exist ¢, k > 0 such that
c

sup |f(h2) < — o, teTl
cenom) P, (/1)

Analogously, we write f € O™ (8 x D) if f € O((SU D;) x D) N O™ (S x D) for some disc D; around

A

the origin. We also write O™¢(5(d)) and O™ (S(d) x D) whenever the sector S is of the form S(d, ¢) for
some inessential € > 0.

From Proposition 3.13 we deduce the following result.

Corollary 5.7. If there exists a strongly regular sequence of moments me = (me(j)) en, and C, D > 0 such
that

ma(qj)me(j) < CD'my(j)

for every j > 0, then @ in (38) defines a function u € O(C x D(0,r)), and one has

sup Ju(t, z)| <
|z|<To 7 - hme(k/m)’

for some ¢,k > 0 and for every t € C.

Remark 5.8. In the particular case that m; = M /5, and my = M, /, for some ki, ko > 0 with 1/k1 > q/ks,
we would have that 4 € O(C x D(0,7¢)), with exponential growth in the variable ¢ of order (ki1 - qé)*l,

namely
kiko
sup |u(t,z)] < CePH™™" e,

|z|<To

for some C, D > 0, as stated in Proposition 5 of [32].
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In order to go further in our study, by an argument entirely analogous to that in Lemma 4 in [32] one
can prove that, under the assumptions of Corollary 5.5, the actual solution of (37) can be written in a
neighborhood of (0,0) in the form

th-1

oo (0)
ut2) = et o f o) [ B ©EE)
o

e2(§w)
Ew

dédw, (39)

|w|=¢

with 0 € (—arg(w) — Jw(mg), —arg(w) + Fw(my)), and where £, and Ej are the kernels corresponding to
e1 and es, respectively.

We are ready to relate the properties of analytic continuation and growth of the initial data with those
of the solution. In these last results we assume the kernels e;, F; have been constructed following the
procedure in Section 4.

Lemma 5.9. Let ¢ = p/v € Q, with ged(p,v) =1 and § > 1. We assume the moment functions mi(\) and
ma(\) are such that

ma(qj) < CoAlmi(j), j € No, (40)
and
mi(j/q) < C1AIma(j), j € No, (41)

for suitable Cy, Cy, Ag, A1 > 0. Let u(t, z) be a solution of

{ (aml,t - A(amz,z))ﬁu =0, (42)
O, +0(0,2) = ¢5(2) € O(D(0,7)), j=0,...,8-1,
for some r > 0. If there exists a strongly regular sequence of moments m = (m(j)),en, such that:
(i) there exist C, A > 0 with
m(j) < CAMmi(j), j € No, (43)

(i) ¢; € Om(l/q)(g((d +arg(N)/q + 2kn/u)) for every k =0,...,u—1 and j =0,...,8 — 1, and some
d e R,

then u(t, z) € O™(S(d + 2nw/v) x D(0,7)) forn=0,...,v —1.

Remark 5.10. According to Remark 3.19(iii), (ma(gj));jen, (respectively, (mi(j/q))jen,) is equivalent to

méq) (resp. to mgl/ Q)). Together with this fact, the inequalities (40) and (41) amount to the equivalence of

mé’n and my, and so, we deduce by (25) that

qw(msg) = w(my). (44)

Proof. With the help of Lemma 3 in [32], which may be reproduced in our setting without modification,
one can show that the general situation may always be taken into the case w(m;) < 2, which will be the
only one we consider. The principle of superposition of solutions allows us to reduce the study of (42) to
that of some problems of the form (37), where A*~%(Op, .)# in (37) turns out to be a function belonging to
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om/? (S((d+arg(\))/q+ 2kn/u)) for every k=0,...,u—1and j =0,..., 3 — 1. Moreover, Corollary 5.5
and (40) guarantee the existence of a holomorphic solution u(t, z) of (42), defined on some neighborhood of
the origin in C2, which can be written in the form (39). Next, we claim that the function

(6)
ea(§w)
s 5/ (M) Ea(2) 20 e, (45)

which is holomorphic in {t € C: [¢t| < C3|w|?} for some Cy > 0, can be analytically continued to the set
Q= {t e R:arg(t) + 2km + arg(\) # (arg(w) + 2nm)q for every k,n € Z}.
Indeed, the equality (44) entails that, as long as t € £, one can replace 6 in (45) by a direction 6 such that
arg(t) + 2km + arg(\) + ¢ € (rw(my)/2,2m — mw(my)/2) for some k € Z
and
arg(w) + 2nm + 0 € ( — mw(mz)/2, 7w(mz)/2)  for some n € Z,
what makes the continuation possible by ensuring the adequate asymptotic behavior of the integrand as
& — 00, arg(§) = 6. The rest of the proof, intended to estimate u, also follows the arguments in [32, Lemma 5],

but estimates will be carefully given in order to highlight the techniques in this general situation. Suppose
z is small relative to w. We deform the integration path |w| = € in order to write

_ t7! aﬁ*l
U(t,z)— (ﬂ_l)' t (ul(t,z)+u2(t,z)),
with
S i (€w)
Ea2(QW
ur(t,2) =Y 5 j{ p(w) / E1(t>\(§>)E2(fz)—wd§dw7
k=0 " ¢
Y2k 0
and
S 7 (€w)
ea2(QwW
w(t) =Y 5o § o) [ BB L dedu.
k=0 Y2k+1 &o
Here, the path 9541 is parameterized by
S € Lypor = <d+arg()\) N 2km n é, d + arg(\) N 2(k+m é) e,
q w3 q 1 3

for some small enough § > 0. On the other hand, for large enough R > 0 the path v is vfk’_ +’yfk’ T vf,f,

where

- dtarg(N) | 2kw S .
,yfk,*(s) — Sel(‘ qgi*'r m *3) — 3620*7 % € {_’_‘_}7 s € [E7R]7
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and

d+arg(A) 2km 4 d+arg()\)+2k_7r 5)
q po 3)°

B (s) = Re'*, s e (— -3

We now give growth estimates for u; and us in order to conclude the result. We first give bounds for
uz(t, z). We take k € {0,...,n— 1}. Let t be as above with || > 1, and consider £ and w in the trace of the
corresponding path defined by the path integrals in the definition of us. From the properties of the kernel
functions in Definition 3.4, one has that

e QW h’mz T2
ECGIEASE S )‘SC’11E1(D\(§))|—|§|>|

for some Cy1,C12,C13 > 0.
Taking into account (6) we have

0o (0)
= w z —62(51'0) w
= 74 $(w) ! B Ba(€2) 2L ded

w
V2k+1

wdm(ﬁs.
|

hm €
HE hon, (‘fﬁg‘) €

€

<ou [ |¢(se“)ll Z s (2252 ) B2 (0A(Ile )

s€lak 41

We assume z satisfies |z| < Cy3¢/(p(2)C12). This entails

. p(2)012) . ( Cis )
< R ENGE

By the careful choice of the direction 6 above and because of Proposition 4.11 applied to E7, we deduce there
exists § > 0 such that the function (¢, |¢]) — |E1(tA(|€]€??))] admits a maximum at a point, say (¢1, |£1]), as
(t, |€]) runs over (S(d+ 2nw/v,8)N{t: |t| > 1}) x [|€0], 00). Then, for every such ¢ and || > |£y|, one easily
obtains constants Ci4, C15 > 0 such that

By (EA(E[€))] < | By(tA(1]e?))] < — 1

o (3)

Moreover,
Py —d|&| < o0,
[ o (2552 et
[€ol
SO
C .
J<—H |p(ce’)| ds.
. (1
M\ [t ) selapsa

Taking into account that

sup |p(w)] < oo,

|w|=¢

one concludes that uy € O™ (8(d + 2n/v) x D(0,r)) for some r > 0 and for n =0,...,v — 1.
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We now give estimates on wu; (¢, z). The inner integral in the definition of each term in the sum of u; can
be upper bounded as before. We arrive at

oo (0)
so= | fotw) [ Bx©)Ee) 2 dedu
72Rk 50
R 0.
< O [ (olse )] + 19066 )) s + Cag [ 16(Re")jd0—

€ hml (%) 0_ hml (%)

for some positive constants Cay, Caz, Cas. Since ¢ € O™/ (8((d+arg(N\)/q+2kn/p)), it is straightforward
to check that the previous expression can be upper bounded by

Coy
o (%) oy (S8

for some Cay, Co5 > 0. Cauchy’s theorem allows us to choose R to be R = |t\1/‘1. In addition to this, from

C 1 1/q
hwso | o= ) = (i | =22 .
[t|1/4 2|
If 0 < ¢ < 1, one can apply property (6) to obtain

(n ()" (i)

and if ¢ > 1, hy(s) <1 for all s € (0,00), so that
(= ()" = ()
2] - It
Coy
Co Car )’
h () s ()

From the hypothesis (43) we have, by (2), that hy(v) < Chpy, (Av) for every v > 0, and so, putting
Cy7 = min{Ca /A, Ca}, one gets that

property (10) one has

These facts entail, for some Cyg > 0,

Jo <

7 < CC < CCxn < CC )
() (8) (o (52)) e i)

where (6) has been used in the last inequality. So, one obtains that u; € O™(S(d + 2nw/v) x D(0,r)) for
some r > 0 and for n =0,...,v — 1, and the conclusion is immediate. 0O

Lemmas 6 and 7 in [32] can be easily rewritten in our context, and they lead us straightforward to the
next result, an analogue of Theorem 3 in [32].
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Theorem 5.11. Let ¢ = u/v € Q, with ged(p,v) = 1. Let mq(X), ma(X) and m be as in Lemma 5.9. If u(t, z)
is the solution of (37), then for every d € R the following statements are equivalent:

1. ¢ € Om(l/Q)(S((d +arg(X\))/q+ 2kn/p)) for every k =0,...,u—1.

PN

2. ue O™(S(d+2nw/v) x D(0,r)), forn=0,1,...,v—1.

Although all the treatment of summability in this paper has been limited to complex valued functions,
it can be extended without any difficulty to functions taking their values in a general complex Banach
algebra. In particular, we may take this algebra to consist of the bounded holomorphic functions in a fixed
neighborhood of the origin in the z plane with the norm of the supremum, and consider summability of
formal power series in the ¢ variable with such coefficients. The following definition is natural under this
point of view.

Definition 5.12. Let 4 (¢, z) = Z;io u;(2)t? be a formal series with coefficients in O(D(0,)) for some r > 0
(independent of j), and let m. = (m.(j)),en, be the strongly regular moment sequence of a kernel e. We
say U is me-summable in direction d € R if

T (t,2) = f: %) 47 ¢ ome(§(d) x D(O, ),

e B

= me(d)

where S(d) is an unbounded (small) sector bisected by d.

We are now able to establish a characterization of summability for the formal solutions of (37) and also
for the initial problem (28), (29), under appropriate conditions regarding the moment functions involved.

Proposition 5.13. Let @ be a formal solution of (37). Let ¢ = u/v € Q, with ged(u,v) =1, and d € R. We
assume a strongly regular sequence of moments m = (m(p))pen, erists with

ma(qj) < CoAdm(j)mi(j), j € No, (46)
and

m(j/q)mi(j/q) < C1AIma(j), j € Ny, (47)

for suitable Cy, C1, Ag, A1 > 0. Then, G is m-summable in direction d + 2nw/v forn =0,...,v — 1 if, and
only if, ¢ € om/? (S((d+arg\)/q + 2kn/p)) for k=0,...,pu—1.

Remark 5.14. As in the previous Remark 5.10, the inequalities (46) and (47) amount to the equivalence of
mgq) and m - my. One may note that in the Gevrey case treated by S. Michalik [32], in which the order (in
the sense of W. Balser) of a kernel completely determines the summability method under consideration, one
just imposes (instead of (46) and (47)) suitable conditions on the orders of the kernels e; and e3. Moreover,
in that situation the summability of @ is characterized by the analytic continuation of ¢ with a (constant)
order of exponential growth. As explained before (see Remark 3.19(ii)), this is not enough now, since these

constants do not completely determine the summability method whose application is to be justified.

Proof. Let n € {0,...,v — 1}. By Definition 5.12, 4 is m-summable in direction d + 2n7 /v if, and only if,

o S .7 /\j(amg,z)gb(z) J m/ 4 n /v r
o(t,z) == Z,;l(ﬁ—l>—m1(j)m(j) t) € O™(S(d + 2nx/v) x D(0,r)).

J
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If we put m = (m(p))p>0, with Mm(p) = mq(p)m(p), then M turns out to be a sequence of moments, as it
may be deduced along the same lines as in the Gevrey case (see [2, Section 5.8]). One can observe that
v turns out to be the solution of (37) when substituting m; by m. From Theorem 5.11, we know that

v € O™(S(d+2nm/v) x D(0,r)) if, and only if, ¢ € om*/? (S((d+arg\)/q+ 2kx/p)) for k=0,...,u—1,
as desired. O

Finally, we consider the normalized formal solution for (28) given in (32). We make the following:
Assumption (A): There exists ¢ = p/v € Q with ged(p, v) = 1 such that P(),€) in (30) satisfies that

im 2% ¢ ¢\ oy,

@
z—oo 24

for every a =1,...,¢, i.e., ¢ € Q is the common order pole of A, for every a =1,... 2.
The previous results lead to the main result of this last section.

Theorem 5.15. Let d € R. Suppose a strongly regular sequence of moments m = (m(p))pen, exists such
that (46) and (47) hold. Let @ be the normalized formal solution of (28), (29). Then, under Assumption (A),
4 is m-summable in any direction of the form d+2nw /v forn =0,...,v—1 if, and only if, ¢ € om*/? (S((d—l—
arg(Aag))/q + 2km/p)) for every k=0,...,pu—1, everya=1,...,¢ and every S =1,...,nq4.
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