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1. Introduction

W.B. Johnson [20] proved that an operator in the closure of finite rank operators can be factorized through
a universal Banach space. Following this, T. Figiel [15] proved that compact operators can be factorized
through a closed subspace of Johnson’s universal Banach space. D.J. Randtke [29], T. Terzioglu [34], and
J. Dazord [9] factorized compact operators defined on some certain Banach spaces, such as L1, L. Then
W.H. Graves and W.M. Ruess [18], extended these works to simultaneous factorization of operators belong-
ing to compact subsets of compact operators. But the (uniform) factorization of compact subsets of compact
operators on arbitrary Banach spaces was studied by R. Aron, M. Lindstrém, W.M. Ruess, R. Ryan in [3].
Showing that the universal Banach space established by W.B. Johnson [20] and T. Figiel [15] also serves as
a uniform factorization space for factorization of operators belonging to the space of compact weak*—weak
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continuous operators, they obtain a factorization of relative compact subsets of compact operators defined
on an arbitrary Banach space.

As a stronger form of compactness D.P. Sinha and A.K. Karn [31] introduced p-compactness notion,
which was motivated by the well-known characterization of compact sets due to A. Grothendieck [19].
Then plenty of papers appeared related to the p-compactness notion in different directions. We mention
[4,6,8,11-13,22,26,28,31,32]. As to the factorization of p-compact operators, some factorization results are
obtained by some researchers. We mention the works done by D.P. Sinha and A.K. Karn [31], Y.S. Choi
and J.M. Kim (8], D. Galicier, S. Lassalle and P. Turco [17]. But the uniform factorization for (p-compact)
subsets of p-compact operators, as to our knowledge, has not been considered so far. The purpose of this
paper is to study simultaneous factorization of operators belonging to a p-compact subset of p-compact
operators, basing on the paper [3] by R. Aron, M. Lindstrém, W.M. Ruess, R. Ryan. In this paper we firstly
consider factorization of p-compact operators via universal Banach spaces, then as a main goal we study
factorization of relatively r-compact subsets of the Banach space of all p-compact operators.

After giving preliminary material, as a slight improvement of [17, Proposition 2.9] we get a factorization
of p-compact operators through a universal Banach space in Section 2. In section 3 we study uniform
factorization of relatively r-compact subsets of p-compact operators. Our approach is based on the use of
characterization of relatively p-compact sets in the projective tensor product of Banach spaces. For this,
we strengthen a result given in [2], and then making a careful modification with quantitative strengthening
of a method given in [3] we show that every p-compact operator in certain relatively r-compact subsets of
the Banach space of p-compact operators with » > 2 and 1 < p < r < oo can be factorized simultaneously
through a universal Banach space. It should be pointed out that we do not use any selection principal in
our proof, rather we use the lifting property of quotient maps for p-compact sets. Finally, we prove partial
p-compact versions of a result of E. Toma [35] for homogeneous polynomials. For this aim, in particular
we show that for any p > 1 every relatively p-compact subset of a Banach space of p-compact operators is
collectively p-compact.

2. Notation and preliminaries

The letters X and Y will always represent complex Banach spaces. The symbol Bx represents the closed
unit ball of X, Sx represents the unit sphere of X. For any topology 7 on X, M will denote the 7-closure
of a set M in X. The space of all bounded linear operators from X to Y will be denoted by L(X,Y). The
subspace of all compact (respectively, finite rank) operators of L(X,Y") is denoted by K(X,Y") (respectively,
F(X,Y)). If X is a Banach space, and 1 < p < co with the conjugate index p* given by % + % =1 (where
p*=1ifp=00), welet £,(X) (1 <p < o0) (resp., £oo (X)) denote the set of all sequences (x,,)5%; in X such

9]
n=1

that Y07 | |z, ||P < oo (resp., (2,)52; is bounded), and we let ¢o(X) denote the set of all sequences (z,)
in X such that z,, — 0in X. A set K C X is said to be relatively p-compact if there is a sequence (z,)52 4
in £,(X) ((x)p2; in co(X) C Loo(X) if p = o0) such that K C {377 antn : (an)pZy € Be,. } (see [31]).
A relatively p-compact and closed set will be called p-compact. We denote this last set by p-co{(x,)%2;} and
we will call it a fundamental p-compact set since these sets form a fundamental system of p-compact sets
of X. From Grothendieck’s characterization of compact sets (see [19] or [23, Proposition 1.e.2]), a subset
K of a Banach space X is relatively compact if and only if there is a sequence ()52, in ¢o(X) such
that K C {>,7 | an®y : (an)521 € By, }. Thus, by the above definition one can consider compact sets as
oo-compact. Also, note that p-compact sets are g-compact if 1 < p < ¢ < oo. For 1 < p < oo an operator
T € L(X,Y) is said to be p-compact if T(Bx) is a relatively p-compact set in Y (see [31]). The subspace of
all p-compact operators of L(X,Y") will be denoted by K,(X,Y). If T belongs to K,(X,Y), we define

kp(T) = it {[[(yn)nZillp  (Yn)nZs € £p(Y) and T(Bx) C p-cof(yn)nZi }}
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where koo coincides with the supremum norm (see [13]). It is easy to see that k, is a norm on K,(X,Y),
and that (K, k,) is a Banach ideal (see [31,12]).

We recall that a mapping P : X — Y is an n-homogeneous polynomial if there is an n-linear mapping
A: X x...xX — Y such that P(z) = A(x,...,z) for all x € X. Let P("X,Y) denote the space
of all continuous n-homogeneous polynomials from X to Y, endowed with the usual sup norm. Given a

v
polynomial P € P("X,Y), there is a unique symmetric continuous n-linear mapping P€ L("X,Y’) such that
v v
P(z) =P (z,...,x). It is well known that the correspondence P<— P is a topological isomorphism between
——

n times

L*("X,Y), the space of all symmetric continuous n-linear mappings from X to Y, and P("X,Y") (see, for
example, [24, Theorem 2.2]). The space of n-homogeneous polynomials that are weakly uniformly continuous
on bounded subsets of X is denoted Py, ("X,Y") and the corresponding space of symmetric n-linear mappings
is denoted by L:, (" X,Y). When Y = C, instead of P,,("X,Y), L*("X,Y) and L: (" X,Y) we will shortly
write Py, ("X), L*("X) and L:,, (" X), respectively. For each n-homogeneous polynomial P there is a linear
operator Tp : X — L°("1X), defined by Tpr(z1)(z2,...,7,) = A(z1,22,...,7,). It is known that P
belongs to Py, ("X) if and only if the operator Tp is compact (see [5]).

Following R.M. Aron, M. Maestre and P. Rueda [4] we say that an m-homogeneous polynomial is
p-compact if for each x € X there is a neighborhood V, of = such that P(V,) is relatively p-compact
in Y. We denote by P, ("X,Y) the space of p-compact n-homogeneous polynomials. By [4, Proposition 1]
an n-homogeneous polynomial P is p-compact if and only if P(Bx) is relatively p-compact in Y. On
P, ("X,Y) we define

kp(P) = inf{[[(zn)nZillp : (zn)nzy € €(Y), P(Bx) C p-co{(zn)nzi}}

which is a norm satisfying that ||P|| < k,(P) for any p-compact homogeneous polynomial P. Also,
(Pr,("X,Y), k) is a Banach space (see [22]).
X R Y denoteb the tensor product of X and Y endowed with the projective norm 7, which is defined
n
as m(u) = inf{ Z lenl lynll : m €N, u= Z Tp @yn} for x € X @, Y (see [30]). @, X will denote the

completed n- fold Symmetrlc tensor product of X endowed w1th the projective s-tensor norm 7, which is

defined as (see [16, p. 164]) ms(2) = 1nf{z Il |2 = Z Aj @" a;} for z € &, °X, where @z =
j=1 j=1

r®...®x. We refer to [10,16,30] for tensor products of Banach spaces.

—_———

ATLS

n-times

Finally, throughout the paper £,- = ¢¢ if p = 1 and the £,-sum (of Banach spaces), as usual, will stand
for the co-sum if p = co

D. Galicier, S. Lassalle and P. Turco in [17, Proposition 2.9] showed that a linear operator is p-compact
if and only if it is quotiented in £,«. To be more precise, their proof can be sketched as follows: Given
T € K,(X,Y) there is a z = (2,)0%, € £,(Y) such that T(Bx) C {> .2 anzn : (n)52, € L}, where L
is a compact set inAsz*. Then, define two linear mappings 6, : £,» — Y by 0.(a) = Y07 anzn, a =
(an)oey € lp=, and 0, : £y /kerf, — Y by 6.([a]) = 0.(a). And define a linear operator R : X — Ep*/keTHZ
by R(z) = [(@n)$2 4], where ()22, € Lis a sequence satisfying that T'(z) = > ° | a,2,. Then one can
easily see that T' = 6,0R. Here, we notice that 0, is p-compact and R is compact. Now, with these notations
and facts in mind we get the following factorization of p-compact operators through a universal Banach
space.

Theorem 2.1. Let 1 < p < 0o, let X and Y be Banach spaces. Then there is a universal Banach space ZP)
such that every operator T € K,(X,Y) can be factored as T = B o A, where A € K(X,Z®) and B €
Kp(Z(p),Y) In particular, for 1 < q < oo Z®) can be chosen as Z®) = = Xww w® )q, for a fized q, where
W®) runs through the quotient spaces of Ly« which are Banach spaces.



E. Caliskan, A. Keten / J. Math. Anal. Appl. 437 (2016) 1058-1069 1061

Proof. Given T € K,(X,Y), by [17, Proposition 2.9] there exist z = (2,,)22; € £,(Y), R € K(X, £y /ker,)
and 0, € K€y« /kerf,,Y) such that T' = 0,0 R. Let Iy . jkero, + Ly [Rer8, — Z®) denote the natural norm
one embedding and let Py . /kero, : Z ®) Ly~ [ kerf, denote the natural norm one projection. If we define
the mappings A := Iy . jkero, © R and B := 0, o Py /kero., then A € K(X, ZWP), B e Kp(Z(p),Y) and
T=BoA. 0O

On the other hand, we know by results of T. Figiel [15] and W.B. Johnson [20], combined with a result
of S. Banach and S. Mazur [7] (see also [21, p. 280]), that compact operators between Banach spaces can be
factored compactly through a quotient space of £;. We note that by a slight modification of the proof of [17,
Proposition 2.9] we recover this result easily as follows, which we include here for the sake of completeness.

Proposition 2.2. (See [15,20,17].) Let X and Y be Banach spaces and let T € K(X,Y). Then there exist
(22)32, € co(Y), R e K(X,01/kerf.) and 0. € K(¢,/kerd.,Y) such that T =6, o R.

Proof. Let (2,)52; € co(Y) be such that T(Bx) C {d 0, anzn : ()52 € By, }. Choosing a sequence
(An)22, with, A\, > 1 and A, — oo such that (A\,2,)52; € ¢o(Y), and defining (y,)5% 1 1= (An2n)5% 4, we
get T(Bx) C {021 Buyn : (Bn)5>y € L}, where L is a relatively compact set in By,. Now following the
lines of the proof of [17, Proposition 2.9] one can get the required factorization. 0O

As a consequence of Proposition 2.2, we obtain the following p = oo case of Theorem 2.1, which is nothing
more than a factorization of compact operators through a universal Banach space, and is well known as we
already mentioned above.

Theorem 2.3. (See [15,20].) Let X and Y be Banach spaces. Then there is a universal Banach space Z(>)
such that a compact operator T € K(X,Y) can be factored as T = B o A, where A € K(X,Z(>®)) and
B € K(Z©™),Y). In particular, for 1 < q < oo Z(®) can be chosen as Z(>) = Oow W)q for a fized q,
where W runs through the quotient spaces of {1 which are Banach spaces.

The above factorization results will be used in the next section. It should be pointed out that factoriza-
tion results for operators are quite useful when working with approximation properties of Banach spaces,
since in many cases they have a crucial role for determining whether or not certain (classes of) Banach
spaces have certain type of approximation properties. For instance, we consider the approximation and the
kp-approximation properties. We recall that a Banach space X is said to have the approximation property
(AP for short) if for every compact set K in X and every € > 0, there exists a T' € F(X;X) such that
SUp,ex || Tz —z| < € (see [19]), and a Banach space X is said to have the kj-approximation property (k,-AP

for short) if for every Banach space Y, F(Y, X )kp = K,(Y, X) (see [13]). It is known that there are quotient
spaces of ¢, for 1 < ¢ < 2, which does not have the AP (see [33]). But using the factorization for p-compact
operators given in [17, Proposition 2.9] one gets the same result at once without any effort. Moreover, by
using standard methods along with [8, Theorem 3.1], we get easily another known result asserting that
if 1 <p < oo, p# 2, then there are quotient spaces of ¢; which does not have the k,-AP (see, e.g., [§]

and [20]).
3. The results

R. Aron, M. Lindstrém, W. Ruess and R. Ryan in [3] obtained (uniform) factorizations of compact subsets
of compact operators between Banach spaces. Here by a suitable and careful modification of their method
we obtain, speaking roughly, (uniform) factorizations of r-compact subsets of p-compact operators between
Banach spaces. In order to obtain this result (Theorem 3.5) we need some preparation. For this aim we will
start with a sequence of lemmas which will be needed to achieve our goal.
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Lemma 3.1. (The lifting property of quotient maps for p-compact sets.) Let X be Banach space and let
1 <p<oo. Let N be a closed subspace of X and let Q)]\(, : X — X/N be the quotient mapping. If K is a
relatively p-compact subset of X /N, then there is a relatively p-compact subset C' of X such that K C Q]X\, (C).

Proof. If K is a relatively p-compact subset of X/N, there exists (X,)5° € ¢,(X/N) such that K C
{3 anXy : ()2, € By, }. For each n € N, choose z,, € X, such that |lz,| < [ X,|| + 7z, so that
()% € £p(X). Taking C' := p-co{(z,)2%,)} ends up the proof. O

The following lemma says that any p-compact subset in the range of a surjective continuous linear
operator is always contained in the image of a p-compact set by the operator. More precisely, we have

Lemma 3.2. Let X andY be Banach spaces, let 1 <p < oo and let T € L(X,Y) be onto. If H is a relatively
p-compact subset of Y, then there exists a relatively p-compact subset A of X such that H C T'(A).

Proof. If T € L(X,Y) is onto, then it admits a factorization T = Ty o @, where Ty : X/N(T) — Y is
an isomorphism and @ : X — X/N(T) is the quotient map (see, e.g., [27, B.3.7 Proposition]). Letting
C:=T 071(H ) and applying Lemma 3.1 we get the conclusion. 0O

A result similar to the above lemma, replacing quotient maps by continuous surjective linear maps, can
be stated for fundamental p-compact sets as follows.

Lemma 3.3. Let X and Y be Banach spaces and let T € L(X,Y") be onto.

a) Ifp=1, a>1 and H C p-co{(ag){>,} with (k%a)52, € £,(Y), then there exists a sequence (T)5>, C
X with (k%7)72, € €,(X) such that for L := p-co{(m)5>,} we have H C T(L).

b) If1<p<ooand HC p-co{(ar)i2,} with (kag)52, € £,(Y), then there exists a sequence (T)70, C X
with (k1)32, € £,(X) such that for L := p-co{(m4)7>,} we have H C T'(L).

Proof. We give a proof for the case p = 1 since the proof for the case 1 < p < oo is similar. Since
T € L(X,Y) is onto, as in the proof of Lemma 3.2, we can write T' = T o ), where Ty : X/N(T) — Y is an
isomorphism and @ : X — X/N(T') is the quotient map. If y € H, then there exists (o )72, € By,. such that
y =372, apak. For each k € N, there is a 7, € T ' (ay) := [r] € X/N(T) such that ||75[| < ||[7]]| + 3=
Therefore, since Y _pe ||| < [|T5 | She, 6%k + Sy & < oo, letting L := p-co{ ()32, }, we get
that H C T(L). O

By strengthening a result in [2] we obtain the following lemma, which relies on a result of A. Grothendieck
characterizing tensor products [19]. This lemma will be the key result since the main result (Theorem 3.5)
will be based on the tensor representation provided therein.

Lemma 3.4. Let X and Y be Banach spaces.

a) Let 2 <p < oo. If L C p-co{(7x)521} with (k1) € €p(X © Y), then there exist sequences (r)5, €
co(X), (sk)i2y € €(Y) and a subset K of By,. with K C p*-co{(tx)3Z,}, (tx)iZ; € €p-(Be,. ), such
that L C {3 pe Mk ® sk (Ap)72, € K}

b) Let 1 < p < oo. If L C p-co{(7x)5, } with (1)5, € £,(X &, Y), then there exist sequences (1), €
co(X), (k)32 € (YY) and a compact subset K of By, , such that L C {37 Merr®@sk : (Me)j2, € K}
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Proof. a) If L C p-co{ (7)., } with (ka) ° 1 € £,(X&,Y), then for any 7 € L, there exists (A[)72, € By,.
such that 7 = Zk:l ETk- Since 7, € X ®, Y, it follows from [30, Proposition 2.8, and the formula given in
p. 22| (see also [16, p. 165]) that 7, = Z;’il AkiTh i ® Sk,i, where for every i € N, 1, ; € Sx, s;; € Sy and
> ooy Akl < oo with i := 377 Ak < (k) + 52~ Thus we get that

o0 [oe) o0 o0 oo 1 A / l ; A / 1
T=D NI =D AT Akark @ sk = D> PN s @ k() s
k=1 k=1  i=1 k=1 i=1 k Pk Hr

A\ 1/p" 1/p .
Since the series > po; Yoo k AL (A’“> Tri @k (’\’“) WiSk,; converges absolutely in X @, Y, and

A -
since Y po g Yoy |E/\;(ﬁ) =Yl o= AEPT <1and

o0

oo 00 )\]@’7,‘ Y 1
33 1 2 2 (o) + ) < o

k=1i=1 k=1
by choosing a specific order one can write

1 ki1 /p*
= (ST (2P
(V)4 (k k(’uk) )

()72 = (Tk,i)(k,i)eNxN € loo(X),
A

ki
(y)i2y = (k(m)l/puksk,i)(k,i)ENxN € £,(Y),

(k,i)eNxN € B,.,

so that we obtain a representation 7 = Y _,°, 7/ #; ® y;. Moreover, since >, ||y]|? < 0o, we may choose
a positive 1ncrea51ng sequence (¢7)524, dlvergmg to infinity, such that >, |||’y < oo. Thus, writing
T=Y o 1/p ®c /pyl, and letting r; := z; 1/p and s; := ¢, 1/p y; for each [, we get that 7 = >} 77 r®sy,
where (1), € cO(X) and (s;)72, € £,(Y).

Now, we claim that the sequences (7] )i<;, (T € L), range over a relatively p*-compact subset K of By . .
Indeed, according to the order chosen above, we can write

o0

,_x

Aki

1/p ek
22 “

WP ) (kgyensn = AR
k=1 =1

1
(D)1 = (A G

where the vectors ef appeared in the double indexed set (e )(k ienxn are the standard basis vectors e; of
1/p”
£+ ordered as above. Next, for each k € N, we define tj, := + > o0, ()‘k ) ek. Hence, for every k € N

we have that ¢, € By,., and, since 1 < p* < 2, we have Y ;7 | Htk||p* =Yl Zfil )\}” e ||P" < oo.
Thus, (tx)72; € €= (Be,.) C €p-(£y+). On the other hand since p* < p, we have (A[)p; 6 ng. Therefore,
since (7))21 = Y opey Aptk with (A])P2, € By,, if we take K as the set {(7/)j2, : 7 € L}, then K C
p*-co{(tx)52}, and the proof of part a) is complete.

b) If L C p-co{(r)22,} with (7)5, € £,(X ®, Y), then by a similar argument as in (a) any 7 € L

can be written as 7 = Y3, ATy @ t; with (\])2, € By . where ()52, € co(X) and (t;)52, € £,(Y).
Since (t;)52; € ¢,(Y), we may choose 5 = (3;)52, € B, such that (é_) ) € (,(Y). Accordingly we write
k2 z:

T =2 AT @ty = Yo AT @ 2—1, where (A7), € By, .. If for every i € N we let 67 := 3;\] and

t,
s; := —, then,

Bi

o0
= 0iri®si, (0]) € By,
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with (r;)52, € co(X), (5:)521 € £,(Y). To see that the sequences (07)5°, range over a compact subset
of By,., note that the set K := {(B:71){2, : (vi);2; € By,. } is a compact subset of By ., so the proof of the
claim is complete. O

As a final step towards our main result, let 1 < p < oo, and let Z(®) be the universal Banach space given
in Theorem 2.1. Given Banach spaces X and Y, according to Theorem 2.1, the continuous bilinear map

7 K(X,ZP) x (K,(ZP,Y), ky) = (Kp(X,Y), k), 7(u,v) =vou,

is onto. The linearization of 7, 7 : K(X, ZP) &, (K,(Z®),Y),k,) = (K,(X,Y),k,), defined by #(u®v) =
7(u,v) = vow, is a continuous linear map which is onto.

Now we are ready to give the main result of the paper. For the proof we will carefully modify a method
given in [3], namely, the first method in the proof of [3, Theorem 1]. It should be emphasized that in
our proof we do not use any selection principal as it is done in the first method given in the proof of [3,
Theorem 1], instead we use the lifting of p-compact sets (given by Lemma 3.1) which is already pointed out
at the end of the same paper for the compact case. Therefore the proof for the p-compact case given below
seems to be more direct proof than the ones given in [3] for the compact case.

Theorem 3.5. Let X and Y be Banach spaces, let 1 > 2 and let 1 < p < r < oo. For every (balanced
and convex) relatively r-compact subset H of (K,(X,Y),k,) such that H C r-co{(ar)?>} with (kag)7>, €
0 (Kp(X,Y), kp), there exist an operatoru € K(X, Zgpy), a (resp. balanced and convex) relatively r*-compact
subset {Br : T € H} of K(Zr;,Z™) and an operator v € K,.(Z",Y) such that T = v o By ou for all
T € H, where Zp; denotes a universal factorization space of Figiel [15] and Johnson [20], and Z(") is the
universal Banach space given in Theorem 2.1.

Proof. Since 7 is a continuous linear onto map and H C r-co{(ax)?>,} with (kar)32, € 6-(Kp(X,Y), kp),
by Lemma 3.3 b), there exists (73,)52; in K(X, Z®) &, (K,(Z®),Y), k,) with (k)32 € £-(K(X, Z(p))®7r
(K,(Z®),Y),kp)) such that for L := r-co{(74){2,} we have H C #(L). Thus, for every T € H there

exists 77 € L such that T = 7(7r). By Lemma 3.4 a) we have a representation 7p = Z)‘ZT” ® 84

i=1
with (A\]7)2, € K, where (r;)32, € co(K(X,Z®)), (s:)2, € £.(K,(ZP),Y),k,) and K C £, is a
relatively r*-compact subset. Now, define r : X — ¢o(Z®)) by r(z) := (ri(z))$2,. Then r € K(X,co(Z®))
(see [3, Theorem 1]). Next, for each T € H define Ar : c¢o(Z®P) — £,.(Z®)) by Arp(z) = (N7 2),,
2= (2)22, € co(ZP). Since

[e%) ) r* oo
ST < ST ] < (supzi|> ST < oo
i=1 i=1 ieN i=1

Arp is well defined and that Ay € L(co(ZP)),4,-(ZP)). Now we consider the continuous linear map
At bl = L(co(ZP), £,-(Z®)) defined by ANz == (Nz)2y, A = (M2, 2 = (2)2,. Since
{Ar: T € H} C A(K) and K is a relatively r*-compact subset in £,.», it follows that the subset {AT :T € H}

of L(co(Z®), £,-(ZP))) is relatively 7*-compact. Finally we define s : £,«(Z(®)) — Y by s(w Z si(w;),

w = (w;)2, € L (ZP). Since

S 1/r 00 1/rx
> lsitwll < 3k <kp(si>>r> (anin“) <o

\ 8
50
£
IN

SN

ngE
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s is well defined, and since ||s|| < ||(kp(s:))24]lr, s is a continuous operator. Now we show that s is,
in fact, r-compact. For every 1 € N, since s; € KP(Z(’J),Y) and p < r, then s; € K,.(Z®,Y) and
kr(si) < kp(si) (see [31]). Hence, since (s;)3°; € £.(K,(Z®P),Y),kp)), then 27 (k, (s,))r < o0. Now,
for every i € N, choose a sequence (c},)5; € £,(Y) such that ||(c})32, |, < kr(s;) + 2 with s;(Bzm) C
rcof (€431 Since 3737, ()2 F < 27 (552 (h (50))” + 3325, ) < o0, we have 3752, 352 [t |7 =
Soicy l(eh)oy |l < oo. Next, let w = (w;)72; € By, (zw) (Without loss of generality we can assume that
w; # 0 for each i € N). Now, one can write s(w) = Yo, [|w;|| Yoor; a¥icl, with (a¥#)%°, € By,. . Note that

YD lwillagic, <31 Z willlasy )™ )™ Nl 7))
i=1n=1 i=1 n=1 n=1
oo 00 i, . oo 00 )
ZZ il Jeu )0 D eI < oo,

i=1 n=1

)T* < 1, choosing a specific order for these

and since 3%, Y0, ek | < oo and Y%, 130, (i
double series and writing (\;)en = (||wi\|ozﬁi)(i,n)eNxN € By. and (z)en = (c;)(i’n)eNxN € £.(Y),
we obtain a representation s(w) = Y ;°, Az, which shows that s € K,.(£,(Z®),Y).

Now for T' € H, where T' = 7(7r) = ZOO A["s; or;, we have T = s o Ap o r. Finally we factor r and s
through Zg; and Z(T) , respectively, (see [3] and Theorem 2.1). That is, there exist operators u € K (X, Zp ),
a € K(ZFJ,CO(Z(p))), B e K{-(ZP), ZM) and v € K,.(Z",Y) such that » = a ou and s = v o 3. For
each T € H, let By := $ o Ay o . Then it can be easily seen that {Br : T € H} is a relatively r*-compact
subset of K(Zgz,Z() and T = v o By o for every T € H.

In addition if we assume that H is convex and balanced, then one can readily see that {Br : T € H} is
also convex and balanced, with which the proof is complete. O

Remark 3.6. a) In the hypothesis of Lemma 3.4 a) and Theorem 3.5, instead of each factor “k” if we take
more generally any number & > 1 such that, for every v > 1, > 72, é < 00, then these results continue to
be true.

b) Let X and Y be Banach spaces, let r > 2 and let 1 < p < r < co. If H is a relatively r-compact subset
of (K,(X,Y),kp) such that H C r-co{(ax)3>} with (kax)32, € £.(K,(X,Y), kp), then as a consequence of
Theorem 3.5 observe that H is, in fact, a relatively r*-compact subset of (K, (X,Y), k).

If we relax the hypothesis of the previous theorem by removing the factor “k” in the sequence (kax)32,
as compared to Theorem 3.5, we obtain the following weaker result.

Proposition 3.7. Let X and Y be Banach spaces, let 1 < p < r < oo with r > 1. For every (balanced
and convez) relatively r-compact subset H of (Kp(X,Y), k), there exist an operator u € K(X,Zrpy), a
(resp. balanced and convex) relatively compact subset {Br : T € HY} of K(Zry,Z") and an operator
v e K.(Z",Y) such that T =vo Browu for all T € H.

Proof. Let H be a relatively r-compact subset of (K,(X,Y),k,). By Lemma 3.2 there exists a relatively
r-compact subset L of K(X,Z®) &, (K,(Z®),Y),k,) such that H C #(L). Now by Lemma 3.4 b) any
77 € L has a representation 70 = Yoo, 077r; ® s; with (0]7)3°, € K, where (r;)32; € co(K(X,Z®)),
(5:)32, € £.(Kp(ZW),Y), k), and K is a compact subset of By .. Now the set {A7 : T € H} obtained
in Theorem 3.5 is a relatively compact subset of L(co(Z®),£,-(Z®) and so is the corresponding set
{Br : T € H}. Finally if H is balanced and convex then, one can see that the set {Br : T € H} has the

same properties. Thus, we have the proof. O
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We can improve Theorem 3.5 and Proposition 3.7 a little bit more, since in the factorizations given in
these results one of the spaces through which the p-compact operators factorize depends on the number
r> 2.

Let 1 < p,g < oo and let Z = (Z1§pgoo Z(p))q for a fixed ¢, where Z(® is the universal Banach
space given in Theorems 2.1 and 2.3. Thus by Theorem 2.1 and Theorem 2.3, it can be easily seen that
Z is a universal Banach space for the factorization of all p-compact operators between arbitrary Banach
spaces, which is independent of p. That is, given Banach spaces X and Y, and any 1 < p < oo and any
T € K,(X,Y), we can write T' = vou, u € K(X,Z),v € K,(Z,Y). As a consequence we obtain the following
strengthening of Theorem 3.5 and Proposition 3.7, respectively, in which the corresponding factorizations
are obtained through a universal Banach space which does not depend on the number r > 2.

Corollary 3.8. Let X and Y be Banach spaces, let + > 2 and let 1 < p < r < oco. For every (balanced
and convezx) relatively r-compact subset H of (K,(X,Y),k,) such that H C r-co{(ar)?2} with (kag)52, €
0 (Kp(X,Y), kyp), there exist an operator u € K(X,Z), a (resp. balanced and convez) relatively r*-compact
subset {Br : T € H} of K(Z,Z) and an operator v € K,.(Z,Y) such that T =vo Browu for ollT € H.

Corollary 3.9. Let X and Y be Banach spaces, let v > 1 and 1 < p < r < oo. For every (balanced and
convez) relatively r-compact subset H of (Kp(X,Y),ky,) there exist an operator v € K(X,Z), a (resp.
balanced and convex) relatively compact subset {Br : T € H} of K(Z,Z) and an operator v € K, (Z,Y)
such that T'=vo Brow for all T € H.

We now look at the use of uniform factorization result given in Corollary 3.8. The motivation is that
whether or not compact sets can be replaced by p-compact sets in a result of E. Toma [35] given in
[3, Corollary 6] which gives a characterization of scalar-valued homogeneous polynomials that are weakly
uniformly continuous on the unit ball. It is worth saying that in the p-compact case the situation is quite
complicated due to the nature of p-compact sets.

We will begin by defining collectively p-compact set, which is the natural extension of notion of collectively
compactness.

Definition 3.10. Let X and Y be Banach spaces, let p > 1. A subset A of L(X,Y) is said to be collectively
p-compact if A(Bx)={Tz:T € A,x € Bx} is a relatively p-compact set in Y.

Now, similarly to the collectively compactness case (see [1, Theorem 2.4]), as a p-compact counterpart,
we obtain the following result, which is of independent interest, and will be needed in the proof of the next
theorem.

Proposition 3.11. Let 1 < p < oo. Every relatively p-compact subset K of (K,(X,Y),k,) is collectively
p-compact.

Proof. We give a proof for the case 1 < p < oo since the proof for the case p = 1 is similar. Let K
be a relatively p-compact subset of (K,(X,Y), k). Thus, for a given T € K there exist (o;,)p2, € By,.
and (1,)5%, € €,(K,(X,Y),kp)) such that T = ZZO ,al'T,. For every n € N we choose a sequence
(2152 € £,(Y) such that [|(2)32]lp < kp(Tn) + 5= and T,,(Bx) C p-co{(2))7<, }. Hence, for T € K and
x € Bx we have that T'(x) = Y07 ol Th(x) = Y07 > 00 af Nz, where (o )o2y, (A")72, € Be,..

Since 32071 2k |0‘£>‘Z’z|p* <Xl |a£|p* <1land

ZZ”% ||p*2|| Zkk1||p<2pzkp +2Tp)<oov

n=1k=1
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by choosing a specific order one can write (flex)fil = (af A ) npyensxn € By, and (s)i2, =
(21) (n.kyenxn € £p(Y), so that we obtain T'(z) = 2, v/ "s;. Thus, K(Bx) = {Tz : T € K,z € Bx} C
p-co{(s))Z,}. O

The following result is a partial p-compact version of [3, Proposition 5], which we obtain for the case
n=2.

Theorem 3.12. Let X be a Banach space with X' having the AP, and letr > 2,1 < p <r < oco. Let H be a rel-
atively r-compact subset of (Kp(X, X'), kp) such that H C r-co{(ar)7>, } with (kar)5>, € - (Kp(X,X'), kp).
Then for every € > 0 there exists an r-compact subset K. of X' such that for every T € H and x € X

T(z)(x)] <ella| sup [K'(z)|+ sup [k'(x)*.
kEK! K EK!

Proof. By Corollary 3.8, there are a Banach space Z, a relatively r*-compact subset {Ly : T € H} of
K(X,Z), and an operator v € K, (Z,X') such that T = voLy for all T € H. Thus, for each x € X C X"
and for each T' € H, we have |T'(z)(z)| = |vo Lr(z)(z)| < ||v'(z)|||Lr(x)|, where v' is the adjoint of v.
Note that [[v'(z)| = sup.cp, [v(2)(2)] < supy ck; [K'(z)|, where K| :=v(Bz) C X', which is an r-compact
set. Furthermore,

ILr (@)l = sup [2'(Lr(x))| = sup [(Lyz')(z)]. (1)

z'€Byr z'€By

Let K := {Ly : T € H} and let K* := {L}. : T € H}. Since K* is relatively r*-compact subset of
K(Z',X'"), there exists (S},)22, € £,«(K(Z',X")) such that K* C r*-co{(5})52}. Hence, for any ¢ > 0
there is N = N(e) € N such that >_0° v [|S]|7 < (%)T*. Since X’ has the AP, by [23, Theorem 1.c.4],
for every n € N there is an S € F(Z', X’) such that ||S], — SF|| < 55 (>0, ). So, if we define a
sequence (S:)>° , in F(Z', ’) by Sk =S forn=1,2,...,N,and S := 0 for n > N, and consequently a
set by Kp. = {321 anSy i (an)pZy € By, with 7, anS’ € K*} then, K} is a relatively r*-compact
subset of (F(Z', X"), k). Novv7 given any L, = Y 07 al'S) € K* let L} = ZZO L al'S%. Thus, we have
that

N 00 .
125 = L3 IS S0 = STI+( 3 Tad Y7 30 ISu ) <e
n=1 n=N+1 n=N4+1

Hence, we have shown that for any Lt € K there is L} € Kj_ such that ||L7, — L% < e. Therefore, by (1),
for every z € X we get that

[Lr (@)l < L7 = Lzl sup [ =]l + sup [L7z"(x)] <ellzll+ sup [L72'(x)].

z'€Byr z'€Byr z'€By

Since K7, is a relatively r*-compact subset of (K« (Z', X'), k), thus by Proposition 3.11 the set K _ is col-
lectively r*-compact in L(Z’, X'), so that the set K3 := {L}.(2') : L} € K}, 2’ € Bz} is an r*-compact,
hence r-compact, subset of X'. Therefore, | Lr(z) [[< ¢ || = || +supucp,, [L72' (@) < e || = [ +
Supy ey [k ()] Finally, letting K7 := K| U K3, which is also r-compact, for all T € H and z € X we
obtain |T'(z)(z)| < e || = || supp e, [K'(z)] + supper K'(x)]?. O

Now as an application of Theorem 3.12 we get the following partial p-compact version of a result of
E. Toma [35] for 2-homogeneous polynomials.
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Corollary 3.13. Let X be a Banach space with X' having the AP and let 2 < r < oo. Then for a P €
Puu((X) with Tp being r-compact, given any ¢ > 0 there exists an r-compact subset K. of X' such that
|P(@)] < e ||z | suppeg, K (2)] + suppex: |K'(2)|? for allz € X.

Proof. Let P € P,,(2X) with Tp being r-compact, 2 < r < oco. Then taking H := {Tp} and applying
Theorem 3.12 we obtain the desired inequality. O

Recall that a polynomial P € P("X,Y) is of finite type if it can be written as a linear combination of
functions ¢"®@y (n € N, € X',y € V), where ¢"®@y(z) = ¢™(z)y for each z € X. Note that if a polynomial
P is of finite type then the corresponding operator is also of finite type, hence, is r-compact for any r > 2.

We do not know if the reverse implication in Corollary 3.13 is true. If that would be the case, Corollary 3.13
would be an improvement of [3, Corollary 6] for the case n = 2, since the compact sets are replaced by
r-compact sets.

Motivated by [3, Corollary 6] and Corollary 3.13, a result for vector-valued p-compact n-homogeneous
polynomials can be stated in a similar fashion. Therefore, as a consequence of Theorem 3.12 we prove the
following interesting result concerning p-compact polynomials with values in (®;LSX ).

AMN,S

Corollary 3.14. Let X be a Banach space such that (®, X)' has the AP. Let v > 2,1 < p < r < oo,
and let H, be a relatively r-compact subset of (Py, ("X, (®Z;SX)'),/€,,) such that H, C r-co{(a})?>,}

AN,S

with (kap)7e, € €y ((Po, ("X, (®, X)), kp)). Then for every ¢ > 0 there exists an r-compact subset
K. of (&.°X)" such that for all P € H, and all x € X, |P(z)(®"z)| < sup ek [K'(®"z)|(el|z|™ +
supy e [K'(@")]).

Proof. Since by [6, Theorem 3.1] (see [16, Proposition, p. 163]) (Py, ("X, (&, X)), ky) and (K,(&, "X,
(®,°X)"), kp) are isometrically isomorphic, there is a sequence (T})3%; C K, (& "X, (®,°X)") such that
(KT, € ET(KP(QA@Z;SX, (®Z’:X)’), kp) and Cy, := {P*: P € H,} C r-co{(T}")2,}, where the mapping
PL:&7°X — Y, defined by P*(®@"z) = P(z) is the linearization of P. Now since (®,°X)’ has the AP

hence, by Theorem 3.12, given any ¢ > 0, there exits an r-compact subset K of (%, X)" such that for all
PL e C, and for all z € X, we have

[PE(@")(@"x)| < sup [K'(@"z)|(e || @« || + sup [K'(@"z)]),
K eK! k' eK!

from which we get the conclusion. 0O

Note that in Corollary 3.14 taking n = 1 one gets exactly Theorem 3.12. In this sense it is a generalization
of Theorem 3.12.

Remark 3.15. Since P("X) = (&,

s

the AP is satisfied for the spaces ¢y, ¢1 and T (Tsirelson space), and for ¢, whenever n < g < oo (see [14]
and [25]).

)/ (see, e.g., [16, p. 165]) the hypothesis of Corollary 3.14 concerning

We end the paper with some natural questions that arise from our results.
Question 3.16.

a) In Lemma 3.4 a), can the factor “k” be removed to get the same conclusion for general r-compact sets?

b) Is it possible to extend Lemma 3.4 a) to the case 1 < p, and accordingly, Theorem 3.5 to the case
1<r<p?

¢) In Theorem 3.5, what conditions should be imposed (e.g., on the set H) to get the set {Br : T € H}
being p-compact, for any 1 < p < o0?
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Question 3.17. Ts it true that the result of E. Toma [35], stated in [3, Corollary 6], continue to be true if one
replaces compact sets by p-compact sets, for any 1 < p < co?
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