J. Math. Anal. Appl. 438 (2016) 240-266

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Concentration of the invariant measures for the periodic @ CossMark
Zakharov, KdV, NLS and Gross—Piatevskii equations in 1.D
and 2D

Gordon Blower

Department of Mathematics and Statistics, Lancaster University, Lancaster, LA1 4YF, England, UK

ARTICLE INFO ABSTRACT

Article history: This paper concerns Gibbs measures v for some nonlinear PDE over the D-torus T?.
Received 19 April 2015 The Hamiltonian H = [, [|Vul|? — [1.5 |u|? has canonical equations with solutions
Available online 6 February 2016 in Oy = {u € L*(TP) : [|u|*> < N}; this N is a parameter in quantum field

Submitted by B. Kaltenbach . . .
ubmitted by attenbacher theory analogous to the number of particles in a classical system. For D = 1 and

2 < p < 6, Qn supports the Gibbs measure v(du) = Z e~ H®) [t du(zx) which

Keywords:

Gibbs measure is normalized and formally invariant under the flow generated by the PDE. The
Logarithmic Sobolev inequality paper proves that (Qn,] - ||z2,7) is a metric probability space of finite diameter
Transportation that satisfies the logarithmic Sobolev inequalities for the periodic KdV, the focussing

cubic nonlinear Schrédinger equation and the periodic Zakharov system. For suitable
subset of Qn, a logarithmic Sobolev inequality also holds in the critical case p = 6.
For D = 2, the Gross—Piatevskii equation has H = [, [|Vul|*> — [1.(V * [u|?)|ul?,
for a suitable bounded interaction potential V' and the Gibbs measure v lies on
a metric probability space (Q,]| - ||g-+,v) which satisfies LSI. In the above cases,
(Q,d, v) is the limit in L? transportation distance of finite-dimensional (2, ||+ ||, vx)
given by Fourier sums.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction
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dimension D may be realized as Hamiltonian systems with an infinite-dimensional phase space L?(T?;C).
For instance, the Hamiltonian for NLS
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is focussing for A > 0 and defocussing for A < 0, and the canonical equations generate

6u D 52y,
— + dululP? = 0. 1.2
rn +J_1 oz, + Aulul 0 (1.2)

The critical exponent for existence of smooth solutions over all time is p = 2 + (4/D) by [10, p. 6]. In
particular Hy generates the cubic NLS equation for the field u. For N > 0, let Qn be

Oy = {u6L2 (TP C /|u gN}, (1.3)

and observe that [ |u|? and Qu are formally invariant under the flow generated by (1.1). This bound N on
the L? norm of the field is essential to the analysis, and is analogous to the particle number of a classical
system in statistical mechanics; see [16, p. 660].

For D = 1, Lebowitz, Rose and Speer [16] introduced an associated Gibbs measure v and determined
conditions under which v can be normalized to define a probability measure on y; thus they introduced
the modified canonical ensemble as the metric probability space Xoo = (N, |l - |lz2, v). The purpose is to
have a statistical mechanical model of typical solutions of KdV and NLS, not just the smooth solutions.
In this paper, we describe concentration of Gibbs measures in terms of logarithmic Sobolev inequalities,
and then use Sturm’s theory of metric measure spaces [21] to obtain convergence of Gibbs measures on
finite-dimensional phase spaces to the true Gibbs measure.

Definition. (LSI(a)) Let (X, d) be a complete and separable metric space, which is a length space with no
isolated points, and p a probability measure on X. For f : X — R, introduce the norm of the gradient
|Vf(x)| =limsup,_,, |f(y) — f(x)|/d(z,y). Then (X,d, u) satisfies the logarithmic Sobolev inequality with
constant a > 0 (abbreviated LSI(«)) if

/f(:n)210g //fzd,u (dx) /|Vf| wu(dx) (1.4)
X

for all f € L?(X;u; R) such that |Vf(z)| € L?(X; u; R). See [23, Chapter 21].

Suppose that u satisfies LSI(a); then p exhibits concentration of measure in the sense of statistical
mechanics, as follows. Let g : X — R be a Lipschitz function such that |g(z) —g(y)| < d(z,y) forall z,y € X
and [ g(z)u(dx) = 0. As in [12, page 39], we introduce the free energy function ¢(t) = log [ exp(tg(z))v(dz),
and observe that ¢(0) =0, ¢/(0) =0, ¢ is convex, and

td (t) < c(t)log e(t) + %c(t) (t>0) (1.5)
by (1.4). Hence c(t) < t?/(2a), so p is concentrated on the subset where |g(x)| is small. See [23, Theo-
rem 22.10] for further discussion.

When (X,d) = (E,|| - ||g) for some Banach space E and f : E — R is continuously differentiable in
Fréchet’s sense, then we have |Vf(z)| = |V f(z)| g+, where V f(x) is the Fréchet derivative and E* is the
dual space; see [2]. In the analysis below, we generally apply LSI(«) to functions which may be expressed

in terms of the Fourier coordinates, and we require inequalities with constants that do not depend directly
upon the dimension of the phase space.

In [17], Lebowitz, Mounaix and Wang constrain the number of Fourier modes @(n) by taking K > 0 and
ZjDzl ni < K, but they do not impose a direct constraint on [ |u[?. For each K, they introduce a stationary
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measure g, the truncated Gibbs measure, and prove a spectral gap estimate, with constants independent
of K. While the current paper deals with different hypotheses, our results are related to those of [17], since
LST implies a spectral gap inequality by [23, Theorem 22.28], [2, (3.5)], and our Proposition 2.2 resembles
their Proposition on page 74.

Bourgain [7] showed that the Gibbs measure on suitably normalized subspaces could be constructed from
random Fourier series, so that the Fourier coefficients give an explicit system of canonical coordinates for
the phase space. Let H*(T?) = {30, czp are™? : |ao|* + Ypcza (o [EI**ar]* < 00} Let (1,7} )kezp be
mutually independent standard Gaussian random variables. Then for p > 0, the distribution of periodic
Brownian motion

b(8) = Z (£ i)t (0 =(01,...,0p)) (1.6)

vezo VPt IEP

defines a Radon probability measure on H*(T?) for s < 1 — (D/2) by Sazonov’s theorem [20, page 215].
For D = 1, Lebowitz, Rose and Speer [16] showed that for all N < oo and 2 < p < 6 one can introduce
Z = Z(N,p,\) > 0 to normalize the Gibbs measure

vy (du) = Z7 g, (u)e™ @) H du(0) (1.7)
0€T

as a probability on Q. The final factor in (1.7) is interpreted by taking

exp(%l/|u’(0)|2d0) IT du(6) (1.8)
0

0eT

to be Wiener measure on the space of fields u : T — C. However for p > 6, the measure cannot be
normalized on Qp for any choice of Z. See also [15,18] for alternative constructions of the Gibbs measure.

In section 3 of this paper, we prove a logarithmic Sobolev inequality for vy when D =1 and p = 4. The
proof depends upon convexity of the Hamiltonian on Qp, and uses a criterion that originates with Bakry
and Emery [5,23]. In section 4, we deduce similar results for the periodic Zakharov system. In section 5,
we use a similar method to prove a LSI for u € L?(T;R) and p = 3, where the Hamiltonian generates the
KdV equation. For D =1 and p = 6, there exists Ny > 0 such that the Gibbs measure can be normalized
on Qy for N < Ny, but not for N > Ny. In section 6, we obtain a logarithmic Sobolev inequality for subsets
One ={u € Qn :||ul|}. <k} and 1/4 < s < 1/2 which support most of the Gibbs measure. While these
Gibbs measures are absolutely continuous with respect to Brownian loop, the Radon—Nikodym derivatives

are not logarithmically concave, so our results do not follow directly from the curvature computations in [21].
Instead we use uniform convexity of the Hamiltonians on suitable Qy, and exploit the property that LSI
are stable under suitable perturbations; see [23, Remark 21.5].

The partial sums of the spatial Fourier series suggest classical Hamiltonians on finite-dimensional phase
spaces X" given by the low wave numbers, which generate autonomous systems of ordinary differential
equations in the canonical coordinates. By Liouville’s theorem, such X" support measures v, which are
invariant under this flow, and which give metric probability spaces X = (X, || - |g2n, Vn). We show that
for D =1 and p < 6, the Xn converge as metric probability spaces to X% in the L? transportation distance;
this extends the notion of approximating the solution of a PDE by Fourier partial sums.

The lack of smoothness of b(#) complicates the analysis of the NLS equation in two dimensions, and more
drastically in higher space dimensions. The integral (1.1) with p = 4 is critical for existence of invariant
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measures in the 2D focussing case. So one introduces a real interaction potential V' and works with the
Gross—Piatevskii equation

ou  Pu O
— + —— + — + \(V Nu= 1.
Z@t 907~ 003 ( *[ul )u 0, (1.9)

which is also credited to Hartree. In section 7, we impose additional hypotheses including V' € L>(T?; R) to
obtain a finite-dimensional LSI and then V' € H!*25(T?2; R) to obtain a infinite-dimensional LSI. We regard
this as realistic, since in their model of a supersolid, Pomeau and Rica [19] consider a soft sphere interaction
with V' bounded. The Gibbs measure is supported on distributions in H™*, so the solutions of (1.6) are
typically not in L?(T?; C). Nevertheless, in section 8 we achieve convergence in L? transportation distance
for finite-dimensional metric probability spaces towards Gibbs measure on the PDE phase space.

2. Metric measure spaces for trigonometric systems

Sturm [21] has developed a theory of metric measure spaces which refines the metric geometry of Gromov
and Hausdorff. We recall some definitions, which simplify slightly in our setting of probability spaces, which
Sturm calls normalized measure spaces.

Let (X, ) be a complete and separable metric space. Now let Probg(X) be the space of Radon probability
measures on (X,d) with the weak topology; a metric probability space X consists of (X, 8, ) with p €
Probg(X). Suppose that u,v € Probg(X) and that v is absolutely continuous with respect to p and that

dv

f= e is the Radon-Nikodym derivative. Then the relative entropy of v with respect to p is

But(v | ) = [ (2)log (@) n(do), (2.1)
X

so that 0 < Ent(v | 1) < oo. For 1 < s < 0o, Probg(X) consists of the subspace of 1 € Probg(X) such that
Jx 0(xo, x)*pu(dx) < oo for some or equivalently all zy € X. The Wasserstein distance of order s between
w, v € Probg(X) is

We(p,v) = igf{( // 5(x,y)s7r(d:£dy))1/s P = W, T = 1/} (2.2)
XxX

where 7 € Probs(X x X) with marginals m = p and 7o = v is called a transportation plan, and §° is the
cost function. Then (Probs(X), W) is a metric space.

Definition (Transportation inequality). Suppose further that there exists a > 0 such that

Wa(v ) < |/ 2Ent( | ) (2.3)

for all v € Probg(X) that are of finite relative entropy with respect to p. Then p is said to satisfy the
transportation inequality Ty (a).

Definition (L? transportation distance). A pseudo-metric on a nonempty set Z is a function 6 : Z x Z —
[0,00] that is symmetric, vanishes on the diagonal, and satisfies the triangle inequality. A coupling of
pseudo-metric spaces (X, 1) and (Y, d2) is a pseudo-metric space (Z,d) such that Z = XUY and 0| xxx = &1
and 4|y xy = dy. Given metric probability spaces X = (X, 81, 1) and Y = (Y, 6, 1), consider a coupling &
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of these metric spaces and 7 € Probg(X x Y') with marginals p; and po. Then the L? transportation distance
is

Du(X, 7) = inf{ ( // 5(ar,y)27r(dxdy))1/ 2}, (2.4)

XxXY

where the infimum is taken over all such couplings § and all transportation plans 7. The diameter of X is
sup{d(x,y) : x,y € support(u)}. The family of isomorphism classes of metric probability spaces that have
finite diameter gives a metric space (X, Dp2) by results of [21].

In subsequent sections, we work with metric probability spaces X™ = (X™, || ||, ¥») which are modelled on
open convex subsets of Euclidean space with a Gibbs probability measure dv,, = Z~le~Hndz. In Villani’s
terminology [23, page 385], the Xn satisfy C'D(a,00), since H,, satisfies a uniform convexity condition
with constant o > 0 independent of n, but the dimension of X™ increases to infinity with n. Sturm
21, Theorem 4.9] expresses this as Curv(X™) > a. As in [21, Theorem 4.20], we often require the X™ to
have uniformly bounded diameter. We repeatedly use the result of Otto and Villani that LSI(a) implies
T> (o) on Euclidean space; see [23, 22.17].

To obtain LSI(a) for measures on Hilbert space from their finite-dimensional marginals, we use the
following lemma, which is related to Theorem 1.3 from [4].

Lemma 2.1. Let dv = e~V (®) H]Oil dz; be a Radon probability measure on (*(N;R), and let F,, be o-algebra
that is generated by the first n coordinate functions, and let v, be the marginal probability measure of v for
the first n coordinates. Suppose that

(i) V is continuously Fréchet differentiable, and [ |VV (z)||}v(dz) < oo;

(i) there exists o > 0 such that LSI(«) holds for X™ = (R™, || - |le2, vn) for all n;

Let X°° = (62| - |le2,v). Then X*° satisfies To(a) and X™ — X in Dz2 asn — .

Proof. For 0 < f € L*(¢?;v;R), let f,, = E(f | F), so that 0 < f,, and f, — f almost surely and in L*
as n — oo by the martingale convergence theorem. By Jensen’s inequality applied to the convex function
o(z) = 2% log 22 for > 0, we have

/fs log f2 dl/—/f,% log _ fﬁdug/ﬂ log , f? dl/—/f21og7 f2dv. (2.5)

Now ¢(z) > —1/e, so we can apply the dominated convergence theorem to the terms with log_ and Fatou’s
lemma to the positive terms with log, to deduce that the entropy term on the left-hand side of LSI satisfies

[ #rog(s2) [ Pav)iv =t [ 2iog(s2/ [ srav)av

glimsupz/||an(a:)||§zun(d:1:). (2.6)

n—oo &
R‘VL

Suppose further that f is continuously differentiable in Fréchet’s sense. Integrating by parts in the first n
coordinates, we see that Vf,, = E(Vf | F,) + E((fn — f)VV | F,), so by the Cauchy—Schwarz inequality

2 [ 19 s, < 22 [yogpzar+ 20220 fig, g™ ([oviean) ™ )
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Now [ |f — fu|*dv — 0 as n — oo, so we can choose £, > 0 decreasing to 0 more slowly, so that (2.6) and
(2.7) give

/ 71082/ / Foav)av < 2 / IV £2dv. (2.8)

Note that min{f(z), N} is bounded and Lipschitz for all Lipschitz functions f > 0. So we can extend (2.8)
from bounded and Lipschitz functions to Lipschitz functions, as in the formulation of LST in [23, page 546].

Let g : X>° — R be bounded and continuous. Let Hg(z) = infyex=(g(y) + ||z — y||%/2). Then the
concentration inequality

/exp(aHg(x))V(dx)SeXp(a/g(z)u(dz)) (2.9)

X X

follows from (2.8) by Theorem 22.17 of [23]. The inequality (2.9) is the dual form of T3 («) by Proposition 22.3
of [23].

Any continuous and bounded function f, : R™ — R may be identified with a function on the first n
coordinates of ¢2, so the equation f fndvy, = f fndv determines v, € Proby(R™). We write 2 = (fj) 2. € 2
as T, = (£1,...,&) and 2™ = (£,41,&na0, . ..) and introduce p,(dz™ | &,) € Proby(¢?) by disintegrating
v(dz) = pn(dz™ | z,)v,(dz,) with respect to v,; then we couple X™ with X°° by mapping X™ — X via
ZTpn > (Tp,0). To transport v, to v, we select x,, according to the law v, then select ™ according to the
law p,,(dz™ | x,,); hence

D2 (X", X*)? // 2" 22 pn (da™ | 20 )vn(dzn) = /llﬂf— @ | Fo)lle2v(de), (2.10)

R™ x (2

which converges to zero as n — oo by the dominated convergence theorem; so X" — X° in Dy2 as
n—oo. 0O

In subsequent sections, we introduce metric probability spaces relating to the trigonometric system
over TP. The critical exponent for focussing NLS from [10, page 6] emerges in the following result. In
space dimension D, let

X" =span{e*? .k € ZP;k = (ky,...,kp);|k;| <n;j=1,...,D}. (2.11)

When n is a dyadic power, the metric structure is well described by Littlewood—Paley theory. For ;7 € N,
we introduce the dyadic block A; = {271,291 + 1.2 — 1}, and for J = (ji,...,jp) € NP, let
A(J) = Aj, x...x Aj,. Let P; be Dirichlet’s projection onto the span{e®*? : k € A(J)}, and introduce
the Hamiltonian

dDo
Ha(u IIVPJU( )H[z !PJ 27D (2.12)

Definition. Let E be a complex Banach space, and  a convex subset of . A function V : F — R is
uniformly convex if there exist C, ks > 0 such that

sV(@) +tV(y) = V(sz +ty) 2 C(s +ry)llz —yll; (x5 €9Q)

for all 0 < s,t <1 such that s+t =1, and ks — 0 as s — 0+.
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Proposition 2.2. For 2 < p < 2+ (4/D) and N > 0, there exists X\ > 0 such that Ha(y)(u) is uniformly
convex on Q.

Proof. We observe that Ha () is twice continuously differentiable on L2, and

d2
() o Haen (u+ 10)

D D
> [ IVP®l 5 - Mo=1) [ [Pu@ [P . (2.13)
TD

TD

Writing |A| for the cardinality of a finite set A, we observe that by the inequality of the means,

D
> 18P = DIAW)PP. (2.14)
{=1

Hence the first term on the right-hand side of (2.13) satisfies

dPe .
[P = X (mf et Pl
£ (L) €A()
dPo
zn)?

> ZI80)P [ 1) (2.15)

TD
Now we introduce de la Vallée Poussin’s kernel K; for A(J), so that Kj(nl,...,nD) = 1 for all
(n1,...,mp) € A(J) and Kj(nl,...,np) = 0 whenever some ng lies outside of Aj,_1 U A, U Aj,41.

Note that ||K|zr < 37, and ||K|p~ < 3P|A(J)|. Then Pyju = K * Pju, so by Young’s inequality we
have constants c¢,,, independent of u, N and A such that

dPo

B 2p—4 2p—4
[ PO G < el Pl
TP i
< oA P3NP (2.16)

for all u € Qp. Likewise, we have
are 4
/ PO G5 < eoll Kol ol Prul
TD

< ca A || Pyol| e (2.17)

Hence by the Cauchy—Schwarz inequality, we have

d2
(2) oy ot (- 0)
, dPo

oL (2.18)

> (FIADEP = Ap = Desl AW 2/2NC-272) [ |Proge)

TD

where 2/D > (p — 2)/2; so given N > 0, we can choose A > 0 sufficiently small so that the coefficient in
parentheses from (2.18) exceeds D/8, for all J. O
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3. Application to the cubic periodic Schrodinger equation in 1D

In sections 3, 4 and 5, we extend Proposition 2.2 to infinite dimensions to obtain an LSI(«) over Q.

/‘811 2do /| 4d9 (3.1)

may be expressed in terms of the canonical variables (f,g) where f,g € L?([0,27];R), and the field is

Here the Hamiltonian

u = f 4 ig. Then the canonical equation of motion is the cubic Schrédinger equation

ou 0%u
i = 2 Aul? 3.2
i5; = ~5g ~ Mul'u (3.2)
periodic in §. Bourgain [7,10] introduced a Gibbs measure v for spatially periodic solutions, and established
the existence of a flow for almost all initial data in the support of v.
Let  (7;,7j)72-o be mutually independent standard Gaussian random variables, so that
D e ooij0 e (y; + i7;)/j defines Brownian loop. Let A, N > 0 and introduce the ball Qy as in (1.3).
Often it will be more convenient to use the real Fourier coefficients a;,b; of u as canonical coordinates,
where a; + ib; = [u(0)e="%df/(2r). There exists Z(N, ) > 0 such that

A db

(du) = Z(N, )Ty (u) exp(5 / w@)*52) T] du(o), (3.3)

T 0€[0,27]

defines a probability measure, where as in [16,7] we define
- 2dajdb,

H du(f) = H exp(—%( + b2)) %7 (3.4)

, , m

0€[0,27) J=—003j7#0

namely the measure induced on L? by Brownian loop. The indicator I (u) restricts the field to the bounded
subset Qy of L?, and ensures convergence.

We approximate 2 by finite-dimensional phase spaces. Let P, : L? — span{e”? : j = —n ... n} be
the usual Dirichlet projection. Then the Hamiltonian

/’8Pu2d0 /|P 4d0 (3.5)

generates the differential equation

OP,u 0?P,u 9
i = - —)\Pn(|Pnu| Pnu), (3.6)

which is associated with a finite-dimensional phase space P,L?, and an invariant Gibbs measure v,, as
in Liouville’s theorem. In terms of the Fourier coefficients (a;,b;)7—_,, (3.6) is an autonomous ordinary
i=_pdajdb;. Let X = (Qn, || - [[z2,v) be the metric probability
space associated with (3.3), and with X™ = Quy N P,L2, let X = (X", || -||z2, v ) be the metric probability
space associated with (3.5).

differential equation and dv,, = Z,, te = [T
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Proposition 3.1. For 0 < AN < 3/(147?), the Gibbs measure for NLS on Qn satisfies the logarithmic Sobolev
inequality

/F( log //F2d1/ (dz) < —/||VFHH . (3.7)

QN

for ao=1— (1472N))/3.

Proof. For f = Ru and g = Su, the Hamiltonian is

=L [0 (G2 [ =

T T
and we aim to show that this is uniformly convex on 5 with respect to the homogeneous Sobolev norm

([ 1f124L)1/2 of H'. We consider U(f + ig) = Jo(f? + ¢%)?22, which contributes a concave term to the

27

Hamiltonian H. We observe that for 0 < ¢t < 1 and f, g,p,q € H',

2+ 0% + =D+ ¢ = [t + (1= 8)p)* + (tg + (1 - )]
=t(1=t)(f = p)* (L +E+) [+ (2+2t = 27) fp+ (2t + (1= 1)")p")
+t1—t)(g— (L +t+t2)g* + (2+2t — 2t%)gg + (2 — t + (1 — 1)*)¢?)
+2t(1=0)(f =p)g—D)(f +p) (1 +t)g+ (1 —1)q)
+2t(1 = t)(g — @)°p* + 2t(1 = 1)(f = p)*(tg + (1 = 1)g)*. (3.9)
We have the basic estimates [(f? + ¢g?) < N, and likewise [(p? + ¢*) < N, while the Cauchy-Schwarz
inequality gives the bounds || f —pl|2 < < 7E,)—2||% — 92|12, since Yo7 | 1/n? = 72/6, and likewise for [|g—q|| .

We integrate (3.9) over T, and use the L™ on each of the differences f — p and g — ¢ and the squared L?
norm to bound each of the sums; hence we have the bound

0<tU(f+ig)+ (1 -t)U(p+iq) —URf+(1 —t)p+i(t9+ (1-1)q9)

< 28Nt(1 — t) /[(% - %)2 + (@ - @) } (3.10)

00 00
We deduce that H is uniformly convex with respect to the norm on Hl, with
H(f+ig)+ (1 —t)H(p+iq) — Hitf + (1 —t)p+itg+i(1 —1t)q)
1 28AN=2 of Op\2 dg 0Oq
>t(1—t)(= - 22— 2=z == . .
> #(1 “(2 12 )/Kae ae) +(ae 89) ] (3.11)

The standard inner product on L?(T?;d?0/(2r)?; R) is unitarily equivalent to the standard inner product
on ¢2(ZP) under the Fourier transform, and under this pairing, the dual space of H*(T?; C) is H=*(T?; C).
In particular, the dual space of H'(T;R) is H"!(T;R). So by Bobkov and Ledoux’s Proposition 3.1 of [5],
the inequality (3.7) holds for all continuously differentiable F' : X™ — R, which depend on only finitely
many Fourier coefficients. Then by Lemma 2.1 and (2.8), we can deduce (3.7) for all F. O

Theorem 3.2. Let p =4, D =1 and 0 < N\ < 3/(14x2). Then X of the focussing cubic NLS has finite
diameter and satisfies LSI(1 — (14n2NX/3)), and X" — X in D> as n — co.

Proof. This follows from Lemma 2.1, (2.8) and Proposition 3.1. The hypothesis (i) of Lemma 2.1 follows
from the estimates in [16, Theorem 2.2(a)|. Note that ||VF|g-1 < ||VF|12, so (3.7) implies (1.3). O
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4. Periodic Zakharov system in 1D

Let u(6,t) and n(6,t) be periodic in the space 6 variable; here u is the complex electrostatic envelope
field and n is the real ion density fluctuation field. Then the periodic Zakharov model is the pair of coupled
differential equations

Ou 0%u
’LE = rYo) + nu;
Pn 0?n  O?

o o0z ~ gz M ) (4.1)
The initial condition is
on
u(0,0) = ¢(0), n(0,0)=a(0), ot —7(60,0) = b(0); (4.2)

and Bourgain [8] established global existence of solutions of (4.1) for initial data ¢ € H', @ € L? and
b€ H™!. We now introduce V as the solution of

v _om
90 — ot’
ov on
O = o ), (1)

such that fT V(6,t) % = 0; existence may be verified from Fourier series. Then we introduce the Hamiltonian

H(u,n) = i/(ﬂ%ﬁ (o Juf?)? V) ;li (4.4)

T

which suggests that we introduce further variables 7 = (n+|u|?)/v/2 and W = (d/df)~'V/+/2. The canonical
variables which lead to the system (4.3) are (Ru, Su) and (n,v2W). Then H and [ |u|?> £ are invariant
under the flow, so we can restrict attention to Qp as in (1.3) with D = 1. Then the Gibbs measure on

Qp x L?(T;R) x L*(T; R) is defined by
___/|3u 2d9 dzu(Q)}

Hexp( /BW QdQ)HdW } (4.5)

T

1
v(dudindW) = |:]IQB u)exp|

<l [ 7)

We say that f : L? — R is a cylindrical function, if there exist a compactly supported C* smooth
function F: R® — R and &,...,&, € L? such that f(¢) = F((¢,&1),...,(,&n)).

afr
s

Proposition 4.1. There exists B > 0 such that the Gibbs measure for the periodic Zakharov system satisfies
a logarithmic Sobolev inequality

£ s (0)°/ [ F2av)taudiaw)
QpxL2xL2

2
<2 [Tt s + 1951 + 9wl v(dudndiy) (45)

Qn

for some a > 0 and all cylindrical functions.
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Proof. The Gibbs measure is the direct product of three measures which satisfy logarithmic Sobolev in-
equalities, as follows. Let (v4)72 _ ., be mutually independent standard Gaussian random variables, where
v, has distribution ui on R. Then a typical field 7 has the form

7(0,0) = > (v cos kO + y_ sin k0), (4.7)
k=1

which converges in H~(1/2=¢ for all € > 0 almost surely. By results of Gross and Federbush [23, page 547],
each u, satisfies LSI(1) on R, and likewise ®}'__, pux on Euclidean space. The canonical Gaussian measure
on L? is finitely additive and has the characteristic property that for any finite-dimensional subspace X™,
the orthogonal projection P, : L? — X" induces the standard countably additive Gaussian probability
measure on X" with respect to the induced Euclidean structure; see [20, page 327]. In particular, this
applies to ®2 _ __ pu and the subspace X™ = span{&; : j = 1,...,n} on which the cylindrical function lives.
By [23, page 574], [3] this shows that the middle factor in (4.5) with dn satisfies LSI(1), and there is no
need to truncate the domain of the n variable.

Likewise, a typical W field initially has the form W (6,0) = >~ (v cos kf + v_j sin k8)/k and hence
the final factor in (4.5) arises from the direct product of Gaussian measures that satisfy LSI(1) on R; hence
we have LSI(1) for this product.

Finally, the first factor in (4.5) is the Gibbs measure v for NLS with p = 4, so by Proposition 3.1, v satisfies
LSI(1/2) for B < 3/287%. Combining these results, as in [23, page 574], [3], we obtain a logarithmic Sobolev
inequality on cylindrical functions. O

5. Periodic KdV equation in 1D

Consider u : T x (0,00) — R such that u(-,t) € L?(T) for each ¢ > 0, and introduce
1 [/0u 2d9 A 4 df
=5 [(550.0) 50— 5 [u6.0%5.
T T

where A > 0 is the reciprocal temperature. Then the canonical equation of motion ‘Z—’; = %5—’3 for this

Hamiltonian gives the KdV equation

ou Pu ou

For a suitably differentiable solution u of (5.1), both [u(6,t)?df/2m and H(u) are invariant with respect
to time. On the ball

Qn = {¢ € L*(T;R) : /¢(9)2% < N} (5.2)

with indicator I —one can define a Gibbs measure

v(de) = Zn(N) g, (0)e O T de(0) (5.3)

0€[0,2m)

where Zn(¢) is a normalizing constant, chosen to make v(d¢) a probability measure.
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We prove that the metric probability space (Qu,|| - ||z2,) arises as the limit of finite-dimensional
metric probability spaces, which are defined in terms of random Fourier series. Let X" = {(a;,b;)}_; €
R? . ¢(0) = 2?21 ajcosjf + bjsinjd € Qn} where we introduce the trigonometric polynomial
¢(0) = >_7_ (a; cos jO + b sin jO) and then the probability measure

n

va(dads) = Z: Ty (é) exp / (0 exp( S 7@ +82)/2) ] daya, (5.4)

j=1 j=1
for a suitable Z, = Z,(N,\) > 0. We then let X(™ = (X" || - ||¢2, v, ), which is finite dimensional.

Lemma 5.1. Suppose that 0 < M\W/N < 3/m2. Then the Gibbs measure satisfies the logarithmic Sobolev
inequality

[ t@ros(sr/ [ fav)uian) <2 [Vl vtde) (55)

where a = 1 — 37172 \V/N.

Proof. A related result was given in [3] with a larger norm on the right-hand side. Here we give a proof
that is based upon an observation of Bobkov and Ledoux concerning uniformly convex Hamiltonians
[5, Proposition 3.1]. For 0 < t < 1, we have

tH (u) + (1 —#)H(v) — (tu+ (1 - t)v)

t>/ Q;Zi M/u—v (14 yu+ (2t );li (5.6)

where the final term is estimated by the Cauchy—Schwarz inequality by

[ s o o) ) < (/<u—v>4§)”2(/<<1+t>u+<2—t> ')

T T T

) 2d9
<7r\/_/ 53) 9= (5.7)

and the final step uses the Sobolev embedding theorem. Hence for @ = 1 — 37 !A\x2V/N > 0, we have a
uniformly convex H such that

LH () + (1 — O H(v) — H(tu+ (1 — tyo) > =D / Qd—z, (5.8)

so H is uniformly convex with respect to HY(T;R). O

Theorem 5.2. Let 0 < MW/ N < 3/72. Then (Qn, || - |12, v) of KdV satisfies LSI(1 — 72A/N/3), and is the
limit in Dyp2 ofX” as n — 0o.

Proof. Theorem 5.2 follows from (2.8), Lemma 2.1 and Lemma 5.1. The hypothesis (i) of Lemma 2.1
follows from the estimates in [16, Theorem 2.2(a)]. It is straightforward to show that (Qu, || - |22, ) has
finite diameter. O
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6. Logarithmic Sobolev inequality for critical power p = 6 in 1D

Now we consider the critical exponent p = 6, and the Hamiltonian

- %/’a“ 0 5/u(9)6§. (6.1)

Lebowitz, Rose and Speer [16] show that for 0 < A < 1, there exists Ny > 0 such that the Gibbs measure for
H can be normalized on Qy for N < Ny, but not for N > Ny. To obtain a logarithmic Sobolev inequality,
we specialize further and for 1/4 < s < 1/2 and £ > 0 let

QN ke ueHé /\u |2d9 < N; Z |n|?*|a(n) |2</<;} (6.2)

n=—oo

Proposition 6.1. Let N < Ng and 0 < A <1, and 1/4 < s < 1/2, then let vy be the Gibbs measure on Qy
associated with Hamiltonian H.

(i) The sequence of convexr and compact subsets (U)o, of QN is increasing and there exist e, C(e) > 0
such that vn(Qn ) > 1 —C(e )675”2.

(it) Let On be vy as in (1.7) renormalized on Qn . as a probability. Then for all K > 0 there exists
a=a(k,N) >0 such that (Qn ., || - |22, On) satisfies LSI(c).

Proof. (i) Compactness and convexity follow from simple facts about the Fourier multiplier sequence (|n|=2%)
on L2. Let u be the Gaussian measure on L? that is induced by Brownian loop. Then by the Cauchy-Schwarz
inequality, we have

Sy oD (Elullf + 3 i u®) ()
Q/ el () =
1/2
U ex -1 u
- (fQN pldu) Jo,, exp(3IN [ u®)u(d )> (6.3)

Ja,, #(du) [o exp(671A [ ub)pu du) ’

where for suitably small ¢ > 0 the right-hand side integrals are all finite and together define C(g). Then
one concludes by applying Chebyshev’s inequality.

(i) For integers k = 1,2,..., let Ay = {2F=1 2k=1 11 ... 2% —1} be the k-th dyadic interval of integers;
for k < 0, let Ay = {n: —n € A_;}; also let Ay = {0}. Next let K}, be de la Vallée Poussin’s kernel
associated with Ay so Rk(n) =1 for all n € Ag, and kk(n) = 0 for n outside Ag_1 U Ap U Agy1. Also,
let ()72, be the usual Rademacher functions. By the Littlewood—Paley theorem, there exist constants
C1,C5 > 0 etc., independent of u, such that

oo o0 2
Hu||%4 < ClEH Z e Ky >k’LLHi4 < CQ( Z ||Kk *u||i4> , (64)

k=—o0 k=—o0

and we can use Young’s inequality to show
| Kk #ul| o < Csl| Killpars | K # ull 2 < Cal M| Jul|e. (6.5)

Hence H® embeds continuously in L*.
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We choose M > 2NZ(40*+1 (27k)*372)1/(4s=1) and introduce

M ,do
5 [uors, (66)
T

so that U is bounded on € with 0 < U(u) < MN < MNy. Then we consider the modified Hamiltonian
H(u) 4+ U(u), and check that it is uniformly convex, with

(45),_ (H+ ) + U+ )

dt?/ =0
2df , df , df
/ﬂ ad m/w @ 57 + M [ 1) 5

T

/’ 7—40)\||v||Lm/’Z Kk*quZKk*u‘ 7
k=—o0 k=n

n—1

+M/|v |2——40/\H Z Kk*u /| |2d9 (6.7)

By using the Littlewood—Paley decomposition as above, we obtain the lower bound on (6.7)

2 de

(1780)\/€2|A |1 4s 2/3 /‘ —+(M 40)\|A ‘ N2 80/\/‘62|A |1 45 /‘ |2 d@

(6.8)

Now we choose n to be the smallest integer such that 2% = |A,| > (16072k2/3)"/(45=1) 5o that the first
coefficient in (6.8) exceeds 1/2, while M was chosen above so that

(j—i)tzo(H( o)+ Uu+ 1)) > 2/‘8” 2d0+%/v(9)2§’ 69)

T

and we have uniform convexity. Hence there exists Z(IN) > 0 such that the measure

Z(N) e =V () [ du(e (6.10)
0€[0,27]

can be normalized and satisfies a logarithmic Sobolev inequality with constant g > 0. The original Gibbs
measure appears when we perturb the potential by adding the bounded function U, to remove —U; hence
by the Holley—Stroock perturbation theorem [13], [23, page 574] v also satisfies a logarithmic Sobolev
inequality with constant

a > agexp(—NM) > ag eXp(—2(404S+1(27TK)43_2)1/(45_1)NN02). O (6.11)
7. The finite-dimensional Gross—Piatevskii equation in 2D

Let u € L?(T?% C), and (k) = ay + ibx be the decomposition of the Fourier coefficients into real and
imaginary parts. With the canonical variables (ay, b, )rez2, the Hamiltonian

db, db A db, db
/n N T (71)

2 27
T2
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gives rise to the GP equation (1.9). The L?(T?;C) norm is invariant under the flow for smooth periodic
solutions.

Following Bourgain [9], we introduce a Gibbs measure via random Fourier series as in (1.6) with D = 2.
Now b does not belong to L?(T?; C) almost surely, whereas b defines a distribution in H=*(T?; C) almost
surely for all s > 0. We cannot therefore construct the canonical ensemble in precisely the same way as in
sections 3, 4 and 5; instead, we need to introduce finite-dimensional approximations for which the L? norms
depend upon the dimension.

We define the number operator by

N, = > 2 (7.2)

K2+ p’
ke (b1 k) 22 ol L TP

so that N,, ~ 2logn as n — oo. Then for N > 0 let Qx be as in (1.3) with D = 2. Let P, : L*(T% C) —
span{e’*: k € Z%k = (ki,k);|k1],|k2] < n} be the usual Dirichlet projection onto the span of the
characters indexed by lattice points in the square of side 2n centred at the origin. For B > 0, we let
X" = P,L? N Qp,+p with the metric given by the L? norm, so that the diameter of X™ increases with
dimension. Accordingly, we replace |u|? in (7.1) by |u,|* — k(N,, + B) where u,, = P,u. This is an instance
of Wick renormalization.

In the following computations, we have integrals over T? with respect to df;df,/(27)?, and we suppress

the variables of integration. Hence we take the Hamiltonian to be
1 2 A N2 AT 2
Hy(u) = 3 | Vul|” - 1 (Vs Jul?) [ul® + §I€V(O)(Nn +B) [ |ul?. (7.3)
T2 T2 T2

We can regard X™ as a compact and convex subset of C™ for some m < 4(n + 1)2, and define the Gibbs
measure via

Vn(dadb) = Z, ' Iq, ., ,(u)e () 11 dagdby,, (7.4)
k=(k1,k2)EZ2;|k1|,|k2|<n

for u= 32—y kgyez b ol <n (0 + ibE)EH.

Brydges and Slade [11] consider focussing periodic NLS in 2D and show that some standard routes to
renormalization are blocked. However, they allow the possibility that there exist invariant measures in the
case in which N,, — oo and A\, — 0+ as n — oo; see page 489. This is the situation we consider in
Proposition 7.1 for GP.

Proposition 7.1. (i) Suppose that V € L?*(T?;R). Then for all B > 0, there exists A, > 0 such that the
Gibbs measure v, on X™ corresponding to H, satisfies LSI(1/2), so

/f(x)2log(f(x)2//fzdz/n)yn(dx) g4/||Vf}|;_1(T2)yn(dx). (7.5)
Xn xn

(i1) Suppose further that V € L*(T%R) and that &V (0) > 3|V zo<. Then for all B,X > 0 and all n,
(X™ |- L2, vn) satisfies LSI(1/2).

Proof. We prove that the Hamiltonian is uniformly convex, by introducing

d2 2 % 2
(55),  Hut 1) _/Hwn +AnV(O)(Nn+B)/|w|
T2 T2
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=5 [ vy =3 [ s v)or
T2 T2
- % /((uw + aw) * V) (ud + aw). (7.6)
T2
(i) By Young’s inequality, we have
J V) < V] ol (r.1)
T2
and likewise
[ V)l <l V] o o]l (79)
T2

while each term in the final term in (7.6) is bounded by Young’s inequality and Holder’s inequality, so that

[ Qe V1) ] < ol o V] ],
T2

=3[ g P (7.9)

By the Sobolev embedding theorem, we have ||w — [wl|zs < C4||Vw]| 12, for some Cy > 0. Hence

d? 5

— + > — BV 72

<dt2>t:0H(u tw) > (1 3AC4(Nn + B)||V|| 1 )/HVwH
T2

£ AN+ B) (57(0) — 3Cu V]2 / 2. (7.10)

T2

By choosing A > 0 such that 1/2 > 3AC4(N,, + B)||V||12, we obtain uniform convexity with constant
a =1/2. Then LSI(1/2) follows from [5, Proposition 3.1].
(i) When V is bounded, we can use Young’s inequality to bound

[l <Vl <Vl ol (7.1

and likewise for the similar terms in (7.6). Hence we obtain the inequality

(i), 100 )

> [ 190l 4 AV O + B) =31V [ ful) [ fuf. (712)
T2 T2 T2
Again LSI(«) follows from [5, Proposition 3.1]. O
8. The Gross—Piatevskii equation on Sobolev space with negative index

In the final section, we consider the Gibbs measure for the GP equation (1.9) on a suitable subset
of H=%(T?; C), and obtain first a logarithmic Sobolev inequality, then convergence of finite-dimensional
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approximations, invariance of the approximate measures under the flow and finally existence for solu-
tions.

Let (v;,7j)jeze be mutually independent standard complex Gaussian random variables, so that v; has
distribution p;, and let fi be the product measure ®;cz2p; on C>. The convolution

2« V() = 3 (uP)(m)V(m)e™* (8.1)

meZ?

in the interaction energy from (7.1) is to be interpreted probabilistically, since »; c 72\ 10y (Ve + i) et ? /|k|
does not define an L?(T) function almost surely.
For 0 < s<1/4,0<e<1/8, K; >0and Ky > 5, let  be the convex set

O={(a)jeme €C™: 3 NP/l <KE gl < Kalj|V0c, vieZ) (82)
j€z2\{o}

Let J : £?(Z?;C) — H'(T?; C) be the linear map J(a;) = Zj€Z2\{O} a;je /||, and let
Q= {u eH " jullu- < K13 |a(j)] < Kalj|~®/Y¢, vVje ZQ}. (8.3)
Then J induces a measure 4 on H™®, which is mainly supported on €.
Theorem 8.1. Suppose that V € H'*25(T2:R) for some s > 0.
(i) Then p(2) = 1 as Ky, Ko — oo;

(it) for all K1, Ky sufficiently large and 0 < & < 1/8 there exist A > 0 and o > 0 such that the Gibbs
measure v for Hamiltonian (7.1), normalized to be a probability on ), satisfies LSI (), so

[ trros(r) [ fav)an < 2 [I[955 v (.4
Q Q

for all f € L3(Q;v;R) that are differentiable with ||V f|la-- € L*(;v;R);
(iii) The transportation cost for cost function || f — g||%_. and all w € Proby(S2) that are of finite relative
entropy with respect to v satisfies
9 2
Wi (w,v)* < EEnt(w | v). (8.5)
Proof. (i) We introduce the event

r = {ll < Kalj|/9=¢, vj e 22\ {0} }, (8.6)

which by mutual independence of the 7; has measure

- _g2/9 ds
an =[] (1 2 / e /QE)
jez2\{0} Ka|j|1/4—¢

d
> exp(—4 Z 6782/2\/%) (8.7)
jEZQ\{O}K2|j|1/4,E

since KoeX2/2 > 4. Also by Chebyshev’s inequality, we have
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~ \7| o Ki/4 1 —1/2
'“{ Z |j|25+2 —Kl} ! H (1_ 2|j|2+2s)

jez2\{o} jez2\{0}
K? 1
gexp(—T + 4 Z —2|j|25+2)’ (88)
jez>\{0}
so by estimating these sums by the Euler—-Maclaurin sum formula, we obtain
2
1

Q) > exp( %) - exp(if + % + 5), (8.9)

hence i(Q) — 1 as K, Ky — co.

(ii) By results of Gross and Federbush [23, page 547], each p; satisfies LSI(1) for the standard gradient
and distance over C; hence their direct product ji satisfies LSI(1) on Q, where the norm of the gradient is
computed in the norm of 2. Lemma, 2.1 enables us to pass from finite to infinite dimensions. The interaction

Ulu) = 2/((|u|27/|u|2) *V)W%. (8.10)

T2

energy is

We prove below that there exist £ > 0 and Z > 0 such that #(da) = Z~'eV(/(9)ji(da) defines a probability
measure on {2 such that

/exp(HHV(UoJ He?) (da) < (8.11)

Q

Then v satisfies LSI () for some a > 0 by the condition of Aida and Shigekawa [1]; see also [23, Remark 21.5].
Letting u = J(a) and v = J(b), we have

d U 420
(V(U o J)(a),b),, = (E)tZOUoJ(athb) T/QE(G)U(Q) o (8.12)

while the norms satisfy

V@ o D@2 = sup{ (VW 0 T)(a). 1) - [bl}= < 1

2
= sgp{?]?/ (;—Z(H)U(G) (3732 cv = J(b);||b]le2 < 1}

< |5l 813

since J : /2 — H* defines a contractive linear operator for 0 < s < 1, and H® is the dual of H™* under the
integral pairing.

Let v be the measure on Q that is induced from 7 on Q by J, then normalized to be a probability. Then
we obtain the logarithmic Sobolev inequality for the Gibbs measure

[ t@ros(10 [ £av)uiao) = [ 1@ 0(10@)) [ fo.td)e a2
Q Q

<2 [Vt o nt@)rtde)
Q



258 G. Blower / J. Math. Anal. Appl. 438 (2016) 240-266
2 2
<= V@) -.v(d9). (8.14)
Q

where the final step follows as in (8.13).
So this leaves us with the task of verifying (8.11). Then U has gradient

(VU(u),v) = (%)tZOU(u + tv)

A - o 20
— /K(|U|2 - / |u|2) * V) (uv 4+ vu) + ((uv + av) * V) |u|2} 2 (8.15)
T2
The integrand involves the Fourier series
af s Viu= 3 (uP)m)Vim) 3 ai)e v+, 8.16
ful? [ul2) (m)V (m) 3 ag)e'd (8.16)
meZ?2 jeZ2

where (14 |7 +m|)(1+ |m|) > (1 + |j]), so for all u € Q we have

H Z '&(j)ei(j*m)'eHHfsS( Z |ﬁ(j)|2)1/2|m|5§K1|m|s, (8.17)

Mk
Jjez\{0} j€Z>\{0}
hence by the triangle inequality
H(|u|2 . V)uHH_S <Ky S [l |V (m)l|(Jul?) (m) - (8.18)

meZ?

To estimate the right-hand side of (8.18), we will later use the following lemma.

—

Lemma 8.2. (i) The (|u|?)(m) are uniformly exponentially square integrable over Q with respect to u, so
there exist C1,k > 0 such that

[ exp(w2[MuP)om) )@y < 1 (m e 22\ o). (8.19)

Q

(i) A similar statement holds for v on §, possibly with different constants.

™m)

Proof. (i) We have ([u2)(—m) = 3,(% +%})(3j-4m — 7))/ 1Li +ml, s0 we require to bound $°°% , df
where each dgm) is a sum over an annulus of the form

dm) — M 8.20
=X iem (5:20)
JEZA\{0,—m};r—1<|j|<r

Observe that on 2 the random variables «v; are symmetric and we can independently replace each v; by +v;,
without affecting the distribution of fi on .

The sequence (dﬁm)) is multiplicative in the sense of [14] so that for all strictly increasing subsequences
ry <rg <...<r, of integers,

/ dmalm . d™ fi(dy) = 0. (8.21)
Q
To see this, consider a product of terms, with one taken from the sum (8.20) for each factor dg-;n) and
consider the lattice points ¢ that index the ~, from factors in this product. In particular, consider ¢ such
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that the distance from the origin is a maximum, and observe that this is attained at some point of the form
j +m, and that 7;4,, appears only once in the product, hence integrates to give zero.

Observe also that |d£m)| < 6, where 6, = CoK3r—(1/2=¢ for some universal constant Cp, so that
8, < 3C2K3/8¢ as follows: The most challenging case is when |m| = r, and we can compare 6§, <
K3r— (/4= ZjeZz\{O,fm};rflg\j|<r |7 4 m|~G3/9=¢ with the sum arising with the lattice points j replaced
by points equally spaced around the circle of centre the origin and radius r, which produces the convergent
integral K3r—(1/2)=2¢ fOQW |sin(6,/2)|~G3/Y==qdp.

Bounded multiplicative systems satisfy similar concentration inequalities to bounded martingale dif-
ferences as in [22]. By Jakubowski and Kwapien’s [14] contraction principle, for any convex function
®: R™ — [0,00), the inequality

)" / ®(d™,... d{™)dii < E®(Sie1,. .., 0nen) (8.22)
Q

holds, where (Ej);';l is the usual sequence of mutually independent Rademacher functions. In particular,
choosing x > 0 so that k?3C3 K35 /8¢ < 1, we have

o0

[L(Q)lh/exp[g (é dgm))Q} dji §4 Eexp(ténérsr) eXp(—t2/2)\/d%

= dt
_/ HCOSh(H5rt) exp(—tQ/Q)E

r Ln 9,0 12 dt
S /eXp<§ZI€ (5,rt —E)E
oo r=1

n —1/2
- (1 K2 ; 53) . (8.23)

Letting n — oo and applying Fatou’s lemma, we obtain (8.19).
This follows from (i) by Holder’s inequality. O

Conclusion of the proof of Theorem 8.1. (ii) We check that the Gibbs measure dv = eV dyu can be normal-
ized on §2 to define a probability measure which is absolutely continuous with respect to p. Consider the
Fourier expansion -, <72\ (o) m(m)f/(m)ﬂ/um(—m) from U(u) in (8.10). We introduce C3 > 0 such
that C3 7, 22 [V(m)|/2 =1 and 1/C(s) < (/s + 10) such that C(s) > mez2\{0} |m|~272% =1, and then
use Holder’s inequality to obtain

/e”U(“)u(du) < H K/ exp [/{’W(m)’2/Cg}u(du))cslwm)‘/2
Q meZ\{0} @
X (/exp {m‘m(—m)|2/Cg}u(du))C3|V(m)‘/2]. (8.24)

By Lemma 8.2, all these integrals converge for sufficiently small x > 0.
We need to deduce (8.11) from (8.19). We separate V from |u|? in (8.18) by the Cauchy-Schwarz in-
equality, before applying Holder’s inequality to obtain
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9 — 2
Jeo[s( 3 e Taiom)]) Ja(

P meZ2\{0}

< I (fe|a VG| Tul)om)] ] ()

meZ2\{0} Zz\{O}

C(s),/Im)?+2*
) . (8.25)

By taking ko > 0 sufficiently small, by Lemma 8.2 we can ensure that all the integrals and the product
converge. This confirms that (8.11) holds, and hence gives the LST in (8.4).

(iii) The transportation inequality follows from the logarithmic Sobolev inequality (8.4) as in [23, Theo-
rem 22.17]. O

Let X" = span{e”'? : j € Z2;|j| < n} be the subspace of L?(T?;C) that is spanned by the characters
that are indexed by the lattice points in the disc with radius n, and let P, : L?(T?;C) — X" be the

orthogonal projection. Let &, be the probability measure

Wn(du) = Z, " Io(u) exp U - ) /Qdamdbm 2, 8.26
du) = Z;'1 U(P Iml?(af+b
mez2\{0}

then let w, be the probability measure given by the marginal distribution of @, on X™.
Corollary 8.3. The (X" N, || - ||g-s,wn) converge in Dr2 to (2, - ||g-+,V) as n — oo.

Proof. (i) First we prove that U(P,u) — U(u) almost surely and in L? with respect to u on Q as n — oo.
The difference in the interaction energies has a Fourier expansion

U(P) = UGw) = (V5 PP Pal® = [ (V sl
= S V) (P (m) — () ) ) ((1uf2) () )

+ 32 o) (P o)) (o) ()= () ) (8:27)
hence
|U(Pyu) — U(Pyu)|
<2m;2|v m)l[([Bpul?)(m) = (Pau)(m)| (| (Bpul)(m) = ([Paul)(m)| + [(ulP)(m)])  (8.28)
where
([P (m) = (Pa?) (m)]| < | > am|. (8.29)

r=n+1

We observe that (\m)(m) has a similar expansion to (8.20), except that only those j with |j| < n
contribute; so Lemma 8.2 applies; hence (|fnu\\2)(m) satisfies similar estimates to m(m), with the same
constants.

Let ® : C*~™ — [0,00) be the convex function

p 4
B otn) = max{ |3 2
t=n

n Spgﬁ} (8.30)
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associated with the fourth power of maximal partial sums. Then by the contraction principle from [14], the
martingale maximal theorem in L* and Khinchine’s inequality we have

(/«b(dﬁ;ﬂk .. .,dé’”))u(du))m < (EE@((Snen, . .,5555))1/4
Q
42 1 1/2
<5 (X2)
p=n
< 420053 (8.31)

- 3yens

The sequence (V(m))mez2 is summable, so we deduce from (8.28) via the triangle inequality in L?(z) and
Holder’s inequality that

(/ ma{[U(Pp) = U(Pa)f? in < p < )
Q

1/4

ul?)(m)| p(du A é w(du ; .
< ([ [T ) atdw) + [ @@ df () (832

and hence by (8.31)
u{max{|U(Ppu) —UPw)in<p<t}> 5} 0  (5>0) (8.33)
p

as £ >n — 00, so U(P,u) — U(u) almost surely and in L?(u) as n — oo.
(ii) We have chosen @,, to be absolutely continuous with respect to v, and

Ent(@n | v) = / (U(Paw) ~ U(w) + 1og Z — log 2, )@ (du) (8.34)

where the normalizing constants satisfy liminf, .., Z, > Z, and the preceding arguments show that
Jo [U(Pou) — U(w)Pp(du) — 0 as n — oo and [, €2V p(du) < C. Hence Ent(@, | v) — 0 as n — oo.
By the transportation inequality (8.5), this implies Wa(&p,, ) — 0 as n — oo. Essentially, @,, is the tensor
product of w, with a Gaussian measure on H™® with variance that converges to zero as n — oo; indeed, the
tail of the product (8.26) satisfies

a2 + b2 2, 2 2 |m|2da db 2
—m ' 7m —Im|*(a;, +b5,) /21 Zm P m -
/ ) m|2s I - o - Z [m[2+2s
meZ2;|m|>n meZ?;|m|>n mEZ2;|m|>n
47
< 8.35

Hence D2 ((X™, || - la=s,wn), (@, ||  [[g-s,@n)) = 0 as n — oo as in [21, Example 3.8]. O
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Let ¢n(0) = 325, 51<nlas + ibj)e? with Zj:\j|§n<a'? + b%) < n**K7; then consider the bounded positive
measure

-2 2 2
Un(dop) = g,;luxnmnw%(¢n)exp(U(¢n)) II eI @)/ 2 g b, (8.36)
JEZ2\{0}:]j|<n

where ¢, is so chosen that v, (2N X") = 1, and Q,,2: g2 is as in (1.3).

Corollary 8.4. (i) There exists a positive homogeneous and subadditive functional v from the positive and
compactly supported Borel functions from H™* to [0, 00| such that

Voo (f) = lim sup /f(PngZ))l/n(danﬁ); (8.37)
n—oo
(ii) Voo 18 invariant under the group action associated with finite dimensional approzimations to the flow
generated by the GP equation (1.9), and
(iii) Voo extends the linear functional f +— fQ fdv for continuous functions f : Q:— R.

Proof. Note that (X" N Q,2:x2)72; gives an increasing sequence of compact subsets of H™* such that
X =T, X" N Qe K2 Is a compact metric space. From a simple estimate of the Fourier coefficients
in (8.3), we obtain a natural injective embedding Q@ — X via ¢ — (P,¢)5,, so we can identify ) with a
subspace of X formed by norm convergent sequences, as in [20, page 173|. The Hamiltonian H,, gives rise
to a flow ¢, — u, (-, t) on X™ N Q2,25 g2 associated with the canonical equations

0Pu ( 0? 0?

o = (a7 + ) P P (Pl V) Po)

and the bounded Gibbs measure v, on X™N$2,,2. k2 is invariant under the flow by Liouville’s theorem. Taking
the direct product of these flows, we obtain a group action R x X — X via S; : (¢n)2 — (un (-, 1)),
such that the product measure Voo = Q52 v, on X is invariant under the group (Si):cr. Observe that
the L? transportation distance between (2N X", | - ||g-+,wn) and (2N X™, || - ||+, ¥s) converges to zero
as n — oo. By Tietze’s theorem, we can extend continuous positive functions on €2 to continuous positive
functions on H™®. So by Corollary 8.3, for positive and continuous functions f on the norm compact
embedded subset 2, we can identify vo with voo(f) = [ fdv. O

To conclude the paper, we prove that the Cauchy problem for GP is locally well posed on a subset of €2
of large measure. The following may be compared with Bourgain’s results from [10, p. 134], [9, p. 653]. Our
assumptions on V are more restrictive, in that [9, Proposition 1] requires only V(n) = O(|n|=2~%) for some
§ > 0, but we gain Lipschitz continuity and a rather simpler proof than [9]. Let A = 92/96? + 9?/063, and
write

t

®(u)(0,1) = /ei<t*T>A((|u|2 * V)u) 0, 7) dr. (8.38)

0

In Proposition 8.5, we verify that the solution of the GP equation

.Ou
—igy = Au+ (Ju]® « V)u,

u(8,0) = ¢(0) (8.39)
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with ¢ € Q € H¥(T?; C) given by u = ug + w, where ug(6,t) = e*2¢(f) is the solution of the free periodic
Schrodinger equation with initial datum ¢ in the support of Brownian loop on H™*® and w € H?® is a fixed
point of w — ®(ug + w).

Proposition 8.5. Let 0 < s < 1/68, and let V € H"25+3/2(T2. R) for some § > 0 have V(0) = 0. Then for
all p > 0, there exist Q" C Q and Ly, t, > 0 such that p(Q") >1—n and

(i) for all € Q" and uo(0,7) = e™2¢(0), the function ®(ug) € C([0,T); H*(T?;C)) for T > 0 almost
surely;

(i) w — ®(ug + w) is L,-Lipschitz on bounded subsets of C([0,T];H*(T?; C));

(iii) the Cauchy problem (8.39) has a solution u(8,t) fort € [0,t,] for all € Q.

Proof. (i) We write ||a||. = 14 ||a||. Note that (£, u) is invariant under the operation ¢() — "2 ¢(6). The
integral (8.38) may be expressed in Fourier coefficients as

D(uo)(6,1)
et =le+m]?) _ q

— 2 21y ez(é+m)«9 .
> | X 0P e =) ™ ol6). (840)

mez2\{0} k:j+h=m

and we split this sum into four cases, according to the values of j and k in the inner sum, and then according
to £ and m in the outer sums. First we note that in the inner sum in square brackets ||j]|?—|| k|| = (2j—m)-m,
so we split the index set as {(j, k) € Z% x Z%: j + k =m} = G({,m) U B({,m} where

G(e,m) = { (k) g+ = ms )2 = e+ €2 + (25 = m)am| = 272112 = |+ ml?] ], (3.41)

and the complementary set

B(t;m) = {(ik) — e+ €+ (25— m)am| < 2720 — e+ m]?]}, (8.42)
so that B(¢,m) is the set of integral lattice points in a strip in R? which has axis perpendicular to m and
width |||€||2 - HE—i—mHQ‘. Now the sum

~

5 SR (IEN* — I1¢ + m]*)
€12 = 1€ +mll> + 151> = [+

(8.43)
(7,k)eG(L,m)

is exponentially square integrable by Lemma 8.2. Then we take the complementary contribution to the inner
sum of (8.40) to be

$(j)p(—k)
2 1+|||£||2f||€+m|\2+||j||2f||ku2|’

(4,k)eB(€,m)
K3
- 6. )g oy NN IRIET A 002 — e 4 ml2 4+ 117112 — (k2]
K2 1 }
e = e 2 ey NI = e
x( ! )
1123l — G152 = (1€ +m|2 + 25 - m — [lm]2]*/*°

(8.44)
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Then we split j = j| + jm, where j; is perpendicular to m, and j,, parallel to m; the sum in braces is
dominated by the corresponding sum over j; and is bounded; while the sum in parentheses is dominated
by the corresponding sum over j,, and is also bounded; so the whole expression (8.44) is
K3
1212 = ¢ +m

ke (8.45)

We deduce that for all n > 0, there exist a subset Q7 C Q with p(27) > 1 —n and a constant C,, such
that

., <C, Z\V |HZ — Gii)‘yw‘ H

12112 = 11¢ +

V4 25| p||2s 2 0211/
< Oy D7tz [ (o R T s
E *

[[ml[2=[1€]2 = [l + m?|

We split this sum into a sum over the index set
A={(em) ez x 22 [0 — e+ m|?|"* > e}

and a sum over the complementary set A°. On A, the factor in parentheses from (8.46) is bounded, so the
upper bound |V (m)|[|m||>||¢||a-- is immediate. On A¢, we use the bound |¢(j)| < Kal|]|=*~ 3/4 , and
for each m, we compare the sum over (¢,m) € A¢ with an integral in polar coordinates (r, 1) over the region

{(r,9) € (1,00) x (=m,m) : 2r|singp[||ml] < m]|* + 2 }; (8.47)

so we have a bound on ), 4. of

) Kz

2e+3/2
etttz Iml2e 212 = [lm + €21/3] ¢35+

o (r2 4 [2)/2r ]
< 2K22/r25—3/2—2s / d¢TdT
1 0
<201 (|Im] + = H> (8.48)

The series 3 |V (m)]||m||?*t1/2 converges, so ®(ug) belongs to C([0, T]; H?).
(ii) In this proof, we use concentration of measure to prove Lipschitz continuity of a function; this reverses
the usual flow of the theory as in [6,23]. For v and w in the unit ball of C ([0, T]; H*(T?; C)). We have

D(v+up)(0,t) — P(w + up)(0,1)

_ /eiu—r)A ((fuol? * V) (0 —w)) (6,7) dr
0

[ (o + vuo + vito) V) (v — w) ) (6, 7) dr

4 [ eitt=ma ((((v — W)U+ w(V —w) + up(Vv — W) + Up(v — w)) * V)w) (0,7)dr. (8.49)

/
/
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In the final integral of (8.49), we can use the simple bound

oo~ ) m)| < ol 0 — wly. < Kl — . (850
and similar bounds on the other terms; the terms in the middle integral are treated similarly. In the first
integral, we use the probabilistic estimate of Lemma 8.2: for all n > 0 there exist L, > 0 and a subset
Q" C Q such that u(Q7) > 1—1n and

3| (o) (m) ||V (m)[[m ][> < L, (uo(6,0) € Q7),

so there exists C' > 0 such that

sup [|®(ug +v)(0,t) — P(ug + w)(0,t)||ju: < CT(1+ Ly) sup |v(0,7) —w(B,7)|u:. (8.51)
o<t<T o<r<T

(iii) By (i), we have T' > 0 such that Ko = supy ;.7 ||®(u0)(0,t)||us is finite for all ¢ € Q7. Now by (8.51)
we can shrink the time interval to [0,t,] where 0 < ¢,, < T, and ensure that

B, = {w € C(0, ;1 (T% C)); _sup [Jw(6,) |- < 2o} (8.52)

0<t<ty

contains ®(ug) and w — ®(ug + w) is (1/2)-Lipschitz on B,,. Indeed, we have

sup (| (ug + w) (0, t)[lus < sup [ @(uo +w)(0,t) — P(uo)(0,t)||lms + sup [P (uo)(0,1)]|m
0<t<ty 0<t<t, 0<t<ty

<27 sup |w(8,t)||m + Ko
0<t<t,

< 2K,. (8.53)

By Banach’s fixed point theorem, there exists w € B, such that w = ®(ug + w); thus we obtain a solution
u(0,t) = up(6,t) + w(6,t) of GP (8.39) for 0 <t <t,. O
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