Doctopic: Functional Analysis YJMAA:20202

J. Math. Anal. Appl. e e e (esoee) s o e—0ose

Contents lists available at ScienceDirect

MATHEMATICAL

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

The Bishop—Phelps—Bollobas property for operators from ¢y into
some Banach spaces ™

Maria D. Acosta®*, Domingo Garcia”, Sun Kwang Kim ¢, Manuel Maestre "

& Universidad de Granada, Facultad de Ciencias, Departamento de Andlisis Matemdtico, 18071 Granada,
Spain

b Departamento de Andlisis Matemdtico, Universidad de Valencia, Doctor Moliner 50, 46100 Burjasot
(Valencia), Spain

¢ Department of Mathematics, Kyonggi University, Suwon 443-760, Republic of Korea

ARTICLE INFO ABSTRACT
Article history: We exhibit a new class of Banach spaces Y such that the pair (co,Y) has the
Received 6 November 2015 Bishop—Phelps—Bollobéas property for operators. This class contains uniformly con-

Available online xxxx

' vex Banach spaces and spaces with the property 8 of Lindenstrauss. We also provide
Submitted by J.A. Ball

new examples of spaces in this class.
This paper is dedicated to our dear © 2016 Elsevier Inc. All rights reserved.
colleague Richard Aron

Keywords:

Banach space
Bishop—Phelps—Bollobas Theorem
Norm attaining operator
Bishop—Phelps—Bollobés property

1. Introduction

The well-known Bishop—Phelps Theorem [8] states that the set of norm attaining (continuous and linear)
functionals on a Banach space is dense in its topological dual. After this result was proved, a lot of attention
was devoted to extend it to operators (see [1,11,17], for instance).

In 1970, Bollobas showed the following “quantitative version” which is now called Bishop—Phelps—Bollobas
Theorem [9]. As usual, for a normed space X, we denote by Bx and Sx the closed unit ball and the unit
sphere of X, respectively. By X* we stand the topological dual of X.
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Theorem 1.1 (Bishop—Phelps—Bollobds Theorem). (See [10, Theorem 16.1].) Let X be a Banach space and
2

0 <e<1. Givenx € Bx and x* € Sx+ with |1 — z*(x)| < %, there are elements y € Sx and y* € Sx-
such that y*(y) =1, ||y — z|| < e and |ly* —z*|| <e.

For a refinement of the above result see [13, Corollary 2.4(a)]. In 2008 Acosta, Aron, Garcia and Maestre
initiated the study of parallel versions of this result for operators [3]. For two normed spaces X and Y over
the scalar field K (R or C), £(X,Y") denotes the space of (bounded and linear) operators from X into Y,
endowed with the usual operator norm. For an operator T € £(X,Y’), T* denotes the transpose of T.

Definition 1.2. (See [3].) Let X and Y be both either real or complex Banach spaces. It is said that the pair
(X,Y) has the Bishop—Phelps—Bollobds property for operators (BPBp), if for any € > 0 there exists n(g) > 0
such that for any T' € Sy (x y), if # € Sx is such that | Tz|| > 1 —n(e), then there exist an element u in Sx
and an operator S in S;(x,y) satisfying the following conditions

|Sull =1, lu—=z||<e and ||S—T| <e.

It was shown that the pair (X,Y) has the BPBp whenever X and Y are finite dimensional spaces
[3, Proposition 2.4]. It was also proved that (X,Y’) has the BPBp for every Banach space X, whenever YV’
has the property /3 of Lindenstrauss [3, Theorem 2.2]. A characterization of the Banach spaces Y such that
the pair (¢1,Y) has the BPBp was also provided [3, Theorem 4.1].

However, up to now there is no characterization of the spaces Y such that (co,Y") has the BPBp. First let
us notice that the previous property is not trivially satisfied for every Banach space Y (see [7, Example 4.1]).
Now we are going to mention some results known in the real case. Acosta et al. showed that ({2 ,Y) has
the BPBp for every nonnegative integer n whenever Y is uniformly convex [3]. Kim proved that the pair
(co,Y) has the BPBp if Y is a uniformly convex Banach space [15]. There is a characterization of the Banach
spaces Y such that (¢2,,Y) has the BPBp for operators [5]. Moreover, Kim, Lee and Lin proved that the
pair (Lo, Y) has the BPBp for operators, whenever Y is uniformly convex [16].

Recently, Acosta showed that for the complex case the pair (Co(L),Y) has the BPBp for every complex
uniformly convex space Y and any locally compact Hausdorff topological space L [2].

On the other hand, for real or complex spaces, Aron, Cascales and Kozhushkina showed that the pair
(X,Co(L)) has the BPBp for any locally compact Hausdorff space L in case that X is Asplund [6]. Later, Cas-
cales, Guirao and Kadets extended this result to uniform algebras [12]. From here it follows that (¢g,Co(L))
has the BPBp.

In the real case, it was shown that the pair (Co(L),Co(S)) has the BPBp for any locally compact Hausdorff
spaces L and S [4]. Tt is not known whether or not the parallel result holds in the complex case.

In this paper, we provide a new class of Banach spaces Y, containing uniformly convex spaces and spaces
with the property § of Lindenstrauss, and such that the pair (co,Y) satisfies the Bishop—Phelps—Bollobas
property for operators. Hence, spaces in this class can be very different from Co(L). Moreover, elements in
that class are not necessarily neither uniformly convex spaces nor spaces with the property 3 of Linden-
strauss.

2. The main result

The Banach spaces Y for which (¢1,Y) has the BPBp for operators have been characterized in [3].
However nowadays it is considered as a main question in this subject to characterize the Banach spaces Y’
such that (cp,Y’) has the BPBp for operators.

As we already mentioned, our goal is to provide a new class of Banach spaces Y such that the pair (¢g,Y)
has the Bishop—Phelps—Bollobas property for operators. To this purpose the following notion will be useful.
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Definition 2.1. Let Y be a (real or complex) Banach space, E C Sy and F : E—Sy«. We recall that the
family E is uniformly strongly exposed by F' if for every € > 0 there is 6 > 0 such that

yE By, e€E, ReF(e)(y) >1—-0 = |ly—e| <e.

This concept was used by Lindenstrauss related to norm attaining operators (see [17]). Indeed, if there is
a set B C Sy satisfying Definition 2.1 such that By is the closure of the absolutely convex hull of E, then
the set of norm attaining operators from Y into Z is dense in the space L(Y, Z), for every Banach space Z
[17, Proposition 1].

We recall the following elementary result.

Lemma 2.2. (See [3, Lemma 3.3].) Let {c,} be a sequence of complex numbers with |c,| < 1 for every n, and
let n > 0 be such that there is some sequence {ay,} in Ry satisfying > oo an <1 andReY oo | ancy, > 1—1.
Then for every 0 < r < 1, the set A:={i € N:Rec; > r}, satisfies the estimate

Zai>1—1ir

i€EA

For a subset A C N, Py : co—>cg is defined by Pa(z) = > .4 #(n)en, where {e,} is the usual Schauder
basis of ¢g. The following result extends [3, Lemma 5.1]:

Lemma 2.3. Let Y be a (real or complex) Banach space and assume that E C Sy, F : E— Sy~ and
E is uniformly strongly exposed by F. Assume that for some ¢ > 0, § satisfies the condition stated in
Definition 2.1. If T € Sp(c,,yy and x € B, satisfy Re F(e) (T(aj)) >1—06 for somee € FE and A = supp x
then [|[T(I — Pa)|| < 2e.

Proof. Let u € B., and so x £ (I — P4)(u) € Be,, hence T(x £ (I — P4)(u)) € By. By assumption we have
Re F(e)(T(z)) > 1 — 6 for some e € E. Hence for some choice of sign s we have that Re F(e)(T(z + s(I —
Py)(u))) > 1 — 6. As a consequence ||T'(z) —e| < & and ||T(z + s(I — Pa)(u)) — €| < &. So we obtain that

IT(I = Pa)(u)l| = [[sT(I = Pa)(u)|| < [T (2 + sT(I = Pa)(uw)) —e| +[le = T(2)]| < 2e.
Since u is any element in B, we proved that ||T'(I — P4)|| < 2. O
The main result of the paper reads as follows.

Theorem 2.4. Assume that Y is a (real or complex) Banach space such that there are a set I, {y; :
i€l CSy,{yf:i€lI} C Sy-, asubset E C Sy, a mapping F : E—Sy+ and 0 < p < 1 satisfy-
ing that

i) yr(yi)=1,viel.
i)l <p, Vi, jeT i#j.

)

ii)

iii) E is uniformly strongly exposed by F.
)
)

iv) |[F(e)(yi)| <p, Veec E, il
The set F(E) U {y} : i € I} is a 1-norming set for Y, that is, for any y € Y it is satisfied that

lyll = max{sup{|y; (y)| : i € I},sup{|F(e)(y)| : e € E}}.

A%

Then the pair (co,Y) has the BPBp for operators.
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Proof. Fix 0 < e < 1. By assumption iii) there are positive numbers v < 35 and 0 < 1 satisfying

ecE, yeBy, ReF(e)y)>1—v = |ly—e| <§ (2.1)

and

3

e€ B, ye By, ReFle)ly) >1-3 = |ly—e| < S

o3
We write 1 = 16 and choose positive real numbers n and s satisfying

4  rei(1—p) € o (e2e1(6 —2e1) n?eie?
= 77_725}a { ) }
"<5mm{ 1+p '3 SN 41 ¥ 2, ' 3.5

Assume that T' € S;(.,,y) and xg € S, satisfy that
1T (zo)]| > 1 —s.
Our goal is to find an operator S € Sg(.,,y) and z € S, such that
1SEI=1 S=Tl<e and |z—xf <e.

In order to define the appropriate operator S we will consider several cases.

2
Case 1. Assume that there is ¢ € I such that |y (T(zo))| > 1 — n

4

By multiplying xo by an appropriate scalar of modulus 1, we may assume that v (T(z¢)) = |y; (T(z0))| >

2
1=

4
By the Bishop-Phelps-Bollobas Theorem, we can choose z* € S.; and z € S,, such that

7 Eiﬁi | <n 23)

2*(z) =1, ||z — x| <n and Hz* ~ T

Clearly we get that

2
|z = Tt () <n+”z. (2.4)

We define the operator
S(@) =T(x) + [(1+e1)z"(2) = T'(y)(@)]y: (¢ € o).
It follows that

SUy") =Ty + [(L+e)z" =T'W)ly* (wi), Wy e Y™
We will estimate the norm of S. We clearly have that

IS1 = 1181 = 18 (i)l = 11 +ex)z"[| = 1 + <1 (2.5)
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Let us fix any element e € E. By condition iv) of assumptions it is satisfied that |F'(e)(y;)| < p and so

ISSF (N < 1T+ I1(1 4+ 1) 2" = T (y})ll p
772
<1+p(n+ Z) Yep<lie by (2.4). (2.6)

By using ii) instead of iv) and the previous argument again we also obtain that
IS'WHI < 1+er Ve l\{i} (2.7)
By v), in view of (2.5), (2.6) and (2.7) we get that

181 = 18 = max{sup{ I3l - j € T} sup{ 5" (F(e))] : ¢ € B} }

=15 () = 1 +ex.

o

Since St(yF) = (1+¢1)2* and 2* attains its norm at z, S = attains its norm at z and it is also satisfied

e

that

IS =TI <[5~ 8[|+ ST
<L =180 + &1+ |25 = T (%))

2
< =Sl + & +n+% by (2.4)
2

§251+n+%<5.

Also we have that ||z — zg|| <7 < e by (2.3) and the proof is finished in this case.

”

Case 2. Assume that sup{|y; (T(zo))|: i€ I} <1— 1

2
Since || T'(zo)|| >1—s>1— %, in view of assumption v) we can choose ey € E such that the element

z; = F(ep) satisfies |27(T(z0))| > 1 — s. By rotating =g, if needed, we can assume that z7(T(zg)) =

|21 (T (w0))]-
For every positive integer n, let \,, be a scalar satisfying |\,| = 1 and (T%(2}))(en) = M| (TH(27))(en)].
We consider the set A given by

A= {n EN : (T(2))(en) £0 and Re (zo(n)An) > 1— ‘i}.
Clearly A is a finite set. We define the element a € S;, by
a(k) =M VEk € A, a(k) = xo(k) Vk € N\A.

Let a; = Pa(a). Now we apply Lemma 2.2 for the sequences {a, } = {|T(27)(en)|} and {c,} = {zo(n)\n}.
Since 27 (T'(z0)) = Y .o | anxo(n)\, we obtain that

l=0<1~ g <Y ar= Y IT'(=0)(en)] = Re 2 (T(a1)) = |4 (T())] < |T(a1)ll- (2.8)
keA keA
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Let us notice

a,beR, Ja+ib| <1 = |1-(a+1ib)| <+2(1-a). (2.9)
As a consequence
— 5
la — xo| —rlgleaj(\)\k—xo(kﬂ <3 (2.10)

Since z} = F(ep), from (2.2) and (2.8) we have that

3
1%
IT(ar) - eoll < % (211)

In view of (2.8) and (2.2) we can apply Lemma 2.3 and obtain that

3

IT - TPsl < % (2.12)
Now we consider two subcases.

Subcase 2.1. Assume that for some ¢ € I it is satisfied that |y} (%) ’ >1-— é. By the same argument

used in Case 1, we can find u € S¢, and S € Sg(c,,y) such that

TPy H >
—— || <251+ + —, u—al < and S(u)|| = 1.
|s - gl 2= v+ el <o ISl
Since || T|| = 1, in view of the previous estimate and from (2.12), we deduce that
TPy TPy
Is -7l <||s - |+ — TPy|| + |TPs - T|
[T Pall TPl

2
< %1 +n+ ”Z + 1= || TPall| + |ITPs - T|

2
<2, +77+%+2||T—TPA||

772 3
<2€1+U+Z+?<5’

and in view of (2.10) we also have

lu = ol < [lu = al + [la — o

<n-+ = <e
T3 .
This completes the proof.

Subcase 2.2. Assume that sup,c;

a 2 o
yr (%)‘ < 1 — “-. We define the operator S in L(co,Y") by

S(z) =T (Pa(z)) + 125 (T(Pa(x))) T(a1)  (x € co).

S
151
there is an element as € B, N Ext (P4(B,,)) such that

It is clear that S # 0 and S = SP4. We write S = Since A is finite, P4(Be,) is a compact set. Hence
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[S(az)l| =1 and  z{(T(a2)) = |2{(T(az2))|- (2.13)

Thus
Py(az) =az and Jaz(k)| =1 for every k€ A. (2.14)

Let T be the unit sphere of the scalar field. Since ||S(az2)|| = 1, by condition v) and Banach—Alaoglu
Theorem, there exists z3 in the w*-closure of the set TF(FE) U {Ty} : ¢ € I} such that

23 (5(a2)) = [23(S(az))| = [|S(az)|| = 1. (2.15)
In view of (2.8) we have that

S| > |25 (S(ar))]

8 85\ 2
>1——§—|—€1(1——S) > 1. (2.16)
€ €
As a consequence
1< |8 € 1+e,
and so |1 — ||5'H| < 1. We obtain that

IS = TPall < [|S =S| + IS — TPa|
<|1=[I5)] +e1 < 2. (2.17)

By (2.12) we deduce that

3
IS =T < |8 = TPall + |TPa = T < 251 + = (2.18)

On the other hand, we have

81 = Rez5(S(az)) (b (215))
=Rez;5(T(az)) + €1 Re(2] (T'(az2)) 25 (T(a1)))
< 1+4e1Re(2] (T(az))z5(T(ar)))
=1+e1]2{(T(a2))|Rez5(T(ar))  (by (2.13))
<l+4eRezf(T(az)) (by (2.13)). (2.19)

Linking inequalities (2.16) and (2.19) we obtain that
" " 85\ 2
|25 (T(az))| = Re 25(T(as)) > (1 - —) -—>1-1>0 (2.20)
Bearing in mind (2.19) and repeating the same argument we also deduce that

25 (T (@) > 1 - L.

Since we assume that |y (T(a1))| < 1 — Z—2 for every i € I, z3 belongs to the w*-closure of TF(FE).
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We clearly have that

Re 27(S(a2)) = Re z{(T(az)) — |5 — T'Pal|
>1- %2 —2;  (by (2.20) and (2.17))
>1-.

Since z§ = F(ep), by (2.8) and the previous inequality, in view of (2.2) we obtain that ||T(ay) —
3

S(a2)|l < VZ As a consequence

Re 25(S((a)) = Re (5(S(a2)) + 25 (S(a1) = S(a2))
> 1 [S(a) = S(aa)l|  (by (215)

2 1—|[S(a1) = T(a1)| = [[T(a1) — S(az)|
>1—2¢ — Vzg (by (2.17))

)
)
>1-— - =1-21 (2.21)

We identify the element S*(z3) € Be; with the sequence {aysi} € By,, where aj; > 0 and s; € T for
every k. By (2.15) and (2.14) we know that 2z5(S(az2)) = 1 and |az(k)| = 1 for every k € A. Hence

ke A, oap#0=sgaz(k)=1 (ie. sx=a(k)). (2.22)
We write
2
B:{keAx%>Q wq%mw»>1f§}.

Our next goal is to prove that

Re 25 (S(Pg(a1))) = Re Z ajsjai(j) >1—w. (2.23)
jEB
From (2.21) the inequality Re Y, ., agskai(k) = Re 25(S(a1)) > 1 — L is satisfied. By applying

Lemma 2.2 we get that

jEB
Thus
2
Re Zajs]al(j) > (1 = 7) Z o
jeB jeB
v? v
Ln—)l— )
>(1-3)(1-
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Since z3 belongs to the w*-closure of TF(FE), condition (2.23) implies that there is some element y* =
AF(e) € TF(E) satisfying

Re F(e)(S(APgp(a1))) = Re AF(e)(S(Pp(a1))) = Re y*(S(Pgp(a1))) > 1 — .
Taking into account also (2.1) we use Lemma 2.3 to obtain

1S = Pp)|| < (2.24)

»le

Finally we define the operator U = SM, where M : cg — ¢g is the operator given by

M (z) = (az(n)ai(n)z(n)) (x € co).
Clearly [|[U]| < ||S|| =1 and by (2.15) we get that
23 (U(Pa(a1))) = 25 (S(az))=1.
Therefore, ||U|| =1 and U attains its norm at Pa(a1) = a;. We also have that

1SPp(M = I)|| < [[Pp(M — I
= max{|(az(k)a1(k)x(k) —x(k)| : k € B,x € B, }
= max{|(az(k)a1 (k)z(k) — z(k)| : k € B,z € Ext Bp,(cy)}
= max lag(k)aq (k) — 1| = max las(k)aq (k) — 1]
(

ke

= max |sgaq (k) — 1] (by (2.22))

< \/5\/1 —minRe spar (k) (by (2.9))
< \/5\/? =

From here we have

|U =T < U~ S+ s -]
= S = D)) + IS = 7|
< |ISPa(M =D+ ST = Pe)(M = D) + 21+ 5 (by (2.18))

<v+2|S(I — Pg)|| + 2¢1 +g

()

3v
5 2e1 + - <¢ (by (2.24)).

We know that U attains its norm at P4(a;) and U = UPy4. Since P4(a) = a; the operator U also attains
€
its norm at a. By (2.10) we know that |la — ]| < 5 <e Now the proof is completed. O

Definition 2.5. A Banach space Y is said to have the property § (of Lindenstrauss) if there are two sets
{Yyo:a€ A} C Sy, {y} : € A} C Sy~ and 0 < p < 1 such that the following conditions hold
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1) y:(ya) =1, for every a € A.
2) lyi(ys)| < p <1 for any a, § € A such that o # 3.
3) llyll = supflys(y)| : o € A}, forall y € Y.

Clearly, co(A) and £ (A) satisfy the above property for {y, : a € A} = {eq : @ € A}, {yk : a € A} equals
the set of coordinate functionals, and p = 0.
We recall that a Banach space X is uniformly convez if for every € > 0 there is 0 < § < 1 such that

Ju+ ol

u,v € By, 1-0 = |lu—v||<e.

In this case, the modulus of convexity is given by

Ox(e) = inf{l - M cu,v € Bx, ||lu—vl| > 5} .

Let Y be a uniformly convex space. For every y € Sy, we choose a functional y* € Sy~ such that

y*(y) = 1. If we define F(y) = y*, it is immediate that Sy is uniformly strongly exposed by F. As a
consequence of Theorem 2.4 we obtain the following known result.

Corollary 2.6. Let Y be either a uniformly convex space or a Banach space satisfying the property B of
Lindenstrauss. Then the pair (co,Y) has the BPBp for operators.

The next results show that there are more classes of spaces where the main result can be applied.

It is convenient now to recall that a biorthogonal system in a Banach space X is a subset {(z;,z}) :
i€} CX xX*such that z}(z;) = 5; for every 4,7 € I. The biorthogonal system is said to be bounded if
sup{||z;:||||xf]| : ¢ € I} < +o00. The biorthogonal system is total whenever the subset {z} : i € I} separates
the elements in X.

Proposition 2.7. Let (X,| ||) be a Banach space, I a nonempty set and {(z;,xf) : i € I} a bounded
biorthogonal system in X. Assume that ||x;|| = 1, for every i € I.
If K =sup{||zf||: i € I} and M > K, let B be the set given by
B=MBxn{zeX: |z(z)| <1, Viel}.

Then the following assertions hold

(a) The set B is the closed unit ball of a new norm ||| ||| equivalent to the original norm of X that satisfies

1
izl < llzfl < Mlflzll], v = € X.

(b) If X is uniformly convez, then Y = (X, ||| |||) satisfies the assumptions of Theorem 2./.

(¢) If dim X > 1 then Y is not strictly convez. In the complex case Y is not C-rotund.

(d) If the biorthogonal system is not total and X is uniformly convez, then Y = (X, ||| |||) does not have the
property B of Lindenstrauss.

Proof. Let us notice that K > 1 since we are assuming that I # @, and 1 = ||z;|| = z}(x;) for every i € I.
(a) Clearly B is convex, balanced, bounded and closed. It is also satisfied that

1
?BXcBCMBx, (225)
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so B is the closed unit ball of a norm on X, that we will denote by ||| |||. As a consequence of (2.25) we
obtain

1
2l < flzll < Mllizll,  for all 2 € X.

In particular, both norms are equivalent.
(b) Assume that X is uniformly convex. Hence the following condition is satisfied for every & > 0

y€ Bx, v € 8Sx, 2" € Sx«, 2"(x) =1, Rez*(y) >1—20x(e) = |z —y| <e. (2.26)

That is, if we choose for every x € Sx any functional z* € Sx~ such that *(z) = 1 and define G(z) = z*
then Sx is uniformly strongly exposed by G.
The following description of the unit sphere of Y is easily obtained

Sy = (MSXﬂ{xeX:|x;“(x)| <1, Vz’e[})
U (MBX N{ze X :sup{|a;(x)]: iel}= 1}).

Let E = MSx N{z € X : |zj(z)| <1, Vi € I}. Hence for every x € E there is * € Sx~ such that
x*(x) = M. We choose such a functional z* and define

F(x) = for every =z € E.

S

Clearly F(x) € Sy« for every x € F.

On the other hand, for every ¢ € I, it is clear that z; € B and ||z}|| < 1. Since z}(x;) = 1, then
1 =[] l| = lllzfl], for every i € I. From the description of Sy we obtain that the set F(E)U{z}f : i € I} is
a 1-norming set for Y, so condition v) in the assumptions of Theorem 2.4 is satisfied. Conditions i) and ii)
are also trivially satisfied for p = U Now we check that E is uniformly strongly exposed by F', which is
condition iii) in Theorem 2.4.

Let € > 0. If we assume that e € E, y € By and Re F(e)(y) > 1 —20x(¢), since MF(e) € Sx~, 35 € Bx
and MF(e)(5) = F(e)(y), in view of condition (2.26) we obtain that || — 77/ < &, so [ly —e|| < eM.
Since both norms || || and ||| ||| are equivalent, we checked that F is uniformly strongly exposed by F'.

Finally we need only to check condition iv) in Theorem 2.4. For every e € F and i € I we know that
[F(e) (@)l < [F(e)llllzill = [ F(e)ll = 57 < 1.

(c) Since I # &, we can choose ig € I. We are also assuming that dim X > 1, so there is y € Ker x; NSx.
Since ||z;, + ty|| < 1+ |t], then for any scalar ¢ satisfying |¢| < min{M — 1, %} we have z;, + ty € B and
xy (wi, +ty) = 1, so x;, +ty € Sy. Hence Y is not strictly convex. In the complex case we also proved that
Y is not even C-rotund.

(d) If the biorthogonal system is not total, then there is e € Sy such that z}(e) = 0 for every i € I. We
checked in b) that F(E)U{z} : i € I} is a 1-norming set for Y, so by the description of Sy we deduce that
e € E. Since we already proved that e is strongly exposed by F(e) whenever X is uniformly convex, then YV’
contains LUR points. In view of [18, Proposition 3.3] ¥ does not satisfy the property g of Lindenstrauss. O

A result due to Auerbach states that every (non-trivial) finite-dimensional normed space X contains a
biorthogonal system {(x;,27) : j € J} C Sx x Sx~ and such that {z; : j € J} is a Hamel basis of X (see
for instance [14, Proposition 20.12]). Hence for every finite-dimensional strictly convex space, the previous
result can be applied by using any proper subset I C J. Notice that in this case we have K = 1.

In the case that X is infinite-dimensional and separable, a well-known result due to Pelczynski states
that for every ¢ > 0, X admits a fundamental total biorthogonal system {(z,,z}) : n € N} such that
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sup{ ||z, |[||z%] : n € N} < 1+ & [19, Theorem 1]. In the non-separable case we can simply apply the
previous result to an infinite-dimensional separable subspace of X and use Hahn—Banach extensions of the
functionals. After removing one of the functionals of the biorthogonal system, if needed, we can apply the
procedure in Proposition 2.7.

So we obtain the following result.

Corollary 2.8. Let X be a uniformly convex Banach space with dim X > 2. There is an equivalent norm ||| ||
on X arbitrarily close to the original norm of X and also satisfying the following two conditions

(1) The assumptions of Theorem 2.4.
(2) The space (X, ||| ) is neither uniformly convex nor satisfies the property 5 of Lindenstrauss.

In the argument used to deduce the previous result, we consider a countable set I to apply Proposition 2.7.
Of course, the set I can be uncountable. Indeed, if I is any infinite set and X = ¢,(I) for 1 < p < oo,
as usual, we denote by e;(j) = 5? for every i,j € I. Let {e} : j € I} be the set of coordinate functionals
in (EP(I ))* For that space we can apply the procedure described in Proposition 2.7 for the biorthogonal
system {(e;,el) : ¢ € I}, even if this system is total and all the statements of Proposition 2.7 hold true for
(D), Il IN- So this space satisfies all the assumptions of Theorem 2.4 and it is neither uniformly convex
nor has the property S of Lindenstrauss.

Proceeding as in Proposition 2.7, we obtain a quite simple example of a Banach space Y satisfying
conditions in Corollary 2.8. Indeed, take a uniformly convex space X with dim X > 2, z* € Sx« and
0 < a < 1. Then theset B=BxN{x € X : |z*(z)| < a} is the closed unit ball of an equivalent norm ||| ||
on X that satisfies the assumptions of Theorem 2.4. The above mentioned example is (Y, ||| |||)-
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