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Abstract: In this paper, we investigate the existence and asymptotic behavior of ground
state sign-changing solutions to a class of Schrodinger-Poisson systems

—Au+ V(x)u + pou = Af(2)u + |u*u, =€ R,
—Np =2, z € R3,

where V' is a smooth function, f is nonnegative, u > 0, A < A; and A; is the first eigenvalue of
the problem —Au+V (z)u = Af(x)u in H. With the help of the sign-changing Nehari manifold,
we obtain that the Schrodinger-Poisson system possesses at least one ground state sign-changing
solution u,, for all ;1 > 0 and each A < A\;. Moreover, we prove that its energy is strictly larger
than twice that of ground state solutions. Besides, we give a convergence property of u, as
1\, 0. This paper can be regarded as the complementary work of Shuai and Wang [23], Wang
and Zhou [24].

Key words: Schrédinger-Poisson system; nonlocal term; sign-changing solution; ground
state

1 Introduction and main results

In this paper, we are concerned the existence and asymptotic behavior of ground
state sign-changing solutions of the following Schrodinger-Poisson system:

—Au+ V(z)u+ pou = Mf(z)u + |u*u, =€ R3, (1)
—Np = u?, z € R,

where V' is a smooth function, ;> 0 and f is nonnegative.

*Corresponding author. Tel.: +86 23 68253135; fax: +86 23 68253135. E-mail address: tangcl@swu.edu.cn
(C.-L. Tang).



System (1) stems from quantum mechanics models and semiconductor theory, and it
has been studied extensively. From a physical standpoint, Schrodinger-Poisson systems
describe systems of identical charged particles interacting each other if magnetic effects
could be ignored and their solutions are standing waves. The nonlinearity models the
interaction between the particles. System (1) is coupled with a Poisson equation, which
implies that the potential is determined by the charge of the wave function. The term pou
considers the interaction with the electric field. For more details about the mathematical
and physical background of system (1), please refer to the papers [2, 3, 4, 5] and the
references therein.

When g = 0 in system (1), it reduces to the classic semilinear elliptic problem.
Bartsch, Weth and Willem [8] have obtained a ground state sign-changing solution. After
that many authors are devoted to the investigations for a variety of elliptic equations
on a bounded domain or the whole space. Remarkably, system (1) is nonlocal because
of the presence of the term p¢u, which causes that the energy functional has totally
different properties from the case p = 0. This phenomenon provokes some mathematical
difficulties, which make the study of system (1) particularly interesting.

Schrodinger-Poisson systems have been paid much attention to various authors, es-
pecially on the existence of positive solutions, multiple solutions, ground state solutions,
semiclassical states and the concentration behavior of positive solutions, see for example,
[10, 12, 17, 21, 22, 27] and the references therein. However, regarding the existence of
sign-changing solutions for the following Schrodinger-Poisson system

—Au+ V(x)u+ pou = h(u), =€ R3 @)
— A = u?, T € R3,

to the best of our knowledge, there are a few results, such as [1, 11, 13, 14, 15, 16, 18,
19, 20, 23, 24, 26]. Especially, when the nonlinearity h satisfies 3-superlinear growth con-
dition, for example, if h(u) = |ulP"'u and p € (3,5), p = 1, Liu, Wang and Zhang [19]
proved that system (2) has infinitely many sign-changing solutions by using the method of
invariant sets of descending flow. Wang and Zhou [24] obtained a sign-changing solution
by means of a constraint variational method combining the Brouwer degree theory if the
potential function V satisfies the following condition:

(V) V € C(R3}R") such that H C H'(R3) and for all s € (2,6), the continuous
embedding H < L*(R?) is compact, where

H e {u € DY2(RY) - /R V(s < +oo} | (3)

Noting that the method in [24] strongly depends on the fact that the nonlinearity h is
homogeneous, Shuai and Wang [23] used constraint variational methods and quantitative
deformation lemma, and studied the existence and asymptotic behavior of ground state
sign-changing solutions for system (2), if u is a positive parameter, V' satisfies condition
(V) and h € C(R, R) satisfies the following conditions:



h(s)
Is]?

is an increasing function of s € R\{0}.

Recently, Chen and Tang [11] obtained the similar results with Shuai and Wang [23] if
Schrodinger-Poisson system (2) involves the non-autonomous nonlinearity K (x)h(u) and
the vanishing potential function by replacing condition (hy) with the weaker condition

(hs) there exists a 6y € (0,1) such that for all t > 0, x € R* and 7 € R\{0},

@) ] e
K(a:)[ 3 (tr)3] gn(l —t)+ 6,V (x) ok > 0.

Here, we must also point out that Chen and Tang [11] and Shuai and Wang [23]
investigated the existence and asymptotic behavior of ground state sign-changing solutions
for system (2) when the nonlinearity satisfies 3-superlinear growth condition at infinity
and superlinear growth at zero. So, a natural question is whether these conditions can
be relaxed to obtain the same results. Motivated by the previously mentioned works,
in the present paper, we shall consider the case the nonlinearity satisfies 3-linear growth
condition at infinity and linear growth at zero, in other words, we will investigate the
existence and asymptotic behavior of ground state sign-changing solutions to system (1).

In order to avoid involving too much details for checking the compactness, we also
assume that the potential function V" also satisfies condition (V') and the weight function
f satisfies

(f) fe L%(R?’)\{O} is nonnegative.

When dealing with system (1), we delicately analyze the behaviors of the term pgu
and the term |u|*u, and find that both y ng oudr and ng u*dx are 4-order, and neither
of them can control each other. This observation indicates that system (1) may have
sign-changing solutions for all ;1 > 0. On the other hand, this observation also indicates
that the methods used in above papers cannot be used here directly.

Next, we give some notations. Throughout this paper, let H be the Sobolev spaces
defined by (3) and equipped with the norms

1

||uy|:</ \w|2+v<x)u2dx> ,
]RS

1
(Jgs |Vul*dz)? be the norms of DV?(R?), | - |, be the usual Lebesgue space L*(R?) norm,
S be the best Sobolev constant for the embedding of H in L*(R?). In particular,

2
s= it L4l

ueH\{0} |ul?’

uly < S72|Ju. (4)



For u € H'(R?), Lax-Milgram theorem implies that there exists a unique ¢, €

D'(R3) such that for all v € DV(R3),

Vo, Vv = / wvdz,
R3 R3

that is, ¢, is the weak solution of —A¢ = u%. Furthermore,

1 u?(y)
Pl = 4 /Re o=y

1 u®(2)u(y)
Lo,(u) = [ ouuds = — =2 ey,
)= [Loatin = [ S e

Define an energy functional J, on the space H by

1 A 1
Ju(u) = =|Jul* + H/ puulde — = | f(x)udr — —/ u*dr, Yu € H.
2 4 R3 2 R3 4 R3

Then J, is well defined on H and is of C', and for each u, v € H, we have

(Jo(u),v) = /}R3 (Vu - Vo + V(z)uv + up,uv) de — /R (Af(z)uvdz + uluv)dr,

3

where (-, ) denotes the usual duality. It is standard to verify that the weak solutions of
system (1) correspond to the critical points of the functional J,. Furthermore, if u € H is
a critical point of J,,, (u, ¢,) is a solution of system (1). Since ¢, is nonnegative, (u, ¢,,) is
a sign-changing solution of system (1) if and only if u is a critical point of J, and u® # 0,

where

u'(z) := max{u(x),0} and w (z):=min{u(x),0}.

Here a solution is called a ground state (or least energy) sign-changing one if it possesses
the least energy among all sign-changing solutions. It follows from (5) and Fubini theorem

that
Ly  (u )_—/ Gyt |u [Pda _—/ Gu-|utPdr = Ly (u™).
“ R3 R3 “

By a simple calculation, we can obtain that



When p = 0, system (1) does not depend on the nonlocal term p¢,u any more, i.e., it
becomes

—Au+V(z)u = Af(z)u+ |uPu, x€R3 9)
which corresponds to the energy functional J, : H — R by
1

A 1
Jo(u) = §||u||2 —3 /R3 f(z)u’dr — 1 /R3 u*dr, Yu € H.

Similarly, Jy is well defined on H and is of C!, and for any u, v € H,
(Jo(u),v) = / (Vu-Vo+V(z)uv)de — X | f(z)uvdx — / lu|*uvda.
R3 R3 R3

From (6), (7), (8), it is easy to see that there are some essential differences in studying the
sign-changing solutions for system (1) between p > 0 and p = 0. Therefore, the methods
of seeking sign-changing solutions for problems as (9) seem to be not applicable to system
(1).

In order to obtain the existence results of sign-changing solutions, we will consider
the following minimization problems:

mo = inf{Jo(u) : v € Mo}, m, :=inf{J,(u) : v € M,},
M, ={uecH:u"#0, (J,(u),u") = (J,(u),u”) =0},

My = {uc H:ur#0, (Jj(u),u") = (Jj(u),u”) = 0}.

It is easy to see that if (u,¢,) is a sign-changing solution of system (1), one can get
u € M,. Clearly, M, is a much smaller set than H and so it is easier to study J, on
M,,. The minimizers of M, and M, are corresponding to the sign-changing solutions for
system (1) and problem (9), respectively.

Another aim of the paper is to show the energy of any sign-changing solutions of
system (1) is strictly larger than twice that of the ground state solutions of system (1),
and establish the convergence of the ground state sign-changing solution as p N\, 0. As
usual, we seek the ground state solutions of system (1) and problem (9) as minimizers of
corresponding energy functionals J, and J, on the following Nehari manifolds:

N, = {u e H\{0} : (J,(u), u) = 0},

No = {u € H\{0} : (Jo(u), u) = 0},
respectively. Similarly, let
co = inf{Jo(u) : u € No}, ¢, :=inf{J,(u) : u € N,}.

Defined by \; the first eigenvalue of the problem —Au+V (z)u = Af(x)u in H under
hypothesis (f), our main results can be stated as follows.

5



Theorem 1. If hypotheses (f) and (V) hold, ;r > 0 and A < Ay, system (1) has at least
one ground state sign-changing solution which changes sign only once, and my > 2¢p.

Theorem 2. If hypotheses (f) and (V') hold, > 0 and A < Ay, for each sequence {,}
with p, N 0 as n — oo, there exists a subsequence, still denoted by {p,}, such that
u,, convergent to uy strongly in H, where ug is a ground state sign-changing solution of
problem (9) which changes sign only once.

Remark 3. Our results make good explanation for the existence and asymptotic behavior
of ground state sign-changing solutions to system (1). However, if N = 4, system (1)
involves the critical nonlinearity |u|?u because 2* = 4. Whether system (1) admits any
sign-changing solution for A < A; and g > 0 or not remains incognito. So, we propose an
open question whether system (1) has sign-changing solutions if N = 4.

Remark 4. Comparing with [11, 18, 23, 24|, we investigate the existence of ground state
sign-changing solutions to system (1) and give a convergence property of ground state sign-
changing solutions as 1\, 0 when the nonlinearity satisfies 3-linear growth condition at
infinity and linear growth at zero. However, Chen and Tang [11], Liang, Xu and Zhu [18],
Shuai and Wang [23], Wang and Zhou [24] considered the case the nonlinearity satisfies
3-superlinear growth condition at infinity and superlinear growth at zero. Since both
1 fgs duPdr and [, utde are 4-order, we introduce some new and more intuitive ideas to
prove that M, # (). Furthermore, our results can be regarded as the supplementary work
of [23] and [24].

We organize this paper as follows. In Section 2 we present some notations and prove
some useful preliminary lemmas which pave the way for getting one ground state sign-
changing solution. Then Section 3 is devoted to proving Theorem 1 and Theorem 2.

2 Some preliminary lemmas

In this section, we give some preliminary lemmas which are crucial and pave the way
for proving our results. We begin this section by introducing some lemma familiar with
us.

Lemma 5. Assume that hypotheses (f) and (V') hold. Then the functional F : u € H +—
Jgs f(@)udz is weakly continuous. For eachv € H, G :u € H — [os f(x)uvdz is also
weakly continuous.

Lemma 6. Assume that condition (V') holds. Then for any uw € H, the following state-
ments are valid.
(i) There exists C > 0 such that [u, [Vu|*de < Cllul|* and

12
Ly, (u) < C’|u|§ < C’Hu||4, where a = T

(13) If up, — u in H, we have ¢,, — ¢, in H and

n—oQ



Now we check that the set M, # () if there exists u € H with some conditions.

Lemma 7. If it >0, A < A\, u € H satisfies u™ # 0 and
ML¢1L+( ) + IUL¢ + ’u ’4(1%’
(10)
plo, () + Lo, (w) < [ i,
R

there is a unique pair (s,, t,) of positive numbers such that s,u® +t,u= € M, and

Ju(syut +t,u”) = max Ju(su™ +tu).

Proof. Let A < A, u € H with u® # 0 and (10), then su™ + tu~ is contained in M, if
and only if

Sl |]? + ps' Ly, (u") 4+ ps’t?Ly  (u”) = As® / f(@)|utPde + s* / lut|*d,
Clu” | 4+ pt* Ly (u™) + ps*t®Ly , (u” ):)\tQ/ flx)|u™ \2d$+t4/ lu™|*dz.
R3 R3

Hence, we only need to show that there is only one positive solution (S,7") to the
following system

s( i = Lo, (%)) = T ) = I =3 [ @)l P,
R3

r( / o *dz = Lo, (7)) = Loy () = I = [ fa P

It is easy to see from (10) that

(11)

P < [ e o, (),

ply, . (u”) < [i; ™ |*dz — pLy, (u”).

Consequently,
| el o) ke ) 0
= _ _ _ > U.
“ulo, ) [ e =l ()
Together with A < Ay, we have [[u™||* > X o5 f(x)|u®[*dz and
luT||* — )\/ f(z)|u"|?dx —pLg, . (u™)
Dg = ? >0,
o= [ @l Pl [ e = Lo, )
R3 R3
e = Lo, () I = A [ falt P
Dy =| /R ’ > 0.
—pLg,  (u”) Ju[]? = A g f(@)|u”[dx




Let S = £2 and T = ZZ, then (5,7T) € (0,400) x (0,+00) is the unique solution to

system (11). Choosing s, = v/S and t, = /T, we can obtain that (s, t,) is the unique
pair of positive numbers such that s,ut +t,u~ € M,,.

Furthermore, since

g2 st u52t2 _ 2
Ju(sut 4+ tu”) :—HuJ’HZ + —L¢ +(u+) + Ly  (u)+ _H“ &

t4
+M—L¢ (u™) /f u'tPde — = /|u |*dx

AtQ
/f |-|d:r——/ |,

it is not difficult to verify that

0% J,(sut + tu~ B
e (N Y f<x>|u+|2dx)+ut2%<u>

+ 3s? <,uL¢ . / \u+|4d$> ,
0T, (sut + tu” B N -
00— (=3 [ ) + s o)

+ 3t2 (uL¢u (u™) —/ \u_\4dyc> :
R3

From the fact that (s, ¢2) is the solution of system (11), we have

O*Jy(sut 4 tu~
plsu’ + tu7) s ~2s2 (/R3 |ut |*dz — ply, (u+)) <0, (12)

0s?
=212 </ lu™ [*dx — ply (u‘)) <0, (13)
(Su> tu) R3

O* T, (su +tu™)
0sot (S, tu)
We consider the Hessian matrix of J,(su™ 4 tu™), i.e.
2 Ju(sut+tu™)  92Ju(sut+tu")
H(Suatu) = ( 82JM(3%Sf+tu—) a%@i%u—) ) :
(sustu)

0s0t ot?

O* T, (su™ +tu™)
ot?

= 2usytuly , (u”) > 0. (14)

Combining with (10), one can obtain that
ot (suot) =tsted ([ 1wt ttar =t 0)) ([ it = ute, )
R3 R3
—Ap?syty (Lo, (u”))

_453t3{</ b |*dz — pLg,, (u )(/ lu™|*dw — pLy, ()) (15)

— (L, (u*))Q]

>0.



It is easy to see that the maximum point can not be achieved on the boundary of R2.
Therefore, it follows from (12),(13),(14),(15) that

Ju(syu +t,u”) = max Jy Ju(sut 4+ tu™),

)

and we complete the proof. O
Lemma 8. Assume that A < Ay and v € M,,, then (10) holds.
Proof. Let u € M,,, we have from the definition of M,, that v* # 0 and

[wF | + pLg,. (u") + ply , (u™) =X | fla)|u™Pde+ | |u™['dz,
Hu_||2+uL¢f(u_)+,uL¢u+(u )= ? x)|u” \de+? lu™|*dz.

Since A < A; and ) is the first eigenvalue of the problem —Au + V(z)u = Af(z)u in H,
we can obtain that

[ * > A/ﬂf(fﬂ)lU*Ide, lu=* > A/Qf(~’f)\u‘|26l9f:,

which implies from (16) that

PLoy () g ) < [ futde
3
ply (u”) +ply  (u”) < ?3 lu~[*dz,
R
Then we have completed the proof. O

Lemma 9. Assume that >0, A < X\, u € H with u* # 0, we have
() if (J),(u),u™) <0, there is a unique pair (sy,t.) € (0,1] x (0,1] such that

sput +tyu” € M,;

(1) if (10) holds and (J)(u),u™) > 0, there is a unique pair (s,,t,) € [1,+00) X [1,400)
such that
suut +t,u” € M,,.

Proof. (i) If u € H with u* # 0 and (J,(u), u*) < 0, we have

P + i, () + il () <0 [ palut Pt [t
3 3

™ ||% + ply, (u™) + pLg, . (u™) < /\f3 f(z)|u™|?de + js lu™|*da,
R R

then

=3 [ s@lutPe< [ jutitde = alo, () = aLo,. (00),

a7)
2= A [ @l Pde < [ e - ko, () = py,. ().



Since A < Ay, it is clear that [|u®|]* > X [o, f(z)|u*|?dz, then
pLs,, (ut) +plg,, ( jut [ dz,
ply (uw™)+ply  (u™) < fs |u™|*dx.
-
By Lemma 7, there is a unique pair (s,, t,) of positive numbers such that
sput +tu” € M,,.

It means that (s2, ¢2) is the solution of system (11). Similar to the argument of Lemma
7, we have from (17) that

Dy = (Il = [ i) ([ it - ute, 00)
Lo ) (12 =2 [ o)
< ([ hwttte =t (0 = b)) (ot = o, )

#nto, 0 ([ e = k() =t (00)).

([ 1wttt =t )} ([ it = L, 0)) = o, )

= D.

Therefore, s = Dgrﬁ < 1. Similarly, t? = D[t)% < 1. Then there is a unique pair (s,,t,) €
(0,1] x (0, 1] such that s,u™ +t,u” € M,.

(ii) If (10) holds, by Lemma 7, there is a unique pair (s, t,) of positive numbers such
that s,ut + t,u~ € M. Similar to the proof of (i), we can obtain from (J},(u), u*) >0
that (ii) holds. O

Lemma 10. If A < Ay, for any u € H with pLg, (u) < [gs u'dx, there exists a unique
54 > 0 such that 5,u € N,. Moreover, J (§uu) > Ju(su) for all s > 0 and s #3,.

Proof. If A\ < \; and v € H satisfies uLy, (u fRB udz. Clearly, su € N, if and only if
s?||ul|® + s*pLy, (w) = As* [ f(z)uldr + 54/ utdz,
R3 R3

IR fR3 f(x)u?dx
Jas utdz—pLey, (u)

1
it is easy to see that there exists a unique s, = < ) * such that S.u € N,.

Furthermore, since

D) | (= [ stonan) = ([ wtar = o)

we have J,(5,u) > J,(su) for all s >0 and s # §,,. O

10



Lemma 11. Assume that hypotheses (f), (V) hold, p > 0 and X\ < Ay, we have
(i) ¢, > 0 is attained by some v, € N, and v, is a constant sign critical point of J,;
(i1) m, > 0 is attained by some u, € M, and u,, is a sign-changing critical point of J,.

Proof. (i) Firstly, we will show that for all 1 > 0, there exists u € H such that pLy, (u) <
fR3 u*dz, which implies from Lemma 10 that N, # 0. Otherwise, there exists o > 0 such
that for allu € H, [ps u'de < poLg, (u) < Cpglull by Lemma 6. Choosing ug # 0, ug € H
and uf(z) = ug(%) for all p> 0 and x € R3, we have that uf € H and

4

W (e lo®rde)™  (f u@Psdn)t Pl

Jus luglde— fosluo(E)ltde fosluo(@)[pPde [g Juol*da”

Theref |ugla 1
ererore, W < Cro

Secondly, for each u € N, it follows from A < A\; and Sobolev inequality (4) that

for small enough p > 0, which contradicts our assumption.

A 1
[ull® + pLg, (u) =X | flz)u’dz +/ utde < <=lull® + gz lull*.
R3 /\1 S

R3
Then
A 2
> INSNG
full =5 (1=5) >0,
and
1 9 9 1 A 9
_1 y. >-(1-2 .
s =1 (bl < a [ sonear) = 5 (1= )

Therefore,

u€Ny, )\1

and J, is coercive and bounded below on N, for all > 0 and A < A;.

. 1, A\’
¢, = inf JH(U)ZZS 1—— ) >0,

Let {v,} € N, is a minimizing sequence for .J,. Obviously, J,(v,) = J,(|v,|) and
|v,| € N, and therefore we can assume from the beginning that v,(z) > 0 a.e. in R?* and
for all n. It follows from the fact J, is coercive on N, that the sequence {v,} is bounded
in H, so that, up to subsequences, v, — v, in H and v,(x) > 0. We now prove that
v, — v, strongly in H. Supposing the contrary, then ||v,| < liggolf |vnll, we get from

Lemmas 5, 6 that

Joull + 1L, () <3 [ faizdz+ [ otda,
R3

R3

which means that v,(x) # 0 in R* and pLg,, (v,) < Jgs vpdz by A < Ay By Lemma 10,
there exists a unique 5, > 0 such that 5,u, € N,. Moreover, J,(5,v,) < J,(v,) for all

11



vy, € N,. Therefore, we obtain
i <Jpu(500p)
i
||s v + 4L¢SUW Sy0,) / f(x |5vvﬂ| dx — —/ 5,0, | dx

< lim inf —||§Uvn||2 + HL% o (Spvp) — = f(x)|§vvn|2dx — —/ |§vvn|4dx
n—o0 4 Teen 2 Jp3 4 Jrs

=liminf J,(5,v,,)

n—oo

<liminf J,(v,) = ¢y,

n—oo

which leads to a contradiction. Thus v, — v, strongly in H, v, € N, and J,(v,) = c,.
Similar to the argument in Brown and Zhang [9], we can conclude v, is a constant sign
critical point of J,,.

(ii) Let us define B,.(y) = {z € R®: |x — y| < r}. For each fixed u > 0, we can pick
up w € H with suppw C By (zg + z—po) and

lw|*dx = / lw|*dx # 0,
R3 Bl(mo+m)

where xy = (1,0,0) and p = min {ﬁ, 1}. Let uy(x) = w(xo—k%), then suppu; C
2(Cp)2 ?
B,(z), and we can obtain from Holder’s inequality that

Jos wida _ pr(a:Q) |w(zo + %)|4dx B fBl(onr%O) w(z)|dx
Jun|d 4 4 1
2 (pr(:ro) Jw(xo + ;)|“d$> 2p? (fBI(ZOJF%O) |w(m)|“dm>
« 4d
3
20 (Jy 20y [0() 102 ([0, 1)
1
=— = >2Cp> Ch.
202(4)3

Obviously |u1| € H also satisfies (18) and therefore we can assume from the beginning that
ui(x) > 0 a.e. in B,(z). Similarly, we can pick up us(z) = —ui(—z) for all z € B,(—x).
Then uy € H such that us(x) < 0 for © € B,(—x), suppu; N suppuy = @ and

fRB u%dx B fR3 u‘lldx
2|ugd 2lun 3

> Cp. (19)

Let u = u; +us, we can obtain that v € H, ut = uy, u~ = uy. It follows from Lemma
6 that

{ pLy . (uh) 4 pLy . (u”) < Cululy + Cplua | |usl?, (20)

pLy (u) 4+ pLy , (u”) < Culuyy + Cplu|f]us|%.

12



Furthermore, we can get from the definition of u, (18) and (19) that

Culurl! + Cplun P fusl?, = 20l | < / dida,
; (21)
Cplus|t + Culug 2us|? = 2Culus|l < | usdz.
R?:

Combining (20) and (21) gives

pLo () + Lo, (u) < [ ulde= [ jutids
Lo, (u”) +ply,, (u”) < /[R dfﬂ—f u™|*dz.

It implies from Lemma 7 that M, # ) for all > 0. Clearly, it follows from v € M,, C N,
that m, > ¢, > 0.

Assume that {u,} C M, is a minimizing sequence for J,,, namely such that .J,(u,) —
m,,. We have already observed that J, is coercive on N, this implies that the sequence
{u,} is bounded in H, going if necessary to a subsequence, still denoted by {u,}, we can
assume from condition (V) that there exists a u, € H such that, for n sufficiently large,

+ + ~
u, —u, weakly in H,

un () — uu(x) almost everywhere on R

ut — uf strongly in L*(R®) for 2 < s <6.

Next since {u,} C M,, C Ny, we have (J/,(uy), u;;) = 0, that is
o P+ L )+ Lo ) = A [ f@ltPo+ [ Jultde,
o 12+ e, () + L, () = A /K flallu P+ | o,
Then
P < [ flPde+ [ ks
R3 R3

similarly, we can obtain that

A
|| > S <1 — 7) > 0. (22)

1

Combining with A < Ay, we also have

A
(1——) k< [ ot
N -

13



Passing to the limit, we obtain from (22) and Lemmas 5, 6 that

2
0<52<1_%> <11m1nf< _) ]2 < /|uiy4dx
1 n—

which implies that uff # 0 and

I+ Lo () + ik i) < [ P+ [ o,

3
i 12+ Lo _(a5) + il () < X ? @l Pt | e

Then by Lemma 9, there is a unique pair (s,,%,) € (0,1] x (0, 1] such that
suu;r +tuu, € M,,.

And thus
Ju(suuﬁ + tuu;) > my,.

Furthermore, it follows from A < A; that

Ju(sauf + tyuy,)

=Julsuw) + tuw,) - iU’(suu*+tuu*),suu++tuu*>

= (ot a3 [ @l + P

ﬂ <“u+||2 YR d:c>+t2 (Hu x| sl y?m)]
SH(HU*HQ YR |u+\2dx>+(||u“u2—A /Rgf(x)\uupdxﬂ
1

(YRR

< liminf [Jﬂ(un) - i<JL(un)7 un>]

n—oQ

:m#,

which implies that s, = t, = 1, u, € M, and J,(u,) = m,, then v, is the required

minimizer.
Thirdly, if J/,(u,) # 0, there exist § > 0 and a > 0 such that

weH, [|(u)ll = a, flu—ull <36

Let D=(1-0,140)x(1—0,140),0<0<1and (s, t) =su® +tu", (s,

follows from Lemma 7 that

m :=maxJ, oY < m,.
oDV ¥ "

14
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Let ¢ = min{™4™", 2} and S5 = {u € H : |lu — u,|| < 0}, there exists a deformation

n € C([0,1] x H, H) such that

n(1,u) = wif u & J([my, — 28, m, + 2¢]) N Sas;
(1, I 0 Ss) L
Ju(n(1,u)) < J,(u),Vu € H.

/O\/\/\
L=z

Similar to the proof of Theorem 1 in [23], we can obtain that u, is a sign-changing
critical point of J, by the degree theory, and we complete the proof. O]

3 Proof of the main results

In this section, we will prove the main results. To begin with, we can show that
the ground state sign-changing solution u, of system (1) changes sign only once, and its
energy is strictly larger than twice that of the ground state energy, which means that the
energy of any sign-changing solutions of system (1) is strictly larger than twice that of
the ground state solutions.

Proof of Theorem 1. In view of Lemma 11, there exists a u, € M, such that m, =
Ju(w,) and J) (u,) = 0. In other words, u, is a ground state sign-changing solution to
system (1). Then by Lemma 8, we have that

BLo () + Lo, () < [ u|'ds,
pLy (ug)+pLy (ug) < | |u,|'dz,
w 3 R3
it follows from Lemma 10 that there exist sq, £; > 0 such that 51U:f, tiu, € Ny Then

my = Ju(u,) = JM(SW,JI + tlu;)
+ _\, ksit? -
= Ju(siw,) + Ju(tiu,) + 5 L¢uZ (u,)

> Ju(siut) + Ju(tiug,) > 2¢,.

Now, we show that w, changes sign only once. We assume by contradiction that
Uy, = Uuj + up + uz with

u #0, up >0, upy <0, ug>0,

supp(u;) Nsupp(u;) =0, i #j (i,5 = 1,2,3).

Moreover, using the fact that Jj (u,) = 0, we get

{ (Jp (w1 + u2), ur) = (J)(wa), ur) — ply,, (1) <0,
(J(ur + ug), ug) = (J) (up), ug) — plg,, (uz) < 0.

I3 B
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Consequently, by Lemma 9, there exist (s,¢) € (0,1] x (0, 1] such that
Sup +tug € My, J,(5uq + tug) > my,.

Noting that A < A1, (J),(u,.), u,) = 0 and (J},(Su1 + tug), Su; + tug) = 0, we have
1
=) = 0L ) = 5 (Il = A [ o)

| (hle =x [ storutae) + (el =3 [ sariza)
# (sl [ f(x)lédac)]

[(ESYRE >+<||u2||2—A [ tangas)]
[ (= / saiar) + 7 (ol <A [ senac)]
G

up + tUQ) — _<JM(SU1 + tUQ) Suy + t_U2>

>

AV
k‘ I g

J(5uy + tus)

> my,

which leads to a contradiction, and thus the minimizer u, changes sign only once. O

Now, we are in a situation to prove Theorem 2. In the following, we regard p > 0 as
a parameter in system (1). We shall analyze the convergence property of u, as p \, 0.

For any p ™\, 0, let v, € M, be the ground state sign-changing solution to system
(1), which changes sign only once.

Proof of Theorem 2. Firstly, choose a nonzero function wy € C§°(R3) and 3 > 0 such
that w # 0 and

|lwg H2+6L¢ +(w0)+5L¢ +(wo <)\/ f(x)|wg \Qda:—k/ lwg ]4dx

hwg 2 + ALy () +BLo . (w5) <\ / F (@) wp P + / g |d.
0 0 R3 R3

Thus, for any p € [0, 8], (J,(wo), w wi) < 0. Tt follows from Lemma 9 that for any p € [0, 3],

there is a unique pair (s,,t,) € (0,1] x (0, 1] such that
s,wy +tawy € M,

Thus, for any u € [0, 8], we have

1
—<J[L(5uw3 + twy ), Suwo+ + tuwy )

Tulsuwg +tuwy) =Ju(suwg +tawg) — 5

16



1
—1 (1w + g P = [ @lsyg + s e
R3
1 _
<1H5uw8r +tuwy |
1
S

For any sequence {,} with p, N\ 0 as n — 0o, one can obtain from Theorem 1 that for
large n, there exists u,, € M, is a ground state sign-changing critical point of J,, , then

1 1 A
041 2 Tyl — 10 ) ) 2 7 (173 ) Tl

This shows that {u,,} is bounded in H, then there exists a subsequence of {su,}, still
denoted by {p,}, such that u,, — uy weakly in H. By the compactness of the embedding

H — L*(R3) for 2 < s < 6, using a standard argument, we can prove that ufn — u(jf
strongly in H, and u(jf # 0. Furthermore, we deduce that for all u € H,
0 :T}EEO<J;/M<“MTL)7 u)
= lim [/ (Vuy, - Vu+ V(z)u,,u)de + un/ Gu,,,, Uy, udx
n—oo R3 R3
_)\ f(x)ande - / |uﬂn|2uMnde:|
R3 R3
—/ (Vug - Vu + V(x)ugu) de — )\/ f(x)upudx — / |uo [Pugudz
R3 R3 R3
:<J(l](u0)7 U>,
which implies that
J(/)(U()) =0, ug € My, J()(U()) > my. (23)

Secondly, in the proof of Theorem 1, u = 0 is allowed. Then there exists a vy € My
such that
JQ(UQ) =My = Hlf Jo(u),

ueMpo

and vy is a sign-changing solution to system (1) which changes sign only once. Similarly,
we can pick up € > 0 which is independent on u, such that

€L¢vat (USL) + €L¢UO+ (UO_) < s ’08—‘461‘%)
eLg_(vg) +eLy , (vy) < j |vg |*dz.
0 0 R3
According to Lemma 7, there is a unique pair (sg, ty) of positive numbers such that

sov{)" + tovy, € M..
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Let p1, € [0, €], we can know that

(/3. (5000 +tovg ), s0vg) =llsovg |I* + L, 4 (8005) + Ly, (tovy)

f(x)|sovo+| dx —/ |sovo+|4d:z:
R3

<||sovg ||2 + EL¢ (sovar) + €L¢sov+ (tovg )

—)\/ f(a:)|sovo| dx—/ |sovg |*da
R3

=(J(sovg + tovy ), Sovg ) = 0.
In the same way, we can obtain that
(J},, (sovg + tovy ), tovg ) < (Ji(sovg + tovy ), tovy ) = 0.

It follows from Lemma 9 that for all pu, € [0, €], there is a unique pair (s,,t,) € (0, so] x
(0,to] such that

spug + vy € M, . (24)
Then for any sequence {p,} with u, \, 0 as n — 0o, we have as n — oo,
HnSp L(b +(UO ) =0, Mns erLcﬁ (v9) =0, MntiLtﬁ _(vg) =0,
Y0 Yo

together with (J), (5,05 4 tavy ), $nvg ) = (J), (8000 + taty ), tavy ) = 0, We can get

led 1P + o(1) = A / @)l Pda + 52 / g |d,
(25)
leg 2+ o) = A [ f(@)ug Pde+ 22 [ |og|da,
R3 R3

and by (J}(v),vi) = 0, we have

g 12 = A / F(@) o P + / g |da,

log I =X [ f@)lvg Pdz + | Jog|*de,
R3 R3
Combining with (25) and (26), one has that as n — oo,
s, — 1,1, — 1.

Lastly, we only need to show Jy(ug) = Jo(vp), then by (23), ug is a ground state
sign-changing solution of problem (9) which changes sign only once. In fact, it follows
from (24) that

JO(UO) S JO(UO) = ll)m J,Ufn (U’Mn>
< h_)m T (8008 + tavg ) = Jo(vg +vg) = Jo(vo).
This completes the proof of Theorem 2. 0
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