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as spectral radius) of the truncated matrix, after properly normalized, converges
in distribution to the Gumbel distribution if p,/n is bounded away from 0 and 1.

é{:ggﬁf:ldjadius In this paper we investigate the limiting distribution of the spectral radius under

Eigenvalue one of the following four conditions: (1). p, — oo and p,/n — 0 as n — oo;

Limiting distribution (2). (n —pn)/n — 0 and (n — p,)/(logn)® — co as n — 00; (3). n — pp, — oo and

Extreme value (n —pn)/logn — 0asn — oo and (4). n — p, = k > 1 is a fixed integer. We prove

Circular unitary matrix that the spectral radius converges in distribution to the Gumbel distribution under
the first three conditions and to a reversed Weibull distribution under the fourth
condition.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

The early study of large random matrices was stimulated by analysis of high-dimensional data. One
example is Wishart’s [26] investigation on large covariance matrices whose statistical properties are mainly
determined by eigenvalues and eigenvectors from the point view of a principal components analysis. Since
then, the random matrix theory has been developed very rapidly and found many applications in areas
such as heavy-nuclei atoms [25], number theory [16], quantum mechanics [15], condensed matter physics [7],
wireless communications [3].

The study of random matrices has greatly been motivated by Tracy and Widom’s [22,23] work. They
show that the largest eigenvalues of the three Hermitian matrices (Gaussian orthogonal ensemble, Gaussian
unitary ensemble and Gaussian symplectic ensemble) converge to some special distributions that are now
known as the Tracy—Widom laws. Subsequently, the Tracy—Widom laws have found their applications in
the study of problems such as the longest increasing subsequence [1], combinatorics, growth processes,
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random tilings and the determinantal point processes (see, e.g., Tracy and Widom [24], Johansson [12] and
references therein) and the largest eigenvalues in the high-dimensional statistics (see, e.g., Johnstone [13,14]
and Jiang [9]). Some recent research focuses on the universality of the largest eigenvalues of matrices with
non-Gaussian entries; see, for example, Tao and Vu [21], Erdés et al. [6] and the references therein.

Consider a non-Hermitian matrix M with eigenvalues z1,---,z,. The largest absolute values of the
eigenvalues maxi<;<, |2;| is refereed to as the spectral radius of M. The spectral radii of the real, complex
and symplectic Ginibre ensembles are investigated by Rider [18,19] and Rider and Sinclair [20], and it is
proved that the spectral radius for the complex Ginibre ensemble converges to the Gumbel distribution.
This indicates that non-Hermitian matrices exhibit quite different behaviors from Hermitian matrices in
terms of the limiting distribution for the largest absolute values of the eigenvalues.

A very recent paper by Jiang and Qi [11] studies the largest radii of three rotation-invariant and non-
Hermitian random matrices: the spherical ensemble, the truncation of circular unitary ensemble and the
product of independent complex Ginibre ensembles. It is proved in the paper that the spectral radii converge
to the Gumbel distribution and some new distributions.

The circular unitary ensemble is an n X n random matrix with Haar measure on the unitary group, and
it is also called Haar-invariant unitary matrix. Let U be an n x n circular unitary matrix. The n eigenvalues
of the circular unitary matrix U are distributed over {z € C : |z| = 1}, where C is the complex plane, and
their joint density function is given by

1 2
meaEa | SR

1<j<k<n

see, e.g., Hiai and Petz [8].
For n > p > 1, write

A C
o (5 %)

where A, as a truncation of U, is a p x p submatrix. Let z1,---,2, be the eigenvalues of A. Then their
density function is

p
oR | B [ (CE o (L.1)
j=1

1<j<k<p

where C' is a normalizing constant. See, e.g., Zyczkowski and Sommers [27].

Assume p = p, depends on n and set ¢ = lim, o 22. Zyczkowski and Sommers [27] show that the
empirical distribution of z;’s converges to the distribution with density proportional to W for |z| <¢
if ¢ € (0,1). Dong et al. [5] prove that the empirical distribution goes to the circular law and the arc law
as ¢ = 0 and ¢ = 1, respectively. See also Diaconis and Evans [4] and Jiang [9,10] and references therein for
more results.

Jiang and Qi [11] have proved that the spectral radius maxi<;<p |2;| for the truncated circular unitary
ensemble converges to the Gumbel distribution when the dimension of the truncated circular unitary matrix
is of the same order as the dimension of the original circular unitary matrix, see Theorem 1 in section 2.

In this paper we consider heavily truncated and lightly truncated circular unitary matrices and investigate
the limiting distribution of the spectral radii for those truncated circular unitary matrices. Our results
complement that in Jiang and Qi [11].

The rest of the paper is organized as follows. The main results in this paper are given in section 2 and
their proofs are provided in section 3.
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2. Main results

Consider the p, X p, submatrix A, truncated from a n X n circular unitary matrix U in section 1. Denote
the p,, eigenvalues as z1,- - -, zp, with the joint density function given by (1.1).

For completeness, we first quote a theorem in Jiang and Qi [11] on the limiting distribution of the spectral
radii maxi<;<p, |2;] before we give our results in the paper.

Theorem 1. Assume that z1,--- ,zp, have density as in (1.1) and there exist constants hq,he € (0,1) such
that hy < B2 < hy for alln > 2. Then (maxi<j<p, |2j|—An)/Bn converges weakly to the Gumbel distribution
A(z) = exp(—e™®), x € R, where A, = ¢, + 3(1 = 2)Y2(n —1)"2a,, B, = (1 — c2)Y/2(n—1)"1/%,,

2
_(Pn — 1\ /2 B nc? B nc?
cn_(n—l) ’ bn_b(l—c%)’ an_a(l—c%)
with
a(y) = (logy)'/? — (logy)~'/* log(v2mlogy) and b(y) = (logy)~"/*
fory > 3.

Note that in Theorem 1, a restriction on the dimension p,, of the truncated circular unitary matrix A is
made as follows: there exist some 0 < h; < he < 1 such that hin < p, < hgn for all large n. In this paper

we are devoted to study of the spectral radii maxi<;<p, |2;| in the following conditions:

pn—>ooand@—>0asn—>oo; (2.1)
n
(7110;5)7; — oo and —L" 5 0 asn — 00; (2.2)
n—Pn
n — py, — 00 and — 0 as n — oo; (2.3)
logn
n —p, = k > 1 is fixed integer. (2.4)

The main results of the paper are the following theorems:

Theorem 2. Under condition (2.1) or (2.2), (maxi<j<p, |2;| — An)/Bn converges weakly to the Gumbel
distribution A(x) = exp(—e™®), x € R, where A,, and B,, are defined as in Theorem 1.

Theorem 3. Under condition (2.3), (maxi<j<p, |2j| — An)/Bn converges weakly to the Gumbel distribution
A(z) = exp(—e™®), € R, where A, = (1 — a,/n)"/? and B,, = a,/(2nk,), where a, is given by

an

1 kn—1,_—t kn,
[ ttetar = 2
(k:n—l)!/ ¢ n’

0

where k, =n — p,.
Theorem 4. Under condition (2.4), %(maxlgjgpn |zj| — 1) converges weakly to the reversed Weibull
distribution Wi (x) defined as

exp(—(—2)*), 2 <0;
1, x> 0.
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We notice that the limiting distribution of the spectral radii depends on the dimension of truncated
matrices. Our results in Theorems 2, 3 and 4 indicate that the limiting distribution of the spectral radii of
the truncated circular unitary matrices is Gumbel distribution A if the parameter k,, = n — p,,, the number
of truncated columns and rows diverges. When the truncation is very light, that is, k, =n—p, =k > 1
is a fixed integer, the limiting distribution of the spectral radii of the truncated matrices is the reversed
Weibull distribution Wj.

It is obvious that the case when k,, = n — p,, is of order between logn and (logn)3 has not been covered
in Theorems 1 to 4. We conjecture that max;<;<p, |2;|, after properly normalized, converges in distribution
to the Gumbel distribution in this case.

3. Proofs

Set ky, = n — p, and define a(x) and b(x) as in Theorem 1. Define ¢(z) = \/%6712/2 and ®(z) =

\/% S foo e=t/2dt for z € R, the density function and the cumulative distribution of the standard normal,
respectively. The symbol C,, ~ D,, as n — co means that lim,,_, % =1.
For random variables {X,;n > 1} and constants {a,;n > 1}, we write X,, = Op(a,) if

limg 4 oo limsup,, o, P(|22| > 2) = 0. It is well known that 2 — 0 in probability as n — oo if

X, = Op(ay) and {b,; n > 1} is a sequence of constants with lim,,_, b, = co.

Let U;, i > 1 be a sequence of i.i.d. random variables uniformly distributed over (0,1), and Uy, < Us., <
-+« < Up.p be the order statistics of Uy, Us,--- ,U, for each n > 1. Then from page 14 on the book by
Balakrishnan and Cohen [2], we know that the cumulative distribution function of Uj.,, is given by

Fin(z) = Z (") (1—2)" " = (2_1)?('71_2)' /tH(l —t)"ldt, 0<x <1 (3.1)
0

for each 1 < i < n, and the probability density function (pdf) of U;., is given by

n!

(i —1)l(n—q)

This is the so-called Beta distribution, denoted by Beta(i,n — i + 1).
From (3.2), Up, —j+1:n—; has a Beta(p, — j + 1, k,,) distribution with pdf given by

fin(z) = M 1-2)", 0<z <l (3.2)

(n—j)! —j kp—1

fn,‘ n—j\L) = . Pr7I(1 — x)*n y T € 0,].

Pn—Jj+1 J( ) (pn _])'(kn — 1)' ( ) ( )

For each n > 2, let {Y,;;1 < j < p,} be independent random variables such that Y,; and

(Up, —j+1:n—j)*/? have the same distribution. Jiang and Qi [11] have shown that max;<j<,, |z;| and
maxi<;j<p, Yn; have the same distribution, that is

Pn
2 _ 2 — ) .
Pl lof <0) =Py, Vi <t) = [LBumseanest0 33
j=
for any 0 < ¢ < 1, and
1-— Fl:k:n ((L‘) S 1-—- FQ:kn+1(x) S T S 1- Fpn:nfl(aj) (34)

for = € (0,1). See the proof of Theorem 2 in Jiang and Qi [11].
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3.1. Preliminary lemmas

We will present some useful lemmas before we prove our main results.

Lemma 3.1. Suppose {l,; n > 1} is sequence of positive integers. Let z,; € [0,1) be real numbers for
l’Vl

1 <3 <1, such that maxi<j<i, 2nj — 0 as n — co. Then lim (1 —z,;) € (0,1) exists if and only if the

n—oo
j=1
ln
limit lim znj =:z € (0,00) exists and the relationship of the two limits is given by
ln
lim (1= zp) =% (3.5)

Proof. From the Taylor expansion

log(l—2) = -z +0(x?) asz —0,

which implies log(1 — znj) = —2zp; + O(zflj) uniformly over 1 < j <1, since maxi<;<i, 2nj — 0 as n — oo.
Therefore,

In ln

| 1( Znj) exp<§; 0g(1 = 2n)) = exp(~ (1 + O( max zn)) Zzg

j= j=

The lemma can be easily concluded from the above expression. 0O

Lemma 3.2. Let {l,,} be a sequence of positive integers such that l,, — oo and for each n, {z,;, 1 <j <I,}
are non-negative numbers such that z,; is non-increasing in j with zp1 > 0. Then for any sequence of
positive integers {r,} satisfying that r,, <l for all large n and r,/l,, = 1 as n — oo, we have

ln
Zj:l “nj N
Z;n:d Znj

as n — 0o.
Proof. It suffices to show that

In

K Zni

Shrnn 56
i

as n — oo. In fact, from the monotonicity of z,;, we have z,; < % Z; 1 #nj for r, +1 <5 < 1,,. Hence

which implies

ln
Zj =r,+1 Znj < ln —Tn

T =
Z]"l Znj T'n

proving (3.6). O



W. Gui, Y. Qi / J. Math. Anal. Appl. 458 (2018) 536-554 541

For the rest of the proofs, define
Znj = 1-— Fpn—j+1:n—j(tn)7 1 S .7 S Pn, (37)

where t,, € (0,1) will be specified later in the proof of each theorem. From (3.4),

Znl Z Zn2 Z e Z Znpn Z 0. (38)
Obviously, we have for 1 < j < p,.
1
an:( n_j '/tpnj )k —Lat
tn
1—t,

= (n_j ; / f)Pn—ighna—1gy. (3.9)

(P — J)! /

Lemma 3.3. Assume that 1 < p, <n and p, = 00 as n — oo. Let {r,} satisfy the condition in Lemma 3.2
with l,, = pp. Assume o, > 0 and B3, are real numbers such that lim,,_o P(Y,2, > Bn + anx) =0 for any
x € R. If (maxi<j<r, Yn] Br)/om converges in distribution to a cdf G, then (maxi<j<p, Y2 — Bn)/om
converges in distribution to the same distribution G.

Proof. Note that (maxj<j<,, Y,% — 3,)/an converges in distribution to the cdf G if and only if

nj

. 2 _ )

nhﬂrrgo P(I;njzgn Y, < Bn+ anz) = G() (3.10)
for every continuity point z of G with G(z) € (0,1). We need to prove the above expression is still true
when r,, is replaced by p,. Now fix x, a continuity point of G with G(z) € (0,1). Set t,, = t,,(z) = B, + apx
and define z,; as in (3.7). Note that (3.8) holds, z,1 — 0 as n — oo,

2 T ,
Pl ¥ < A onn) = [[0-2)
j=
and
Pn
2
<< = — - ).
P( max Y% < B + ant) 1_[1(1 Znj)
j=
By using Lemma 3.1 and (3.10) we have Z;":‘l zn; — z = —log G(x) which, together with Lemma 3.2,
implies ngl Zn; — 2 = —log G(z). Once again we have from Lemma 3.1 that

Pn

: 2 _ _ ) — % —
Ji, P Yoy S Bt ant) = [] (1= 2g) = €7 = Glo)
=

This completes the proof of the lemma. 0O

Lemma 3.4. Let Z,, be nonnegative random variables such that (Z2 — 3,)/can converges weakly to a cdf G(x),
where a, > 0 and B, > 0 are constants satisfying that limy, o o /By, = 0. Then
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Zn— B

——————— conwverges weakly to G. (3.11)
n/(26:°)

Proof. Set W,, = (Z2 — 3,,)/an. We have Z2 = 3, + a,W,, = B, (1 +

gn W,,). Then by Taylor’s expansion

Zp = BY2(1+ MW,V = BL2(1 + W, + O, (22

5, 55, )%

ﬂn

and thus we have

Zn — By?

an/(2ﬁl/2) = n + o (

s

which implies (3.11). O
Lemma 3.5. (Lemma 2.2 of Jiang and Qi [11]) Let {jn,n > 1} and {x,,n > 1} be positive numbers with

lim,, o0 Tr, = 00 and lim,_ oo jnsc;l/g(logxn)l/2 = 00. For fized y € R, if {¢p;,1 < j < jn,n > 1} are real
numbers such that lim,_, ., maxi<;<;, |cn7j$71«/2 — 1| =0, then

Jim Z (1- —1)en,; +alzn) + blzn)y)) =Y (3.12)

]n
1
li
n—300 Z (G — Deny + a(zn) + b(zn)y

((J — Ve + alzn) +b(z,)y) = e . (3.13)

Lemma 3.6. (Lemma 2.3 of Jiang and Qi [11] or Proposition 2.10 of Reiss [17]) Let B be the collection of
all Borel sets on R. Then there exists a constant C > 0 such that for all r > k > 1,

sup |P
BeB

=C- ((r_rm)m

where fori = 1,2, ;(t) is a polynomial in t of degree < 3i, depending on r and k, and all of its coefficients
are of order O((W)Z/Q).

3/2 .
(m (Urfkqtl:r — —k) c B) — /(]. + ll(t) + lz(t))d)(t)dt
B

Lemma 3.7. Define V,,,_j11.m—; as in (3.25). Assume that k, = n — p, — oo and k,/n — 0 as n — oo.
Then for any 6, > 0 such that §, — oo and 6,, = o(kl/ﬁ)

P(Vp,—j+1m—j >x) = (1+0(1))(1 — &(x)) (3.14)

uniformly over 0 < x < 6,, 1 <j<p,—k, as n — oo.

Proof. Set f,(x) = Lod 4 @amdlba) 2y puci(y y ka ). Then 1 — f,;(z) = 22 —
roof. Set f3,;(x - i = B 7 y7ze)- Then g (@ e
— ey /2
%x = n’“—jj(l - %x) and the density function of V,, _j41.,—; is given by

)kn)l/Q
2

— W‘fp”—j+1:n*j (ﬁn] (.’17))



W. Gui, Y. Qi / J. Math. Anal. Appl. 458 (2018) 536-55/ 543

=Dk (=) i !
_ ((p(n _j;)s/)z - (j)!(g: — 1)!an(m>19n T = Bpj(x))kn

I A A )] (1- — )2 )t (3.15)
) R P 1T AR A Ve |
k1/2 ) _ \1/2
(14 )P (1 — (P = J) x)kn. (3.16)

(n— )2 (pn — J)1/? (n — 5)1/2k/?

To estimate hj(x), we need Stirling’s formula:

1 1

)< — 3.17
11~V < 13 (3.17)

jl = jit1/2e=3+e0)\/2n  where

and Taylor’s expansion: 1 —t = exp(log(1 — t)) = exp(—t — % + O(t%)) as t — 0. By applying Stirling’s
formula to k,!, (p, — 7)! and (n — j)!, the product in (3.15) is equal to l\/#)(l +0(1)) for |z| = o(kl/ﬁ)

1/2 .
uniformly over 1 < j < p, — k,, as n — oo. By applying Taylor’s expansion to (1 + MJWIZ(W )Pn—d

and (1 — G x)*n | the product in (3.16) is equal to

(n— )1/2k1/2
exp ( (pn B J)krlt/Qx o 1 (pn _j)knx2 19) (pn _,7) 3/ |£C3‘ ))
(n = )V2(pn —)V?  2(n=j)(pn = j) (n = 3)%2(pn — 5)3/2
knpn_jl/Q-T 1knpn_jx2 knpn_j3/2x3
Xexp(_ ( | )1/2__ (7‘ ) Lo ( ' ) 3|/2\ )
(n— j) 2k, 2 (n—j)kn (n— 5)3/2k;,
SN (20 G .. s R
(n— )12 2(n—j) (n = §)32(pn — )12
<o (- k(o0 = )22 1 (p —)a® | o= lal? )
PN T ) e e
x? 1 1 3
_ exp(— 5 +o<(k}/2 S Al ))

2

= exp ( ~T 0(1))
2
for |x| = o(ki/ﬁ) uniformly over 1 < j < p, — k,, as n — oo. Therefore, we have

= D L

| = oky/®) (3.18)

uniformly over 1 < j < p,, — k;,, as n — oo. Next we will give an estimate of the upper bound of h;(x) for

large . Note that S,;(z) < 1 if and only if z < &7)1&2 = O(k %) uniformly over 1 < j < p, — ky,
1/ T
andthusmgO( 1/2)—>0un1f0rm1yover0<x<% 1<j<p,—k,asn— cc.

. k1/2 )
Now by applying Taylor’s expansion to (1 + e 2)P»~J and inequality

1
1—t<exp(—t— 5752), te (0,1)
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1+0o(1) 1, k' (pn — )1/
hJ(I) < \/ﬂ exp(fgx ), O<z< W (319)

uniformly over 1 < j < p, — k, as n — oo.
Assume that 0 < z < 4,,. From (3.19) we have

P(Vpsiing>a) = [ bt

< (14 0(1)) / b(t)dt

< (14 0(1)(1 - ®(x)

uniformly over 0 < x < d,, 1 < j < p, — kn as n — 0o. Therefore, to complete the proof of the lemma, it
suffices to show that

P(Vp,—jt1n—j > ) = (1 +0(1))(1 = &(z)) (3.20)

uniformly over 0 < x < §,, 1 <j<p, —k, as n — co.
From (3.27), we see that

(y) — (z) = (1 +0(1))(1 - 2(x)), 0<z=o(y)
uniformly if y — co. Since ((5nk:711/6)1/2 = o(k}l/ﬁ), by using (3.18) we have

(6nky/ )1/

P(Vp,—j41n—j > ) 2 / h;(t)dt

(5nk1/6)1/2

= (1+0(1)) / o(t)dt

(1+ o)) (@((8uky/®)1/?) — D(2)
(14 0(1))(1 = @(2)),

proving (3.20). This completes the proof of the lemma. O
3.2. Proofs of the theorems

Proof of Theorem 2. We need to prove

1 d
B max z| —An) = A, (3.21)

where A, = ¢, + 5(1 — )2 (n—1)""2a,, B, = 11— )2 (n — 1)1,
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D — 1\ 1/2 nc? nc?
w=(m) o =t ) w=aliT)
n—1 1—-¢2 1-¢2

with a(z) = (logz)'/? — (logz)~/?log(v/2m log ) and b(z) = (logz)~'/? for x > 3.

Fix € R and set t,, = t,(z) = 2 + ¢, (1 — c2)/2(n — 1)"'/2(a,, + b,z). For each n > 2, define z,; as in
(3.7), that is, z,j =1 — Fp _j41:m—;(tn(z)) for 1 < j < p,.

Since V,2; and Uy, —j11.n—; are identically distributed, we have

(s T

2 _ 2 — .

p( max Y7 < tn(a:)) = [T P < tue)) = [T~ 20y) (3.22)
7j=1 j=1

for any 1 <r < p,.

Part 1. First we show (3.21) under condition (2.1). We will prove that

lim P( max Y <tn(x )) = exp(—e~"). (3.23)

n—o00 1<j<pn

Let j, = / |, the integer part of pn . For 1 <j < j,, define

\3/2

Meanwhile, we rewrite

Pn — 1 ((pn - 1>kn)1/2
n—1 (n—1)3/2

tn(z) = (an + bpx).

4)3/2

Then we see that uniformly over 1 < j < j,,
— Dn n—j\32 /p, —1\1/2
u"J_(n—l_n—J) 1/2+<n—1> '(pn_j) (an + bpx)

(=) (= )”2 (" p) ()
-1 n—1 D — 1 n nl/z

e O R

Now, =F2 = 1;; . Also, given 7 € R, trivially (p" {) =1 —l—O(jp;nl) and (Z: ) =1 +O(J—)

n

uniformly for all 1 < j S Jn. Since a, ~ (logp,)'/? and b, ~ (logp,)~'/?, we have

L—c)'? (j —1)(logpa)'/*
ung = a0 = D+ 0(1) F a bz +O(F——7 RS )
O )t o(1) + an + b (3.24)
= e, J 0 ap + bpx .
uniformly for all 1 < j < j, as n — oco.
In Lemma 3.6, take r =n — j and k = n — p,, to have
1
10 [P Vo gvins € B) = [(14+00) + L@)0w0at] = O )

B
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uniformly over 1 < j < j, as n — oo, where

(n_j)3/2 pn_j>

Vi3 = (G 53— (U ~ (3:29)

and where, for ¢ = 1,2, [;(¢) is a polynomial in ¢ of degree < 3i, depending on n, and all of its coefficients
are of order O((1/p,)"?) uniformly over 1 < j < j,, as n — co. Now, by taking B = (u,,00) we obtain

o

Znj = P(Vp,—jt1m—j > Unj) = /(1 + (1) + () e(t)dt + O(p,*/?) (3.26)

Umnj
uniformly for 1 < j < j,, as n — oco. From L’Hospital’s rule, we have that for any r > 0

o0

/tr¢(t)dt ~ 2" () as T — 00. (3.27)

Since minj<j<;j, Up; — 00 as n — 0o by (3.24), it follows from (3.27) that

oo

/ Gt ~ () " b (Unj)

Unj

holds uniformly over 1 < j < j,. Furthermore, since the coefficients of /;(¢) are uniformly bounded by
O((1/pn)"?) for i = 1,2, we have

S / (1412 (6) + Io(£)) b ()t (3.28)
=

j=1 Unj Dn Unj

Loy 3w, Aund).
Pn =1 nj

U

In Lemma 3.5, by taking x,, = nc? /(1 —c2) and define ¢, ; such that u,; = (j — 1)¢, j +a(,,) + b(@y, )z for

1<j<j,with ¢,1 = xﬁl/Q. It follows from (3.24) that ¢, ; = x;l/Q(l + o(1)) uniformly over 1 < j < j,
as n — 00, which implies lim,, o max;<;<;, |cn)jw71«/2 — 1| = 0. Then we get
Jn
. ¢(Un]) _ _—x
nl;n;(); T (3.29)

We will show that the second term and the third term on the line below (3.28) converge to zero as n — oc.

_2)1/2 _
By noting that % ~ Dn /2 e have

-3
In
th; = O(=575) = OWi/") (3.30)

uniformly over 1 < j < j,. Thus, it follows from (3.13) that

Unj Un, 4 "

1 & iy 1 TN blun; 1
Pn j=1 DPn j=1 nj
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as n — oo. Similarly, we have

1.3 o olun, 1
O(—) > u; (u ?) = O0(—73) =0
Pn =1 nj Pn

as n — oo. Therefore, by combining (3.28), (3.26) and (3.29) we get
J’VL
Zznj —e ¥ asn — oo. (3.31)
j=1

It follows from (3.24) that

(n — D +0(1) _ p®
Upyj, = 172 > i
Pn

for all large n. Then we estimate z,;, by using (3.26) with j = j,, and (3.30)

2 5 1

1+o(1 Ui, Ui,
Znin = ( unj( ) +O(p1;2 ) +O(p—i))¢(unjn) +O(W)

= O(exp(—%uijn)) + O(SL/Q)

n

= O(exp(—%pi/él)) + O(JL/Z)

n

as n — oo. From (3.8) we have 77" .| zn; < ppznj, = O(pﬁl/z) — 0 as n — oo, which together with
(3.31) yields

Pn

Zznj —e ¥ asn— oo.

j=1

We can also prove from (3.26) that 2,1 — 0 as n — oo. In view of (3.22) and Lemma 3.1 we conclude (3.23),

ie.,

2
maxi<;j<p, Y,; — Bn q

A,

Qp

where a,, = ¢, (1 —c2)/2(n —1)"Y2b,, and B, = 2 + ¢, (1 — ¢2)/?(n — 1)~/2q,,. Since

an _ cn (1 —c%)l/Q(n— 1)’1/217” by

— =— =0
Brn ~ en(l=c3)V2(n—1)"2a,  an
as n — 0o, we can apply Lemma 3.4 and get that
i Yn - 711/2
A, = ERISiSPn Ty LA (3.32)

an/(284%)



548 W. Gui, Y. Qi / J. Math. Anal. Appl. 458 (2018) 536-55

Recall that A, = ¢, + 2(1 — 2)2(n — 1)7Y2a,, = ¢, (1 + o(1)) and B, = $(1 — 2)Y?(n — 1)7/2p,, ~
1(n—1)"1%(logp,)~"/?. Then

ﬂ}L/2:Cn(1+ 1

=cu(1+4

2(n —1)2¢,

log pn

(npn)1/2
= A, +o(By)
and
an
Qﬁ? = Bn(1+0(1)),

which, together with (3.32), yield

maxi<jcp, Yo — An  Nacn/(287%) + 817 - A,
B, N B,
ApBn(1+0(1)) + o(B,)
B,

= (1+0(1))An +o(1)

— A

i.e., (3.21) holds. The proof of Part I is completed.
Part 2. We will show (3.21) under condition (2.2). First, it follows from condition (2.2) that

nc2 :n(pn—l)wn__ﬂ)o
1—¢2 n— pn kn

as n — oo. Noting that n < nZ/kn < n?, we get that

nc? nez (172
1—02)N (10g(1—02 ))

n n

an = af

is of order (logn)/? as n — oo.
Use the same notation as in Part 1. Recall that p,/n — 1, k, = n — p, = o(n) and logn = o(krl/g) as
2
n — oo. In order to use both Lemmas 3.5 and 3.7, we take x,, = 1—=. Define j, = [5(logn)'/2,/z,] + 1.

5n(logn)'/2 . . . . . .o
A = o(n), which implies 1 < j, < p, — k,, for all large n. Define ¢, ; for 1 < j < j, in

the same way as in Part 1. Similar to the proof of (3.24) we can show that

Then j,, ~

(L)' .
Uy = .Y (=114 o0(1)) +ap + bpz (3.33)
n

uniformly for 1 < j < j, as n — co. Then u,; = O((logn)'/?) = o(k/®) uniformly for 1 < j < j, as
n — oo. We can also verify that all conditions in Lemma 3.5 are satisfied. Thus, from (3.14) and (3.12) we
have
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jn dn
D = (140(1) > (1= ®un;)) =€ (3.34)

j=1 j=1

as n — oQ.
Next, we will show that
pn

lim_ > zpy=0. (3.35)

J=jn+1

Note that (3.14) holds uniformly over 1 < j < p,, — k,, and u,,;, > 4(logn)!/? for all large n. By employing
(3.14) with j = j,, and = = 4(logn)'/? and using equation (3.8) and Lemma 3.7 we have

Pn
E | Zng < iz,
J:Jn+1

IA

nP(Vpn_jnJl‘l:n_jn > unjn)
nP(Vpn_jnJl‘l:n_jn 2 4(10g n>1/2)
(14 o(1))n(1 — ®(4(logn)*/?))

1
= 0(5)

— 0.

IA

Thus, we obtain that 2521 zn; — e 7 for any x. Then equation (3.23) follows from equation (3.22) and
Lemma 3.1. The rest of the proof will follow from the same lines in the proof of the first part. Again
Lemma 3.4 will be used. The details are omitted. O

Proof of Theorem 3. Recall that a,, is given by
1 i A kn
71)! /t e tdt = —. (3.36)

(ky — n
0

By using integration by parts, we have

Y Y Yy Y
yrre ™V = kn/tk"’le’tdt— /t’“"e*tdt > kn/tknfle*tdt— y/t’“n*le*tdt,
0 0 0 0

which implies

yPreTV, 0<y < k. (3.37)

y
Lo, = /k—l —t

—yre Y < [t T e dE <
kny _0 _knfy

By using Stirling’s formula (3.17), we have under condition (2.3) that

_logn

Kk 11,
) k

Yn = (—

3logk, 14 e(kn) + logv/2m
nkff‘

= exp(; k. K

) exp(

)—0

—t

Since te~ " is strictly increasing in (0, 1), for all large n such that y,, < 1 define &,, as the unique solution to

te”t =y, in (0,1), that is, e,e~°" = y,,, which implies that &, — 0 and &,, ~ y,, as n — oo and
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(kpen)Fme knen = Fon

n

1
kp!

for all large n. Then it follows from the first inequality in (3.37) that

knén k/:

1 kn—1_—t n

—_— ten dt > —

(kp — 1)1 / cd=
0

for all large n, which together with (3.36) implies that a, < k,e, for all large n, and thus a,, = o(k,) as
n — oo. By plugging y = a,, in (3.37) and using a,, < k,&,, for large n we conclude

i 1

/t’“"‘le_tdt = Lkean(1 4 0e,))
ko,

0

which implies

an

kn 1 kn—1_-—t 1 kn

_ — n —_— —an 1 n

- (kn_l)!/t etdt = 1—agre (14 Ofen)
0

as n — 00, and consequently

Tt O T4 =140(1) asn— oo. (3.38)

Define z,; as in (3.7) with ¢, = t,(z) =1 —

S2(1 — =) for any fixed . Then 1 — ¢, = (1 — ;&) =
o(kr) = o(log”) as n — 0o, where we have used the fact that k, = n — p,, — oo and k, = o(logn) from
(2.3). This implies n(1 —t,)? — 0 as n — oo.

It is easy to verify the following expression

1—t=et790  0<t<1/2

where 0 < d(t) < t% for 0 <t < 1/2. Then

1 1—t,
/tp"’j(l n=ldt = / t)Pr Itk =1qt
tn 0
= (1+o0(1)) / thn—te(Pn=dtgy
0

= (1+40(1)) / thn=le= (=it chnt gt
0

1—t,

(1+o( / thn—le=(n=3)t gy
0
(1—

tn)(n

= 1+0 / tk"_le_tdt
(n—j)k '

0
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Furthermore, by using Stirling’s formula (3.17), we get

(n=3)! _  (n—j)nit1/2e-(n-pretn—)

(pn — .])' B (pn — j)pn*j+1/267(pn7j)+5(pn7j)
_Fn
Pn—J
= (L +o(1)(n—j)*

=(1+ )Pr=IH1/2(, — )k g=hn g (pn—i)—e(n—j)

uniformly over 1 < j < j,, where j, := p, — k2. Then from (3.9) we obtain that

1+ o(1) (1=tn)(n—j)
o o kn—1,—t
Znj o= 1) / t e 'dt (3.39)

uniformly over 1 < j < j,.
Note that n(1 — t,) = o(k,). Then it follows from (3.39) and (3.37) that

1 1 .
- J;co!( )(n )R (1 — e ()1t

(n—j+1)(1—tz)

_1+o0(1) / thne=tat
1—1t,

(n=3)(1—tn)

uniformly over 1 < j < j7,,, and thus

14 o0(1 . i) (1—
§ :an — (1) E :(n_])kn(l_tn)kne (n—7)(1—tn)
j=1 '

Lbo(dn 1 CTHRE

+o kn —t

— thine tdt
> T / e

= i)
( ) n(l—ty)
1+o0(1) 1 o
- thn et dt
el 1—t, / €
(n—jn)(1—tn)
( ) n(l—ty,) k3 (1—t,,)
1+o0(1) 1 P A
= % 17tn( / thretdt — / thretdt).
0 0

The second integral above is dominated by the first one since t*»e~ is increasing over (0, k) and k2 (1—t,,)/

(n(1 —t,)) = k3/n — 0 as n — co. Therefore, in view of (3.37) and (3.38) we have

n(l—ty,)

Jn

1 1 1
sz’ = 1toll) o(1) / thre~tdt
Jj=1

kol 1—t,

- (1k:4(:(11))! 1 _1tn (n(1 — t)) e tn)
_ (L4 o()n

Gy (A= ta)em
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_ (I 4+o0())n kn —n(l—t,)

~ Rk, T

. (1+0(1))n K X En 7an+o(z7n)
S Gl "
_ (1 + 0(1))7’L kn _—an , —=x

= 4]%%” a;re” e

—e 7
as n — 00. Therefore, it follows from Lemma 3.2 that Z?Zl Znj — €~ % as n — oo. It is easy to conclude
that 2,1 — 0 as n — oo from (3.39), (3.37) and the above estimates. Accordingly, by taking 8, =1 — =
and a, = %= with G(z) = A(z) in Lemmas 3.3 and 3.4 we conclude that

nkn
maxi<j<p, |2 — (1 —an)? 1 maxigiep, 7] — (1—an)'/?
an/(2nky,) (1—a,)¥2  an/(nk,2(1 — a,)'/?)
maxy <j<p, |2 — (1 — an)'/?
= (1 1
( + 0( )) an/(nkzn2(l _ an)1/2)
4A

as n — 00. This completes the proof of the theorem. 0O

Proof of Theorem 4. We first show that

plt+1/k

((k+ ONi/e ax |z;? 1) 4w, (3.40)

m
1<j<pn

(

Fix < 0. Let t,, = tp(z) = 1+ ((iﬁ#x Then t, € (0,1) for all large n. Since n(1 —t,) — 0 as

n — 00, we have
(1—t)P»9 =14 0(1) uniformly over 0 <t <1—t,, 1<j < p,.

Therefore, we have from (3.7) and (3.9) that

1—t,
(n—4)! / —jk—1
i =1—F, _iiqm_i(t,) = ———2 1 — $)Pr—dgh—1g¢
Znj pn—Jj+1: ]( ) (pn_j)'<k_1)' ( )

(n—4)! o k-1
= IE 1401) [t ldt
/

- %(1 +o(1))(1 = t,)"
o e
 (pn —]j)l(1+0(1)) e

uniformly over 1 < j < p, =n — k. Since
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we have maxi<j<p, 2n; = O(1/n) = 0 as n — oo. To complete the proof of (3.40), by using (3.5) we need
to show that

Pn Y 1
lim Lj)' k:H = 1. (3.41)
Kt (pn—J)'n

Let {jn} be a sequence of integers such that j, — oo and j,/n — 0 as n — co. Then

S~ (=) Rl (kD
> n— okt =
Jj=n—jn+1

as n — oo, and

(n—j)! k 1 .
oy = i) 1:1 —J+1) (pn = +1)* (1 +0(1)

uniformly over 1 < j < n — j,, which implies that

P (n— ) k41 1+ o(1)(k+1) """ po—j+1
ST TEO St S

)k

Jj= J=1

_ (o) (k+1) i Ly

n .
J=jn+1

1
— (k+1) /tkdt:
0

as n — co. This proves (3.41) and thus we obtain (3.40).

Finally, the theorem follows from Lemma 3.4 with o, = % and (8, = 1. This completes the
proof. O
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