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Bubbling solutions

1. Introduction

Let S be a two dimensional smooth manifold with a symmetric metric tensor h = (h;;), 4,5 = 1,2. In
this paper, we study the following elliptic system on S:

Apt = 512(@’1 — 7'2) + 471-an5pj,
j=1 (1.1)
2Ky, = —a[i(eﬁ -7 - iAheﬂ]
g2 T2

Here, K}, is the Gaussian curvature for (S,h) and Ay is the Laplace—Beltrami operator induced from the
metric h. The set P = {p1,p2,--- ,pp} consists of distinct points in S called string points, and d,, denotes
the Dirac measure concentrated at the point p;. The coefficient n; € N is the multiplicity of p; and the
total string number is defined by

N=ny+- - +ny. (1.2)
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The unknowns are not only @ : S\ — R but also the metric h. There are three constants & > 0, 7 > 0 and
a > 0.

The system (1.1) originates from the self-dual Einstein—-Maxwell-Higgs model describing an interaction
of an Abelian gauge field and a scalar field on a (3+ 1) dimensional spacetime manifold M. This model is an
extension of the classical Ginzburg-Landau model for superconductivity in the frame of general relativity.
The metric of M is unknown and should obey the Einstein equations. If we assume M = RY! x S and that
the gauge fields and the scalar field have two dimensional nature, then we are led to (1.1) as a special type
of the static Euler-Lagrange equations. In this situation, the Einstein equations are reduced to the second
equation of (1.1) and the metric h on S appears as the unknown metric component of M. We call (1.1)
the self-dual Einstein—-Maxwell-Higgs equation. The constant & represents the strength the electromagnetic
interaction, 7 is the symmetry breaking parameter, and a is the scaled gravitational constant. If a = 0,
there is no gravitational effect on the model. Solutions of (1.1), called string solutions, are related to an
explanation of some issues in cosmology such as galaxy formation. See [6,9,17,19] for the physical background
and the derivation of (1.1).

We have four unknowns i, hq1, k12, hee for (1.1) and it is not easy to solve in its form. So, we assume
that the metric is conformal to a given metric kg and set h = €"hg for some smooth function n. Then, (1.1)
is rewritten as

1
Apyi = —e(e" — %) +47an]6p ,
c j=1 (1.3)
a = a .
Apy(—n — ﬁe“) = —2Kj, — 5—26"(6“ —72).

Now, we have two unknown functions @ and 7. The purpose of this paper is to construct solutions for small &
which have bubbles at string points. To solve (1.3), we split the situation into two cases: S is either compact
or noncompact. In the following, we reduce the system into a single elliptic equation for u in each case and
state the main results.

First, let us assume that S is noncompact. In particular, we suppose that S = R? and hy is the standard
Euclidean metric. Then K}, = 0 and by adding the first and the second equations of (1.3), we deduce that

b
- %eﬁ+aﬁ—z2anjln|w—]9j|
J=1

is a harmonic function. By setting this function to be zero, we can represent 7 in terms of «:
a b
n= —ﬁe“ +att — ZQanj In|z —p,|.

j=1

By substituting n in the first equation of (1.3) by this representation and setting @ — In7? = u and

—1—a

ET = ¢, we obtain the final reduction

b b
1 N a(u—e
101 D I GE R (L)

Due to the physical motivation, there are three kinds of boundary conditions for (1.4): as |z| — oo,

topological conditions : u(z) — o € R,

nontopological conditions of type I: u(z) — —oo,
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nontopological conditions of type IT: u(z) — oo.

Solutions for each boundary condition are called topological solutions, type I nontopological solutions and
type II nontopological solutions, respectively. In the rest of this paper, we simply call a type I (resp. type
IT) nontopological solution as a type I (resp. type II) solution.

If a = 0, then (1.4) becomes

b
1
Au = E—Q(eu—1)+4wznj§pj. (1.5)
j=1

In the physical literature, this case implies that there is no gravitational effect on the Maxwell-Higgs model.
The equation (1.5) possesses a unique topological solution with ¢ = 0 ([15]). Moreover, there exists one
parameter family of type I solutions u, of (1.5) satisfying

1
2
R2

e'*dr = a > 0.

See [1,16].

If @ > 0, the situation is quite sophisticated. The existence and properties of solutions are heavily
dependent on the values of a and N. As mentioned in [9], there is a big difference between the case
0 < aN < 1 and other cases. In various places of computation, one may encounter terms which behave like

|2=2aN near zero or at infinity. Then, the integrability issues occur and one may face severe obstructions

|z
for the case aN > 1. If we add some additional conditions on (1.4), then such difficulty may overcome.
For instance, one may consider the simplest case that p; = --- = p, = 0. Under this hypothesis, (1.4) is

transformed into

1 —2a a(u—e" u
Au= o 2aN ga(u=e") (eu _ 1) 4 47 N6, (1.6)

If we further assume that u(x) = u(r) with r = |z|, then we obtain the radial version:

1 1 w
u' + —u + —27"’2“’\6“(“’6 J1—e")=0, r>0,
r € (1.7)
u(r) =2AInr 4+ O(1) near r=0.

Here, we replace N in (1.6) by A in (1.7) to emphasize that one may consider (1.7) for any positive real
number A. The first result for (1.7) was given in [6,14], which say that if 0 < aA < 1, there exist a unique
topological solution and one parameter family of type I solutions. This result was improved by [9] in the sense
that solutions for (1.7) are classified for all possible ranges of a\. When either 0 < aA < 1 or 1 < a\ < 2,
(1.7) possesses a unique topological solution and one parameter families of type I and II solutions. For
topological solutions, o =0 for 0 < aA < 1and o0 <0 for 1 < aX < 2. If aX =1 or aX > 2, then there are
only type II solutions. For later use, we state the result for the type I solutions.

Theorem A (/9]).

(i) Suppose that 0 < aX < 1. Then for each B > 4/a, there exists a unique type I nontopological solution
Ui e of (1.7) which satisfies
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1 1—-2aX ja(Ux g.c—e">B.c) U
— [ eMYrBe (1 —e">f5)dr =,
€ (1.8)
0

Usnpe(r)=CA\=B)Inr +rrp.+ 0" as r— .

Here, Ky g.c is a constant which depends on X, B and €.

(ii) Suppose that 1 < aX < 2. Then for each 2X\ < 8 < 4/a, there exists a unique type I nontopological
solution Uy g of (1.7) satisfying (1.8).

(iii) If ad =1 or aX > 2, then (1.7) does not possess any type I nontopological solutions.

In this article, we focus on the multistring case of (1.4), i.e., b > 1. In this case, there have been results
only for 0 < aN < 1 due to the technical difficulty mentioned as above. Topological multistring solutions
were constructed in [8,18] by the super- and sub-solution method. In [4], the author obtained type I solutions
which are perturbed from the solutions of the Liouville type equations on the plane. In this paper, we will
show the existence of nontopological solutions known as bubbling solutions like [5,7,11-13]. Using the method
of [5,7], we construct nontopological solutions by patching radially symmetric solutions of (1.7) at small
neighborhoods of some p; € P1 = {p1,--- ,pp, } C P. Such solutions are different from the perturbation of
the solutions of the Liouville type equations.

There are some differences between our solutions and the bubbling solutions of [5,7,11]. We pick radial
profiles U, 5, e, at each blowup point p; and try to find a solution u. such that

ue(z) = Un, g, ¢, ('z;%pj‘) +O(1) near x =p; as € = 0.

Generically, it is reasonable to have different scale index a; = (1 — an;)~! at each p; € Py, while we have
a uniform scale index a; = 1 for bubbling solutions in [5,7,11]. In this paper, we will take n; = 1 at each
bubble by the technical restriction of our method (see Theorem 2.1 and Proposition 4.1 (iii)) and so we get
the uniform scale e* with a = (1 — a)~!. Furthermore, when we choose radial profiles of (1.7) associated
with a bubble p;, we have to take different ¢, say ¢;, at each bubble. This is due to the weight function g(x)
and does not happen for bubbling solutions of [5,7,11]. Such a property is necessary for the analysis of the
linearized operators at the approximate solutions.

To state the first main result of this paper, we set up necessary hypothesis in the following. We want to
find bubbling solutions u. of (1.4) satisfying the following: as e — 0,

o u () =Un, g, e, (\:U;fpﬂ) + O(1) near x = pj, (1.9)
o u(r) = (2N —pB)In|z|+ O(1) as |z| — oo, (1.10)
! 3 dp, in th f
. 27T€2g(x)f(u€) — j;ﬂj p; in the sense of measures, (1.11)
by 1
38— 6= 5o [ 9la)(uda, (112)
Jj=1 R2

Here, N is the total string number defined by (1.2) and a is chosen such that 0 < an; <1 for 1 < j < b;.
We also denote

Flu) = (1 — o),

b b
—2an; —2an
g(@) = [ 1= —psI 72", gi(x) = [] l& = pul 2™,
j=1 k#j
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wj; = \/gj(pj) for 1 S] S bl.

Generally, at each bubble point p; € Py, we use a different scaling parameter
aj=(1—an;)™" for 1<j<by. (1.13)
However, due to technical reasons (see the proof of Theorem 2.1), we assume that
ny=---=mny =1. (1.14)
In this case,
Ozj:a:(lfa)*1 forall 1<j<b.

We also need to specify 3; and €;. First, thanks to a compatibility condition near blow-up points in Py, we
deduce from (1.9) that for 1 < j,k < by,

(2 —Bj)a = (2 — PBr)a = —py = constant. (1.15)

Thus, all 8;’s are equal and (1.12) implies that

g ) B —2b
R < < = .
B b for 1<j<b; and fo b= a) (1.16)

Since 8; > 4/a by Theorem A, we get a necessary condition

L
a

B (1.17)

Furthermore, it is natural to take

which will be clarified later. We denote U;(r) = U, 5 o-1(r) and k; = K R for 1 < j < by. Then, by
TR 1 by i
Theorem A, as r — oo, ' '
Uj(r) = (2 - bﬁ) Inr+r; + O(r2_%) = —% Inr+rk; + 0(7’2_%). (1.18)
1

By Green’s representation formula, (1.11), and (1.15), we see that

b
us(o) = Co= Y2yl pyl = 5 [ 90 (u)) Info — gl dy

Jj=1 R2
= H(z) + o(1)

on any K € R*\P as ¢ — 0, where each C. is a constant and

by b
H(z) = —Z%lnbﬁ—pﬂ—l— Z 2n; In |z — pyl.
Jj=1 j=b1+1
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Comparing this expression with (1.9), we obtain

CE = _Kj(pj) =+ 60 Ine + Kj,
where for 1 < j < b

K;(z)=H(z)+ %ln|x—pj|.

Hence, we obtain a constraint on the location of the elements of Py:
K;(p;) — kj = Ki(px) — ik =: D = constant for 1 <j#k <b. (1.19)
Now, we are in a position to state the first main result of this paper.

Theorem 1.1. Let by € {1,2,--- ,b} be fized and o = (1 — a)~'. Assume (1.14), (1.19), and

1
0<a< i (1.20)

Then, for any

3> max {2N, 4%} (1.21)

there exists 9 > 0 such that for all € € (0,ep), (1.4) possesses a solution u. such that

ue(z) =Uj (W;%ﬂ) +O0(1) nearx=p; for 1<j<by,
1
27‘1’62 g(‘r)f(ué)dx = ﬁ?
R2
1 B
27T€2g(x)f(us) — b JZ::l dp; in the sense of measures.

Moreover, u. — —oc in Cloe(R?\P) as e — 0.

Now, let us consider the problem to find bubbling solutions when S is compact. If we integrate the first
and the second equation of (1.3) and add them, we are led to

/th tho = 2maN. (1.22)
S

Thus, we infer from the Gauss-Bonnet Theorem that x(S) = 2 — 2n = aN where x(S) is the Euler
characteristic of S and n is the genus of S. So, we have two cases: either n =1 and a = 0 or n = 0 and
a > 0. In the first case, S becomes a flat torus such that K, = 0 and 1 = constant. By letting this constant
zero, we obtain (1.5) on a flat torus with e = &7~1. By integrating this equation on S, we have

1 S
0< o) €u = %
9 9
S
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where |S| is the volume of S. So, a necessary condition for the existence is e < |S|(47N)~!. It was proved

in [16] that this condition is also sufficient.
Next, if n = 0 and a > 0, then S is diffeomorphic to a sphere and we get from (1.22) a constraint

aN =2. (1.23)

We want to make (1.3) into a single elliptic equation as for the noncompact case. Given a point p € S, let
G(z,p) be the Green function satisfying that

1
— Ap,G(z,p) = s T Op,
| |h0
(1.24)
/ Gla,p) dVi, (z) = 0.
S
See [2] for the detail. If we set
b
ug = —47r2an(x7pj) (1.25)
j=1
and ¥ = @ — ug, then ¥ satisfies that
1 - 4T N
Ap,0 = ~—2e"(e“°+” ) b ,
© [Slno (1.26)
draN ’

a 5~
By = 5"+ at) = 2K, + 51
0

By the condition (1.22), the equation

4maN
—Apvo = —2Kp, + crat and /vo =0

has a unique solution. So, by the second equation of (1.26),
a uo+0 ~
—-n— e + av + vy
i
is a constant. By letting this constant be zero, we have
a .
n= av — §6u0+v -+ Vo,

1—

and insert this in the first equation of (1.26). Then, by setting v = ¥ — In72 and &7717% = ¢, we obtain the

final form on a compact surface S:

47N

1 ug+v
A ) _ vo ,a(v—e ) ( uo+v _ 1 )
hoV 526 € (6 )+ ‘S|ho

(1.27)

It is not difficult to see that if v is a solution of (1.27), then by the maximum principle
et <1 on S.

By integrating (1.27), we see that any solution v of (1.27) satisfies
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1 vo ,a(v—e0t?) uo+v
47N = = [ e (1—e ). (1.28)
S

So, as € — 0, every solution v satisfies one of the following;:

topological solution: e“ ™V — 1,
(1.29)

nontopological solution: e* — 0.

Then, the main research topic regarding (1.27) is to find solutions satisfying each of the asymptotics (1.29).

The first result on (1.27) was known in [18] where the existence of solution was proved for 0 < & < 1.
The authors in [10] improved this result by showing that there exists . > 0 such that for all ¢ € (0,e,.),
(1.27) possesses at least two solutions v} and v2. Moreover, v} is a topological solution, that is, euotve 5 1
as ¢ — 0. One interesting question is whether there exist solutions of (1.27) which bubbles at some string
points and have profiles of radially symmetric solutions in Theorem A near blowup points. In other words,
can we find bubbling solutions as in Theorem 1.1 when § is a compact surface? Such solutions on compact
surfaces can be found in other self-dual equations, for instance, the self-dual Chern—Simons—Higgs equation
[11]. However, the answer is negative for (1.27) due to the obstruction (1.23). We show in this paper that it
is not possible to find such bubbling solutions for (1.27). In the following theorem, we prove this by taking
p1 as a bubble point for simplicity. The second main result of this paper is the following.

Theorem 1.2. Assume (1.23). Given a solution Uy g of (1.7), let Va g (r) = Ux g —2XInr. Then, for any
pair (X, 8,€) € R%, (1.27) has no bubbling solutions v. satisfying that

(a) ve(z) = Vag,e <|£U;ap1|> + O(1) as x — p1 for any small e > 0,
1

(b) —e™ ea(vffeuﬁ"g)(l —e"0te) — AT NG, in the sense of measures as e — 0.
€
This paper is organized as follows. In section 2, we prove Theorem 1.1 by applying the Contraction

Mapping Theorem. In Section 3, we prove Theorem 1.2. In Section 4, we prove Theorem 2.1 which deals
with the invertibility of the linearized operator and plays a key role in the proof of Theorem 1.1.

2. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. We fix b; € N such that 1 < by < b and set Py = {p1, - , b, }-
Without loss of generality, we may assume that |p; — py| >4 for 1 < j # k <b. We set
2a 1—2a

and of = .
1—a 1—a

Q=

By the condition (1.20), it holds that . < a*. Based on the heuristic argument in the previous section, we
define the approximate solution ug . by

uge(z) = ia(m —pj)- (Vjs(x) + 773)6(55))

* [1_§:U(x_pj)} -(H(z) + Bolne — D).

Here,
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1 |z — pjl
o= Vi) = U (5 mie() = K@)~ K (y),

and o(x) = o(|z]) € C§°(R?) is a smooth radially symmetric function such that
0<o(x)<1, o(x)=0 for|z|]>2 and o(x)=1 for|z|<1. (2.1)

One may check that

Vje(@) +nje(2), x € Bi(p;) with p; € Py,
uge(z) = Polne + H(xz) — D+ o(1),z € B2(p;)\B1(p)), (2.2)
H(x)+ folne — D, x € Ba(p;)°.

Set

Ue () = up,e(x) + ve ().

Then, (1.4) can be rewritten as

Av, + F.(x)v. + Ge(z,v.) =0 in R? (2.3)
where F. is given by
w2
|z —pj| 7 f'(Vje(2))  on Bi(p;) with p; € Py,
F.(z)={ €2 ’ (2.4)
0 on By(P1)S,
and G, is defined by, for t € R,
e%Ge(,t)
€2G1,E (x,t) —+ 62G275 (]}7t) on Bl(p]), (2 5)

= 9(2)f(uoe(x) + 1) + e Aue(x)on Ba(p;)\Bi(p)),
9(x) f(uo () + 1) on By(P1)°,

where

G e (a,t) =Rl — i 2 [Fluoe(@) +1) = F(Vie(@) = F' (Vie()]
€2G275 (x,t) = (g(a:) — w]2|a: = pj|*2“)f(uo,g(x) +1).
We will prove Theorem 1.1 by the contraction mapping principle. Define the following two weighted
functions p and p in R? by

1

z) = (1+[z))'" and p(z) =
p(x) = (1+a]) ple) (1+ |2[) - [In(2 + )]

1+
where v € (0,1/2) is a fixed number. Let us consider the following function spaces:

Y’Y,E = {U e L2 (R2) : ||UHY'y,E < OO}’

loc
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— 2,2 m2y .
X'Y’E - {U € Wloc <R ) . ||UHX’Y,E < OO}

The norms of Y, . and X, . are defined by

by
o 2
vl . =" |le®p(z)v(p; + < x)HLQ(BE_Q) + ool 2(m, e
j=1

and
b] 9
loll%, . = ||p@)vp; + €QZ)HL2(BE_Q) 10001328, (pryey + 1AV, -
j=1

Here, we put B.—o = B.-«(0). We define a linear operator L. = A + F.(x) and rewrite (2.3) as
L.v. = =G (x,ve). (2.6)
The following theorem is crucial to prove Theorem 1.1 and will be proved in Section 4.

Theorem 2.1. There exists €, € (0,1) such that L. : X, . — Y, . is an isomorphism for 0 < ¢ < .
Furthermore, for each v € X, . and 0 < € < &,

1
lollx, . + vl e < €2 ) Eevlly, ., (2.7)
where C is independent of v and €.
By virtue of Theorem 2.1, we can define an operator T, = —L_1G.(x,-) and write (2.6) as

Ve = TLv,.

In the following, we will prove that if ¢ is small enough, then 7. is a contraction map on suitable subset A,
of X, .. We define

Ac={ve X, |vlx,. + |v]peme) <} for 0<e<e,.
Here, 6 is a constant such that
a, <0< min{%,aﬁo -y = 2,a*}.
We first show that T is well-defined.
Lemma 2.2. There exists €1 € (0,e.) such that T, : Ac — A. is well-defined for all € € (0,e1).
Proof. If w = T.v for v € A,, then by Theorem 2.1
lwllx, . + lwllz~e) < € (121Gt 0)ly,..

We note that
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f’(u) — ea(u—e“){a(l _ eu)? _ eu}’
F"(u) = e a2 (1 — ") — 3a(1 — e%)e" — e¥},

and hence |f(u)| + | f/(w)] + | f"(uw)] < ce®™ for all u € R and some constant ¢. We divide the proof into two

parts.
Part 1. x € Bi(p;) for some p; € Py.
By the Mean Value Theorem, there exist s = s(¢,x),t = t(e,z) € R with 0 < s,¢ < 1 such that

SGew,0) = wlle —p| 2 [ (Vi + 511 + ).

+ f//(‘/j@ +ts(nje + v)) -sv(nje + v)} .

Hence,

|G e (x,0)| < Cla —py| 720Vt el (2 4 |, ).
Also, we can see that for x € B.-«,

’nj,s (pj + 5%)‘

by
B SR (R IR ESTIR i e
Ny 1 pj — Pkl kbt 1 — Pkl
< Ce%|zl.

Thus we have for each j € {1,--- ,b1},
Ie%pla) G + %, 005+ 20) g

< C / pQ(m)e2an(|x|)—4a1n|ea9c| . (549 +52a‘$|2)dl‘
B, —«a

O( / + / ) = I+ I,

lz|<R |z|>R

IN

where R is chosen from (1.18) such that
B
Ui(lz]) = 2—— ) In|z| + O(1
(el = (2= 2 ) ] +0()

for each 1 < j < by and for all |z| > R. Here, O(1) denotes a bounded quantity which is independent of |z|.
So,

L < C / (1+|x|)2+27—%6—4aa(649+€2a|x|2) dz
lz|>R
< 0629(5207&1&_~_52a(172a)726) / (1+‘x|)7272,u de < 1520+u
— 4 )

lz|>R

where the last inequality comes from the choice of 6. Here, p is chosen such that
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! af
0<p< :mln{§, 0—a,, o =0, b——3—fy}.
1

By (1.21) and the choice of 0, p; is well-defined. Then,

Il < C / (1+|$|)2+27874aa(846 —|—62a|1‘|2)d$

|z|<R

1
,529+M7

< CR4+27620(620740,0¢+€2a(172a)720) < 1

where the last inequality holds for all small € > 0. As a consequence,

1
H52p($) - Gre(pj +e%,v(p; + %)) HEZ(BE,Q) < 55294_#_

On the other hand,

|e?p(x) - Gac(p; + e, v(p; + %)) H2L2(Bg,a)

IN

2 (12— 4a In |
C / p2($)|gj(pj +8a.’L‘) _gj(pj)| e2aUj(lz)—4aln 2] 4.
B__«

IA

C [ F@) Ty + se)* e e <7 gy

B.—o

€

< C€2a74aa / (1+|x‘)4+2'y€2a(Uj(|m|)f2ln|a:|) dx

B _a

€

nga*( / N / ) < %EQG-HL’

lz|<R  |z|2R

IN

where s = s(g,z) € [0,1] and the last inequality follows from a similar argument as above. In the sequel,
2 "
[29(0) - Gl + <, vlpy + %)) oy < 2040, 29
Part 2. x € Bl(Pl)C.
We see from (2.2) that up.(z) = Bolne + O(1) if x € Ba(p;)\Bi1(p;) for some j = 1,---,by. Hence, it
follows from (2.5) that
|G.(z,v)| < Ce*~2 for z € Ba(p;)\Bi(p;).
On the other hand, if z € B2(P1)¢, then by (2.2)
uo,e(xz) = (2N — @) In|z| + folne — D + O(1),

which implies by (2.5) that

1
Ge(,0)] = S5l9(@) - fluoe +v)] < Ce"P72(1+ )=,

By (1.16) and (1.21),
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af —2bja 4 —2a
= 4.
afo bi1(1—a) " 14

Thus, it holds that

Hp(iﬂ) : Gs(xa ’U(.f)) Hi2(B1('Pl)C)

< 052a5074 / (1+‘x|)2+2772aﬁdx < 620+p.. (29)

B1(P1)¢

Now, it follows from (2.8) and (2.9) that for v € A; and ¢ < 1,

1 1 .
C*(ln g)ncs(x,u)uyw < c*(mg) OO < h
Therefore, T, maps A, into A.. O

Proof of Theorem 1.1. We prove that (2.3) has a solution. By Lemma 2.2, it suffices to show that T : A, —
A, is a contraction map for any sufficiently small €. Let w; = T.v; and ws = T.ve. By Theorem 2.1, we
obtain that
1
lws = wallx, . + wn = wallze ) < C (102 ) [Ge(a, v1) = Gela, v2)lly,.

As in Lemma 2.2, we divide R? into two parts.
First, suppose that © € B;(p;) for some p; € P;. By the Mean Value Theorem,

&[G e(x,01) — G o(z,v2)]
= wjlz —py[ 7> [f”(Vj,e + t(nj,e + sv1 + (1 = s)va)) X
(Mj.e +sv1+ (1 — s)vg)] (v1 — v2)
for some s = s(g,x) and t = t(e,x) with 0 < s,¢ < 1. Thus, we can derive that

Hs2p(x) [Glys (pj + %z, v1(pj +&%2)) — G1.-(pj + %2, v2(p; + s“m))} ’ ’

L*(B.-a)

< C / pQ(x)eZan(\:c|)f4aln\s"‘:c| '520(1 _1_8204726'.13'2)_
B, -«

|v1(p; + €%x) — va(p; + 5%)‘20@

af
< certen [ o) oy + %) - walp; + %) o
B _a
< ¢l / PP (@) |v1 (pj +€%2) — va(p; + %)) *dar
B._a
< O™y —wll%, -

Meanwhile,
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% [Gae(w,v1) — Goe(,v2)]
= |o —p; |7 [9;(2) = g; )] f (Vie + e + sv1 + (1 = 5)v2) (v1 — v2)
for some s = s(e,z) € [0,1]. So,

2

HEZP(»’U) [02,5 (pj + %2, 01(pj +e%x)) — Gac(pj + %2, va(p; + 5%5))} ‘ LB

. —4aln |e® 2
<c / pA(w)e2elUszh—dalnlesal g 4 gagy — g.(po)[>
B .

|’U1 (pj + %) —va(p; + Eax)‘gdas

IN

_2a8
C€2a74aa / (1 + ‘x|)4+27 by |’Ul(pj + €a£17) — U2(pj + (_:O‘x)|2dl'

B o

=

IN

OO / P2 (@)1 (py + £3) = va(p; + £%2)|da
B —Q

€

IA

C€2MH?)1 — U2||§(%E.
Next, we consider the case that z € B1(P1)°. If x € Ba(p;)\B1(p;) for some j =1,--- by, it follows that

|Gz, v1) — Ge(w,v2)| = é‘g(m) - [ (uo.e + sv1+ (1 = s)va) (v1 — v2)|

< Ce™Po2yy — vy,
On the other hand, for z € By(P1)¢, we obtain
|Ge(z,v1) — Ge(,v3)] < Ce®02(1 + |z]) "% vy — vg).
Thus,
lo(@) - [G=(,v1(2)) = Ge(@, v2(@))] |25, (o))

- / (@) - |Gela,01(2)) — Gl va(a)) P dc

B1(P1)°
< ot [P - e
By (P1)°
< Ce / P2 (x) - vy — va|*de.

Bi(P1)¢

Now, we deduce that if € is small enough, then

1
|Tevr — Tevs||x,. < C*(ln g) [Ge(x,v1) = Ge(z,02) |y, .

IA

1 1
c*gﬂ(mg)nvl—vguxw < Gl —wlx,.. ©
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3. Proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. We explain how (1.23) gets into problems about the
construction of bubbling solutions of (1.27) on a compact surface. Without loss of generality, we consider
the case where solutions v, blow up at one point, say p;. Let WW be an isothermal coordinate of p;. Without
loss of generality, we may assume that p; ¢ W for j = 2,--- ,b and Bz(p1) C W. On W, we may write the
Green function G(z,p1) in (1.24) as

1
G(x,p1) = v(z,p1) — 5. o |z — p1l,

where v(x,p1) is a smooth function defined on W. We also note that Avy(x,p1) = 1/|S|n,, where A is the
usual Laplacian on the Euclidean space.
Given a solution Uy g of (1.7), let Vi g o(r) = Ux g,c(r) — 2XInr. Then, V =V, g . satisfies that

V"4 lV/ + i?ea(\/—r“e")(l —r2eV)y=0, r>0,
r €

V(r)=—Blnr+ryp.+0@>"%) as r— oo

We expect that the local profile of v. near p; looks like

z—p
V(@) = Vo, pe (M)

EQ

up to a bounded function for some 8 > 0, £ > 0 and « > 0. Namely, we want to find a solution v, of (1.27)
satisfying that

ve(x) = Ve(x) +0(1) asz — py, (3.1)
and
1 vo ,a(ve —e 0T ve) uUp+ve
ace (1—e ) — 47N6,, (3.2)
in the sense of measures as ¢ — 0.
By (3.1), it is reasonable to set
ve(x) = Vo(x) + Ec(z) near p;. (3.3)
Then,
|z—pq |
Av, L o—aB: ga(ve—ere i TR P (ev=+2m nlezpil g 1)+ AE..

T f2ag2
So, we put E.(z) = 4nN~(z,p1) + A for some constant A. such that

47N

AFE, = ——.
|S‘ho

We note that
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1)5—1—2nllnM — FE,
60{

b
= ug+ve +4m(n1 — N)v(z,p1) + 47r2an(x,pj) —2njalne — A..
j=2

By letting x — p1, we obtain

b
A =4n(ny — N)y(p1,p1) + 47r2an(p1,pj) —2njalne.

j=2
With this value A., we obtain
1 —aFE
c2ag2”
_ 1 L —a(an Ny (@) =1 (1)) H4mny (1) +4m Sy 05 Gp1.p;))

- g2a(l-nia) ’ ?
By letting © — p; and recalling the equation (1.27), we obtain

a=(1-na)t,

. (3.4)
52 — e aldmmay(prp)+4T i, niG(p1,p))] | p—vo(p1)
For x apart from p;, since Av. — 4w N/|S|n, by (3.3) as e — 0, we expect that
0
ve(x) = 4TrNG(z,p1) + B-: (3.5)

for some constant B. which will be given later. In view of (3.3) and (3.5), we define an approximate solution
V0,e of (127) by

ve(x) =0(x —pl){Vg(a:) + EE(JU)} + (1 —o(x — pl)) . (47rNG(x,p1) + BE)
=o(x *pl){vg(l’) +2N1n|z —p1| + Ac — BE} +47NG(x,p1) + Be.
Here, o is a function defined by (2.1). For this function, we want to check that

4Tt N

A 2
Y S

=Z.—0 on Byp1)\Bi(p1) as e£—0.

Indeed, we deduce that for Ba(p1)\B1(p1),

Z.(x) Ao(x—pl){(2N—ﬂ) Injz —pi|+aBlne+ Kk, ge

+0(e592) + A, — B}

1 |z — p1] 2N
20/(le = pD{ 5 Vine (M) J
+ O’(‘I pl‘) e ni,B,§ e + |x_p1|

+ o(x —p1)AV ()

It is necessary to put
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B =2N, B.=2Nalne+ Ky, g¢+ A.. (3.6)

Then, since aN = 2 by (1.23), we deduce that |(i)] = O(e*?*N=2)) = O(2*). We also note from (3.6) that

Moreover, we observe that

|(Z’LZ)| S 52_OzeaVE _ O(SQaNa—2a) — 0(5204).

Consequently, |Z.(z)| = o(1) as € — 0 and we have the final form of an approximate solution vy . as follows:

.
voe(z) = o(x — pl){Vs(ﬂf) +2NlIn |57ap1| - ﬂn1,2N,§}
b
+ATNG (2, p1) + finy ov e + 47 Y 1;Glp1,p;) (3.7)
j=2

1
+ 2(’{11 - N) In E_O‘ +47T(n1 - N)'Y(plapl)'

We recall the constants «, 8 and £ are determined by (3.4) and (3.6). There is another constraint on the
range of 8 according to Theorem A. In fact, by Theorem A, only when 0 < any <1or 1 < any < 2, we can
consider the radial profile V,, 3¢ as a nontopological type I solution. If 0 < an; < 1, then Theorem A (i)
implies that

4
2N =3 > —, ie., aN >2.
a
This contradicts to the condition (1.23). On the other hand, if 1 < any < 2, then
2n1 < B =2N <4/a, ie., aN <2

which is also absurd. As a consequence, we cannot take any radial solutions V,,, ¢ as a local profile of
bubbling solutions. This completes the proof of Theorem 1.2. O

4. Proof of Theorem 2.1

In this section, we prove Theorem 2.1. The proof is similar to that of Theorem 2.1 of [7] or Theorem B.1
of [11]. We modify arguments in [7,11] to show the invertibility of L. and the estimate (2.7). We provide an
outline of the proof and the detailed proof is given only when our situation is different from [7,11].

We start with the study of the linearization of the radial equation (1.7). Suppose that a > 0 and A > 0
such that 0 < aX < 1. By Theorem A, there exists a type I solution Uy g of (1.7) satisfying (1.8) such that

2AInr+0O(1) as r—0,

Urpe(r) =
roelr) {(2/\—B)lnr+0(1) as T — 0.

For k € NU {0}, consider the following ODE:

1 k> 1 o,
4,0// + ;QD/ — 7‘_280 + 5—27‘ 2 )\f/ (U)\’B’E(T»QO =0. (4.1)
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Since f'(u) = e*“=¢"){a(1 — e*)? — "}, we deduce that as r — 0,
T_Qakf’(U,\,g’E(r)) = 202 aUn3.e (1) [a+o(1)] =a+o(1).

Thus, r = 0 is a regular singular point of (4.1) for k& > 1 such that as r — 0, either (r) = r*[A + o(1)]
or ¢(r) = r~*[A+ o(1)] for some A # 0. One may refer to Theorem 5.7 of [3]. If ¥(r) = ¢(r~'), then ¢
satisfies

1 k2 1 _ _
¢H + ;’l// - 7“_21)/} + 5—27”2a)‘ 4fI(U)\75,5(’1" 1))’1/1 =0. (4.2)
Since af > 4 by Theorem A, it holds that as r — 0,
T2a>\_4f/(U,\)575(7"_1)) _ T2a)\—4eaU>\,5,s(r*1) [a n 0<1)]
= paf—4 [a+o(1)] = o(1).

Hence, r = 0 is a regular singular point of (4.2) for k > 1 such that either ¢(r) = r*[B + o(1)] or
¢(r) = r7%[B + o(1)] for some B # 0. In the sequel, if ¢ is a solution of (4.1) for k > 1, then either
o(r) =r*[B+o(1)] or o(r) = r=%[B+o(1)] for some B # 0 as r — oc.

Now let @i = @i g,ek(r) with 7 = |z| be the unique solution of the linearized equation at Uy g c:

1 k2 1 _
i+ ek = gent gt O (Uape(r)on =0,

on(r) =" [1+0(1)] nearr=0.

If k > 1, then the above argument shows that ¢ (r) = O(r) or i(r) = O(r=*) as r — co. We also set
w p,e(1) = Uy 5 (). Then w = wj g . satisfies that

w// + w/ _ %w + —27“ 2a>\f/(U 7575(7“))10 _ @ _2aA_1f(U>\,/3,a(7"))7
o (4.3)
w(r) = — +o0(l) nearr=0.
We note that
w(r) = (2A = B)/r + O(1) and w'(r) = O(r~2) as r — oo. (4.4)

It is known (see Lemma 2.2 of [9]) that Uy g, has a unique maximum point zy = z¢(A, §,¢). Thus, w(zp) = 0,
w >0 for 0 <7 < zp, and w < 0 for r > zp.

Proposition 4.1. Suppose that 0 < aX < 1. Let Uy g () be a type I nontopological solution of (1.7) satisfying
(1.8).

(i) o has exactly one zero in (0,00) and lim,_, ¢o(r) = —c0. Moreover,
wo(r) =—colnr+do+o0(1) asr— oo,
where cg = co(\, 8,€) > 0 and dy = do(A, B,€) € R are constants.

(ii) Either 1 has only one zero and ¢1(r) = —[c1 + o(1)]r as r — oo, or ¢1 > 0 on (0,00) and ¢1(r) =
[51 + 0(1)}7" as r — oo. Here, ¢c; and &, are positive constants.
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(iii) If0 <a <1 and 0 <X <1, then o > 0 on (0,00) for k > 2. In addition, ¢y(r) = [cx + o(1)|r* for
some ¢ = cx (A, B,e) >0 as r — oo.

Proof. Let us fix A, 8, € and set U = U) g and w = wy g, for brevity.
(i) See Lemma 2.10 of [9].
(ii) Let ro be the unique zero of yg. If ¢ has the first zero at rq, then ry < r;. Otherwise, we obtain a

contradiction:
T1 1 T1
0< [ Tertrent)dr = [ e~ (et or]dr
0 0

= 7191 (r1)po(r1) < 0.

If 1 has the second zero at ry, then we also have a contradiction:

T2

0< /%901(7’)800(7")(” = 1207 (r2)eo(r2) — r1¢} (r1)go(r1) < 0.

T1

This means that either ¢; has only one zero or ¢; has no zeros. In each case, we will show that ¢1(r) = O(r)
at infinity.

First, assume that ; has a unique zero at r; such that ¢1(r) < 0 on (r1,00). We recall that ro < r
where 7 is the unique zero of @g. On the other hand, it follows (see Lemma 2.5 of [9]) that zg < 7¢. So,
20 < 11 such that w(ry) < 0. If ¢ is bounded such that o1 (r) = O(r~1) as r — oo, then by (4.4)

0> 2;_2/\ ,,,*2a>\f(U(r))(p1(’l")d’/‘ =iy (r)w(r) >0,

T1

a contradiction. Hence, ¢1 is unbounded and ¢4 (r) = — [cl + o(l)]r for some ¢; > 0 as r — oc.
Next, we consider the case that ¢1(r) > 0 on (0, 00). Since

1 1
(rey) = (; - 6—2T1_2a’\f'(U)>901 >0 asr — oo,

1 does not oscillate for sufficiently large r. Suppose that ¢ is bounded. Then,

{ e1(r) = [1+o(1)]r as r — 0, (5)

¢1(r) = [e1 + o(1)]r~! for some ¢; > 0 as r — oc.

Let {1, ¢1} form a fundamental set of solutions for (4.1) with k& = 1. Since ¢1(r) = O(r) near r = 0 and
©1(r) = O(r=1) as r — oo, we deduce that $1(r) = O(r~1) near r = 0 and $1(r) = O(r) as r — oo. By the
above discussion, we may assume that

{ ¢1(r) =[1+o(1)]r L asr —0, (46)

¢1(r) = [é1 4 o(1)]r for some &, # 0 as r — oco.

Let W(r) = ¢} (r)@1(r) — @1 (1)@} (r) be the Wronskian of ¢; and ¢1. Since @1 and ¢ are solutions of (4.1)
with k = 1, it holds that

[re, ()] ¢1(r) = [rh (7)) 1(r) =0 for 7> 0.
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Integrating this equation on (0,7), we see from (4.5) and (4.6) that W (r) = 2r~=!. Then, w can be written

as
w(r) =vie1(r) + 1@1(r) +wp(r) for r>0.

Here 11 and 7 are constants and w, is a particular solution given by w,(r) = —v1(r)p1(r) + 01(r)@1(r),

where

20X [ $u(s)s P (U(s))

vi(r) = - 551 ds,
1

) 2\ [ ©1(s)s72A7L (U (s))

’Ul('r) = 5—2/ 25_1 ds.

1
Since f(U(r)) = O(e**) = O(r?***) as r — 0, we are led from (4.6) that v1(r) = O(Inr) as r — 0. Thus,

1

w(r) = [0+ 91(0)]¢1(r) + o(1) = [21 4+ 01(0)] - - +o(l) as r—0.
In view of the initial condition of w in (4.3), we get
D1+ 01(0) = 2. (4.7)

Meanwhile, since f(U(r)) = O(e®*) = O(r**=#)) as r — oo and a3 > 4 by Theorem A, it follows that

v1(00) := rlggo vi(r) and 01(c0) := Tlggo 01 ()

exist. So, as r — 00,
w(r) = [v1 —vi(00) + o(1)]p1(r) + [21 + 01(00) + o(1)] G1 (),
which implies by (4.4) that
cifri —vi(oo)] =2X =B and & [1 4 01(c0)] = 0. (4.8)

Since é; # 0, (4.7) and (4.8) tell us that

2 [ e (0 ) - -

0

2\ = @1(0) — 171(00) =

Hence, we get A = 0, a contradiction. Here, the last equality is derived by the equations of ¢, and w:

oo

2:7/\ /gal(r)r*?a,\f(U(r)) dr = [Tw/(r)gpl(r) —roh(r)w(r) . AN,
0

In the sequel, ¢ is unbounded and ¢ (r) = [é 4 o(1)]r for some & > 0 as r — oo,
(iii) Let k > 2 be fixed and set

t=r M1 at) = U(r) —23Inr and  @i(t) = @i(r).
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It is not difficult to show that

HOA) = o= oot S V),
L e (]
Set ¥(t) = @' (t). Then we get
B(t) = (Ail) (kU (r) —20) <0 forall ¢ > 0
Ly = - ﬁt%ﬁ“ﬂm@ + %ﬁl)gﬂiﬁ*—%w)
ot ) - )

Assume that @y has a zero on (0,00). If ¢1 is the first zero of @y, then ¢, > 0 on (0,¢1). It follows from
the comparison argument that

ty
0> —t18)(t1)d(ty) = t[f/@k - @2@} .

t1 t1
k2 1 2a\ —2ax—22 B
= [ (- )i+ ap [ 0aa
0 0

o 3/{?“ )= F )it > 0
0

a contradiction. Here, we use the fact that k% > A+ 1)2 fork>2and 0 < A <1, and
f)—f(U)= ea(U—e") (1—e")Y1—a+ae’)+eY] >0for0<a<1.

Thus, ¢, > 0 on (0,00) and consequently, ¢ > 0 on (0, c0).
Next, we claim that ¢g(r) — oo as r — oo. Since @(t) = —B(A +1)"tInt + O(1) as t — oo, we have
o(t) = O(t™1) and ¥'(t) = O(t72) as t — oco. If @}, is bounded, then @y (t) = O(t~*/A+1) which yields a

contradiction:

0= lim #(t'Gr — §,0) — lim (¥ Gx — P.7)

o o}

1 2)\ —2al—2X\ ~
/ A+1 ) opwdt + (A+1)3/t MFU) = F1(U)) et
0 0
A7
2a —2aX—2X B
TP /t M f(U)@rdt > 0.
0

Therefore, @y, is unbounded and ¢y (r) = [cx + o(1)]r* as r — oo for some ¢, > 0. O
For 1 < j < by, we define the linearized operator L; : X, — Y, by
Lj = A+wjilz[7>f/(U;(Ja]).
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Here, the function spaces X, Y, are defined as follows:

X, = {ve WZ(R) : ollk, = llpAv]Zas) + [1p0]|72(e) < oo},

loc

Yy = {v € L (R?) « lvl3, = llpvlZaee) < oo}
Corollary 4.2. If L;v =0 and v is bounded in R?, then v(z) = 0.

Proof. By the Fourier expansion, one can express v by

v(r,0) = Z apr(r) cos ko + Z bipr(r) sin k0
k=0 k=1

where ay, by, € R. By Proposition 4.1, the functions ¢y are unbounded for all k£ > 0. This contradicts to the
boundedness of v unless v vanishes identically. See Lemma 3.2 of [7] for details. O
Theorem 4.3. For each 1 < j < by, the linearized operator L; : X, — Y, is an isomorphism such that

lvllx, + [[vllzeem2y < CllLjvlly, forallve X,. (4.9)

Proof. The proof is based on the property that L; is a compact perturbation of A : X, — Y. It is known
that A : X, — Y, is a Fredholm operator with Ker A = {¢ € R} and Range (A : X, = Y,) =Y, NZ, where
Z ={ue L'(R?): [p, u(z)dz = 0}. See Lemma 3.3 of [7]. By Corollary 4.2, one can show that KerL; = 0
in X, and the estimate (4.9) is valid. Then, since L; is a Fredholm operator of index zero, it is onto and
the proof is complete. See Theorem 4.1 of [5] and Theorem 3.4 of [7] for details. O

Proposition 4.4. Let X, . = {v € X, . : L.u=0 on Bi(P1)}. Then, there exists 0 < e, < 1 such that for
any € € (0,e4) and v € X%E,

1
[vllx,,. + [vllLoe @2y < C(In = )[[Levly, ..
€

Proof. The proof is parallel to that of Theorem 3.6 of [7] and we omit the details. One thing to emphasize
is that Corollary 4.2 is used in the proof. Refer to the proof of Lemma 3.5 of [7] to see how Corollary 4.2 is
used. O

Proof of Theorem 2.1. It suffices to show the inequality (2.7). Indeed, since L. is a Fredholm operator of
index zero and L. is one-to-one by (2.7), L. is also onto. The proof of (2.7) is almost the same as the proof
of Theorem 2.1 of [7] and we give only brief outline of it. Define

}Nlj(l‘) _ {h(l‘), T € Bl(pj)v pj € P,

0, otherwise.

Since emﬁj (pj + e%y) € Y,, it follows from Theorem 4.3 that there exists a unique u; € X, such that for
each 1 < j < b,

Liu;(y) = > h;(p; + ™),
ujllx, + 1wl Lo 2y < Clle**h;(p; +€*Y)lly, < Clhlly,...

If we set
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by
() =v(z) — Z oz —p;)v;(z),

then L. = h* where

5(@) = u (F2),

5(1

b1
h*(x) = h(z) — ZU@ —pj)hj(x) — h(z),

by
h(z) = Z [Ac(z — p;)vj(z) + 2Vo(z — p;) - Vi;(z)].
j=1
Since h* = 0 on B1(Py1) and ||h*[ly, . < C|hlly, ., we deduce from Proposition 4.4 that for small 0 < & < &,

. . 1
lllx, . + lollz= ) < € (1) Ay, .-
Then, recovering v from this inequality, we arrive at the estimate (2.7). O

Remark 4.5. The authors thank the anonymous referee for letting them know the result of Ref. [13]. In [13],
Lin and Yan improved their results of [5,11] by removing the constraint on the location of blow-up vortex
points in the construction of nontopological solutions to the self-dual Chern—Simons—Higgs equation. The
referee mentioned that the constraint (1.19) for our solutions to (1.4) may not be necessary in the spirit of
[13]. We will treat this issue in the forthcoming paper.
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