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1. Introduction

A pointed metric space is just a metric space M in which we distinguish an element, called 0. Given
a pointed metric space M and a Banach space X, we write Lip(M, X) (Lip(M) when X = R) to denote
the Banach space of all Lipschitz maps f : M — X which vanish at 0, endowed with the Lipschitz norm
defined by

/() = FW)

11 = sup { M0

:x,yEM,x;éy}.

* Corresponding author.
E-mail addresses: raalva@upvnet.upv.es (R.J. Aliaga), abrahamrueda@ugr.es (A. Rueda Zoca).
URL: https://arzenglish.wordpress.com (A. Rueda Zoca).
1 R.J. Aliaga was partially supported by the Spanish Ministry of Economy, Industry and Competitiveness under Grant MTM2017-
83262-C2-2-P, and by a travel grant of the Institute of Mathematics (IEMath-GR) of the University of Granada, Spain.
2 The research of Abraham Rueda Zoca was supported by Vicerrectorado de Investigacion y Transferencia de la Universidad de
Granada in the program “Contratos puente”, by MICINN (Spain) Grant PGC2018-093794-B-100 (MCIU, AEI, FEDER, UE), by
Junta de Andalucia Grant A-FQM-484-UGR18 and by Junta de Andalucia Grant FQM-0185.

https://doi.org/10.1016/j.jmaa.2020.124171
0022-247X/© 2020 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jmaa.2020.124171
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2020.124171&domain=pdf
mailto:raalva@upvnet.upv.es
mailto:abrahamrueda@ugr.es
https://arzenglish.wordpress.com
https://doi.org/10.1016/j.jmaa.2020.124171

2 R.J. Aliaga, A. Rueda Zoca / J. Math. Anal. Appl. 489 (2020) 124171

We denote by ¢ the canonical isometric embedding of M into Lip(M)*, which is given by (f,d(z)) = f(z)
for x € M and f € Lip(M). We denote by F(M) the norm-closed linear span of 6(M) in the dual space
Lip(M)*, which is usually called the Lipschitz-free space over M; for background on this, see the survey [9]
and the book [22] (where it receives the name of “Arens-Eells space”). It is well known that F(M) is an
isometric predual of the space Lip(M) [9, p. 91]. We will write §, := 0(x) for x € M, and use the name
molecule for those elements of F (M) of the form

8y — 6,
d(zx,y)

mw,y =

for x,y € M such that = # y.

A fundamental result in the theory of Lipschitz-free spaces is that, roughly speaking, Lipschitz-free
spaces linearise Lipschitz maps. In a more precise language, given a metric space M, a Banach space X and
a Lipschitz map f : M — X such that f(0) = 0, there exists a bounded operator f : F(M) — X such
that [|f]| = || ]l defined by

fGu) = f(m), me M.

Moreover, the mapping f +—— f is an onto linear isometry between Lip(M, X) and the space of bounded
operators L(F(M), X). This linearisation property makes Lipschitz-free spaces a precious magnifying glass
to study Lipschitz maps between metric spaces, and for example it relates some well-known open problems
in the Banach space theory to some open problems about Lipschitz-free spaces (see [9]). Because of this
reason, the isomorphic structure of those spaces has been intensively studied in the last 20 years (see e.g.
[10,14,16]). In addition, the isometric structure of Lipschitz-free spaces has also been the subject of recent
research (see [1,2,7,8,18]). Results about the geometry of Lipschitz-free spaces (to be more precise, about
its extremal structure) have been applied to the study of norm-attainment of Lipschitz functions [5,9,13]
and composition operators between spaces of Lipschitz functions [12,19,22].

In this paper we focus on the analysis of points of Gateaux and Fréchet differentiability in the unit ball
of Lipschitz-free spaces. The first results in this line appeared in [4], where an example of a metric space M
is exhibited such that F (M) has a point of Fréchet differentiability and it is shown that this is only possible
when M is bounded and uniformly discrete. This was extended in [18, Theorem 4.3] where it is proved that,
for such M, a convex combination of the form Z?:l Aimg, o is a point of Fréchet differentiability if, and
only if, it is a point of Gateaux differentiability if, and only if, M is the union of the segments [0, z;].

Our goal in this paper is to extend this result to an arbitrary element p € Sz of finite support. One
of the main difficulties lies in determining when a convex combination of molecules Y. | \img, ,, has norm
1, which clearly implies that ||my, 4 + ...+ My, 4. || = n. To do so, we draw inspiration from [18, Theorem
3.1], where a metric characterisation of octahedrality in F (M), which in particular involves molecules at
distance almost 2, is given in terms of a geometric condition on M. Motivated by that result, we prove in
Theorem 2.4 a characterisation of those elements p which are the limit of a convex series of molecules, i.e.
=, AnMy, 4. (finite or infinite sum) for which ||| =3, |A\n|. As an easy corollary of Theorem 2.4, we
rediscover the characterisation of sequences of molecules which are isometrically equivalent to the ¢, basis
given in [17].

In Section 3 we prove our desired result. Given a uniformly discrete and bounded metric space M, an
element of finite support g = >0 | \img, € S F(m) is a point of Fréchet differentiability if and only if
it is a point of Gateaux differentiability, and this is characterised by a certain geometric condition on the
pairs of points (z;,y;) that implies, in particular, that M is contained in the union of the segments spanned
by these points (see Theorem 3.5 for the formal statement). This extends [18, Theorem 4.3] to arbitrary
finitely supported elements. Furthermore, we explore whether this result can be extended from elements of
finite support to elements which are limit of a convex series of molecules. In this sense, we prove a similar
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condition for an element p = Y 07 | \ymy,, 4. to be a point of Gateaux differentiability that implies that
M must be almost contained in the union of finitely many segments spanned by the points x; and y; (cf.
Theorem 3.1). We also provide examples, in the infinite setting, of points of Fréchet differentiability and
points where the norm is Gateaux but not Fréchet differentiable.

Finally, in Section 4, we show how to apply our techniques to obtain canonical examples of points of
Géteaux (resp. Fréchet) differentiability in projective tensor products JF (M) ®x X, when X is a Banach
space with points of Gateaux (resp. Fréchet) differentiability and F (M) has finitely supported points of
Fréchet differentiability (see Theorem 4.1). Let us recall that this is not true in general for projective tensor
products (cf. Remark 4.2).

Notation: Given a metric space M and two points x,y € M, the sets of the form

[z,y] ={z € M : d(z,2) + d(y,z) = d(z,y)}
will be called (metric) segments. Also, given £ > 0, we will consider the sets
[z,yle :={z € M : d(x,2) +d(y,2) < d(z,y) +¢}.

We say that M is uniformly discrete if inf{d(z,y) : z,y € M,z # y} > 0. If M is a bounded metric space,
we will denote its diameter by diam(M).

We will consider only real Banach spaces, and denote by Bx and Sx the closed unit ball and the unit
sphere of a Banach space (X,]]|). Also, we will denote by X* the topological dual of X. We say that
x € X is a point of Gdteauz (resp. Fréchet) differentiability of X if the norm ||-|| is GAteaux (resp. Fréchet)
differentiable at x. By the convexity of ||-||, Gateaux differentiability at = is equivalent to the existence of
the limit

Ll ] ]
t—0 t

for every h € X, and Fréchet differentiability corresponds to the limit being uniform for h € Sx. By
Smulyan’s lemma [6, Theorem 1.1.4], € Sy is a point of Gateaux differentiability of X if, and only if,
there exists a unique f € Sy« such that f(z) =1, and it is a point of Fréchet differentiability if, and only if

iI;deiam({f €Sx«:flx)y>1—a})=0.
[e3
2. A metric characterisation of convex series of molecules

Let M be a metric space. In this section we will study the elements y € Sr(ps) which are limit in norm
of a convex series; in other words, elements for which there exist a pair of sequences (), (y,) in M such
that x,, # y, for every n € N and a sequence ()\,,) of real numbers such that

= Z AnMa,, 4, Where A, >0 and Z Ap = 1. (1)

n=1 n=1

0o
n=1

A < 1+e¢, for
any € > 0 (see e.g. [2, Lemma 2.1]), but € = 0 is not always attainable (one such case will be described in

It is well known that any u € Sr(ar) may be expressed as a series of type (1) where

Example 3.2). Let us also recall that any element of Sr(y) with finite support can be expressed as a finite
sum of type (1) with 271:/:1 An =1, e.g. by [22, Proposition 3.16].

Remark 2.1. Elements of the form (1) appear naturally in certain problems about the geometry of F(M):
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(a) An open problem that goes back to the first edition of the book [22] in 1999 asks whether every extreme
point of Br(yr) is a molecule. The answer is positive for the limit of a convex series of molecules [3,
Remark 3.4].

(b) Given a metric space M and a Banach space X, it is said that a Lipschitz function f : M — X strongly
attains its norm if there exists a pair of different points = # y € M such that

1/ () = FW)l
1 (may)|| = W =fllz.
Denote by SNA (M, X) the set of all the strongly norm attaining Lipschitz mappings and NA(F(M), X)
the set of those bounded operators from F(M) to X which attain their norm. It is known that
SNA(M,X) C NA(F(M),X) and the inclusion may be strict in general (see [13]). However, if an
element f € NA(F(M),X) attains its norm at an element which is the limit of a convex series of
molecules, then an easy convexity argument shows that f € SNA(M, X).

The following general lemma will be central to our characterisation of sums of convex series in F(M). It
will also be used in the next section to characterise points of Gateaux differentiability:

Lemma 2.2. Let B, j,k € N be real numbers such that $;; = 0 for every j € N. Then there exist real
numbers o, j € N such that

ap < aj; + ﬁkj (2)
for 4,k € N if and only if for every finite sequence iy, ..., i, of natural numbers we have
Bivia + Bizis + -+ Bire_rip T Biir = 0 (3)

Moreover, the o are unique (up to an additive constant) if and only if for every pair of different numbers
j,k € N and every € > 0 there is a finite sequence iy, ..., 4, of natural numbers that contains both j and k
and such that

Bivia + Bizis + -+ Biyyvim + Bireir <€ (4)
Proof. To see that (2) implies (3), just notice that
—1

m—1
> Biriner = Y (o, — i) = i, — iy, > —Bi i,
k=1 k=1

3

Now suppose (3) holds, and define for j, k € N

Bjk = inf {/Biﬂé t Bizis + o F Bigy i 101 =Tl = k} (5)

where the infimum runs over all finite sequences i1, ..., %, of natural numbers beginning with j and ending
with k. If a sequence contains a repeated index i, = i, 7 < s then by (3)

Bivia oo+ Bi vin = Bivia + -+ Biv_yip + Bigigyr -+ Biny_vim

(we have removed the r-th to (s — 1)-th terms on the right hand side), so the infimum may be restricted to
sequences with no repeated indexes. Also, condition (3) implies that the infimum exists and B, > —Sg;;
since Bj, < B;i by definition, we get in particular B;j; = 0 for any j. Moreover we have
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B+ By, > By, (6)
for any j, k,l € N: indeed, let € > 0 and choose finite sums such that

/Bj’iz_'_"'—i—ﬂim—ll <le+€
ﬂlié+~--+5i;ﬂ,71k<Blk+5

then we have
Bjk < Bin +... 4+ B, a+ 611”2 +...+ ﬁi:n/_lk < le + B + 2¢

as this is one of the sums in the definition (5).
Let us now fix any ¢ € N and choose a; = Bj, for j € N. Then for any j,k € N we have

Brj +aj = Brj + Bjq 2 Bij + Bjq = Brg = ay,
where we have used (6), and so (2) holds. This proves existence. Alternatively, if we take a; = —By; then
aj = —Bg; > —Bgx — Brj > —Bgk — Brj = o — B

so this choice also satisfies (2). Therefore, if the solution is unique up to adding a constant, then we must
have Bj, — Brq = —Bgy; + By, for any j, k, g, and in particular Bj, + By; = 0 taking ¢ = k. Conversely, let

(a) be a solution of (2), then for any j # k and any finite sequence iy, ...,y such that i; = j, i, = k we
have
m—1
aj—ap =Y (e, — i) < Biyis + o+ Bin i,
r=1

and taking the infimum yields a; — ai < Bjj. Interchanging the role of j and k we get o; — ay, > —By;.
Therefore, if Bji, + By; = 0 then the value of o; — oy, is really uniquely determined and equal to Bjy.

We have thus shown that the solution is unique if and only if B,;, + By; = 0 for any j,k € N. Since we
always have Bj; + By; > 0 by (3), this condition is equivalent to Bjj + By; < 0 which is clearly equivalent
to (4). This ends the proof. O

If condition (4) does not hold then the solution (a,) is not unique. In fact, it is easy to check that any
choice of values such that o; — ay, € [—Bkj, Bjk] is a valid solution, although we will not need this fact.
Lemma 2.2 is also valid in a finite setting and the existence condition remains unchanged in that case,

but we can be a bit more explicit with the uniqueness condition:

Lemma 2.3. Let n € N and let S, j,k € {1,...,n} be real numbers such that Bj; = 0 for every j €
{1,...,n}. Then there exist real numbers as,...,an,, such that

ar < aj + Bij
if and only if for every finite sequence i1,...,i,m € {1,...,n} we have

Bi]iz + /67:27:3 + tt + /Bim—lim + ﬁimil Z O
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Moreover, the o are unique (up to an additive constant) if and only if for every pair of different numbers
gk €{1,...,n} there is a finite sequence of different numbers i1,..., i, € {1,...,n} that contains both j
and k and such that

Biviz + Bisis + -+ Bipu—ring + Biniz = 0.
In that case we have oy, = oy, + Bii,, forr=1,....m—1 and o;,, = a;, + B4, -

Proof. The same argument is valid as in the infinite case, but there are now only finitely many sequences
of different elements of {1,...,n}, so the infimum in (5) is attained and one may take ¢ = 0 in (4). Finally,
notice that if Bj = i, + ...+ Bi,,_,& is any expression minimizing (5) then

0= Bjr + Bij = Bji, + ...+ Bi,,_1k + Bij
> Bjiz + ... +Bim,1k +Bkj > B]] =0

implies that §;,4,,, = B

_ iriry1s and this proves the last statement. O

We can now state the promised geometric characterisation of sums of convex series of molecules in F(M):

Theorem 2.4. Let M be a pointed metric space and (Tn,Yn)ner be a finite or infinite sequence of pairs of
distinct points in M. Then the following are equivalent:

(i) there is f € Suip(ary such that f(myg, ) =1 for everyn € I,

(ii) |I>2,, AnMma, y. |l =1 for some choice of A\, > 0 such that > A\, =1,
(iii) |32, Anma, v, || = 1 for any choice of A\,, > 0 such that ) A\, =1,
(iv) for every finite sequence iy, ..., i, of indices in I we have

—

d(xiuyﬁ) + d(xizayiz) .ot d(mimayim) < d(xiuyiz) + d(xizvyis) Tt d(mim7yi1)' (7)

Notice that the equivalence of properties (i)-(iii) (which is obvious) already implies that they must be
equivalent to some geometric condition on the pairs (x,,y,) that is independent of their amount. The
resulting property, described in (iv), is known in optimal transport theory as cyclical monotonicity, see e.g.
[21, Definition 5.1]; it may also be regarded as a generalized form of the long trapezoid property (LTP)
introduced in [18].

Proof of Theorem 2.4. It is clear that (i)-(iii) are equivalent.
(i)=(iv): Suppose (i) holds. Let o; = f(y;) and f;; = d(x;,y;) — d(zi,y;) for 4,5 € I. By (i) we have
f(zi) = ai + d(i,y:), and

. flwi) = fly;) i —ay +d(wg,y;)
= ”f”L = d(xi,yj) B d(:ri7yj)

hence o; < oj+ ;5. Apply Lemma 2.2 or Lemma 2.3 (depending on whether I is infinite or finite) to deduce
inequality (3), which is the same as (7) after rearranging terms.

(iv)=(1): Again, let 8;; = d(x;,y;) — d(x;,y;) so that inequalities (7) and (3) are equivalent, and use
Lemma 2.2 or Lemma, 2.3 to obtain real numbers o,, n € I such that o; < a; + B4 for 4,7 € I. Now define
a function f on the set {z;,y; 14 € I} by f(v;) = a; and f(z;) = a; + d(zi, y;).

Let us first check that f is well defined, i.e. that there are no conflicting assignments of values of f. We
need to distinguish three cases:
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Case 1: Assume that y; = y;, for some j # k € I. Then
Bjk = d(xj, yk) — d(z5,y;) = d(xj,y;) — d(z;,y;) =0,

hence o; < ay, + B = oy, and similarly o) < «;. Thus a; = oy, and there is no conflict.

Case 2: Assume that z; = xj, for some j # k € I. In this case

ﬁkj = d(xkuyj) - d($k;7yk) = _(d(‘rk”yk) - d(xk7y‘7))
= —(d(zj,yx) — d(z;,y;))
= —Bjk.

Now a; < o + Bjk < aj + Bij + Bjk = aj, so
o = ag + Bjk = ar +d(zj, yx) — d(z5,y;)

Therefore o + d(x,y;) = o + d(zk, yi) and the definitions of f(z;) and f(z) agree.
Case 3: Assume that y; = x), for j # k € 1. On one hand, we have

aj < ag + Bk = an +d(zj,yk) — d(xj,y5) < ax +d(yr, y5) = ar + d(zk, yr)
On the other hand
aj > o — By = g — (d(xg, y5) — d(@r, yr)) = ox + d(zk, yr)-

Therefore f(y;) = a; and f(xr) = ar + d(zk, yx) do not conflict with each other.
Next, let us check that || f||, = 1. Indeed, for 7,5 € N we have f(mg,,,) =1 and

o flxi) = fly;) = as — aj +d(zs,y:) < Bij + d(wi, yi) = d(ws,y;),
o f(yi) = f(z5) = i — oy —d(zj,y;) < Bij — d(;,y;) < d(yi, z;),
o flzi) = fz)) = oy — oy +d(zi, yi) — d(zj,y5) < d(wi, x5),

o flyi) = fy;) = ai — oy < Biy < d(yi, y5)

as is straightforward to check. Now use McShane’s theorem (see e.g. [22, Theorem 1.33]) to extend f to a
1-Lipschitz function on M and subtract a constant so that f(0) = 0. The resulting f € Sy (ar) still satisfies
f(mg, 4,) = 1 for every i € I as required. O

Remark 2.5. Since any finitely supported element p € Sr(ar) can be written as a finite sum ) Apmg,, 4,
where >~ X\, =1 and x,,y, sweep over the support of i, Theorem 2.4 implies that it is always possible to
organize any given finite subset of points of M into pairs (z,,y,) in such a way that (7) holds.

As a first application of Theorem 2.4, we can obtain a precise description of those sequences of molecules
that are isometrically equivalent to the ¢; basis. To achieve that, we use the following standard lemma that
we state without proof:

Lemma 2.6. Let X be a Banach space and let (z,) be a sequence in Sx. The following assertions are
equivalent:

(i) The sequence (xy,) is isometrically equivalent to the {1 basis.
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(ii) For every sequence (o(n)) in {—1,1} we can find a functional f € Sx~ such that f(x,) = o(n) for
every n € N.

Combining this with Theorem 2.4, the following is immediate:

Corollary 2.7. Let M be a pointed metric space and (z,,yn) be a sequence of pairs of different points in M.

The following are equivalent:

(i) The sequence (my,, 4., ) s isometrically equivalent to the £1 basis.
(ii) For every sequence (o(n)) in {—1,1} there exists f € Syipary such that f(myg, ) = o(n) for every

n € N.
(iii) For every choice of {ug, vy : k € N} such that {ug, vy} = {xk, yr} for every k € N, and for every finite
sequence of numbers i1, ...,i, n N, we have

d(uil,vil) + d(uiQ,vig) + ...+ d(uimmim) S d(uil,viz) + d(uiz,vi3) + ...+ d(uim, Uil).

The equivalence (i)« (iii) is exactly the same one that is given (using a different terminology) in Theorem
2.1 of the recent preprint [17], which is in turn based on a result from [15]. Note that we only characterise 1
bases of molecules while the result in [17] is a bit more general, as it also says that whenever F (M) contains
an isometric ¢1 basis, it must contain in particular one consisting only of molecules.

3. Points of Gateaux and Fréchet differentiability

In this section we will study necessary and sufficient conditions for the limit of a convex series of molecules
of the form (1) to be a point of Gateaux (resp. Fréchet) differentiability of the norm of F(M). Consequently,
throughout the section, when we write p = >, Apymyg, 4, Wwe will assume that p is the limit of a convex
series of molecules, i.e. the previous series is norm convergent and ||u| = ", A,. The amount of summands
can be finite or infinite, but in any case we will assume without loss of generality that A,, > 0 for all n. So,
according to Theorem 2.4, the sequences of points (x,) and (y,) will satisfy (7). We will make use of the
previous fact without any further reference.

With this notation in mind, let us begin by looking for a characterisation of the fact that p is a point of
Gateaux differentiability in terms of a geometric condition on the sequences of points (), (y»). Note first
that this happens if and only if there is a unique f € Sy;p(ar) such that f(u) = 1. In view of the proof of
Theorem 2.4, we will need to involve the condition of uniqueness appearing in Lemma 2.2. If that condition
holds, then f will be uniquely defined in (J,, [y, y»]: indeed, if f(my, ,,) =1 then f(mg, .) = f(m.,,) =1
for every element z € [z;, y;] (see e.g. [13, Lemma 2.2]). Thus, if we require to M be contained in | J,, [y, Yn]
then the uniqueness of the Lipschitz function strongly attaining its norm simultaneously at every mg, .
should imply that p is a point of Gateaux differentiability.

The previous remarks suggest the main idea behind the following result.

Theorem 3.1. Let M be a pointed metric space, let p € Sreary be of the form (1), and let f € Syipar) be
such that f(u) = 1. Then p is a point of Gateaux differentiability if and only if the following two conditions
hold for every e > 0:

(i) for every pair of different numbers j,k € N there is a finite sequence iy, ..., iy, in N that contains j
and k and such that

d(@iy, Yiy) + d(Tiy, Yiy) + - -+ ATy, Yi ) > A(@iy, Yiy) + ATy, Yiy) + -+ d(Ti,,,Y6,) — €
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(ii) for every x € M there are s,t € {1,y1,%2,Y2,...} such that x € [s,t]. and f(t) — f(s) > d(t,s) —e.

Proof. Denote N = {z1,y1,Z2,¥2,...}, a; = f(y;) and Bi; = d(x;,y;) — d(x;, yi). Recall that p is a point of
Géteaux differentiability if and only if f is unique. So assume that f is unique, then condition (i) follows
immediately from Lemma 2.2. To see condition (ii), let g; and g2 be the largest and smallest 1-Lipschitz
extensions of f[, to M, respectively, given by

qi(z) = plg]fv (f(p) +d(p,x))

g2(z) = sup (f(p) — d(p,x))

(®)

for € M, and note that g; = g» by assumption. Now fix € M and let s,t € N be such that g;(z) + 5 >
f(t) +d(t,z) and gz(x) — § < f(s) — d(s,x). Then

e> f(t) +d(t,x) — g1(z) + g2(z) — f(s) + d(s, )
= f(t) — f(s) +d(t,z) + d(s, x)
> d(t,x) +d(s,x) —d(t,s)

therefore x € [s,t]e, and f(s) — f(t) > d(t,x) + d(s,z) —e > d(s,t) —e.

Now assume that conditions (i) and (ii) hold. Let = € M, € > 0, then by (ii) there are s,¢ € N such that
x € [s,t]c and f(t) — f(s) > d(t,s) —e. Let g € Spip(ar) be such that g(u) = 1. By (i) and Lemma 2.2 we
have g|y = f|y and in particular g(s) = f(s) and g(¢t) = f(¢). Therefore

d(z, s) d(z,1)
12 Too a0 ™) T + e )
_ d(s,t)
- mg(ms,t)
_ d(S, t) d(t, S) —c 25
= dwe) i@ " T G v dwn) T A e

and it follows by a standard convexity argument that g(ms ), g(ms,) are both larger than 1 — &', where

, d(x,s) + d(x,t) 2 2e

~ min {d(z, 5),d(x,t)} d(s,t) +e < min {d(x,s),d(x,t)}

From g(ms ) > 1— ¢’ and g(s) = f(s) we get

f(s) —d(s,z) < g(x) < f(s) = (1 = &)d(s,x) = f(s) = d(s,x) + £'d(s, )

and, since this also applies to the case g = f, we have |g(z) — f(z)| < €'d(s,x). A similar argument shows
that g(my,) > 1—¢’ and g(t) = f(t) imply that |g(z) — f(z)| < €’d(¢, ). Taking the minimum of these two
bounds yields

l9(@) — f(@)| < & min {d(z,s), d(, 1)} < 2e.
Since z, € and g were arbitrary, we conclude that f is unique and this ends the proof. O

We have thus characterised those points of Gateaux differentiability that may be expressed in the form
(1). The following example shows that not all points of Gateaux differentiability may be written as the limit
of a convex series of molecules:
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Example 3.2. Let M = [0,1]. It is well known (see e.g. [9]) that there is an onto linear isometry & :
Ly([0,1]) — F(M) given by ®(x[0,2]) = 05 for x € M (where x denotes a characteristic function), whose
adjoint operator ®* : Lip(M) — Lo ([0, 1]) is given by ®(f) = f’. Let C be a nowhere dense closed subset
of [0, 1] with positive Lebesgue measure, e.g. a “fat Cantor set” (see e.g. [22, Example 1.40] for one possible
construction) and denote D = [0,1] \ C. Define f = xc — xp € Sr,(j0,1) and let u = ®(f) € Srarn. We
claim that p is a point of Gateaux differentiability that cannot be written as the limit of a convex series of
molecules. This will be proved in two steps:

Step 1: p is a point of Gateaux differentiability.

Since ® is an onto isometry, it is enough to prove that f is a point of Gateaux differentiability in L; ([0, 1]).
But notice that if g € Sp_([o,1]) satisfies that (f,g) = fol gfdm =1 (where m is the Lebesgue measure)
then g =1 a.e. on C and g = —1 a.e. on D. So g = f is unique in Sp__([0,1)) and Smulyan’s lemma yields
the desired result.

Step 2: p is not the limit of a convex series of molecules.

Assume for contradiction that p = >""", A\ymy, ,, where z, < yn, > .o [Ay| =1 and A, # 0 (but they
may be negative). Denote I, = [z, y,]. By the definition of ® we have

) = Z MA@ (g, ) Z
n=1 n=1

xn,yn)
Evaluating against g = f seen as an element of Sy,__(j0,1]), We get that
i 1 F m(L, 0 D) — m(I, N C)
1= (f,g) = ;(—An)m/fdm ZA TR

Tn

Taking into account that each term multiplying A, has absolute value less or equal to 1, we get that

m(l, N D) —m(I,NC)
(T, Yn)

= Sign()‘n)

for all n. Notice that, since D is open and dense, m(I, N D) > 0 for every n € N. Therefore

sign(An) - d(@p, yn) = m(I, N D) —m(l, NC)
> —m(In N D) - m(In N C) = _m(In) = _d(xna yn)

and thus A\, > 0 for every n € N. But then
m(I, N D)+ m(I, NC)=m(l,) = d(xn,yn) = m(I, N D) —m(I,NC)

shows that m(I, N C) = 0 for every n € N. Now define h = x¢ € Loo([0,1]). Then (x1,,h) = [/ xcdm =
m(I, NC) =0, and so

— (@n, Yn)

a contradiction. Consequently, u is not the limit of a convex series of molecules, as claimed.
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Remark 3.3. Tt is also possible to construct an example of point of Gateaux differentiability in F([0,1]) by
making use of the theory of strong norm attainment (see Remark 2.1). To this end, pick a measurable set
A C [0,1] such that 0 < m(ANI) < m(I) holds for every open interval I C [0,1]. Let f = x4 — X[o,1\4 €
Ly([0,1]) and p = ®(f), using the notation of Example 3.2. Then the same argument shows that u is
a point of Gateaux differentiability of F(M). However, u is not the sum of a convex series of molecules,
because otherwise ®~1(f) would be a strongly norm-attaining Lipschitz function, contradicting the fact that
d(f,SNA([0,1],R)) = 1 as is proved in [9, p. 109]. We thank Miguel Martin for pointing out this example
to us.

In view of [18, Theorem 4.3], we may ask whether, under the assumptions of Theorem 3.1,  is actually a
point of Fréchet differentiability. Let us recall that it is only possible for points of Fréchet differentiability to
exist in F(M) when M is uniformly discrete and bounded [4, Theorem 2.4]. The following example reveals
that even in that case the answer to our question is negative in general. This proves that an extension of
[18, Theorem 4.3] to the infinitely supported setting would be false.

Example 3.4. Consider M := NU{0} with d(n,0) = 1 and d(m,n) = 2 for every m # n € N. Then F(M) is
isometrically isomorphic to #1, so the unit ball of F(M) does not have any point of Fréchet differentiability
(cf. e.g. [6, Example 1.1.6(c)]). However u = Yo" | %2 is a point of Géateaux differentiability, as it is clear
that if f(u) =1 and f € Spipar then f(n) =1 holds for every n € N.

In spite of this example, it is possible to extend [18, Theorem 4.3] and show that Fréchet and Gateaux
differentiability are indeed equivalent in the finitely supported setting:

Theorem 3.5. Let M be a uniformly discrete, bounded pointed metric space and let i € Sr(ny be finitely
supported. Write p as a finite sum of the form (1) and let f € Syipary be such that f(u) = 1. The following
assertions are equivalent:

(i) w is a point of Fréchet differentiability,
(ii) p is a point of Gateauzx differentiability,
(iii) for every pair of different numbers j,k € {1,...,n} there is a finite sequence of different numbers
i1y im € {1,...,n} that contains both j and k and such that

d(xh ; yll) + d(xiwyh) +.ot d(xlnwylm) = d(‘rh ) le) + d(‘riwyi:s) +ot d(xim,7yi1)7 (9)

and for every x € M there are s # ¢ in {x1,Y1,...,Tn,Yn} such that f(t)— f(s) =d(t,s) and x € [s,t].

Proof. Denote D = diam(M), 6 = #inefMd(as,y) >0, N ={z1,91,-. -, Zn,Yn}, & = f(y;) and B;; =
aty

d(z;,y;) — d(xs,y:). It is clear that (i)=(ii). To prove that (ii)=-(iii), notice first that (9) follows from
Lemma 2.3. Now fix £ € M, then the argument used in the proof of Theorem 3.1 shows that for any € > 0
there are s # t € N such that z € [s,t]. and f(¢) — f(s) > d(t,s) — e. Since there are only finitely many
possible choices for the pair (s,t), one of them must be valid for arbitrarily small values of ¢, and so (iii)
follows.

Finally, let us see that (iii)=-(i). To this end, assume with no loss of generality that y; = 0. Take
g € Svip(am) such that

€

1o =
9(p) > min \;’
1<i<n

which implies by a convexity argument that g(my, ,,) > 1 — ¢, and hence
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0 < d(wi, ;) — (9(x:) — 9(yi)) < ed(zi,y:) < De (10)
for every ¢ € {1,...,n}. Now pick k € {2,...,n}. By assumption there exists a finite sequence of different
numbers iy, ...,4, € {1,...,n} containing both 1 and k such that (9) holds; assume i; = 1 without loss of

generality. Then we have

m m—1
Z (g($1f) - y’Lt + Z y741+1 - 'th))
1= ||g||L > g(x’bm) B g(yll) _ t=1 t=1

T d(®i,,, Yi) (@i, Yir)

hence

-1

m
xlm ) y'Ll Z 'Tlf - ylt)) + (g(yit-H) - g(l'“))
t=1 t

3

Il
—

-1

1 —E Zd .Tt”yt + (g(yitﬂ)—g(xit))
t=1 1

3

o
Il

m —1

= _gzd(xtwyti) +

t=1

3

(]

(d(xit ) yit) - d(mit’ Yir ))

&~
Il

1
—1

+ d(xinl’yim) + (d(xit’ yit+1) - (g(xlt) - g(ylr+1))) .

3

Il
—

Rearranging terms and applying (9) we get

m— 1

xlt7y7f+1 - (g(zn) - g(y11+1))) < 52 d(ximyit) <mDe.
t=1 t=1

Since d(z;,,Yi,.,) — (9(xi,) — 9(yi,.,)) = 0 holds for every 1 <t < m — 1 we obtain

0< d(xit’yit+1) - (g(xlf) - g(yit+l)) <mDe. (11)

Now notice that this reasoning is also valid for the function f in place of g, and therefore (10) and (11)
imply that

(f = 9)(ws,) — (f = 9)(wi,)| < De
(f = 9)(1,) = (f = 9) (Wi, )| < mDe

for every t <m — 1. But f(y1) =0 = g(y1), so after at most m — 1 applications of these inequalities we get
that

|f(u) — g(u)] < (m —1)(m +1)De < m*De < n*De

for u € {x, yx}. Since k was arbitrary, the inequality holds for every u € N.
Now pick z € M. By assumption there exists a pair of different points s,t € N such that f(ms) =1
and z € [s,t] and we get that

2n2D
0

gmss) =1—(f —g)(mss) > 1~ E.
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Let us take into account that x € [s,¢] implies that ms; = Ams s + Aamy, for some A, A2 > 0 with
A1 + Ao = 1. Assume with no loss of generality that Ay > %, then we get that

4n2D
0

glmsy) >1— €.
But |(f —g)(s)| < n?De and f(ms.) = 1, so a convexity argument yields |(f —g)(z)| < (% + 1) n®De. Since
x € M was arbitrary we deduce that

4
I =gl < (G+1) D

Finally, since M is uniformly discrete and bounded, || - || and || - || are equivalent norms on Lip(M), so
there exists a constant K > 0 that depends only on M and n such that ||f — g||r < Ke.

Summarising: we have proved that, given any € > 0, there exists § > 0 such that if g € Sp;,ar) satisfies
that g(u) > 1 — 6§ then ||f — gl < . By Smulyan’s lemma p is a point of Fréchet differentiability and we
are done. O

The previous theorem shows that, when dealing with finitely supported elements in Lipschitz free spaces
over uniformly discrete and bounded metric spaces, Gateaux and Fréchet differentiability are equivalent.
Example 3.4 reveals that this is not the case when dealing with elements of infinite support. A closer look
at this example shows that the metric space is still union of metric segments; the failure of the Fréchet
differentiability comes now from the fact that there are infinitely many segments which are uniformly
separated. This phenomenon will become clear with the following result.

Proposition 3.6. Let M be a uniformly discrete, bounded pointed metric space, and let p € Sg(nry be of the
form (1). Suppose that u is a point of Fréchet differentiability. Then for every ¢ > 0 there is n € N such
that

M C U [s,1].. (12)

s,te{xhyl,---ﬂfmyn}

More precisely, one can restrict the union to those pairs s,t such that f(s) — f(t) > d(s,t) — €, where
J € SLip(n) 18 the Fréchet derivative of the norm at p.

Proof. Since the Lipschitz and supremum norms are equivalent in Lip(M), we may find § > 0 such that
If —9gllo < 5 whenever g € Spip(ar) satisfies g(u) > 1 — 25. Choose n € N such that ), Ax < ¢ and
denote N = {x1,91,...,Zn,Yn}. Now let g; and go be the largest and smallest 1-Lipschitz extensions of
f1n to M, respectively, given by (8). Notice that

gi(,u) = Z Akf(mTkyk) + Z Akgi(mrmyk)
k=1

k>n

=14 Melgi = F)(Mapy) Z1—2) A >1-26

k>n k>n

for i = 1,2, therefore ||g1 — ga||, < €. Now fix z € M and let s,t € N be such that g;(z) = f(t) + d(t, z)
and go(x) = f(s) — d(s,z). Then

e > g1(x) — ga(x) = f(t) — f(s) +d(t,2) +d(s, ) = d(t,x) + d(s,x) — d(t, s)

and therefore = € [s,t]., and f(s) — f(t) > d(t,x) +d(s,x) —e > d(s,t) —e. O
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We may wonder whether the conclusion of Proposition 3.6 holds in an uniform way, i.e. whether we can
find n € N such that the inclusion (12) holds for arbitrarily small e. This is not possible in general: indeed,
using the same argument as in the proof of (ii)=-(iii) in Theorem 3.5, it is easy to see that this would imply
that M can be covered by finitely many segments [s, ¢] such that s # t € {x1,y1,Z2,¥2,...} and f(ms,) = 1.

We finish the section by exhibiting a point of Fréchet differentiability of infinite support. We will construct
an element of the form p = >""7 | A\ymy, o. Our strategy will be to define the sequence (z,,) in such a way
that x, approaches the segment [0,z1] as n increases. Consequently, if g(u) is large, then g(z,) should
behave like d(x,,,0) for small n and it should be almost determined for large n because x,, is then close to
[0, z1]. For such behaviour, we consider in the following example the metric space defined in [1, Example
4.3]:

Example 3.7. Let M := {0} U {x, : n € N} C ¢y where z1 := 2e; and x,, :=e; + (1 + %)en for n > 2,

and define p := Y7, shmg, 0. Notice that 4 € Sz(u). Indeed, consider f(z) := d(z,0), and note that

n=1 2n

f(p) = 1. Let us prove that u is a point of Fréchet differentiability. To do so pick an arbitrary n > 3, define

€ := 5 and assume that g € Spi(nr) satisfies that g(p) = Y07 | 5-g(mg, 0) > 1 — €% Let

P:={keN:g(mg o) <1—c}
Then Y, cp 5 < & indeed,

oo

1 1 1
1-¢*< Z Q_kg(mxkyo) = Z 2_kg<mwk,0> + Z 2_kg(mﬂik,0)

k=1 kepP k¢P

as desired. Let us estimate ||f — g||oo from the above inequality. On the one hand, if k ¢ P, we get that
f(mg, 0) =1 and g(my, o) > 1 — ¢, from where |(f — g)(my, 0)| <&, s0

I(f — 9)(zx)| < ed(xy,0) < 2.

On the other hand, if k € P notice that k > n because Y., . p 55 < € = 5. In particular 1 ¢ P and so we
have

g(x1) —g(0)  g(z1) — g(@x) + g(@x) — g(0)

l—e< =
©S T d(zy,0) 2
- 2
_ 1+%+g(xk)
2 )
and we get
1 1 1

Since f(zy) =1+ 3¢, we get that
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1 2 1
I(f —9)(@k)| < 1T 9F Sonz

To sum up, we have proved that, for every n > 3, if g € Sp;p(ar) satisfies that g(p) > 1 — % then
|f = glloc < 572 Now Smulyan’s lemma, together with the fact that the |||, and |||, norms in Lip(M)
are equivalent, implies that p is a point of Fréchet differentiability.

4. Remarks and open questions

As we pointed out in the Introduction, we will apply the techniques of Theorem 3.5 to obtain a result of
differentiability in a projective tensor product. In order to do so, let us introduce a bit of notation. Given
two Banach spaces X and Y, recall that the projective tensor product of X and Y, denoted by X ®, Y, is
the completion of X ® Y under the norm given by

Jul = inf{z el =S @y}
=1 =1

It is well known that, given two Banach spaces X and Y, then (X &, Y)* = L£(X,Y™*) (see [20] for back-
ground).

Let M be a uniformly discrete and bounded metric space and Z be a Banach space. In this context,
notice that (F(M)®x Z)* = L(F(M),Z*) = Lip(M, Z*). Let p = 31, Aia, 4 € Sr(m) where A; > 0
and 2?21 Ai = 1, and take z € Sz. Assume that both p and z are points of Fréchet differentiability,
with respective derivatives f € Spipa) and 2% € Sz«. We claim that p ® 2 is then a point of Fréchet
differentiability in F (M) ®, Z and that its derivative is f ® z* € Lip(M, Z*). To prove it, pick € > 0 assume
that g € Syip(ar,z+) satisfies that

g(m‘rlvyl)(z) >1-e

holds for every i € {1,...,n}. Following the proof of (iii)=-(i) in Theorem 3.5 we can replace equation (10)
with

0 < d(zs, yi) — (9(xi) — 9(1:))(2) < De. (10%)

In a similar way, we can replace equation (11) with

0< d(mit’ yit+1) - (g(xit) - g(yit+1))(z) <mDe. (11*)

Notice now that, since z is a point of Fréchet differentiability, by Smulyan’s lemma we get the existence of
a function § : RT — R™ with lir% d(e) = 0 and such that the following condition holds
E—

v* € Sz«
v¥(z) > 1—¢

} = ||z" — "] < d(e).
The previous condition together with (10*) and (11*) implies that

ld(zi, ys)2" — (9(x:) — g(1:))l| < 6(De)
||d($it’ yit+1>z* - (g(mit) - g(yit+1>)|| < 6(mD€)

Continuing the proof in the same way we obtain that ||g— f®2*|| s < 7() for some function : RT — R
that only depends on M and n and such that liH(l) n(e) = 0. From here, we easily deduce by Smulyan’s lemma
E—

that f ® z* is the Fréchet derivative of p ® z.
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Finally, if we suppose instead that z is a point of Gateaux differentiability and fix e = 0 and § = 0 in the
above argument, we deduce in a similar way that f ® z* is the Gateaux derivative of u ® z. The following
statement sums up our findings:

Theorem 4.1. Let M be a uniformly discrete and bounded metric space and let y € Sxnry be a point of
Fréchet differentiability with finite support. Let X be a Banach space and x € Sx. Then:

(a) If x is a point of Gateauz differentiability of X, then u ® x is a point of Gateauz differentiability of
FOM) B, X.

(b) If x is a point of Fréchet differentiability of X, then u ® = is a point of Fréchet differentiability of
F(M)&, X.

Remark 4.2. Let X and Y be two Banach spaces. Notice that, in general, it is not true that if z € Sx
and y € Sy are points of Fréchet (resp. Gateaux) differentiability then z ® y is a point of Fréchet (resp.
Gateaux) differentiability of X ®, Y.

(1) Given 1 < p < g < oo it follows from [11, Example VI.4.1] and [20, Theorem 5.33] that £, @, £, is a
non-reflexive L-summand in its bidual, where % + q% =1 (see [11, Chapters I and IV] for background),
and so it does not contain any point of Fréchet differentiability [11, p. 168, (b)].

(2) If X =Y = {5 and 2 € Sx then x®2 attains its norm at the functionals T, S € (X ®, X)* = L(X, X*)
defined by

This shows that z ® z is not a point of Gateaux differentiability in spite of the fact that z is a point of
Gateaux differentiability. The authors are grateful to Ginés Lépez-Pérez for pointing out this example
to them.

Let us finish this section with two open questions. First, we have obtained in Theorem 3.1 a metric
characterisation of those limits of convex series of molecules which are points of Géateaux differentiability.
However, in the case of Fréchet differentiability we have only characterised elements of finite support.

Question 1. Is there any metric characterisation of limits of convex series with infinite support that are
points of Fréchet differentiability?

Second, all our work on points of Fréchet differentiability has focused on limits of convex series of
molecules, as this allows us to consider a fixed set of points in the metric space M. However, the following
question makes sense.

Question 2. Let M be a uniformly discrete and bounded metric space. Is there any point of Fréchet differ-
entiability p € F(M) that is not the limit of a convex series of molecules?

Acknowledgments
This research was conducted during visits of the first author to the University of Granada in 2019 and

2020, for which he wishes to express his gratitude. We also thank Ginés Lépez-Pérez, Miguel Martin and
Antonin Prochézka for their useful remarks on the topic of the paper.



R.J. Aliaga, A. Rueda Zoca / J. Math. Anal. Appl. 489 (2020) 124171 17

References

[1] R.J. Aliaga, A.J. Guirao, On the preserved extremal structure of Lipschitz-free spaces, Stud. Math. 245 (1) (2019) 1-14.

[2] R.J. Aliaga, E. Perneckd, Supports and extreme points in Lipschitz-free spaces, Rev. Mat. Iberoam. (2020), https://
doi.org/10.4171/rmi/1191, in press, available: arXiv:1810.11278.

[3] R.J. Aliaga, E. Perneckd, C. Petitjean, A. Prochézka, Supports in Lipschitz-free spaces and applications to extremal
structure, J. Math. Anal. Appl. 489 (1) (2020) 124128.

[4] J. Becerra Guerrero, G. Lopez-Pérez, A. Rueda Zoca, Octahedrality in Lipschitz-free Banach spaces, Proc. R. Soc. Edinb.,
Sect. A 148 (3) (2018) 447-460.

[5] B. Cascales, R. Chiclana, L. Garcia-Lirola, M. Martin, A. Rueda Zoca, On strongly norm attaining Lipschitz maps, J.
Funct. Anal. 277 (2019) 1677-1717.

[6] R. Deville, G. Godefroy, V. Zizler, Smoothness and Renormings in Banach Spaces, Pitman Monographs and Surveys in
Pure and Applied Math., vol. 64, 1993, MR1211634 (94d:46012).

[7] L. Garcia-Lirola, C. Petitjean, A. Prochdzka, A. Rueda Zoca, Extremal structure and duality of Lipschitz free spaces,
Mediterr. J. Math. 15 (2018) 69.

[8] L. Garcfa-Lirola, A. Prochdzka, A. Rueda Zoca, A characterisation of the Daugavet property in spaces of Lipschitz
functions, J. Math. Anal. Appl. 464 (1) (2018) 473-492.

[9] G. Godefroy, A survey on Lipschitz-free Banach spaces, Comment. Math. 55 (2) (2015) 89-118.

[10] P. Héjek, G. Lancien, E. Perneckd, Approximation and Schur properties for Lipschitz free spaces over compact metric
spaces, Bull. Belg. Math. Soc. Simon Stevin 23 (1) (2016) 63-72.
[11] P. Harmand, D. Werner, W. Werner, M-Ideals in Banach Spaces and Banach Algebras, Lecture Notes in Math., vol. 1547,

Springer-Verlag, Berlin-Heidelberg, 1993.

[12] A. Jiménez-Vargas, Isometric composition operators on Lipschitz spaces, Mediterr. J. Math. 17 (2020) 52.

[13] V. Kadets, M. Martin, M. Soloviova, Norm attaining Lipschitz functionals, Banach J. Math. Anal. 10 (3) (2015) 621-637.
[14] N.J. Kalton, Spaces of Lipschitz and Hélder functions and their applications, Collect. Math. 55 (2) (2004) 171-217.

[15] S.S. Khan, M. Mim, M.I. Ostrovskii, Isometric copies of ¢ and ¢} in transportation cost spaces on finite metric spaces,

preprint, available: arXiv:1907.01155, 2019.

[16] G. Lancien, E. Perneckd, Approximation properties and Schauder decompositions in Lipschitz-free spaces, J. Funct. Anal.
264 (10) (2013) 2323-2334.

[17] S. Ostrovska, M.I. Ostrovskii, On relations between transportation cost spaces and L, preprint, available: arXiv:1910.
03625, 2019.

[18] A. Prochézka, A. Rueda Zoca, A characterisation of octahedrality in Lipschitz-free spaces, Ann. Inst. Fourier (Grenoble)
68 (2) (2018) 569-588.

[19] A. Rueda Zoca, Some results on isometric composition operators on Lipschitz spaces, preprint, available: arXiv:1910.07923,
2019.

[20] R.A. Ryan, Introduction to Tensor Products of Banach Spaces, Springer Monographs in Mathematics, Springer-Verlag,
London, 2002.

[21] C. Villani, Optimal Transport, Old and New, Grundlehren der mathematische Wissenschaften, vol. 338, Springer-Verlag,
Berlin-Heidelberg, 2009.

[22] N. Weaver, Lipschitz Algebras, 2nd ed., World Scientific Publishing Co., River Edge, NJ, 2018.


http://refhub.elsevier.com/S0022-247X(20)30333-4/bib03CAF6EDCF94CBD42BB7C7BC74608FB4s1
https://doi.org/10.4171/rmi/1191
https://doi.org/10.4171/rmi/1191
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibC9529689F309E352F16E1B31B2BC4035s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibC9529689F309E352F16E1B31B2BC4035s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib695BE27799EB8396833550916FE894BBs1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib695BE27799EB8396833550916FE894BBs1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibFB7D37D14814CEEBFFE46A337A87873As1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibFB7D37D14814CEEBFFE46A337A87873As1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib2994FBE41BB310FA07EDA9684E9BB413s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib2994FBE41BB310FA07EDA9684E9BB413s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibCE44987E41C65A4AB51F74BCC6BECB6Ds1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibCE44987E41C65A4AB51F74BCC6BECB6Ds1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibCC4A844698EC9DA3120871C7013790A0s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibCC4A844698EC9DA3120871C7013790A0s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibEFB6DE3CD13F03125F2D292C52F6C2E3s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibA15ADE3B22695D69D910DEED5F8E2551s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibA15ADE3B22695D69D910DEED5F8E2551s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibF0EE226443C92644BD871FF19A6EC4B1s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibF0EE226443C92644BD871FF19A6EC4B1s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib331B517545BABA33504CE3477CC51B5Bs1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib8A7538B05BB0A13429D2EB327C142F33s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib908DF2940C1121AB4AFD77B5E451AB9As1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib3C79EB14FAAB04B2AB2EDAA5B565517Ds1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib3C79EB14FAAB04B2AB2EDAA5B565517Ds1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib09CE25CD4B8F71562DA99E3CFB273BC1s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib09CE25CD4B8F71562DA99E3CFB273BC1s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib3641F31280B286F58520437F17B4D8E5s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib3641F31280B286F58520437F17B4D8E5s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib527F62292342868C3DED8EAA6F72178Fs1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib527F62292342868C3DED8EAA6F72178Fs1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibA08C968D7926E5FBD231F2B4CCF1685Bs1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibA08C968D7926E5FBD231F2B4CCF1685Bs1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibF61F7496BF55C9798ED470B60FF6810Cs1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bibF61F7496BF55C9798ED470B60FF6810Cs1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib0AAB7184C79009416AB4E917EFFA9D22s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib0AAB7184C79009416AB4E917EFFA9D22s1
http://refhub.elsevier.com/S0022-247X(20)30333-4/bib9ED0A84636CE6BDF2C5C62306DDAAD65s1

	Points of differentiability of the norm in Lipschitz-free spaces
	1 Introduction
	2 A metric characterisation of convex series of molecules
	3 Points of Gâteaux and Fréchet differentiability
	4 Remarks and open questions
	Acknowledgments
	References


