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1. Introduction and main results

In this paper, a transcendental meromorphic function is meromorphic in the whole complex plane C and not rational.
We assume familiarity with the Nevanlinna’s theory of meromorphic functions and the standard notations such as m(r, f),
T(r, f). For references, please see [6]. We say that two meromorphic functions f and g share the value a (a € C = CU{oo})
in X € C provided that in X, we have f(z) =a if and only if g(z) =a. We will state whether a shared value is by CM
(counting multiplicities) or by IM (ignoring multiplicities). If a is shared IM by f and g and the multiplicities of zeros of
f —a and g — a are different, then we say that the value a is shared DM by f and g.

R. Nevanlinna (see [8]) proved the following well-known theorems.

Theorem 1.1. (See [8].) If f and g are two non-constant meromorphic functions that share five distinct values ay, az, as, a4, as IM in
X =C, then f(z) = g(2).

Theorem 1.2. (See [8].) If f and g are two distinct non-constant meromorphic functions that share four distinct values ay, a;, as, as
CM in X = C, then f is a Mébius transformation of g, two of the shared values, say a, and ay, are Picard values, and the cross ratio
(a1,az,a3,a4) = —1.

After his very work, the uniqueness of meromorphic functions with shared values in the whole complex plane attracted
many investigations (for references, see [13]). In [14], Zheng took into account of the uniqueness dealing with five shared
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values in some angular domains of C. It is an interesting topic to investigate the uniqueness with shared values in the
remaining part of the complex plane removing an unbounded closed set, see [14,15,1,9,7,11]. In [15], Zheng continued to
investigate this subject. From the proof of Theorem 3 in [15], we deduce easily that the following result is true.

Theorem 1.3. Let f and g be two transcendental meromorphic functions. Given one angular domain X = {z: o < argz < g} with
0 < B — o < 21, we assume that f and g share five distinct values ay, ay, as, as, as IM in X. Then f(z) = g(z), provided that

sa,ﬁ(r! f)

Aot fy - TE

Throughout, we denote by E a set of finite linear measure, not necessarily the same in each time. Sy g(r, f) is Nevan-
linna’s angular characteristic and its definition can be found below. We may denote Theorems 1.1 and 1.3 by 5IM theorem.
In [15], Zheng mentioned another result by a simple notation 3CM + 1IM = 4CM as follows.

Theorem 1.4. (See [15].) Let f and g be two distinct transcendental meromorphic functions. Given one angular domain X =
{z: o <argz < B} with 0 < B — a < 2m, we assume that f and g share three distinct CM shared values aj (j =1,2,3) and
one IM shared value a4 in X. Then a4 is also one CM shared value in X of f and g, provided that

Sa,ﬂ(rs f) _
M fogeTr, fy 0 TEE

Zheng [15, p. 778] raised a question as follows.
Question 1.1. Whether does 2CM + 2IM = 4CM hold?
Also, we may raise a natural question
Question 1.2. What can be said to an analogous result as Theorem 1.2 in one angular domain?

In this paper, we shall answer these questions. Nevanlinna's theory on angular domain (see [3]) will play a key role

in this paper. Let f be a meromorphic function on the angular domain 2 = {z: o <argz < 8}, where 0 < 8 — o < 27.
Following Nevanlinna define

r

Aapr, =2 L {lo +|f@em)y+k)+|f@ew)ugf (1)
Ol,,B ’ - T t‘” rzw g g t )
1
B
2w + 0] ci
Bap(r, )= p— log™ | f(re'”)|sinw(® — o) do, (2)
o
1 1bn|® .
Capr,f)=2 ) b~ e ) Sineh =), (3)
T<|bn|<r 1
Dy, p(r, i) = A (T, f)"l‘Bot,ﬂ(r» . (4)
where w = ﬁ”Ta 1<r < oo, and b, = |b,le® are the poles of f on §2, appearing according their multiplicities. If we only

consider the distinct poles of f, we denote the corresponding angular counting function by anﬁ(r, f). Nevanlinna’s angular
characteristic is defined as follows

Sa.p(, f)=Aap(r, f) + Bap(r, f) + Ca,p(r, f). (5)

Now we show one of our main results by a simple notation 4CM theorem similarly as Theorem 1.2, from which we can
answer Question 1.2.

Theorem 1.5. Let f and g be two distinct transcendental meromorphic functions. Given one angular domain X = {z: @ < argz < 8}
with 0 < B — o < 27, we assume that f and g share four distinct values a1, ay, as, ag CM in X, and that
Sa.pr, f)
im —————
r—o0 log(rT(r, f))

Then f is a Mobius transformation of g, two of the shared values, say a; and ay, are Picard values in X, and the cross ratio
(a1,az,a3,a4) = —1.

=00 (r¢E).
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Let f and g be two distinct transcendental meromorphic functions and let X = {z: « <argz < g} with 0 <8 —a <27.
We denote by Cg,ﬂ(r, f(z) =a=g(z)) the counting function of those a-points in X where f and g have same multiplicities,
each point in the counting function being counted only once. Throughout, we denote by R(r, ) quantities satisfying

R(r,%x)=0(log(rT(r,x))), r¢E.
We say that f and g share the value a “CM” in X if f and g share a IM in X, furthermore,

_ 1 _
Ca.p (r, = a) —Cop(r f@=a=g@)=Ra.f)

C (r L
o,B ,g_

Remark 1.1. Obviously, if a is shared CM by f and g in X, then it must be shared “CM” by f and g in X.

and

a) —Ch4(r. f(=a=g@) =R, 9.

Theorem 1.6. Let f and g be two distinct transcendental meromorphic functions. Given one angular domain X = {z: o < argz < B}
with 0 < B — o < 27, we assume that f and g share two distinct values aq, a; “CM” and other two distinct values as, a4 IM in X.
Then aq, ay, as, a4 are shared CM by f and g in X, provided that

Sa,ﬂ(ra f) _
A g fy - B

We may denote the above result by a simple notation 2“CM” + 2IM = 4CM. Thus we can answer Question 1.1 above from
the following corollary which is immediately deduced by Theorem 1.6.

Corollary 1.1. Let f and g be two distinct transcendental meromorphic functions. Given one angular domain X = {z: o < argz < B}
with 0 < B — ¢ < 27, we assume that f and g share two distinct values a1, a CM and other two distinct values as, a4 IM in X. Then
ay, ay, as, a4 are shared CM by f and g in X, provided that

Sap(r, f)

A fogarar fy - D)

By the following example, we explain the necessity of the condition

im Sa,ﬂ(rs f) —
r—co log(rT(r, f))

in Theorems 1.3-1.6, Corollary 1.1 and Question 5.1 in the final section.

Example 1.1. Consider two entire functions f(z) = e?t! — 1 and g(z) = f2(z) = ("1 = 1)2. Set X ={zeC: Z = <
argz < f=3L}. So w = 1. By the equality [e*"! — 1| = [e**1| 4 0(1), we have log™ | f(re!®)| = 0(1), log*" | f(re'f)| = 0 (1),
log™ | f (re?)| = max{r cos6, 0} + O (1). Hence we have

1 1 1
Aa,ﬁ(r»f):()(l‘l'F‘l'r—z), B(X,ﬁ(rvf):O<F>s Ca,ﬂ(raf)EO,

and thus

1 1
Sa,ﬂ(rs f) = Aa,ﬂ(r7 f) + BO[,ﬂ(r7 f) + Ca,ﬁ(r» f) = O<1 + F + r_z)
Noting that T(r, f) = = + 0(1), we have

i Sot,ﬂ(ra f) <
r—o0 log(rT(r, f))

On the other hand, if a is a real number with a > 16, then neither of the functions f and g attains this value a in the
angular domain X because

(6)

f@=a <+ ze-1+logla+1)+i2nZCC\X,
g@)=a <= ze—-1+log(vat1l)+i2nZcC\X.
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However, the value 0 is shared DM by f and g in the angular domain X because

f@=g2)=0 inX <+ ze-1+4+2nZCX.

(i) If take a1 =16, a; =17, a3 =18, a4 = 19, a5 = 20, then ay, ay, as, a4, as are shared IM by f and g in X. However,
f(2) #g@2).

(ii) If take a1 =16, a; =17, a3 = 18, a4 = 19, then a1, ay, as, a4 are shared CM by f and g in X. However, f is not a
Mobius transformation of g.

(iii) If take a; =0, a, = 16, a3 = 17, a4 = 18, then ay is shared IM, and ay, as, a4 are shared CM by f and g in X.
However, a; is not shared CM by f and g in X.

(iv) If take a1 =0, ap =16, a3 = 17, a4 = 18, then a; and a, are shared IM, and a3, a4 are shared CM by f and g in X.
However, a; is not shared CM by f and g in X.

(v) If take a; =0, ap =16, a3 = 17, a4 = 18, then ay, ay, az are shared IM, and a4 is shared CM by f and g in X.
However, a; is not shared CM by f and g in X.

2. Lemmas

Lemma 2.1. (See [10,12,16].) Suppose that g is a non-constant meromorphic function in one angular domain 2 = {z: a < argz < )
with0 < B —a < 2. Then

(i) (see [3, Chapter 1]) for any complex number a # oo,

S (r !
a,p ,g_

where e(r,a) =0(1) (r - );
(ii) (see[3,p. 138])forany 1 <r <R,

R
g R\® [log™ T(t, g) LT R
1

/ 4 /
Bu.g (r, g) < —wm<r, g—>,
g re g

where w = B’Tfa and K is a positive constant not depending on r and R.

a) =Sqpr, g +e, a),

and

Remark 2.1. Nevanlinna conjectured that

g g g 1
D ,— | =A , — B ,— | =o0(S s 7
a.ﬂ<r g) mﬁ(r g>+ a.,ﬁ(r g o\ Sap\T 7 _a (7)

when r tends to +oo outside an exceptional set of finite linear measure, and he proved that Dy g(r, %) = 0(1) when the
function g is meromorphic in C and has finite order. In 1974, Gol'dberg constructed a counter-example to show that (7) is
not valid (see [2]). However, it follows from Lemma 2.1(ii) that

o)) oes()
Dog\r,= ) =Aaplr,= ) +Bapglr,— )=R(, 8.
a,s( 2 o.pB 2 ap g g

Lemma 2.2. (See [15].) Suppose that f is a non-constant meromorphic function in one angular domain 2 ={z: a <argz < B} with
0 < B —a < 2m, then for arbitrary q distinctaj € C (1 < j < q), we have

_ 1
Caplr, +R(, f),
: ’ﬂ<r f—aj> ")

where the term Ea.lg(r, f+aj) will be replaced by Eaﬁﬂ(r, f) when some a; = co.

(@—=2)Sqp(r, f) <

q
j=

Remark 2.2. If R(r, f) = 0(Sq g(r, f)), then we can deduce from Lemma 2.2 that a meromorphic function f has at most
two Picard values in X. Here, we explain the necessity of the condition R(r, f) =0(S¢g(r, f)). By Example 11, any value
de{acR: 16 <a}U{oo} is a Picard value of f(z) =e**! —1in X={zeC: % <argz < 37”}. However, there holds (6).
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Lemma 2.3. (See [1].) Suppose that f is a non-constant meromorphic function in the plane and that X = {z: o < argz < B} is an
angular domain, where 0 < 8 —a < 27. Let P(f) =aofP +ay fP~ 1+ + ap (ag # 0) be a polynomial of f with degree p, where
the coefficientsaj (j=0,1, ..., p) are constants, and letbj (j=1,2,...,q) beq (q > p + 1) distinct finite complex numbers. Then

Pf)- f )
Dy s =R(r, f).
'ﬂ(’ F=b0( —bp)--(f =By ) ~ RO

Lemma 2.4. (See [1].) Let f and g be two distinct transcendental meromorphic functions that share four distinct values ay, ay, as, as
IM in one angular domain X ={z: o <argz < B} with0 < 8 — o < 2m. Then

(D) Sap(r, f) = Sa,p(r, 8) + R(r, ), Sa,p(r, 8) = Sap(r, f) + R(r, 8);
(ii) 31 Cap(r, 72) = 2Sa,p (. )+ R(r. £
(iii) Ca.p(r, ﬁ) =Sap(r, f)+ R, f), Cap(r, ﬁ) =Sa.p(r, g +R(r,g),whereb#a; (j=1,2,3,4);
(iv) C;;!ﬂ(r, %) = R(r, f), C;‘;‘ﬂ(r, é) = R(r, g), where C(’;!ﬂ(r, %) and C;!ﬂ(r, é) are respectively the counting functions of the
zeros of f' that are not zeros of f —a; (j=1,2,3,4), and the zeros of g’ that are not zerosof g —a; (j=1,2,3,4);
(v) Z‘}Zl C(’;’Z3 (r, f(2) =aj = g(2)) =R(r, f), where C;’fﬁ (r, f(2) = aj = g(2)) is the counting function for common multiple zeros
of f—ajand g —a; (j =1, 2,3,4), counting the smaller one of the two multiplicities at each of the points.

Lemma 2.5. Let f and g be two distinct transcendental meromorphic functions that share four distinct values 0, 1, oo, ¢ IM in one
angular domain X ={z: a <argz < B} with0 < 8 —a < 2m. Let

o, f oy & (28, & | &
F_{f’ (f+f—1+f—6) g <g+g—1+g—6>}’

B f_//_ f/ f/ _2_]:/ _g_//_ g/ g/ _2_g./
G_{f/ <f—1+f—c f) g (g—1+g—c g>}'

IfF#£0, G #0, then

_ _ _ 1 _

Sa.p(r.F) <Cap(r, /) = CE 4(r. f(2) =00 =8(2)) + Cap (r, 7) —Ch4(r. f(0=0=2g@)+R(. ),
_ _ _ 1 _

Sap(r.G) < Cap(r, f) — C§ 4(r. f(2) =00 =g(2)) + Cap (r, 7) —Cop(r. f@=0=2g@)+Ra. f).

Proof. From Lemma 2.3 we have

Dy g(r, F) =R(r, f).

If z1 € X is a zero of f(z) — 1 and g(z) — 1, with multiplicities g and p, respectively

f@=1+bg(z—21)" +bgs1(z—2)" +--+ (bg #0),
gD =1+cpz—20)P +cprz—z0)P +--- (cp #£0),
then by computation,
-1 -1
F(z)= {7 + 0(1)} - ii + 0(1)} =0().
Z—Z1 Z—Z1
Hence each zero of both f(z) —1 and g(z) — 1 in X is not a pole of F(z). Similarly, we get that each zero of both f(z) —c

and g(z) —c in X is not a pole of F(z). Obviously, any zero of both f(z) and g(z) with the same multiplicities in X is not
a pole of F(z). From the above discussion and Lemma 2.4(iv) we deduce that

_ _ _ 1 _
Cap(r.F) < Cap(r. f) = C5 4(r. f(2) =00 =g(2)) + Cap <r, 7) —Chp(r. f@=0=2()

1 1
+Coplm = | +Coplm = )+ R,
o)+ ) +Re
_ _ _ 1 _
=Cap(r, /)= Cg4(r. f(2) =00 =g(2)) + Ca.p (r, 7) —Chp(r. f(2)=0=2g@)+R(. ).

Using the same argument for G(z) instead of F(z), we can deduce the other inequality. Therefore the lemma follows. O
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Lemma 2.6. Let f and g be two distinct transcendental meromorphic functions that share four distinct values 0, 1, oo, ¢ IM in one

angular domain X = {z: o <argz < B} with0 < 8 — o < 2m. Let

o gf-9 Gy = fi'(f—g
gf-ig—-o’ fe-D(f -0’

g -9 . f'U-9
‘T egg-D(f -0’ T -D@Eg-0o

Then

~n
—

— 1
Sa,p(r, F1) < Sa (T, f)—Ca,ﬁ<1’, >+R(T’ .

_ 1
Sa,p(r,G1) < Sq.p(r,8) —CaplT, >+R(r, £,

oq
|
—_

Sl)é,ﬂ(ra FC)<SO[,/3(r7 f)_EO(,ﬂ +R(ra f)5

Sa,pr, Ge) < S(X,ﬁ(rv g)— Ca,ﬂ r,

— /:
~
| .
(o}

Proof. We rewrite F; and get
1 ! / !
SR S
f-1lglg—0) g—c] gg—-0

Thus from Lemma 2.3 we get

D F1)<D 1 Y iref
a.p(r, F1) < a,ﬂ(r,f_1> , f).

If z. € X is a zero of f(z) —c and g(z) — c, then it must be a simple pole of gg—_/c. and be a zero of f —

g. Hence z. is not a

pole of Fy. Similarly, any zero of f and g in X is not a pole of Fy. Let z* € X be a pole of f(z) and g(z) with multiplicities
p and q, respectively, then z* must be a pole of f(z) — g(z) with multiplicity at most max{p, q}. Hence we have

F1(z)=0 ((Z _ Z*)(24+P)*(Q+1+maX{P,q}))

-0 ((Z _ z*)(q+p717max{p,q})).

So z* is not a pole of Fy. If z; € X is a zero of f — 1 with multiplicity p, and is a zero of g — 1, then z; is also a zero of

f — g. Then z; is a pole of F; with multiplicities at most p — 1. From the above discussion we obtain

1 — 1
Ca,ﬂ(", Fy) < C(x,ﬂ <r, ﬁ) - C(x,ﬂ <r, ﬁ)

Hence we have

Sa,p(r,F1) = Dg g(r, F1) + Cq g(r, F1)

1 1 — 1
< DOl,ﬂ (T, ﬁ) + Ca,ﬁ <r, ﬁ) — Ca,ﬁ <r, ﬁ) + R(r, f)

1 — 1
= Sa’ﬂ (r, ﬁ) - Ca”g<r, ﬁ) + R(r, f)

With a similar argument as above, we can get other three inequalities. Therefore the lemma follows.

O

Lemma 2.7. Let f and g be two distinct transcendental meromorphic functions that share four distinct values 0, 1, co, ¢ IM in one

angular domain X = {z: o <argz < B} with0 < 8 — o < 27. Set
y=F—(1+0?Y,
§=G"—(1+0°Y,

where ¥ is defined by
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v f'g'(f —g?
(f —a)(f —a)(f —a3)(g —a1)(g —ax)(g —a3)’

F and G are the functions defined in Lemma 2.5. If zg € X is a simple zero of both f and g, and if zo, € X is a simple pole of both f
and g, then y (z0) =0, §(z0) = 0.

(8)

Proof. Set

f@=a1(z—z0) +a2(z—20)* +--- (a1 #0),
8(2) =b1(z—20) + ba(z — 29)* +--- (b1 #0).

By computation we get
1
W (20) = — (a1 — b1)*,
c
1
F(zo)= |1+ - (a1 —by).
Hence we have

Y (20) = (F(z0))’ — (1 + ©)*W (z9) =0.

Set
f@=— "t +0G-20) (€@ £0),
d
gD =+ +0(z—2)" (@ #0).

zZ—

By computation we get

v (L_1Y
(ZOO)_<C1 d1> ,
1 1
G(zw)=(1+c)(———).
C1 d]

Hence we have

8(z00) = (G(200))” = (1 + )W (20) = 0.

Therefore the lemma follows. O

Lemma 2.8. Under the assumption of Lemma 2.7, we have

F(zo) = (1 +¢)F1(z0) = (1 +¢)G1(20) = (1 + ) Fc(z0) = (1 +¢)Gc(20),
G(Zoo) = (1 +0)F1(2oo) = (1 +€)G1(2oo) = (1 + O)Fc(2e0) = (1 + )G (2oo),

where F1, G1, F¢, G¢ are the functions defined in Lemma 2.7.
Proof. Using the same notations as in the proof of Lemma 2.7, we have

1
F1(20) = G1(20) = Fc(20) = Gc(20) = E(a1 —by),
1 1
F1(Zoo) = G1(Zo0) = Fe(Zoo) = Ge(200) = — — —.
(o8] d]

Hence we can obtain the conclusion of the lemma. O

We denote by f;{ﬂ(r, f(z) =a= g(2)) the counting function of simple zeros of both f(z) —a and g(z) —a in X, by
L_';),ﬂ(r, ﬁ) the counting function of simple zeros of f(z) —a in X, by fgﬁ(r, ﬁ) the counting function of zeros of

f(2) —a in X with multiplicities at least two, and by fff (T, f) the counting function of those poles of f in X with
multiplicities at least two, each point is counted in the counting functions only once. One can obtain the following lemma
by Lemma 2.4(v).
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Lemma 2.9. Let f and g be two distinct transcendental meromorphic functions that share four distinct values ay, az, as, a4 IM in one
angular domain X = {z: o <argz < B} with0 < 8 — o < 2m. Then for j =1, 2, 3, 4, we have

CE4(r @D =0a;=282)=C,(r. f(2) =a;=g() +R(r. ).

Lemma 2.10. Let f and g be two distinct transcendental meromorphic functions. Given one angular domain X = {z: « < argz < B}
with 0 < B — o < 27, we assume that f and g share four distinct values a, a, as, a4 “CM” in X, then ay, ay, as, a4 are shared CM in
X by f and g, provided that

Sap(, f)

A fogatar fy - TEE

Proof. Without loss of generality, we assume that a; =0, az =1, a3 = 00, a4 = ¢. From Lemma 2.4(i) we see that
R(r, f) = R(r, g). We assume that there exist three of Cy g(r, f+%) (j=1,2,3,4), say Cqp(r, f+q) (j=1,2,3), such

that Ea,ﬁ(r, f+aj) = R(r, f), then we deduce by Lemma 2.2 that

3
Sa.p(r, H< Ea,ﬂ(
=1

J

1
>+R(r, =R, f),
f—aj

a contradiction with the condition of the lemma. Hence there are at least two of fa.ﬁ(r, f%aj) (j =1,2,3,4), say
Cap(r, f+aj) (j=1,3), such that

— 1 _

Ca,f;(r, ?> #R(@, f),  Cap(r, f)#R@, ). 9)
Since 0, 1, oo, ¢ are shared “CM” by f and g in X, we obtain from (iv) and (v) in Lemma 2.4 that

Capr )+ Copr =R ) (10)

and

— 1 — 1

Caplr, 7 +CaplT, 7)= R(r, ). (11)
Set

" /!
H= % - %- (12)

Then we have

Do, p(r, H) =R(r, f)

and
Cap(r.H) < Cap(r. f) = CL 4(r. f(2) = 00 = 8(2)) + Cap(r. 8) — C§ 4 (1. f(2) = 00 = g(2))
_ 1 _ 1
+Caplr = ) +Caplr. =
"3<r f’) ’ﬂ<r g/)
=R, f).

Hence we have

Sa,p(r, H)=R(r, f).

If zg € X is a simple pole of f and g, then form (12) we see that zp must be a zero of H. Hence we can deduce by (10)
that

_ 1
Cap(, f) =R, f) <Ca,p <r, ﬁ> < Sa,p(r, H)+0(1) =R(, f).
Thus we have Ea,ﬁ(r, f)=R(r, f), a contradiction with (9). So H=0. It follows from (12) that

f(2) =Ag(2) + B, (13)
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where A(# 0), B are constants. From (9) and (13) we get B =0. Hence we have

f2) = Ag().

Since f(z) # g(z), we get A # 1. This means that 1, ¢ are Picard values of f and g in X. Again by (13), A and Ac also are
Picard values of f and g in X. Therefore we have

A=c, Ac=1.

From this we obtain ¢ = —1 and f(z) = —g(z). We now get that 0, 1, oo, ¢ are shared CM by f and g in X. Therefore the
lemma follows. O

Lemma 2.11. Let f and g be two distinct transcendental meromorphic functions. Given one angular domain X = {z: a < argz < B}
with 0 < B — a < 27, we assume that f and g share four distinct values a1, az, a3, ag IM in X, and that Cq g(r, f%aj) =R(, f)

(j=1,2). Then ay, ay, as, a4 are shared CM in X by f and g, provided that

Sa,ﬂ(rs f)

A oget fy T

Proof. Without loss of generality, we assume that a; =0, a; =00, a3 =1, a4 =c. Then

_ 1 _
CCl.ﬂ(ra ?) :R(rv f)t Clx,ﬂ(r’ f):R(rv f)

Hence 0, co are shared “CM” by f and g in X. Hence from Lemma 2.2 we have

Sa.p(s ) < Cap (r, %) 4 Cap(rs ) + Cap (r, %) RGO f)

— 1
= Ca,ﬂ (r, ﬁ) + R(r, f)

From Lemma 2.1(i) we have

Coslr -1 )=
“”5<r’f—1>_

@]
RZ
=
/\/?
~
| —_—
—_
N— N———
+
@]
S
=
N
3
~
| —
N———"

n— )+ Ls. 50 H+00).
o,p f_-l 2 B

From the above inequalities and the condition of the lemma, we have

@]

— 1
Sap(r, ) <Cop (r, ﬁ) +R(, ) < Sap(r, )+ R, ) < Sapr, f).

Hence we obtain

Sap(r, /)=Cp (r, ) +R(, f),

1
F—1

=2 T\ _
Ca’ﬂ(r, f—l) =R(r, f).

By a similar discussion, we have

_ 1
)
Ca,,s (r, g

1) =R(r,g) =R, f).
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Hence

Cop(r f(2)=1=2) =R, f).

Therefore we have

Cop(r F@=1=g@)+ R, )H=C),(r. f@ =1=8@) +C 4(r. f@) =1=g@) +R(r, )

- 1
:Ca,lg<r, [ _1> + R(, f).

From these equalities and Lemma 2.9, we have
CEo(r f@D=1=8@)=C),(r. f@=1=g@)+R. )
=Ca.p (r, L) + R(r, ).
f—1
This means that 1 is shared “CM” by f and g in X.
Using a similar discussion, we can deduce that c is also shared “CM” by f and g in X. Thus 0, oo, 1, ¢ are “CM” shared

values of f and g in X. By Lemma 2.10, we get that 0, oo, 1, ¢ are CM shared values of f and g in X. Therefore the lemma
follows. O

3. Proof of Theorem 1.5

Using the same argument as in the proof of Lemma 2.10, we get that R(r, f) = R(r, g), and that there are at least two
of Co p(r, f%j) (j=1,2,3,4), say Cop(r, f%j) (j =3,4), such that

fa,ﬂ<f’ f_]a3)75R(r, PR fa,,g<r, f_la4> #R(r, f). (14)

Set
Z—da3 ay —as

L(z) = . .
Z—(044 04 —as

Then L(a3) =0, L(ag) =00, L(ay) =1, and

ap—as da; —ag
La)=——>"
ay—a4 a;—as

= (a1,0z,0a3,a4)
which is the cross ratio of ai, az, as, as. Let

Fo=L(f(), G@=L(g®@).

We get from f(z) # g(z) that F(z) # G(z). Since a; (j=1,2,3,4) are shared CM by f and g in X, L(a;) (j=1,2,3,4)
are shared CM by F and G in X. Hence c, 1, 0, co are CM shared values of F and G in X, where ¢ = L(ay). Obviously,
R(r, F) = R(r, G). We obtain by (14) that

— 1 _
Cw(n ;) AR, ), Cap(r. F)£R(, f). (15)

Set
F’ G’
H= - .
F(F=1)(F—-c¢) G(G—-=1)(G—-c)
Assume that H(z) # 0, we get from Lemma 2.3 that

Dy,g(r, H) =R(r, F).

If zg € X is a point such that F(zo) = G(z0) = L(a;) for some j=1,2,3,4, then from (16) we see that H has no pole in X.
Hence we have

Sa,p(r,H) =Dq g(r, H) + Co p(r, H) = R(r, F).

If z1 € X is a pole of F with multiplicity p, then it must be a pole of G with multiplicity p. Thus from (16) we see that z;
is a zero of H with multiplicities at least 3p — (p +1) =2p — 1. Therefore
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Cap (r, %) < Cayp (r, %) < Se.p(r,H)+0(1) =R(, f),
a contradiction with (15). So we have H(z) =0.
Set
FF’ GG’
- (F=1)(F -0 B (G-1)(G -0
Assume that Q (z) # 0, we get from Lemma 2.3 that

Q

Dy, g(r, Q) =R(r, F).

If zg € X is a point such that F(zp) = G(z0) = L(a;) for some j =1, 2,3, 4, then from (17) we see that Q has no pole in X.
Hence we have

Sa,p(r, Q) =Dgp(r, Q)+ Ca,p(r, Q) =R(r, F).

If z1 € X is a zero of F with multiplicity p, then it must be a zero of G with multiplicities p. Thus from (17) we see that z;
is a zero of H with multiplicity at least 3p + (p — 1) =2p — 1. Therefore

Cop (r, %) <Cuj (r, é) < Sap(r Q) +0(1) =R, f),

a contradiction with (15). So we have Q (z) =0.
From F(z) = G(z) =0 we have

F2(z) = G%(2).

Since F(z) # G(z), we have F(z) = —G(z). Thus both 1 and —1 are Picard values of F and G in X. It follows from
Lemma 2.4(iii) that c = —1. Hence we have

L(ar) = (a1,a2,a3,a4) = —1.

Therefore we obtain that both a; and a, are Picard values of f and g in X and that

L(f@)=-L(g®@).

It means that f is a Mobius transformation of g.
Therefore Theorem 1.5 follows.

4. Proof of Theorem 1.6

Without loss of generality, we assume a; = oo, ap =0, a3 = 1, a4 = c. Using the notations of the lemmas in Section 2,
we deal with four cases as follows.

Case 1. Assume that y #0, § #0.

Since oo, 0 are shared “CM” in X by f and g, we can get from Lemmas 2.5, 2.7 and 2.9 that

— 1 _
Cap (r, 7) = Cg.ﬂ(l‘, f(2)=0= g(z))

=Cl4(n f@ =0=g@) + R f)

1
s C“*ﬁ<“ ;>

Sa.pr,y)+0(1)
Sap(r,a® —(1+0°W)+0(1)
2S4.p(r, &) + Sq p(r, ¥) + 0(1)

INCININ

_ _ _ 1 _
= Z[CQ,,s(r, H=Cop(r. f(@=00=g@)+ Cap (r, 7) —Chprfo=0= g(z))] +R(r. )
=R(r, f).

Similarly, we can get from Lemmas 2.5, 2.7 and 2.9 that
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Cap(r, f)=R(r, f).
Hence from Lemma 2.11 we get that 0, oo, 1, ¢ are shared CM by f and g in X.

Case 2. Assume that y #£0, § =0.

Since y # 0, we can also get similarly to Case 1 that
— 1
CaplrT, T =R(r, f). (18)

Subcase 2.1. ¢ # —1.

If F{ =G, then

ff-1 _ge-1
f(f-0o g&-0
From the equality, we see that 0, 1, co, ¢ are shared CM by f and g in X. Similarly, if F. = G, then we also see that 0, 1,

0o, ¢ are shared CM by f and g in X. We now assume that F; # G1, and F. # G.. From F; # G1, we get that at least one
of the two functions

B—(1+0)F, B—(04+0Gq
are not identically equal to 0. From Lemmas 2.1, 2.4-2.6, 2.8 and 2.9, we have
Cap(r. f)=Cg 4(r. f(2) = 00 = g(2))
=Co4(r. f(@) =00 =g(2)) + R(r. f)

el oar)
B—(A+0)F;
< Sa,p(r, B) + Sa,p(r, F1) + 0 (1)

_ _ _ 1 _
=Cop(r. /)= C4(r. f(2) =00=g(2)) + Cap (r, 7) —Cop(r. f=0=2@)

+Sa g, f)—Cap (r, ﬁ) +R(@, f)

= S(X,ﬁ(r9 f) - Ea,ﬁ <r, ﬁ) + R(r’ f);
or
Cap(r, f)=Cg 4(r. f(2) = 00 = g(2))
—CL4(r. f@) =00=g@) +R(r. f)

R
B—(1+0)G

_ _ _ 1 _
<Cap(r. f)—Cgp(r. f(2) =00=2(@) + Carp (r, ?) —Cop(r. f=0=2@)

+Sap(r, f)—Cap (r, ﬁ) +R(, f)

— 1
= Sa,ﬂ(r, f) — Ca,ﬂ <T, ﬁ) + R(r, f)
Similarly, from functions
B—(+0F., B—(1+0G,

we also have
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60{,5(”1 f)gsa,ﬁ(ra f)_Eot,ﬁ<r, >+R(r7 .

1
f—c

Hence we can deduce by Lemma 2.4(ii) that

_ — 1 - 1
an,ﬁ(r’ H< Zsa,ﬂ(r, - Cot,ﬂ (ra ﬁ) - Ca,ﬂ (T, ﬁ) +R(@, )

= 60(”3(7', f) + 60[,,3 (r, %) + R(rv f)7

namely,

E(Jt,ﬂ(ra f)gﬁa,ﬁ<r, %)—FR('-’ f)' (19)
From (18) and (19) we get

Cap(r, f)=R(r, f). (20)
Again making use of Lemma 2.11, we get from (18) and (20) that 0, oo, 1, ¢ are shared CM by f and g in X.

Subcase 2.2. c = —1.

Since § =0, then 8 = 0. By integration, we have

1 £2 / 52
f'f _a. 88
fr-1 g -1
where A(#0) is an integral constant. If both —1 and 1 are Picard values of f(z) in X, then from Lemma 2.11 we get that
1, —1, 0, oo are shared CM by f and g in X. Without loss of generality, we now assume that 1 is not a Picard value of f
in X. Hence we can assume that z; € X such that f(zy) =1=g(z7) and

(21)

f@=14bp(z—2z1)P +bpr1(z—2z1)PTT+--- (b, #0),
gD =1+¢z—21)+cgriz—z0)"" +--+ (g#0).

From (21), we deduce by computation that A = 54 Hence

f'f2 _p 8¢ 2
f2_1:a'g2_1' (22)
Set
f’ p g
R S A A (23)
f(f2-1 q g@g -1
If A =0, then we have
/ /
f _P g (24)

fFFP=1 " q g@-1)
Combining (22) and (24), we get f> = g3. Hence we have

f(2)=B-g(2), (25)

where B is a constant such that B> = 1. Since f = g, then B # 1. Hence B is either exp{%} or exp{%}. From (25) we
obtain that 1, —1, B, —B are Picard values of f in X. From Remark 2.2, we see that this is a contradiction. Therefore we
have A #0. By Lemma 2.3, we have

Do ,g(r,2) =R(r, f) +R(r, &) =R(r, f).
It is obvious that each pole of both f and g in X is not a pole of A. If z* € X is a zero of both f(z) — 1 and g(z) — 1 and

f@=14+bnz—2)" +bnp1(z— 2™+ (b #0),
gD =1+cn(z—2)"+cnp1(z— 29"+ (cn £0).

From (22) we have 7 = %. Hence from (23) we have
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A(z)=< zm*+0(1))—3.< 2"*+0(1)>
z—z q \z—z

=0(Q).

So z* is not a pole of A. Similarly, each zero of both f(z) +1 and g(z) +1 in X is not pole of A. Hence we get

Ca,p(r,2) <Cap (r, %) (26)

Combining (18) and (26), we have

Ca,p(r,A)=R(, f).

Hence

Sa,p(r, 1) =R(, f).

If z** € X is a pole of f and g with same multiplicity t, then from (23) we see that z** is a zero of A with multiplicity at
least 2t — 1. Hence we have

Cap(r, f)=Cp 4(r. f(z=00=g(2)))

1
< C()l,ﬂ <r, X) + R(r! f)
< Sa,p(r,2)+0(1)
=R(, f).
Therefore from Lemma 2.11 we get that 0, oo, 1, ¢ are shared CM by f and g in X.

Case 3. Assume that y =0, § 0.
Since § # 0, we can also get similarly to Case 1 that
Cap(r, f)=R(r, f). (27)
Subcase 3.1. ¢ # —1.

If F1 =Gy or F. =G, then we can get similarly to Subcase 2.1 that 0, 1, oo, ¢ are shared CM by f and g in X. We now
assume that Fi # Gq, and F. # G.. From Fq # G1, we get that at least one of the two functions

oa—14+0)Fq, oa—(1+0)Gq

are not identically equal to 0. From Lemmas 2.1, 2.4-2.6, 2.8 and 2.9, we have

_ 1 _

Cap (f’ 7) =Co4(r. f(0=0=g(2)
—CL4(r. f2=0=g@) +R(. )
RS

a—(1+0F
< Sapr,a) +Sq p(r, F1) +0(1)

_ _ _ 1 _
=Cap(r. f) = Cg4(r. f(2) =00 =g(2)) + Carp (r, ?> —Cop(r. f@=0=¢g()

- 1
+S(¥,ﬁ(r9 f) - C(X,ﬁ<r7 ﬁ) +R(r! f)
1
-1

=Sa,ﬁ(r, f)_EOl,ﬁ<r7 ) +R(r7 f)’

or
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_ 1 _
Ca.p (r, 7) =Co4(r f(0=0=g(2)
=Co4(r. f@=0=g@)+R(r. f)
S
a— (140G
< Sap (T, @) + Sa 5 (1, G1) + R(T, )

_ _ _ 1 _
=@ﬁmf»4iﬂnﬂn=w=ga»+uﬁ( )—fiﬂnﬂazozﬂm

"7

_ 1
+Sa,p(r, f)—Cap (r, ﬁ) +R(@, )

_ 1
=Sap(r, f) —Cap (r, ﬁ) + R, ).

Similarly, from functions

B— A +0F, B—(1+00G,

we also have

_ _ 1
Ca,p(r, < Sa,p(r, - Cap <r, ﬁ) +R(r, ).

Hence we can deduce by Lemma 2.4(ii) that

2C <r l)<25 r, fH—C (r L)—E (r L>+R(r D)
o, B ’f B o, p\l, o,B ’f—] o,B 7f—C B
=Ea,ﬁ(rv f)+6a,ﬁ<r7 %)“’_R(ra f)?

namely,

Ca.p (r, %) < Cap(r, f)+ R, f).

From (27) and (28) we get

Ca.p (r, %) =R(r, ).

Again making use of Lemma 2.11, we get from (27) and (29) that 0, oo, 1, ¢ are shared CM by f and g in X.

Subcase 3.2. c = —1.

Since y =0, then o = 0. By integration, we have
oo _ 4. 8
fA(f2-1) g2 (g -1’
where A(# 0) is an integral constant. Set
f'if . 8¢
f2-1 g-1
If 4 =0, then we have
f'if _, 88
o1 g

/

I,L:

95

(30)

(31)

(32)

Combining (30) and (32), we get f3 = g3. Using a similar discussion to Subcase 2.2, we can also have a contradiction.

Therefore, we have A # 0.
By Lemma 2.3, we have

Do, p(r, ) =R(r, f) + R(r, &) =R(, f).
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Using similar argument to Subcase 2.2, we get from (30) and (31) that

Cap(r, i) < Cop(r, f).
Combining (27) and (33), we have

Ca,p(r, ) =R(, f).

Hence

Sa,ﬁ(r’ I’L) = R(r7 f)

(33)

Obviously, each zero of f and g in X is a zero of u. Hence we have

Cap (r, %) <Cap <r, %) < Sap(r, 1) +0(1) =R, f).

Therefore from Lemma 2.11 we get that 0, oo, 1, ¢ are shared CM by f and g in X.

Case 4. Assume that y =0, §=0. Then y —§=0.

Since

y—8=a’—p*=(a+p)a-p).

Hence we have « + =0, 0or « — 8 =0.
If « — B =0, then from

_4f/ 4g/
a—p= + =,
f g
we get
g
7 = E.

By integration, we have

f@=A-22),

where A(z 0) is an integral constant. Since f(z) # g(z), we have A # 1. Using similar argument to the proof of Lemma 2.10,
we get that A=c= -1, and 0, oo, 1, ¢ are shared CM by f and g in X.

If « — B #£0, then from

zf” f/ f/ Zg” g/
5 _2<f—1 f—C)}_{ g _2<g—1

a+ﬁ={

frof-1f-c g g-1 g-c
By integration, we have
f/ =A . g/
f-D(f-0o  (-DEg-0o’

+ 2
g—c

(34)

where A(z 0) is an integral constant. If 1, ¢ are Picard values of f and g in X, then from Lemma 2.11 we get that 0, oo, 1, ¢
are shared CM by f and g in X. Without loss of generality, let z; € X such that f(z;) =1=g(z1) and

f@=14by(z—21)P +bpi1(z—z)PT + ...

8@ =1+cq(z—21)"+cqu1(z—z)" + -+

(bp #0),
(cqg #0).
From (34) we have A = %. Hence we have

-f _  p¢g
f=D(f =0 (g-DEg-0
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From integration, it becomes

<f_1>q53.<g_1>{ (35)
f—c g—c

where B (#0) is an integral constant. From (35), we have

4Sa.p(r, f) = pSa,p(r, &) + 0(1).
From this and Lemma 2.4(i), we have p =q. Hence
-1 -1
) =B- g .
f-c g—c¢
Hence we can deduce that 1 and c are shared CM (of course “CM”) by f and g in X. Therefore we get from Lemma 2.10
that 0, oo, 1, ¢ are shared CM by f and g in X. This completes the proof of Theorem 1.6.

5. Concluding remark

It is well known that there exists an example, which shows that the four values CM cannot be replaced by the four
values IM in Theorem 1.1 if X = C (see [5]). So we may raise the following question by a simple notation 1CM + 3IM = 4CM
similarly as the open question in the uniqueness theory of meromorphic functions that share four values in the plane [4].

Question 5.1. Let f and g be two distinct transcendental meromorphic functions that share three values IM and share
a fourth value CM in one angular domain X = {z: o <argz < g} with 0 < 8 —«a < 2m. Suppose that

Sa.p(r, f)
im —————
r—oo log(rT(r, f))
Then do f and g necessarily share the four values CM in X?

=00 (réE).
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