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1. Introduction

Studied here is the following periodic two-component Dullin-Gottwald-Holm (DGH) system on the circle

My — Auy + umy 4+ 2uxm + Yuxxx + pox =0, M=U—Ux, t>0, xeR,
pr+ Up)x =0, t>0, xeR,
u(0, x) =ug(x), xeR, (1)
(0, %) = po(x), xeR, )
u(t,x+1) =u(,x), t>0, xeR,
pt,x+1)=p(t,x), t>0, xeR.
When p =0, (1.1) becomes the DGH equation, that is
my — Auy + umy + 2uxm 4 Y uxxx = 0. (1.2)

This equation was derived using asymptotic expansions directly in the Hamiltonian for Euler’s equation in the shallow water
regime, and it is completely integrable with a bi-Hamiltonian as well as a Lax pair, see [18].
Using the notation m = u — a®uyy, (1.2) can be rewritten as

ur — azutxx — Ay + 3Ully + YUxx = az(zuxuxx + Ullyxxx), (1.3)

where A and o are two positive constants. Eq. (1.3) is connected with two separately integrable soliton equations for shallow
water waves, which are the Korteweg-de Vries (KdV) equation and the Camassa-Holm (CH) equation [5,22].
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When a2 =0, (1.3) becomes the well-known KdV equation

Uy — Aux + 3uuy + Yuxxx =0,

which describes the unidirectional propagation of waves at the free surface of shallow water under the influence of gravity.
Bourgain [1] proved that the solutions to the KdV equation are global as long as the initial data is square integrable [31,35].
Another remarkable property is that it is integrable and the solitary waves are nonlinearly stable. It is observed that the KdV
equation does not accommodate wave-breaking (which means the wave profile remains bounded while its slope becomes
unbounded in finite time [36]).

When y =0, (1.3) turns into the standard CH equation

ur — Auy — Olzutxx +3uuy = Olz(zuxuxx + Ullxxx), (1.4)

modeling the unidirectional propagation of shallow water waves over a flat bottom [5,12,22], where the variable u(t, x)
represents the horizontal velocity of the fluid, and the parameter A characterizes a linear underlying shear flow. The CH
equation is also a model for the propagation of axially symmetric waves in the hyperelastic rods [17]. Its solitary waves are
smooth if A > 0 and peaked in the limiting case A =0 [5-7]. Recently, it was claimed in [32] that the CH equation might be
relevant to the modeling of tsunami. Some satisfactory results have been obtained for this shallow water equation recently.
The CH equation has global strong solutions and also solutions which blow up in finite time, for instance, see [8-10,13,33]
and references therein, with a different class of initial profiles in the Sobolev spaces H*(R), s > 3/2. It is shown in [2]
and [3] that solution of the CH equation can be uniquely continued after breaking as either global conservative or global
dissipative weak solution.

The advantage of the CH equation in comparison with the KdV equation lies in the fact that the CH equation has peaked
solitons and models wave-breaking. Wave-breaking is one of the most intriguing long-standing problems of water wave
theory [36]. The peaked solitons are the presence of solutions in the form of peaked solitary waves or “peakons” [5-7,19]
u(t, x) = ce =t ¢ £ 0, which are smooth except at the crests, where they are continuous, but have a jump discontinuity in
the first derivative. The peakons replicate a feature that is characteristic for the waves of great height-waves of the largest
amplitude that are exact solutions of the governing equations for water waves. These peakons are shown to be stable
[14,15].

The interest in the CH equation inspired the search for various generalizations of this equation. The following two-
component integrable CH system was first derived in [34] and can be viewed as a model in the context of shallow water
theory [11,28],

m; — Auy + umy + 2uym + ppx =0,

m=1u — Uy, (1.5)

pr+ Uup)x=0,
where p(t, x) is related to the free surface elevation from equilibrium(or scalar density), and the parameter A characterizes
a linear underlying shear flow. Obviously, if p =0, then (1.5) becomes the CH equation. Many recent works are devoted to
studying (1.5) (see, for instance, [11,20,23-28,37] and references therein).

In the presence of a linear shear flow and nonzero vorticity, we will follow Ivanov’s approach [28] to derive (1.1). System
(1.1) can also be rewritten as the following equivalent form of the system in terms of u and p, that is,

Up — Upxx — Allx + VUxxx + 3UlUx — 2UxUxx — UlUgxx + pox =0, t>0, xR,

pr+ (Up)x =0, t>0, xeR,

u(0, x) =ug(x), xeR, (16)
00, x) = po(x), xeR,

ut,x+1)=u(,x), t>0, xeR,

pt,x+1)=p(t,x), t>0, xeR.

It is very interesting that not only the DGH equation but also the DGH system is completely integrable. The DGH system
can be written as a compatibility condition of two linear systems (Lax pair) with a spectral parameter &, that is

A 1
Vi = (—€2p2+é(m— 5+ g) + Z)W’

1 1
lI/[: (E —u+y>'~1’x+ iquI/.

Moreover, this system has the following two Hamiltonians

E(u, p) = %/(u2+u§+(p—l)2)d><
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and
1
Fup)=3 /(u3 +uuf — Au? — yuZ +2u(p — 1) +u(p — %) dx.

The goal of this paper is to derive the two-component DGH system by the shallow water theory, then to establish a
result of blow-up solutions corresponding to only wave-breaking with certain initial profiles for this system. Our main tool
to investigate the question of the wave-breaking for this system is due to Constantin and Escher [8,11]. However, since the
system has two characteristics (see (3.2)-(3.3) in Section 3), we cannot just follow their approaches. In fact we will make
use of the diffeomorphism of the trajectory ¢, defined in (3.3), which captures the maximum/minimum of uy, therefore the
transport equation for p can coincide with the equation for u.

The rest of the paper is organized as follows. In Section 2, we will follow the modeling approach in the shallow water
theory [28] to derive the DGH system. The local well-posedness result (Theorem 3.1) is presented in Section 3 and the proof
of it was enclosed in Appendix A. In Section 4, the wave-breaking phenomena of solutions for the system is analyzed in
details.

Notation. Throughout this paper, we identity periodic functions with function spaces over the unit circle S in R?, i.e.
S=R/Z.

2. Derivation of the model

In this section, we will follow Ivanov’s approach in [28] to derive the DGH system. Consider the motion of an inviscid
incompressible fluid with a constant density ¢ governed by the Euler equations

- - - 1 -
Vi+(v-V)v=——VP 4 g,
Q
V.-v=0,
where V(t, x, y, ) is the velocity of the fluid, P(t,x, y, z) is the pressure and g = (0,0, —g) is the gravity acceleration.
Using the shallow water approximation and non-dimensionalization, the above equations can be written as
ur + &(Uuy + wuz) = —px,
82 (we + e(uwy + wwy)) = —py,
Uy +w; =0,
W =1+ Euny, p=n onz=1+4¢n,
w=0 onz=0,

where Vv = (u, 0, w), p(x,z,t) is the pressure variable measuring the deviation from the hydrostatic pressure distribution
and 7(t, x) is the deviation from the mean level z=h of the water surface. ¢ =a/h and § = h/\ are the two dimensionless
parameters with a being the typical amplitude of the wave and A being the typical wavelength of the wave.

In the presence of an underlying shear flow, the horizontal velocity of the flow becomes u + U(z). We take the simplest
case U(z) = Az in which A > 0 is a constant. Notice that the Burns condition gives the shallow water limit of the dispersion
relation for the waves with vorticity, hence determines the speed of propagation of the linear waves. From Burns condition
[4] one has the following expression for the speed c of the traveling waves in linear approximation,

1
— 2
c_2(Aj: 4+ A?). (21)

In the case of the constant vorticity w = A, we obtain the following equations for up and 5 by ignoring the terms of
0(e%,8% 8%,

1 2 A 2
U — 55 Upxx | +&uolox+1Nx — 38 Ug,xxx =0, (2.2)
t

A 1
e+ Anx + ((1 +enuo + 58772) - gézuo,m =0, (2.3)

X

where ug is the leading order approximation for u (see the details in [28]). Let both of the parameters € and § go to 0.
Then by Egs. (2.2) and (2.3), we have the following system of linear equations

uo,t +nx =0,
Nt + Anx +ugx=0.
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This in turn implies that 7 + Ani — nxx = 0. Introducing a new variable

p=1+¢ean+ 82,37’]2 + '952/“10,xx7

for some constants «, 8 and p satisfying

no 1

a  6(c—A)’
A

ot=1+—c+é,
2 o

then Egs. (2.2) and (2.3) become

1
6c2(c — A)
pr+ Apx +ag(puo)x =0,

—_ — 2 I — 2 =
me + Amy — Aug x U xxx + 8<1 o ¢ Juollox + c (10 )x =0, (2.4)

where m = ug — $82uq x. Since

3uguo x = 2mug x + UMy,

(2.4) can be reformulated at the order of O (e, §2) as

1

me + Amy — Aug x — ————5°
A= Allox = B A)

2
3 o +2p 2 1 2
Ug,xxx + 3 (1 i c“ | (2mug x + upmy) + Yo (p )X —=0.

Using the scaling ug — %ug, x — dx and t — &t, then (2.4) becomes

1 1 a+28 , 1, .,
me+ Amy — Algx — ————1U — (11— ——cc* |2mu Uom — =0,
t+ X 0,x 6c2(c— A) 0,xxx + 30{( o )( 0,x + Ugimy) + 2w (/O )x
m=1ugp — Uo,xx,
pr+ Apx + (pug)x =0.

Now if we choose

1 242
(1_ucz)=1

30 a

and denote y = then we arrive at

1
6c2(c—A)’

me + Amy — Aug x + 2mug x + UMy + Y Ug xxx + PPx =0,

m= o — Uoxx, (255)

Pt + Apx + (pug)x =0.

Thus the constants «, 8, i and c satisfy

oy 1 +c2
T 3(c2+1) 37

Ac
/3=0!2—O[<'1+7>,

_ o
T 6(c—A)’
c2—Ac—1=0.

n

With a further Galilean transformation x — x — ct, t — t, we can drop the terms Apx and Am, in (2.5) and obtain (1.1)
or (1.6).
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3. Local well-posedness and preliminaries

To study the wave-breaking problem, we first recall the local existence theory for the periodic DGH system. We will
apply Kato’s theory to obtain the local well-posedness of (1.6) with initial data (ug, og) € H*(S) x H71(S), s > 2.
It is noted that the periodic DGH system can be written as the “transport” type, that is

1 1
Ur 4 (U — Yy = —xG * <u2+§u§+(y—A)u+5,02>, t>0, xeR,
pe+ (up)x =0, t>0, xeR,
u(0, x) = up(x), xeR, (3.1)
(0, %) = po(x), xeR,
u(t,x+1) =u(,x), t>0, xeR,
pt,x+1)=p(t, %), t>0, xeR,
where
h(x — —1/2
G = o8 (X. X =1/ ), xeSs,
2sinh(1/2)

(1—-3)""f=Gx f forall fel?@S), u=Gx*m and m=u — uxy. The system in (3.1) is suitable for applying Kato’s theory
[29] to obtain the local well-posedness. Therefore we have the following theorem.

Theorem 3.1. Given an initial data (ug, po) € H*(S) x H~1(S), s > 2, there exists a maximal T = T(||(uo, PO sy xHs-1(s)) > 0
and a unique solution

(u, p) € C([0, T); H(S) x H*1(S)) N ([0, T); HT'(S) x H*2(9))

of (1.6). Moreover, the solution (u, p) depends continuously on the initial value (ug, po) and the maximal time of existence T > 0 is
independent of s.

Since the proof of this theorem is similar to Theorem 2.2 in [20], we enclose it as Appendix A for completeness.

In order to pursue our goal for wave-breaking solutions, we state here some previously known results which are needed
for our proofs.

We consider the following two associated Lagrangian scales of (3.1)

aﬂ—u(tq)— O<t<T

o AV TY ’ (32)
q1(0,x) =x, xeR,

and
0q2
W =u(t,CI2)7 0<t<T, (33)
q2(0,%) =x, xeR,

where u € C1([0, T), H~1(S)) is the first component of the solution (u, o) to (1.6).

Lemma 3.2. (See [16,11].) Let (u, p) be the solution of (1.6) with initial data (ug, po) € H5(S) x HS~1(S), s > 2, and T the maximal
time of existence. Then (3.2) has a unique solution q; € C'([0, T) x R, R) and (3.3) has a unique solution q, € C([0, T) x R, R).
These two solutions satisfy q; (t,x + 1) = q;(t,x) + 1,i =1, 2. Moreover, the maps q (t, -) and q»(t, -) are increasing diffeomorphisms
of R with

t
qix(t,x) = exp(f ux(t,q1(t, %)) dr) >0, (t,x)e[0,T) xR,

0
t

qax(t, X) = exp(/ux(t,qz(r,x)) dr) >0, (t,x)e[0,T)xR.
0

The above lemma indicates that qq(t,-) : R — R and qa(t, -) : R — R are diffeomorphisms of the line for each t € [0, T).
Hence, the L norm of any function v(t,-) € L°°(S) is preserved under the family of diffeomorphisms q1(t,-) and qx(t, -)
with t € [0, T), that is

|ve. ')HLOO(S) = |v(t.qi(t.)) ”LOO(S) = [v(t.q2(¢. ) ”LOC(S)’ tel0. 7). (3.4)
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Similarly, we have

infv(t, X) = infv(t, q1(t, %)) = infv(t, q2(t,x), te[0,T), (3.5)
supv(t,x) = supv(t qi(t,x) = supv(t q2(t.x)), te[0,T). (3.6)
xeS

Lemma 3.3. (See [20].) Let (u, p) be the solution of (1.6) with initial data (ug, po) € H*(S) x H"1(S), s > 2, and T the maximal
time of existence. Then we have

p(t. q2(t, ) qax(t, x) = po(x), (¢, X) €[0,T) xS. (3.7)
Moreover if there exists a xo € S such that po(xp) = 0, then p(t,q2(t,x0)) =0 forallt € [0, T).
Lemma 3.4. (See [9].) Let T > 0 and v € C1([0, T); H2(R)). Then for every t € [0, T), there exists at least one point &(t) € R with
t) := inf t, = t,&(t)).
m(t) := inf (ve(t, ) = va(t.£(0))
The function m(t) is absolutely continuous on (0, T) with
dm(t)

ek vix(t, £(t)) ae.on(0,T).

Then, we give the useful conservation law of the strong solutions to (1.6).

Lemma 3.5. Let (u, p) be the solution of (1.6) with initial data (ug, pg) € H5(S) x H"1(S), s > 2, and T the maximal time of
existence. Then for all t € [0, T), we have

f(uz(t, X) +us(t,x) + p(t,x)) dx = /(ug(o, X) + u, (0, %) + p3 (0, x)) dx
S S

Proof. Multiplying the first equation of (1.6) by 2u and integrating by parts, we have

R / u (t x)+u (t, x) =1 /ux(t x),o (t, x) dx.

Multiplying the second equation of (1.6) by 2p and integrating by parts, we get

d 2(t,x) = d /u (t, X)p2(t, x) dx
clt P Tar | P06
S
Adding the above two equalities, we obtain

d
dtf(u (€, %) + ug (6, ) + p*(t, %)) dx

This implies the desired result in this lemma. O

Lemma 3.6. (See [21].) For all u € H'(S), the following inequality holds

1
G * (u2 + 5”’2‘) > kul(x),
with

L arctan(sinh(1/2))
2 2sinh(1/2) + 2arctan(sinh(1/2)) sinh? (1/2)

~
~

Moreover,

2 1,2
G+ lud)
K = min —_—

ueH!,u#0 u?(x)
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which is the optimal constant obtained by the function

1+ arctan(sinh(x — [x] — 1/2)) sinh(x — [x] — 1/2)
N 1 + arctan(sinh(1/2)) sinh(1,/2)

uq

Lemma 3.7. (See [9].) Let g be a monotone function on [a, b], and f be a real continuous function on [a, b). Then there exists a & € [a, b]
such that

b 3 b
/ f(s)g(s)ds =g(a) / f(s)ds + g(b) f f(s)ds.
a a £

4. Wave-breaking

In this section, we establish a result of a wave-breaking solution (i.e. the wave profile remains bounded while its slope
becomes unbounded in finite time) with certain initial profiles for the periodic DGH system (1.6).

Firstly, in order to obtain the precise blow-up mechanism of the DGH system, we recall the following lemma derived
in [26].

Lemma 4.1. Let 0 < s < 1. Suppose that fo € H5(S), g € L' ([0, T1; H5(S)), v, vx € L1([0, T]; L®(S)) and that f € L>°([0, T];
H5(S)) N C([0, T1; S'(S)) solves the one-dimensional linear transport equation

{ ft+vix=g,
f(0,%) = fo(x),

then f € C([0, T1; H*(R)). More precisely, there exists a constant C depending only on s such that the following estimate holds,

t t
1FO] e < Ifolls +c( / lg(0)] . dr + / Hf(r)HHsV’(r)dr)
0 0

Hence,

t
| FO s < efv“><||fo|ms +C / lg@] 4 df),
0

where
t

VO = (1@l + v ) de.
0
The above lemma was proved using the Littlewood-Paley analysis for the transport equation and the Moser-type esti-

mates. Using this result and performing the same argument as in [26], we can obtain the following blow-up criterion (up
to a slight modification, the proof is omitted).

Lemma 4.2. Let (u, p) be the solution of (4.1) with initial data (ug, po) € H5(S) x H"(S), s > 2, and T the maximal time of
existence. Then

T
T<oco = /Hux(f)”Lm(S) dr = co.
0

Based on the above results, let us state the following precise blow-up mechanism of (1.6).

Proposition 4.3 (Wave-breaking criterion). (See [38].) Let (u, p) be the solution of (1.6) with initial data (ug, po) € H*(S) x HS~1(S),
s >2,and T the maximal time of existence. Then the solution blows up in finite time if and only if

liminf{infu(t, x)} = —o0.
t—>Ty X€S
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Using Proposition 4.3, we study the wave-breaking phenomena for (1.6). We set

mi(t) = miél(ux(t, X)), ma(t) := maé((ux(t, x)).
S Xe

Theorem 4.4. Let (ug, po) € H*(S) x HS~1(S), s > 2 satisfy
cosh(1/2) —1
0 0 —4|ly — A|——————— — 24/2(q,
m1(0) +m2(0) < ~4ly ~ Al—2 e V26
where

(1 =) cosh(1/2) >%
TS 14 A L0 s

Co= /(ug(o,x) +ud (0, + p2(0,%)dx,  C =( 2 Snh/2)

S

_1 arctan(sinh(1/2))
andk = 5 + b (1/2) 3 Zarctansinh(1/2)) S /2) If there are some x1, X2 € S such that
po(x1) =0,  upx(x1) =infugx(x),
xeS
and
Po(x2) =0, Uug x(x2) = suSp up x(x),
Xe

then the solution of (1.6) blows up in finite time.

Proof. Let T > 0 be the maximal time of existence of the corresponding solution (u, p) to (1.6). By Theorem 3.1, we need

only to prove this theorem for s > 3. According to Lemma 3.4, we can define £(t) €S as

my(t) = ux(t, (1)) = ingux(t, x), tel0,T).

(4.4)

Since q»(t, -) defined by (3.3) is a diffeomorphism of the circle for any t € [0, T), we obtain there exists a x1(t) € S such that

B2 (tx1(0)) =&@1), te[0,T).
Then (4.2) and (4.4) imply that

my(0) = ux(0,£(0)) = infu x(x) = o x(x1).
Therefore we can choose £(0) = x; and

po(£(0)) = po(x1) =0.
Using Lemma 3.3, we have

Pt q2(t, x1 () = p(t.£(t)) =0, Vte[0,T).

On the other hand, since supycs(vx(t, x)) = — infyes(—Vx(t, X)), we similarly define
my(t) = ux(t, n(t)) =supux(t,x), te[0,T),
XeS
then there exists a xa(t) € S such that qx(t, x2(t)) = n(t), t € [0, T). Moreover, we have

p(t. a2(t. x2(0)) = p(t. £(®)) =0, Vte[0,T).
Now, differentiating the first equation in (3.1) with respect to the x, we have
. __12 212__ 2 . 21212
Utx + (U — Y)Uxx = 2ux—ku +2p (y —A)Gxu—Gx*|u +2ux+2,o .
In view of the definitions of m;(t) (i=1,2) in (4.4) and (4.7), let x =x;(t), (t =1, 2), we obtain that
dmq 15

=——m

dr - 201

1 1
+u2—(y—A)BfG*u—G*(uz—i-iuf(—i—EpZ)

1 1
1 1 1
= —Em% +u?—(y - A)/G(y)uxx(t,sa) —y)dy — f GED -y) <u2 + Eu,% + 5p2> dy
0 0

(4.5)



M. Zhu, J. Xu /J. Math. Anal. Appl. 391 (2012) 415-428 423

and
dm; 1 1 1
T:—§m§+u2—(y—A)(’),%G>x<u—G>x<(uz—i—iu,ani,(ﬁ)
1 : 1 1 1
= _Em% +u?—(y — A)/G(y)uxx(t, n) —y)dy — / G(nw —y) <u2 + Euﬁ + 5,oz) dy. (4.10)
0 0

In view of m <Gy < zcg%% and thanks to Lemma 3.6, we have

1 1 1
1 1 1 1 1 1
uz—/G(x—y) u? 4+ —u2 + = p? dy<—/G(X—y) u? 4+ -u? dy—/G(x—y) u?+ —u2 + —p?)dy
2 X732 K 2 2 X732
0 0 0

1 1
1—« cosh(1/2) 5 1, 1 / 2
S— Suy Jdy— = | Gx— d
kK 2sinh(1/2) vt 2% )75 (x=y)p=dy
0 0

1

(1 —k)cosh(1/2) 2 2 9 2
<———— | (u u dy =Cy. 411
2ic sinh(1/2) (u%+uy+p%)dy = G (@11)
The function G(y) is continuous, decreasing on [0, %] and increasing on [%, 1], with G(%) = m and G(0) =G() =

cosh(1/2) :
3sinh(1,2)° So that we choose the function

g =Gy — AR

1
2sinh(1/2)’
which is continuous, decreasing on [0, %] and increasing on [%, 1], with g(%) =0 and g(0) =¢g(1) = % Note the
periodicity of uxx, we find for i =1, 2, that

1

/G(Y)Uxx(tsxi —-ydy

1
= / gV uxx(t,x; — y)dy

0 0
3 1
< /g(y)uxx(t, xi—y)dy|+ /g(y)uxx(t, Xi —y)dy|. (412)
0 }
Using Lemma 3.7, we have
1 1
2 @ 2
1
/g(y)uxx(t,xz' —ydy|= g(O)/uxx(t,xi —y)dy+g(5>/uxx(t,xi —ydy
0 0 @
_ cosh(1/2) — 1 N o
sinh(1/2) (ux(t, X)) — ux(t, x; <p))|
cosh(1/2) — 1
In the same way, we obtain
1
A cosh(1/2) — 1
/g(y)uxx(t,x, —y)dy| < ZSiT(l/Z)(mZ(t) —my(t)). (4.14)
1
2
Substituting (4.13) and (4.14) into (4.12), we deduce that
1
' cosh(1/2) —1 B
/ Gt Xi = ) dy| S ——o— a2 (m2(t) —my(©)). (415)

0



424 M. Zhu, J. Xu /J. Math. Anal. Appl. 391 (2012) 415-428

In view of (4.9), (4.10), (4.11) and (4.15), we obtain for a.e. t € (0, T) that
dmy 1 cosh(1/2) — 1

< _m? _ _ 2 .
L +ly — Al sinh(1/2) (my —my) +Cq, (4.16)
dmy 1, cosh(1/2) — 1 2

— < —-= —Al——————(my — c2. 417
dt M2 1y Al sinh(1/2) (mz =m1) + G (4.17)

Summing up the above two equations gives
d(mq +my) < cosh(1/2) —1

1
—E(m%+m§)+2|y—A| (my —my) + 2C3

dt sinh(1/2)
1, 5 5 cosh(1/2) — 1 cosh(1/2) — 1 5
=——(mj+m 2ly —A|l——————(my +my) — 4|y — A|——————mq + 2(C7. 418
2( 1+ 2)+ ly | sinh(1/2) (mz +my) ly | sinh(1/2) 1+ 203 ( )
Let
cosh(1/2) —1
C=ly —-Al———————— 419
2= = A=) (419)
Then (4.16) and (4.18) become the following equations
dm 1
—1<——m%+C2(mz—m1)+C%, (4.20)
dt 2
and
dimy+m 1
% < =5 (m3 4+ m3) + 2C5(my + my) — 4Comy +2CF. (4.21)
Since (mq + my)(0) < —4|y — A|% — 24/2C1 = —4C; — 24/2C4, there is § € (0, 3] such that (my + m2)(0) <
—a —2v/2(1 +8)Cq with « =4C, + 68, a > 4C,.
We first claim that there holds for all t € (0, T],
(M1 +mo)(t) < —o — 23/2(1 4 8)C;. (4.22)

Let i =: (m; +my)(t) + & + 24/2(1 + 8)C;. Then we claim that m(t) < 0. It is observed that i is continuous on [0, T). If
(4.22) does not hold, we can find a tg € (0, T) such that m(t) > 0. Denote

t1 =max(t < to: M(ty) =0).
Then
m(t;) =0,  m'(t}) >0. (4.23)
Thanks to
1 1
mi(t1) < 5(1111 +mp)(t1) = —50 - V2(1+8)Cy
and

my(t1) = —a — 2v/2(1 + 8)C1 — my (t1),
using (4.21) and (4.23), we get

m'(t1) = (my +my) (t1)

1 1
< —Em%(n) - imﬁ(m +2C2(my +my)(t1) — 4Comy (1) 4 2C2

1 1
= —Em%(ﬁ) - 5(—01 —2V2(1 + 8)C1 —my (1)) +2Ca(—a — 2v2(1 + 8)C1 ) — 4Cam (1) + 2C2

= —m(tr) —m1 (t1) (& + 2v/2(1 + 8)C1 +4C2) — %(a +2v2(1+8)C1)°

— 20 (o +2v2(1 +8)C1) +2CF

2
- —<m1(t1) + %(a +2V2(1+8)Cr + 4C2)> - }l(a +2vV2(1+8)C1)° +4C2 +2¢2, (4.24)
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which together with the fact o > 4C, implies

1
M (01) < =5 (0 +2v2(1 +8)C1)” +463 +2¢F <0.

This yields a contradiction with (4.23).
Putting (4.22) and mq(t) < %(m1 +my)(t) < —2C3 — ~/2(1 4+ 8)C; back to (4.20), we have

dimq(t) +2C) dmy 1, 2
_— e K - _
p” T S 2ml(t)+C2(m2 my)(t) + C3

1
= =M + Cma +m1)(O) = 2Cmy (0 + C(©)
1
< —Em%(t) + Co(—a —2v/2(1 +8)Cq) — 2Comy () + C2
1
= —S(m© + 20,)° — Coar — 2v/2(1 4 8)C1Cy 4 2C2 + C2

1
=—S(m®+ 2C;)° +C2 — Co@ — 2C2 + 2v/2(1 + 8)C1)

508 +2)

2

Since my(t) is locally Lipshitz on (0, T), we have that is also locally Lipshitz on (0, T). Being locally Lipshitz,

1
mq(6)+2C;

m is absolutely continuous on (0, T), it is then inferred from (4.22) that

d ! 56+2) oo
E(ml(f)+2C2)>2(]+5)2’ E( s )

Consequently,

2(14 8)2(m1(0) + 2C3)
(m1(0) +2C2)8(8 + 2)t +2(1 + 8)?

mi(t) < —2Cy, te(0,T).

2
Using Proposition 4.3, the above equation implies that T < —m. Therefore, the proof of the theorem is com-
plete. O
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Appendix A
In this appendix, we will apply Kato’s semigroup theory to establish the local well-posedness for the periodic initial

value problem to (3.1). For convenience, we present here Kato’s theorem in a form suitable for our purpose. Consider the
abstract quasilinear evolution equation

dv A = >0
{E* Wv=fm. t>0, "
v(0) = voq.

Let X and Y be two Hilbert spaces such that Y is continuously and densely embedded in X, let Q : Y — X be a topological
isomorphism, and let ||- ||x and || - ||y be the norms of the Banach spaces X and Y, respectively. Let L(Y, X) denote the space
of all bounded linear operators from Y to X. In particular, it is denoted by L(X) if X =Y. If A is an unbounded operator,
we denote the domain of A by D(A). [A, B] denotes the commutator of two linear operators A and B. The linear operator
A belongs to G(X, 1, 8) where 8 is a real number, if —A generates a Cg-semigroup such that [[e~4 oo < efs. The inner
product in H® is denoted by (-, -)s, particularly the L? inner product is (-, ).

We make the following assumptions, where w; (i =1, 2,3, 4) are constants depending only on max{||ylly, llzlly}:

(i) A(y) e L(Y, X) for y € X with

[(A) — A@)w |, < milly —zlixIwlly, y.zweY

and A(y) € G(X, 1, B) (i.e., A(y) is quasi-m-accretive), uniformly on bounded sets in Y.
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(i) QA(yY)Q 1= A(y) + B(y), where B(y) € L(X) is bounded, uniformly on bounded sets in Y. Moreover,

|(B») —B@)w| <pally —zlylwlx, y,zeY, weX.

(iii) f:Y — Y extends to a map from X into X, is bounded on bounded sets in Y, and satisfies

lfon = f@|y, <wsly—zly, y.zeY

and

1f) = f@|y < mally—2zlx. y.zeY.

Lemma A.1. (See [29].) Assume the conditions (i), (ii) and (iii) hold. Given vg € Y, there is a maximal T > 0 depending only on ||vo|ly

and a unique solution v to (A.1) such that
v=v(,vo) €C([0,T); Y)nC'([0, T); X).

Moreover, the map vg + Vv (-, vVg) is a continuous map from Y to C([0,T); Y) N c! ([0, T); X).

To prove Theorem 3.1, we will apply Lemma A.1 with

~(3)

AU) = ((u ik 0 )

Uy

FU) = (—axm - o) w? +_%uui+ (v — Au+ %p%) ,

Y=HSxH 1, X=H"1xH2, A=(1-82)"? and

Qz(g g)

(A2)

(A3)

(A4)

Obviously, Q is an isomorphism of HS x HS~! onto H~! x H52. Thus, to derive Theorem 3.1, we only need to check that

A(U) and f(U) satisfy the conditions (i)-(iii), and this can be formulated through several lemmas.
The following lemmas in [29] (Lemma A1) and [30] (Lemma 2.6) are useful in our proof.

Lemma A.2. Let r, t be two real numbers such that —r <t <r. Then,

. 1
Ifgle <clfirigle. ifr>-

and

. 1
If&l ey <clflirligle ifr< 7

where c is a positive constant depending on r and t.

LemmaA.3. Let f € H' for somer > 3. Then
| AT [T M)A gy < CllOxfllroa, SIIEI<T—1,

where M ¢ is the operator of multiplication by f and c is a constant depending only on s and [
Lemma A4. With U € HS x H5"1(s > 2), the operator A(U) € G(H~! x H"2,1, p).

Proof. Taking the H*~! x H°~2 inner product with W = (m) on both sides of the equation &Y + A(U)W =0 gives

1d

2 _
St W st = (W, AW oo

@)
w2 Udws (5—1)x (5—2)

xHS—2

(A.5)

(A.6)

(A7)
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—(w1, (u—y)oxwi),_; — (Wa, udxw2)s 2

s—1

—(A T wr, AT ((w = p)dwr)) — (A5 2 w2, A5 2 (udw2))

= (A wy, [AT L u = y]aows) = (A5 wy, (u — ) 8eA5 T wg)
(

—<A5’2wz,[A52 ujoxwa) — (A% wz,uaxA5’2W2>

:—(As_lwl,[As_l,u— ¥ Joxwi <AS Twy, duAsTw wi)

— <As_2W2, [AS 2 ]axW2> —

)—
1 s—2 s—2
§<A Wy, OxUA W2>

N

1
] [ A W TN T P et

1
+ ”A572W2 I 52 I [AS?Z’ u]Agis ”L(LZ) + §||”X”L°° HASJW2 HLZ
c(IUllus + 1y 1) (Iwaliggs-s + Iwallgs2)
=c(lUllas + 1Y DIW 21, pys2-

By integrating both of sides in the above the estimate, it follows that A(U) € G(H™! x H2,1,c(|Ulgs + ¥)). O
Lemma A.5. The operator A(U) defined by (A.2) belongs to L(H® x HS~1, H~1 x H5~2). Moreover
[ (AU) = AWV)W | ot o2 S U1llU = Vilgsss 1 IW I gsscps1, U V. W € HS x STl (A8)

Proof. In view of (A.2), we have

(AU) - A(V)W = ((“ — V= i—p)d 0 ) (Wl )

0 Udy — V10x w)
_ ((U - V1)3xW1>
(U —vy)dewa )
Since H5~! (s >2) is a Banach algebra, taking r=s — 1, t =s — 2 in Lemma A.2, we have

“ (A(U) - A(V))W”HS—IXHS 2 X “ (u - V])BXW] ”Hs 1 + || (u - Vl)aXW2 ||HS 2
< C”U — Vi ” Hs—1 (||8xW1 | gs—1 + ||3xW2||H5—2)
< C”U — V”HS*]XHS’Z”W“HS’]XHS*Z'

Taking V =0 in (A.8), we deduce that A(U) € L(H®* x H"1, HS"1 x HS72). O

Lemma A.6. (See [20].) Let B(U) = Q A(U)Q ~! — A(U), for U € H® x H"1 (s > 2). Then B(U) € L(H*~! x H2) and

[(BW) = B)W | oot sz < #2llU = Vs st IW llgs—1 g2, U,V €HS x H1, W e HS™! x H ™2,

Lemma A.7. (See [20].) Let U € H® x H*~! (s > 2). Then the operator defined by (A.3) is bounded on bounded sets in H® x H*~1, and
satisfies

@ I W) = fFV)llgsps < U3lU = Vlgsyps, U,V € HS x B,
(b) ||f(U) - f(v)“Hs—IXHs—Z < /.1/4||U - V”Hs—lXHs—Z, U, Ve HS X Hs_l.

Proof of Theorem 3.1. The result follows from the combination of Lemmas A.4-A.7. O
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