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1. Introduction
Let n > 3 and consider the Schrédinger operator on R" with non-negative potential V, given by

L=—-A+V.

We assume that V is locally integrable and belongs to the class of reverse Holder weights RHy for some q > n/2. That is,
there exists C = C(q, V) > 0 such that for all balls B c R",

1 o\
(m/V(x) dx) <mB/.V(x)dx. (1.1)

B

The operator L generates a semigroup el on L%(R") with integral kernel p;(x, y) given by

e‘“f(x)=/pr(x, »fy)dy.
Rn
We shall refer to p;(x, y) as the heat kernel of L.
In this article we study the second order Riesz transform

o
vt =/v2e—“dt (1.2)
0
on Hardy spaces for p < 1.
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For p > 1 the following is known for LP spaces.

(i) If V >0 the first order Riesz transforms VL~1/2 and V1/2L=1/2 are bounded on L? for all p € (1, 2]. See [19,5].

(ii) If V € RHq for ¢ > 1 and n > 1, the first order operators are bounded on LP with p € (1,q*] for VL~1/2, and with
p e (1,2q] for V/2L=1/2 Here q* =qn/(n — q) if ¢ <n and q* = oo if ¢ > n. The second order operators V2L~! and
VL~ are bounded on L? for all p € (1, q]. See [182].

1/2 and

For p <1 the Hardy spaces HP continue the LP scale in the sense that the classical Riesz transforms V(—A)~
V2(—A)~! map HP into HP for all 0 < p < 1. See [22].

However when working with differential operators other than the Laplacian it turns out that H? may not be the most
appropriate and, in these situations, it may be more suitable to work with a Hardy space that is adapted to the differential
operator. A well developed theory concerning these matters is now available and we refer the reader to [3,6,10,11] for
further discussion and historical notes. For Schrédinger operators the class of Hardy spaces H‘Z of relevance can be found in
[7-10,13]. See Section 2 of this article for a review of their definitions.

Estimates for the first order Riesz transforms on these spaces are known:

Theorem 1.1. (See [10,13,5].) Let V > 0 be a locally integrable function on R withn > 1, and L = —A + V. Then VL~/2 maps HY
to LP forall 0 < p < 1, and maps HP into HP forn/(n+1) <p < 1.

In this article we obtain analogous estimates for the second order Riesz transforms associated to L under the extra
condition that V satisfies a reverse Holder inequality (1.1). The main result of this article is the following.

Theorem 1.2. Let L = —A + V on R" with n > 3. Assume that V € RHq with q > max({2, n/2}. Then the following hold:

(a) The operators V2L and VL™ are bounded from H} (R") into LP(R") for each p € (0, 1].
(b) The operator V2L~ is bounded from HY (R™) into HP (R") for each p € (n/(n+ 1), 1.

The key to our approach is suitable estimates on the derivatives of the heat kernel Vf pe(x, y), obtained in [15]. See
Lemma 3.2 below. This combined with the formula (1.2) allow us to apply the strategy in [10,13] used to study the first
order operator VL™1/2,

In addition since V is a reverse Holder potential, the atomic characterization of the Hardy spaces Hf given in [8] (see
Definition 2.3 below) allow us to state the range of boundedness on the classical Hardy spaces.

Corollary 1.3. Under the assumptions of Theorem 1.2 the operator V2L~ is bounded from HP(R") to HP (R™) for each p € (n/
(n+ pyr), 1], where py = min{1, 2 —n/q}.

We give some remarks about the condition q > max{2,n/2} in our results. The requirement q > 2 is required in two
instances. The first is in the construction of the H‘L7 spaces, which uses L2—convergence of atomic sums (see Section 2).
The other instance is the L2 boundedness of the operators V2L~ and VL~!, which we recall from item (ii) above, is valid
when g > 2. The reader will observe that our techniques and our heat kernel estimates will still follow through for the
range q < 2, with suitable modifications, once an alternative construction of Hf is available. For the time being however,
the range n =3 and 3/2 < g < 2 remains open.

This result also admits extensions to weighted Hardy spaces introduced in [20] and further studied in [24,23]. Our
methods allow extensions for Theorem 1.2 (a) and (b) to weighted variants of Hf and HP. However Corollary 1.3 remains
open in this setting. We refer the reader to [16] for the details.

This article is organized as follows. In Section 2 we summarize the definitions and properties of the Hardy spaces that
we will be working with and then give the proof of Corollary 1.3 is given at the end of the section. Section 3 collects
together the estimates on the heat kernel that we shall need. The proof of Theorem 1.2 is given in Section 4.

Throughout this article we write B to mean a ball B = B(xp,rg) with a centre xg and radius rg that has been fixed.
Given a ball B we write AB to mean the dilation B(xg, Arg). We use U;(B) to denote the annulus 2iB\2i=1B when j > 1
and Ug(B) = B. The letter “C” will represent possibly different constants that are independent of the essential variables.

This article forms part of the author’s doctoral thesis. He would like to thank his supervisor, Xuan Duong, for his guidance
and support. The author is also grateful to the referee for helpful comments, and particularly for suggesting a much more
readable proof of Lemma 4.1.

2. Hardy spaces

In this section we survey the Hardy spaces adapted to the Schrédinger operator L = —A + V. Unless otherwise noted,
we will assume the potential V is a non-negative and locally integrable function. The material in this section can be found
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in more complete form in [4,10,13], where more general classes of operators are treated. For a description of the classical
Hardy spaces and their properties see [22].
Firstly we set

H?(R") := {Lu € [2(R"): u e L2(R")}.

For each f e L?>(R™), we define area integral function of f associated to L as
00 d 1/2
t
SLHx) = (/ / |2Le~L £ ()| dy +1> , xeRM

tn
For each p € (0, 1] we define the Hardy spaces H f (R™) associated to L as the completion of

0 |x—y|<t

{fEHZ(Rn): ”SL(f)”LP(R") < oo}

in the quasi-norm ||f||Hf = ISL(F)lLe.
Next we introduce the notion of (p, 2, M)-atoms for L.

Definition 2.1 (Atoms for Hf). Let 0 < p<1and M e N. A function a € L(R") is called a (p, 2, M)-atom for L associated to
the ball B if for some b € D(LM) we have

(i) a=LMb,
(ii) suppL*b € B for each k=0,1,..., M,
(iii) (r3L)*b|l, < r2M|B|V/2=1/P for each k=0,1,..., M.

Let M > %(% — %). Then it follows that for each f € Hf(R”) there exists a sequence {ag}p of (p, 2, M)-atoms for L, and
a sequence of scalars {Ag}p C C, such that

f=3 hsag and 3B <IfI7,-
B B

The convergence is in both Hf (R™) and L2(R").
These atoms allow us to reduce the study of operators on Hf (R™) to studying their behaviour on single atoms. This is
recorded in the following fact, and will be crucial in the proof of Theorem 1.2 (a).

Lemma 2.2. Let 0 < p < 1 and fix an integer M > %(% - %). Assume that T is a linear operator (resp. non-negative sublinear) operator

that maps L2(R™) continuously into L% (R") satisfying the following property: there exists C > 0 such that for each (p, 2, M)-atom a,

ITallr@wn <C.

Then T extends to a bounded linear (resp. sublinear) operator from Hf(R") to LP (R™). Furthermore, there exists C' > 0 such that

ITfllr ey < C'llflle(Rn)

forever f € HY (R™).
Proof. We refer the reader to [10], Lemma 4.3 or [4], Lemma 3.15. O

Next we specialize to the case that V satisfies a reverse Holder inequality (1.1). Under this context the Hardy spaces
associated to L can be characterized using certain atoms that allow us to directly compare Hf with HP. We will use this
fact to give the proof of Corollary 1.3 at the end of this section. The material found here have their origins in the work by
Dziubanski and Zienkiewicz in the series of papers [7-9].

Firstly we define the critical radius associated to V at x by the following expression:

2
p(x):p(x,V).:sup{r>O.m / Vgl}. (2.1)
B(

X,r)

For each p € (0, 1] we define ”H‘L’(R") as the completion of
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{f e LLR™): IMLfll» < o0}

in the quasi-norm ”f”?-tf = ||M_fllLr. Here Lg (R™) is the space of compactly supported functions on R", and the operator
M is defined as

Muf(x):=suple™ f(x)].
t>0
When V € RH; with ¢ >n/2 and n > 3, the authors in [8] give a special atomic characterization of H‘Lj (R™).

Definition 2.3 (Special L-atoms). A function a is called a special L-atom associated to the ball B = B(xp, 1) if rg < p(xp) and

(i) suppa < B,
(ii) llallp~ < [B|7V/P,
(iii) [ a(x)dx=0 whenever rg < 1p(xp).

Let p; := min{1, 2 — n/q}. The authors show that when p € (n/(n + pr), 1], then each f € Hf(R") has a special atomic
decomposition f =)y Agag where the ap are special L-atoms.

Recall that in the atomic characterization for the classical HP (R") spaces, the cancellation condition is required for all
balls (see [22]). Comparing this with Definition 2.3 (iii) above, we therefore have the following strict inclusion,

n
HP (R™) € HP (R"), e(—,l]. 2.2
(R") CH[(R"), P N+ (2.2)
It is also known (see [13], Section 6) that
n
HPRY =HP(R"), pel——, 1] 2.3
PR =1 @), pe (] 23

We are now read to give

Proof of Corollary 1.3. We simply observe that p; <1 and hence n/(n+ 1) <n/(n+ pr). Therefore (2.2) and (2.3) give

HP (R") C 1P (R") = HP (R"), ! ,1].
(R < Hl (7 = HER). e (i

Combining this with Theorem 1.2 (b) we obtain the corollary. O
3. Kernel estimates

In this section we collect here the heat kernel estimates that we will need for the proof of Theorem 1.2.
We first consider the case V is a non-negative and locally integrable function.

Lemma3.l.letL=—A+VonR" n>1with0<V eLl (R"). Then the heat kernel p;(x, y) of L satisfies the following:

loc
(a) Foreachx,y e R"andt > 0,
0 < pe(x, y) < (Amt) 2e~WoyIP/at (31)

(b) Foreach k € N there exist Cy > 0, ¢ > 0 satisfying

k

Crk  _ohyl?
Wpt(x’ ¥ < YT t (3.2)
foreveryx,y e R",and t > 0.
(c) There exist C, c,a > 0 such that forall y € R", and t > 0,
1/2
2 o x=y? C
</|prt(x, y)|e® ax> < pypET (3.3)

Proof. Estimate (a) is well known. See page 195 of [17]. For the proof of (b) see [17], Theorem 6.17. The proof of (c) can be
found in [1], Lemma 2.5. O
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Next we specialize to the case that V satisfies a reverse Holder inequality (1.1). It is known that under this condition the
heat kernel for L satisfies stronger decay properties than the usual Gaussian upper bounds (3.1). Although this extra decay
is not needed in the proof of Theorem 1.2, we record it here for completeness. Note that the function p has been defined
in (2.1).

Lemma 3.2. Assume that V € RHq with q >n/2 forn > 3, or q > 1 for n = 2. Then the heat kernel p;(x, y) of L = —A + V satisfies
the following estimates.

(a) There exist Cg, co,c > 0and § € (0,1) such that forallx,y e R" and t > 0,

Co O\x—y\z —c(1+—L5)8

Pe(x.y) S me e et (34)
(b) There exist c = c(8) > 0 and c1 > 0 such that for each k € N there exists C > 0 satisfying
ak Ck o=y —c(1+ L8
ar P ”' <t (35)

foreveryx,y e R", and t > 0.
(c) Foreach p € [1, q) there exist B, Cp, c > O such that forall y e R", and t > 0,

) P_p,! 1/p Cp -ty
‘V pr(x, J’)| efr” dX < me P, (3.6)
1/p
x=y1? C Ly
< / [V pex, )| efr dx) < mﬁ P20 (3.7)

Proof. The proof of (a) can be found in [14]. Parts (b) and (c) are proved in [15,16]. O
The following is an extension of Lemma 3.2 (c) to time derivatives on the heat kernel.

Proposition 3.3. Assume V € RHq withq >n/2 forn > 3 orq > 1 forn = 2. Let § be the constant from (3.4). Then for each p € [1, q)
and k € Z there exist £ = &(k, p) > 0 and Cy p > 0 such that

(J"
(f‘ (X)ak

foreveryy e R"andt > 0.

k

X
X 5k pe(x, y)

2 1/p C 5
%— Ix— J’| k,p —c(1+ 2)
e dx < Ty e =" (3.8)

P2 1/p _ 8
o5 dx) Crep e+ o) (3.9)

= p14n/2p+k

Proof. We shall make use of the commutativity property of the semigroup e L to see that for each k > 1,

k k

A7) k ,—2tL k-t 9 el

—e = (—2L)"e =2 " —e .
otk =20 atk

In particular this implies
ak ak 8k
X, dv = —2tL £y O otl iy

/akpzr( Nfydy =—ge " f(x) = 8tk f@)
RH

zzkfpt(x w)a P et f(w)dw

Rn

_2"fpf(x W)/ S Pew. Y f(y)dy dw

Rn

gk
:2"f</pt(x, w)ﬁpr(w,y)dW)f(y)d%

R*™ Rm
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giving the identity
k ak

wPZt()@ V= / pe(x, W)wm(w, y)dw (3.10)
R)’l

for each x, y e R™.
Now fix k > 1 and p € [1, q). We first estimate (3.8). Let £ be a constant such that 0 <& < min{g,/2, pc1/4} where cq is

the constant in the time derivative bounds of Proposition 3.2 (b) and B, is the constant in Lemma 3.2 (c). Then using (3.10)
we have for each y e R" and t > 0,

!

Now for each w € R" the triangle inequality gives

L K 2 ok EM b
e 7 dx=2 /‘/prt(x,w)ﬁpt(w,y)e pt - dw| dx.

ak
Vi 2 ba(x, y)
X otk ?

R RN

£ x—y[?

x—w? lw—y|? x=wi2 o lw—y? lw—y|?
pt <62§ pt e25 pt =e2§ t e 2 pt 345 pt |

e

Therefore for each x, y € R", by Holder’s inequality with exponent p and p’,

ak x—y[2 p

l
’/prt(x, w) —pe(w, y)e’ 7 dw
]Rn

9 tk

w2 Iw—y[? ok P’ e lw—y2 p/p’
< <f|vx2pt(x, w)[Pe2e M g2 dw)(/’wpt(w,y)’ et H dW> :
R R
Using that £ < pcy/4 the time derivative bounds of Lemma 3.2 (b) give

ok P ap'e w=yI? C / [w—y[ C
P'E < __kp —p'(c1—4&/p) < k.p
/‘atkpt(w,y) e AW o | € CAW S
R R

since p’ — 1= p’/p. Note that the constant Ci , is independent of y. We therefore obtain

p 2 2 2
=yl Ck,p 2 P og x=wl e lw=yl
/ e axe S [( [t r=E a)er=
R R

RH

k

vza

xﬁpﬂ(x» y)

px)?

<c 8T e g
X tkp tn/2+kp+np/2p’
Rﬂ

—cp(1+—L5)0
e b +p(x>2)

—cp(1+—L5)°
e

< —
X Ck,p tp+kp+ﬂp/2p’ ’

where we have applied (3.6) in the second inequality because 2& < 8,. This concludes the proof of estimate (3.8).
We can obtain (3.9) in the same way, but we use (3.7) in place of (3.6). O

These estimates allow us to obtain the following decay estimates, which will be crucial in the subsequent sections.

Lemma 3.4. Assume V € RHg with q > max{2,n/2} and n > 3. Then for each k € N U {0}, there exist Cy, c > 0 such that

k 2 1/2 C B
—CS
< / wapt(x’}’) dX> <me , (311)
[X=yI=/s
ok 2 1/2 q B
< / ‘V(X)Mpt(x,y) dX) <me“”, (312)
IXx=y|=+/5

foreachy e R" and s, t > 0.
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Proof. Since g > 2 we may apply Proposition 3.3 with p = 2. Let & be the constant in Proposition 3.3. Then by (3.8),

2 ok 2 1/2 5 9k 2 gley‘z E‘H’lz 1/2
< / Vx ﬁpt(x» y) dX) = ( / VX Wpt(x, y) e t e 3 dX)
[x=yI=+/s ey >V
byl 5 O ey 1/2
< sup 675 t < kpt(x y) eé dX)
[x—y|=/s g X ot
L —&s/t
= ¢l+n/4+k :

Estimate (3.12) can be obtained similarly but with (3.9) in place of (3.8). O
We also record corresponding estimates for the first spatial derivative. These are needed in the proof of Theorem 1.2 (b).

Lemma 3.5. Assumen>1and0<V € L1 (R™). Then for each k € NU {0}, there exist Cy, ¢ > 0 such that

/

[x—y|=>+/s
foreach y e R" and s, t > 0.

k

a C
Vi Pex. )| dx < e, (313)

(1/2+k

Proof. We first observe that a similar argument to the proof of Proposition 3.3, but with (3.3) in place of (3.6), and with
the time derivative bounds in (3.2) in place of (3.5), give the following estimates: for each k € NU 0, there exist & > 0
and Ci > 0 such that

(Jr

Note that the case k =0 is simply the estimate in (3.3).
Now we combine (3.14) with the Cauchy-Schwarz inequality to obtain
k

0" 3 ? e\ B I
/ Vg g Prx.y) dxé( ViggPix.y)| e dX> ( / et dX> S 7k @
Ix—y|=+/s R7 x—yI=5

as desired. O

k

3
S PeX. y)

2 \12 c
- " et ‘dx> < G (314)

t1/2+n/4+k

4. Proof of the main result

In this section we prove Theorem 1.2.

Proof of Theorem 1.2 (a ) We show that Lemma 2.2 holds for each of the operators VZL~! and VL~!, for all 0 < p <1
More precisely let M > 5 (f - —) be an integer and ag be a (p, 2, M)-atom for L associated to the ball B B(xp,TB).

We first consider the operator V2L~!. By Lemma 2.2 it suffices to show that
[v*1~ as,, <C (41)

with C independent of ag.
Since 0 < p <1 we may apply Hélder’s inequality with exponents 2/p and 2/(2 — p) to obtain

[o.¢]
IV2L " as]F = 31 IVAL a5 ] s my)
j=0

< [2B[ P2 vt
=0

3

as Hfz(Uj(B))

00
< |B|1—P/2 Zzin(l—l’/z) “sz—laB HIL)Z
=0

U, B)" (4.2)
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Since q > 2 the operator V2L~ is bounded on L2(R") (recall item (ii) from Section 1), and hence for j=0,1,2,
271 1/2-1
[ V2L a5 | 12y, 5y, < Cllasllz < CIBIM27P. (43)
Now for each j > 3 we note that
dist(U;(B), B) > 2/"'rg —rp > 21 2rp.

Then using the identity

o0

L1 :/e’“dt,
0
we obtain
2 oS
271 2,—tL 2,—tL .
[VeL a8 12y, 8 < /V e apdt + /V e apdt =:1j+1I;.
0 L2(U;(B)) 2 L2(U;(B))
We first estimate term I;. Using estimate (3.11) with k=0 we have
2 1/2
| Ve~ a8 2y, a)) =( f ’ f V2pe(x, y)ag(y)dy dX>
Uj(B) B
5 1/2
</|a3(y)|< / |V2pe(x, y)| d><> dy
B lx—y|>29=2rp
—c4ird e
S Cllas i~z (4.4)
In the following let & be a number satisfying %(% — %) < a < M. Then (4.4) gives
r2 r2 J
2,—tL —cairzye At
1j</||v e aB||L2(Uj(B))dt<C||aB||L1/e c4ird/ AT
0 0
i t \* dt
1-1/p —2ja p(1/2=1/p
< C|B| /(41@) prYzES <C2 |B| . (4.5)

In the last line we used that o > n/4, because p <1 implies that § % — %) >4

We turn to the term II;. For this estimate we apply L-cancellation to transfer powers of L to powers of t~1 increasing
the decay as t — co. More precisely we write ag = LMbg for some bz € D(LM), and obtain

aM
e ttag =e "t Mpp = [Me~thy = (—1)Mat—Me_tLbB.

Now we apply (3.11) with k=M to obtain the extra powers of t~!. This gives

5 81\/1 2 1/2
=( [ ’/an—Mpt(&Y)bB(Y)dY dx)
ey N L t
J

2 (172
< /|bB(Y)|< / dx> dy
B

=yl >2i-2rp

—calrd e

aM
H Vz at_Me—tLbB

2 M
Vi M—Mpf(x’ y)

< Clibgll (4.6)

(M+n/a+1"

Then, with o as before, we use (4.6) to get
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oo [o.¢]
II; < vzﬂe—“b dt < C|\bgll ecaire 4t
is 9tM Bl = BliLt tM+n/4+1
) 12(U;(B) )
] s
2M | 1-1/p [ 6\ —2jo py1/2—1/p
<CriMp| 52 ) g < C27B) . (4.7)
B

g

In the last line we used that « < M +n/4.
Collecting estimates (4.3), (4.5) and (4.7) into (4.2) we obtain

oo oo
| V2L ag ||}, < C+ [BI'7P/2Y 2Py g1)P < C4 €Y 27 CepmnR/) ¢
j=3 j=3

with the sum converging because o > %(% — 1). Therefore (4.1) holds.

Turning to the operator VL~! we observe that we can repeat the proof to obtain
-1
[vi-tas], <€

using (3.12) in place of (3.11). O

Proof of Theorem 1.2 (b). The proof we give here follows the same strategy as in [12] Proposition 5.6. We utilize a certain
characterization of HP (R") for p <1 given there on page 38: for each p € (0,1], € >0, and N e NU{0} with N > [n(% - 1],

we call m e L2(R") a (p, 2, N, ¢)-molecule for HP(R") associated to a ball B if

(@) fgnX*m(x)dx =0 for all multi-indices 0 < || <N,
(b) lImll 2y, 8y < 2718|120 B|1/2-1/P for all j=0,1,....

Then one may characterize the classical HP (R") as follows

HP(R") = {ijmj: {Aj} elP, m; are (p, 2, N,s)—molecules}
j
with

1/p
I1F Ul minf{ (Zw”) } (4.8)
J

where the infimum being taken over all decompositions f = Zj Ajm;j and the sum converging the space of tempered
distributions S’.

We shall show that for each p € (n/(n+1),1] and M > %(% — 1), the operator V2L~! maps (p, 2, M)-atoms for HY to
multiples of (p, 2,0, &)-molecules for HP with some ¢ > 0. Fix a (p, 2, M)-atom ap for L associated to a ball B = B(xp, ).
Set mp := V2L~!. Since p > n/(n+ 1) then we may take N =0 in the above cancellation condition (a). Then we aim to
show that there exist C > 0 and ¢ > 0 such that

||mB||L2(uj(3)) < Cz_j‘g!sz}l/z_]/p, (4.9)
/mB(x) dx=0, (4.10)
RTI

for all j >0.
Before we prove (4.9) and (4.10) we explain how these imply the estimate

[V2L70 e < CUF N

Since f € Hf(R") there is a sequence of (p, 2, M)-atoms {ag}p for L and constants {Ag}p such that f =) pApap in L2 (R™)
and

1/p
Ifllp ~ <Z|AB|P) : (4.11)
B



400 EK. Ly /. Math. Anal. Appl. 410 (2014) 391-402

Now since the sum converges in L2(R") we have
VALTNf =) ap (VL lag) =: ) Apms.
B B

By (4.9) and (4.10) each mp is a (p, 2,0, &)-molecule and hence this last sum converges in L?>(R"), and hence also in S’.
Therefore Yy Apmp € HP(R") and furthermore

1/p
Z}\.BmB < <Z |)»B|p> ~ ”f”H;_’
B

HP B

V2L g =

from (4.8) and (4.11).
Having these facts in hand we now proceed to estimate (4.9). We recall from the proof of Theorem 1.2 (a) that for any
1 — 1) <a <M we have from estimates (4.3), (4.5), and (4.7) that there exists C > 0 with

_ w21 —2jor p(1/2-1/p
Imalli2w; ) = [Vl ap ||L2(Uj(3)) < C2 e g)l/2l

= 2~ Catn/2=n/p) i B|”2‘”". (4.12)

Since o > %(% — 1) then 2a +n/2 —n/p > 0 and we obtain (4.9) with & =2« +n/2 —n/p.

We now prove the moment condition (4.10). To do so we shall need the following result. It is implicit in [13] but we
give a proof here for completeness.

Lemma 4.1. Assume that f € L'(R") and 9 f € L' (R™) for some k € {1, ..., n}. Then

/ e f (X)dx=0. (413)
]RH

Here the derivative 9y f is taken in the sense of distributions.

Proof of Lemma 4.1. Pick 6 € C°(R") such that # =1 on B(0,1) and 6 =0 outside B(0, 2). For each je N set ¢;(x) :=
0(x/j) for x € R". Then we have

/Bch(x)dX=jlirgo/wj(X)akf(X)dx=—jlirgo /(8k<pj)(X)f(x)dX=0
Rl‘l RH Rn

where the first equality is by Lebesgue’s Dominated Convergence Theorem (LDCT), the second one uses the definition of the
distributional derivative o f, and the third is based on the fact that |dx¢;| < i 18k0 |l and again by LDCT. O

By Lemma 4.1, to show that

/ AL ag(x)dx =0

Rn
for each 1 <k,I<n, it suffices to show that the functions 8L 'ag and 3,3 L 'ap are integrable. We note that 8;,8L " 'ap €
LT (R™) follows from (4.12). Indeed,

oo

|kdL " ag I < Z”Vzrlaﬂ ||L1(Uj(B))
j

3

<D IBIP VL ap] oy )
j=0

<C|B|1/2i2—f€\213\”2‘”"
=0

o0

— C|B|171/p szj(EJrn/p*n/z)
=0

<,
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with the sum being convergent since & +n/p —n/2 =2« > 0. To check 3L 'ag € L' (R") we write

o0
||31<L_1GB||L1 < ”VL_laB “Ll = Z”VL_]GB ”Ll(uj(B))'

j=0
For j >3,
2 50
-1 —tL —tL T .
IvL a3||L1(Uj(B))< /Ve agdt + /Ve apdt =1 +1I;.
0 LY(U;(B)) rlzg L' (U;j(B))

Let 8 be a number satisfying 0 <8 <M — % Then using (3.13) with k =0, we have

2
g

I </”V€_tl‘13 ”Ll(U,-(B))dt
0

r2

B
_ / / ‘ / Vipe(x, y)ag(y) dy

0 Uj(B) B

dxdt

7
<ff1a3<y>| f |Vupe(x, )| dxdy de
0 B

[x—y|>2/=2rp
2

Tp
o aiv2 g dt
<C||aB||L1/€ < rﬂ/fjf
0

2
g

B
con ()%
s \4irg NG
<4*]ﬁ|3|1*1/13+1/".

For the second term we use L-cancellation and estimate (3.13) with k=M to obtain

oo
aM
I < /Hvat—me—“bg de

2
]

<7/\b3<y)| /

3 x—y1>2)-2rp

LLU;(B)

M

d
Vg Pr(X. y)|dxdy dt

oo

j -2
< Clibglip f e 4/t

2
g

o
B
t dt
oM p(1-1/p
< Crg” B /<4fr23) (M+1/2

2
]

< C4—J'/5|B|1—1/p+1/”_

dt
(M+1/2

401

(4.14)

(4.15)

The last line holds because 0 < 8 < M — % For j =0,1,2 we use that the Riesz transform VL~1/2 is bounded on L2(R"),
and that the fractional power L~1/2 maps L%"/@+2(R") into L%(R"). The latter fact is a consequence of the following.

Lemma4.2.letL =—A+VonR"withn >1and0<V € LEDC(R”). Leta € (0,n) and p € (1,n/w), with q satisfying 1/p —1/q =

a/n. Then L=%/2 is bounded from LP (R™) to LI(R").
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Proof. From the heat kernel bounds of (3.1), we have
L2 0| S (=) f1(x)

and hence the mapping properties of L=%/2 follow from that of (—A)~®/2 (which can be found in [21] for example). O

More precisely we have
IVLas 25, = [ VE/2L71%ap | 12 g5, < C[[L7" a8 12 < Cllapllzwinea.

Now we apply Holder's inequality with exponents s:= (n+2)/n and s’ := (n + 2)/2 to obtain

2/s 2/s 1/s 1-2
lag 17, < llagl24°|BI"* < |B['=2/P,

and therefore

[VL 'ag |1 g5 < CIBI"?| VL ap| 2 g5, < CIB|'1/PF/M,

(8B) (8B)

Collecting these estimates for j > 0 we obtain for some 0 <8 <M — %

o0
“VL—laB ”L1 < C+C|B|1—1/p+]/n 24—]/3 < C|B|1_1/p+1/n.
=

We have shown that 9L "lag € L'(R") for each 1 <k <n, and hence by Lemma 4.1, estimate (4.10) holds.
The proof of Theorem 1.2 (b) is therefore complete. O
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