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1. Introduction

In this paper, we consider the following elliptic problem with the nonlinear Neumann boundary condition:

—Au+u=0 in$2,

(Ep) u>0 in £2, (1.1)
ou __
= uP on ds2,
where £2 is a smooth bounded domain in R?, v is the outer unit normal vector to 352, and p > 1 is any positive number.
Let H'(£2) be the usual Sobolev space with the norm ”””iﬂ(m = fQ(|Vu|2 + u2)dx. Since the trace Sobolev embedding

H'(£2) — LP*1(3£2) is compact for any p > 1, we can obtain at least one solution of (1.1) by a standard variational method.
In fact, let us consider the constrained minimization problem

Clzj=inf{/(|Vu|2+u2)dx‘ueH](Q), /|u|P+1 dsle}. (1.2)
482

Standard variational method implies that C‘Z7 is achieved by a positive function i, € H!(£2) and then u, = Cﬁ/(pfl)ﬁp solves
(1.1). We call uj, a least energy solution to the problem (1.1).
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In this paper, we prove the followings:

Theorem 1. Let u;, be a least energy solution to (Ep). Then it holds

1 < liminf |up|lre@e) < limsup [[upllie@e) < Ve.
p—o0 p—>00

To state further results, we set

vp=up/</u§dsx>. (1.3)

a2

Theorem 2. Let 2 C R? be a smooth bounded domain. Then for any sequence Vp, of vp defined in (1.3) with p, — oo, there exists a
subsequence (still denoted by v, ) and a point xo € 952 such that the following statements hold true.

(1)

pn
uPn _*\

Sy Upy dsx
in the sense of Radon measures on 952.
(2) vp, = G(-, x0) in C}OC(Q \ {x0}), L'(£2) and L' (32) respectively for any 1 <t < oo, where G(x, y) denotes the Green function
of —A for the following Neumann problem:

—AxG(x,¥)+G(x,y) =0 ing2,
35 (x, y) =8y (%) onds.

i

5)(0

(14)

(3) xo satisfies

Vi) R(X0) = 0,

where T (xg) denotes a tangent vector at the point xo € 52 and R is the Robin function defined by R(x) = H(x, x), where

1 _
Hx, ) = Gx, y) = —log|x = y| !

denotes the regular part of G.

Concerning related results, X. Ren and J.C. Wei [13,14] first studied the asymptotic behavior of least energy solutions to
the semilinear problem

—Au=uP ing2,
u>0 in £2,
u=20 onods2

as p — oo, where £ is a bounded smooth domain in R2. They proved that the least energy solutions remain bounded
and bounded away from zero in L°°-norm uniformly in p. As for the shape of solutions, they showed that the least energy
solutions must develop one “peak” in the interior of £2, which must be a critical point of the Robin function associated with
the Green function subject to the Dirichlet boundary condition. Later, Adimurthi and Grossi [1] improved their results by
showing that, after some scaling, the limit profile of solutions is governed by the Liouville equation

—AU =eYinR?, /e”dx<oo,
R2
and obtained that limp_, « ||up|l1=(2) = +/€ for least energy solutions u,. Actual existence of concentrating solutions to (1.1)
is recently obtained by H. Castro [4] by a variational reduction procedure, along the line of [8] and [6]. As for construction

of concentrating solutions to related problems, see also [7,9], and [11].
Also in our case, we may conjecture that the limit problem of (1.1) is

AU =0 inR2,
au _ LU 2
9 =e on dR7,

[3r2 eV ds < oo,
2

and limp_, oo [|Up Iz 9e2) = v/ holds true at least for least energy solutions u,. Verification of these conjectures remains as
the future work.



F. Takahashi / J. Math. Anal. Appl. 411 (2014) 95-106 97

2. Some estimates for CIZ,

In this section, we provide some estimates for CIZJ in (1.2) as p — oc.

Lemma 3. For any s > 2, there exists D > 0 such that for any u € H(£2),

=1
lullsa2) < Dss2 ullyi g

holds true. Furthermore, we have

lim Ds = (2me)~2.
S—>00

Proof. Let u € H'(£2). By Trudinger-Moser trace inequality, see [5] and the references therein, we have

2

s — U

/ exp<L2urm|> dSX < C(Q)
”vu”LZ(Q)

C

for any u € H'(£2), where up = ﬁ J30 Udsy. Thus, by an elementary inequality % <e* forany x>0 and s >0,
where I'(s) is the Gamma function, we see

_ 2\ 5/2
rs [ walds= e | (n'”(") i ) dsr =52 u]
I"((s/2) + l)m r'((s/2)+ 1)99 IVu|

[2(2)

[ux) — use|? _
< f exp<n42 dsr =2V ull3;
I ”Vu”LZ(_Q)

s
[2(£2)

—s/2 s
Set
Ds:=(I'(s/2+ 1)) *c(2) 125712,
Then we have

lu — usellsee) < Dss[Vull2(q)-

Stirling’s formula says that (I"(5 + 1))% ~ ()% as s —> oo, so we have

1 1/2
lim D = (—) .
s—>00 2mwe

On the other hand, by the embedding [ull;2¢50) < C(82) Ul g1 (o) for any u € H1(£2), we see

1/2
el < —— ([ ulds) < Sl g,
102|172 [02]1/2 H1(£2)

Thus,
lullisoe) < llu —usellisee) + lusellsee) < lu —usellisoe) + [uaelldR2]V/S
C(Q)|39|]/5_1/2
< sl/2||u||H1(_Q) (D(s) + T .
Put

B C(Q)|BQ|]/571/2
D&=D®)+—qG5——

Then, we have lims_, o D(s) = lims_ o0 D(5) = ﬁ and

<1
lullsa2) < Dss2 ull g1 g
holds. O
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Lemma 4. Let 2 be a smooth bounded domain in R2. Then we have

lim pCj = 2me.
p—00

Proof. For the estimate from below, we use Lemma 3. By Lemma 3, we have

Dy (P + Dlulif g,
since limp_, Dp+1 =

2
”u”Lp-H(aQ) g
pC2 Thus, we have 2me < llmlnfp_mop(."

1
for any u € H'(£2), which leads to Dp+1(p+1)
= 2 N B} where

(2mwe)~1/2,
For the estimate from above, we use the Moser function. Let 0 <[ < L. First, we assume £2 N B;(0)

B} =BL(0)N{y = (y1,¥2) | y2 > 0}. Define
(logL/DV2, 0<|y|<l, y e B,

(logL/|y)) +
m(y)=—=1 oo I<IYISL, yeBy,
7 | OogL/D
VT +
0, L<|yl, y e B}.

Then ||Vm,||L2(BL+) =1 and since m; =0 on (‘iBL+ N{y2 > 0}, we have

]
1 1
”m’“i’;]l(asp =2/|ml(3’1)|p+ dyi +2/|ml(3’l)|p+ dy,
0 1
! 1 p+1 1 p+1
22/(—\/10g(L/l) dy, =2I{ ,/ —log(L/I) .
JT b4

0

2
Thus ||my|2 L+ ag}) 2 > (271 Llog(L/l). Also,

7 L Tl 7 L
|m,||L2(B+) //|m1|2rdrd9=//|m1|2rdrd9+//|m1|2rdrd9 =1+
00 00 0 1

We calculate
2 1 _ 12

2 I I
=3 log(L/1), I, = log(L/l) (logL/r) rdr= 573 log( D+ ——- log(L/l) 7

2_12
Thus we have ||ml||L2(B+) 2 + loggL/z) L 41
and extend m; by 0 outside Bzr and consider it as a function in H'(£2). Then

_ﬂ
2

Now, put [ = Le
2
Pl

||ml||H1(B+) p
pCy<p = :
||ml||Lp+1(aB+) ||m1||Lp+1(aB+) ||ml||Lp+1(aB+)
We estimate
1
p > P :( p >2ne — —> 27e,
Imil}ype, @07 Liogyy  \PTU T @uyett
and
2 2P
P||m1||Lz(B+) p( - -l—log(L/,) 1) 2me ( p ){_L_ze(pH) 2 L2(1—e—(p+1))}_)0
2 - 2
[[my | P+1(dB+) 2D p+1 1 log(L/l) (2L) 7+ p+1 2 p+1 4

as p — oo. Therefore, we have obtained limsup_, o, pC2 < 2me in this case.
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In the general case, we introduce a diffeomorphism which flattens the boundary 952, see Ni and Takagi [12]. We may
assume 0 € 952 and in a neighborhood U of 0, the boundary 92 can be written by the graph of function ¢: 92 NU = {x=
(x1,%2) | 2 =¥ (x1)}, with ¥(0) =0 and ££(0) =0. Define x = @ (y) = (P1(y), P2(¥)) for y = (y1, y2), where

d
X1=<P1(Y)=J’1—Y2%(Y1), X2=D2(y) =y2+ ¥ (y1),

and put D; = ®(B}). Note that dD; N 32 = ®(IB] N {(y1.0)}). Since DP(0) = Id, we obtain there exists ¥ =@~ in a
neighborhood of 0. Finally, define m; € H1(£2) as my(x) = mj(¥ (x)) for x € U N £2. Then, Lemma A.l in [12] implies the
estimates

- 1 -
"le”fzw>—||le||Lz<B+>+0<;>a 1122 5,y < (14 OD) Ml g

~ 112
||m[||Lp+1 (dDLN3) 2 ”ml”Ler] (BBLer{(J/laO)}).

The last inequality comes from that, if we put I = {(y1,0) | -L < y1 <L} C BBZr and J = &(I) C 02, then dsy =
V14 @/ x))?dx and | = {(x1,%2) | X1 = y1,%2 = ¥ (y1)}. Thus

/ o7 ds, = / "Y1+ () dy > / [m)|"" dys.
J I f

By testing Cj with iy, again we obtain limsup,_, o, pC3 < 2me. O
Corollary 5. Let u be a least energy solution to (E ). Then we have

lim pf up*!ds, = 2re, pli)n;op/(WuplzﬁLuf,)dx:Zne.

p—>0o0
92 2

Proof. Since u, satisfies

/(|Vup|2—|—uf,)dx=/ uP 1 gs,

Q a2
and
p—1
(IVu 2+u2)d T 2
pC§=PfQI p+|l ; =(pf p+1d5x> pPH,
P 2
(_f()g dSX) p+1 R

the results follow from Lemma 4. O
3. Proof of Theorem 1
The uniform estimate of ||u]|;~3¢) from below holds true for any solution u of (Ej), as in [13].

Lemma 6. There exists C1 > 0 independent of p such that

lulle@e) = C1
holds true for any solution u to (Ep).

Proof. Let A1 > 0 be the first eigenvalue of the eigenvalue problem
—Ap+¢@=0 in$2,
3“’ =A@ onaf

and let @1 be the corresponding eigenfunction. It is known that A is simple, isolated, and ¢; can be chosen positive on £2.
(See [15].) Then by integration by parts, we have

ap1 ou

=/{(—Au+u)(p1 — (=A@ +(P1)U}dx=/(WU——(M)de:/(mU(M —up_l)dsx.
2 082 982

Since giu > 0 on 342, this implies ||“||f;239) >A. O
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Lemma 7. Let u be a least energy solution to (Ep). Then it holds

limsup [[uplli=@pe) < Ve.
p—00

Proof. We follow the argument of [14], which in turn originates from [10], and use Moser’s iteration procedure. Let u be a
solution to (Ep). For s > 1, multiplying u?~! € H!(£2) to the equation of (E,) and integrating, we get

25 —1)° 5\ (2 2s 2s—1+
3 /|V(u )| dx+/u dx:/u Pgs,.
2 2 EYe!

Since 255—31 <1 for s > 1, we have

<25__1> [ 210 < / uZ 1P g, (3.1)

52
a2

Also by Lemma 3 applied to u® € H!(£2), we have

1/v . ;
([umas) <Dt

82

for any v > 2. Thus by (3.1), we see

1/v ~ ] 52 1/2 1/2
/u”dsx <D,v2 /uzs_”” dsy) .
2s—1
) )

C C

Since D%(ﬁ) < Cq for some Cq > 0 independent of s >1 and v > 2, we obtain

2/v
</u"5dsx> <C1vs/-uzs’]+p dsx. (3.2)
a2 a8

Once the iteration scheme (3.2) is obtained, the rest of the argument is exactly the same as one in [14]. Indeed, by
Lemma 3, we have

1/v
(/u"dsx> g(2ne)—%(1+o(1))v”2||u||H1(g), (3.3)
82

here o(1) - 0 as v — oo. Now, we fix @ > 0 and &€ > 0 which will be chosen small later and put v=(1+a)(p+1) > 2
in (3.3). By Corollary 5, p'/2(2me) ™2 |Jup |l 1 () — 1 as p — oo for a least energy solution uj. Thus by (3.3), we see there
exists po > 1 such that

/u; dsy < (14+a+8)"? =My
082
for p > po. Define {s;};j—0,1,2,.. and {M;}j—o,1,2,... such that
p—1+2sg=v,
{p—1—|—25j+1 =vs; (j=0,1,2,..),
and
Mo =(1+a+¢e)"/?,
[Mj+1=(C1vstj)”/2 (j=0,1,2,...).

a(p+1)
2

We easily see that so = >0, s; is increasing in j, s; — +o00 as j — oo, and actually,

> 0.

j
v
Sj= (5) (so —X) +x wherex = 5_2

At this moment, we can follow exactly the same argument in [14] to obtain the estimates
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1
VSi_q
lupll s oy <M; 77" <exp(m(a, p, &),
where m(«, p, €) is a constant depending on «, p and ¢, satisfying

1+«
20

lim m(a, p, &) = log(1 4+ o + ¢).
p—0o0

Letting j — oo, p — oo first, we get
. l+a
limsup [upllrepe) < (1 +o+e)2,
p—>o0
and then letting « — +0, € — 40, we obtain
limsup [|lup|li~@e2) < Ve
p—>0o0
as desired. O
By Theorem 1 and Hélder’s inequality, we also obtain

Corollary 8. There exists C1, C2 > 0 such that

Gy <p/u5dsx<cz
982
holds.

4. Proof of Theorem 2

In this section, we prove Theorem 2. First, we recall an L! estimate from [6], which is a variant of the one by Brezis and
Merle [2].
Lemma 9. Let u be a solution to
{—Au~|—u:0 in §2,
u __
55 =h onoas2

with h € L1(9£2), where £2 is a smooth bounded domain in R2. For any € € (0, ), there exists a constant C > 0 depending only on &
and £2, independent of u and h, such that

/ exp(M) dsx <C (41)
A Ihll o)
a2

holds true.
Also we need an elliptic L! estimate by Brezis and Strauss [3] for weak solutions with the L' Neumann data.

Lemma 10. Let u be a weak solution of

—Au+u=f in$2,

g—ﬁ =g on as2
with f € L'(2) and g € L' (352), where £2 is a smooth bounded domain in RN, N > 2. Then we have u € W19(2) forall 1 < q < 5
and

lullwrace) < Ca(l o) + 18l o2))
holds.
For the proof, see [3, Lemma 23].

Now, following [13,14], we define the notion of §-regular points. Put u, = up, for any subsequence of u,. Since uy
satisfies
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dsy=1,

/ Lo un” ds
we can select a subsequence p, — oo (without changing the notation) and a Radon measure @ >0 on 952 such that

UTI;" *
fn = pnd _\M
Sy un" dsx

weakly in the sense of Radon measures on 952, i.e.,

/fnwdsx%fwdu

a2 Yol
for all ¢ € C(3£2). As in [14], we define

1
Lo= ——limsu /upds ) 42
o=z msun(p [ ubas, (42)
2
By Corollary 5 and Hélder’s inequality, we have

< mA/e.

For some § > 0 fixed, we call a point xo € 32 a §-regular point if there is a function ¢ € C(0£2), 0< ¢ <1 withp=11ina
neighborhood of xg such that

d
/¢M<L+28
082

holds. Define S = {xp € 9£2 | Xo is not a §-regular point for any § > 0}. Then,

X >
/"L({ 0}) = Lo+ 25
for all xo € S and for any § > 0.
Here, following the argument in [14], we prove a key lemma in the proof of Theorem 2.

Lemma 11. Let xo € 952 be a §-regular point for some § > 0. Then v, = is bounded in L>° (B, (xo) N §2) for some Rq > 0.

Un
pbn
Jyo un" dsx

Proof. Let xp € 92 be a §-regular point. Then by definition, there exists R > 0 such that

fndsy <
32NBR (o)

Lo+ 6

holds for all n large. Put an = XBg(xo) fn and bn = (1 — XBr(xo)) fn Where xp,(x,) denotes the characteristic function of Bg(xo).
Split v, = vip + van, Where vy, Vo, is a solution to

—AVin+Vvip=0 in £, —AVy +V2, =0 in £,
ag;” =ap on 32, 82‘,’%: n on as2

respectively. By the maximum principle, we have vy, v, > 0. Since b, =0 on Bg(xp), elliptic estimates imply that

IvanlleeBrxon2) < CllVanllp grxgney < 6

where we used the fact [[vanllp1 o) = |AvVanllpie) = IIbnllL1 ey < C for the last inequality. Thus we have to consider vip
only.

Claim. For any x € 952, we have

fax) < exp((Lo+68/2)va(x)) (4.4)

forn large.
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Indeed, put

o — llunllre@)
n— - .
([ uf" dsx)!/Pn

Then by Lemma 7 and Corollary 8, we have

limsup o, < Ve.

n—-oo

Since the function s +— 1"% is monotone increasing if 0 <s < e, and M’,% < o for any x € 952, we observe that
a2 -n X

for fixed ¢ > 0,

Un (X)
log (3 U™ dsy)1/pn < logay < 1
up (x) NN

(fag ugn dsy)1/Pn

holds for large n. Thus
Un(x) > < Pntin(X) ( 1 ))
X) = ex log—————— | <exp| ——————| —=+¢
I p<p" g(faguﬁ"dsx)”f’" P (fyq ubmds) /P \ 24/e
1-1/pn 1
=ex Va(x up”ds> (— 8))
P(Pn n()(/n X 2«/E+
E)o)
<ex <<limsu /up”ds )v (X)<L+28>>
X €Xp nﬁooppn n dSx |Vn 2/e
92

1
= exp((— + 2g>2JEL0vn(x)> = exp((Lo + 4e/eLo)va(x)).
2/e
Thus if we choose € > 0 so small, we have the claim (4.4).
By this claim and the fact that vy, is uniformly bounded in Bg/(xp), for sufficiently small §o > 0 so that (1 +

80) L20+Ji/32 <1, we have

/ flHogs, < / exp((1480)(Lo + 8/2)va(x)) dsy

BRy2(x0)N0 2 BRy2(x0)N0 2

<C / exp((1 + 80) (Lo + 8/2)v1n(3)) dsy

BRy2(x0)No£2
Lo+6/2
<C exp| 7t (1+ 68y —————vin(x) ) ds
/ P<(+0) Lo+o ln()) X
BR/2(x0)Nas2

=C / exp( (1 — £0)vin (%)) dsy,
BRy2(x0)N0s2

where 1 —gp=(1+ 80)%. Thus by Lemma 9, we have

fatds < C
BRy2(x0)N0 2

for some C > 0 independent of n. This fact and elliptic estimates imply that
limsup ||Vpll Lo (2nBgq(x0)) < C,
n—oo
which proves lemma. O

Now, we estimate the cardinality of the set S. By Theorem 1, we have
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u 00 (§ C
Vo) = Il nlle"(m) > ;n s
Jagun"dsx ~ [youn" ds
for a sequence x, € 9§2 such that u,(x,) = |lun|lL= ). Thus by Lemma 11, we see xo = limy_.o Xy, € S and #S > 1. On the
other hand, by (4.3) we have

T
1= lim 2oy = M(082) > S,
Jm | fall ooy = 1(952) Iy +26ﬁ
which leads to
Lo+ 26 26 28

1<8S< <Ve+=~164... 4+ 2.
T b

Thus we have #S =1 if § > 0 is chosen small.

Let S = {xo} for some point Xy € 9§2. By Lemma 11, we can conclude easily that f, A 8x, in the sense of Radon measures
on 982:

/ fa@dsy — @(x0), asn— oo
982

for any ¢ € C(3£2), since v, is locally uniformly bounded on 92 \ {xo} and f; — O uniformly on any compact sets of
952\ {xo}.

Now, by the L! estimate in Lemma 10, we have v, is _uniformly bounded in W14(£2) for any 1 < g < 2. Thus, by choosing
a subsequence, we have a function G such that v, — G weakly in W19(2) for any 1 < q <2, v, — G strongly in L{(£2)
and L'(8£2) respectlvely for any 1 <t < oo. The last convergence follows by the compact embedding W19(§2) — L{(§2) for
any 1<t < 2 . Thus by taking the limit in the equation

3
/(_A(P“"(P)VndX:/fn(pde_/%Vndsx
2 082 082

for any ¢ € C1(£2), we obtain

/( A(p—i—(p)de—l—/a—(desx_(p(xo)
082

which implies G is the solution of (1.4) with y = xq.

Finally, we prove the statement (3) of Theorem 2. We borrow the idea of [6] and derive Pohozaev-type identities in balls
around the peak point. We may assume xg = 0 without loss of generality. As in [6], we use a conformal diffeomorphism
¥ : HN Bg, — £2 N B, which flattens the boundary 952, where H = {(y1, ¥2) | y2 > 0} denotes the upper half space and
Ro > 0 is a radius sufficiently small. We may choose ¥ is at least C3, up to dH N By, ¥(0) =0 and D¥(0) = Id. Set
Un(y) =un(¥(y)) for y = (y1,y2) € HN Bg,. Then by the conformality of ¥, ii, satisfies

—Aly, +b(y)uy, =0 in HNBg,,

Bl Pn (4.5)

S =hy)uy on dH N Bg,,

where ¥ is the unit outer normal vector to d(H N Bg,), b and h are defined
b(y)=|detD¥(y)|,  h(y)=|D¥(y)e|

with e = (0, —1). Note that v(y) = v(¥ (y)) for y € 39H N Bg,. Note also that, by using a clever idea of [6], we can modify
¥ to prescribe the number

G ( ah )( 5
T h2 e \8y1

Let D c RN be a bounded domain and recall the Pohozaev identity for the equation —Au = f(y,u), y € D:

N-2
NfF(y,u)dy—(T)fIVulzder/(y—yo,VyF(y,u))dy
D D

/(y Yo, V)F(y,u)dsy + /(y yo,Vu)( >d5y /(y yo, V)| Vul*dsy
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for any yo € RN, where u is a smooth solution. Applying this to (4.5) for N=2, D =H N By for 0 < R < R, f(y,iip) =
—b(y)ily and F(y, iip) = —@ﬁ%, we obtain

/b(y)ﬂﬁ(y)dwr / (v- yo,Vb(y)) i2(y)dy

HNBgr HNBg
1 diiy 1 o
= / (y—yo,v)ib(y)uﬁ(y)dsy— / (v - yo,Vun(y))< V>d5y+2 / (y — Yo, V)| Viig|* dsy,
3(HNBR) 3(HNBR) 3(HNBR)

where and from now on, ¥ will be used again to denote the unit normal to d(H N Bg). Differentiating with respect to yo,
we have, in turn,

7l 1 - N~ 1 -
/ Vun(y)< )dsy_z / (|Vun|2+b(y)u§)vdsy—§/Vb(y)uﬁ(y)dy.

d(HNBR) J(HNBR) HNBg

Since v = (V1, V) = (0, —1) on 9H N Bg, the first component of the above vector equation reads

/(ﬂn)ylh(J’)ﬂﬁ”(y)dSer / (un)y1(}’)< )dsy

dHNBR HN3BR
1 - o\ ~ 1 -
=5 | (vl b@nds, -5 [ bm@ea. (46)
HNoBg HNBg
where ( )y, denotes the derivative with respect to yi. Let y, = fag ub" ds,. From the fact that fn(y) i’ % 8o in the sense

of Radon measures on dH N Bg, Corollary 8 and ||iiy || (9HNBR) = O (1) uniformly in n, we see

1 ﬂpn+1( )
() = —

1 N
R (pn+1)ynfn(Y)un(Y)

satisfies that supp(g,) — {0} and faHmBR 8ndsy = 0(1) as n — oo. Thus, by choosing a subsequence, we have the conver-
gence
~pn+1

upy" " (y) =

- 1
=— — Cod
&n(y) 2 pat1 080

in the sense of Radon measures on dH N Bg, where Cp = lim;_, fBHﬂBR gndsy (up to a subsequence). By using this fact,
we have

1 / . . ) @t @ (y)

— (iln)y, h(V)IR" (y) ds =[ - / ) dsy — 0 — Cohy, (0) = —Coux

Vn2 nJy1 n y Vn2 pn+1 yi=—R 1 (Pn+1))/n y 1
9HNBR 9HNBR

as n — oo. Thus after dividing (4.6) by ynz and then letting n — oo, we obtain
36 1 =2 =2\ ~ 1 ~2
—Cox + Gy, () dsy = 5 (IVGI* +b(y)G?) Dy dsy — 3 by, MG*(y)dy, (4.7)
HN3BR HNdBg HNBg

where G(y) = G(¥(y),0) is a limit function of ¥,(y) = va(¥(y)) = ””y—(n” At this point, we have the same formula as
Eq. (117) in [6], thus we obtain the result. Indeed, decompose G(x, 0) = s(x) + w(x) where

1
s =—logix|™, w0 =H(0),
and put 3(y) =s(¥(y)), W(y) = H(¥ (), 0) so that G =5 + w. Then after some computation using the fact that W satisfies

—AW +b(y)W = —b(y)S(y) in H N Bg,

we have from (4.7) that
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—Coa+ / oy, + 55 Wy, +3y, Wa)ds,y

HN3Bg
1 ~ 2 —~ -~ ~ 1~2 ~ o~ ~
= §|Vs| +Vs-Vw |bidsy + ES +5sw )b(y)v1dsy
HNoBg HNoBg
1. s .. - .
— f by, (y)(isz—i—sw) dsy + f WyWy, dsy — / b(y)s(yywy, dy. (4.8)
dHNBR dHNBR HNBg
By Lemma 9.3 in [6], we know estimates
. - - 3a . o - -
I%l_ngo SpSy, dsx = yr lgl_)rr}) SpWy, dsy = —wy, (0),
HN3Bp HN3Bg
lim f IV5120; dsy = — lim V5. Vivhy dsy = — i, (0)
R—0 2 T™XT a4 R0 =5
HN3Bg HN3Bg

and other terms in (4.8) go to 0 as R — 0. Thus we take the limit in (4.8) as R — 0 to obtain the relation

3¢ . o 1.
—COO[ + E — Wy, (0) = E — EWy1 (0),

which leads to

ol L —co) =L, 0
2T 0) Tt

Since « € R can be chosen arbitrary, we conclude that Co = % and wy, (0) = 0. This last equation means the desired
conclusion of Theorem 2(3). O
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