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Abstract

We study static 180 degree domain walls in infinite magnetic wires with bounded, C*
and rotationally symmetric cross sections. We prove an existence of global minimizers for
the energy of micromagnetics for any bounded C* cross sections. Under some asymmetry of
cross sections we prove a stability result for the minimizers, namely, we show that vectors of
micromagnetics having an energy close to the minimal one, must be H' close to the actual
minimizer, which is itself close to the minimizer of the limit energy up to a rotation and a
translation.
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1 Introduction

In the theory of micromagnetics to any domain 2 € R® and a unit vector field (called
magnetization) m: Q — §? with m = 0 in R3 \ Q the energy of micromagnetics is assigned:

Bm) = A, [ [VmP 4K [ VP +Q [ om) =2 [ Hoeom,

where A.,, K4, () are material parameters, H.,; is the externally applied magnetic field, ¢ is
the anisotropy energy density and u is obtained from Maxwell’s equations of magnetostatics,

curl Hipg =0 in R3
div(Hipg +m) =0 in R3,
i.e., u is a weak solution of
Au = divm in R3.

According to micromagnetics, stable magnetization patterns are described by the mini-
mizers of the micromagnetic energy functional, see [5,6,16|. The study of magnetic wires and
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thin films has attracted significant attention in the recent years, see [1,2,4,12,15,20,21,22,24,25,
26,28| for wires and [3,5,6,10,11,17,18,19] for thin films. It has been suggested in [1] that
magnetic nanowires can be effectively used as storage devices. When a homogeneous external
field is applied in the axial direction of a magnetic wire facing the homogeneous magnetization
direction (see Fig. 1), then at a critical strength of the field the reversal of the magnetization
typically starts at one end of the wire creating a domain wall which starts moving along the
wire. The domain wall separates the reversed and the not yet reversed parts of the wire (see
Fig. 1). It is known that the magnetization pattern reversal time is closely related to the
writing and reading speed of such a device, thus it is crucial to understand the magnetization
reversal and switching processes. Several authors have numerically, experimentally and an-
alytically observed two different magnetization modes in magnetic nanowires [12,15,13,20].
In [12| the magnetization reversal process has been studied numerically in cobalt nanowires
by the Landau-Lifshitz-Gilbert equation. Two different domain wall types were observed.
For thin cobalt wires with 10nm in diameter the transverse mode has been observed: the
magnetization is constant on each cross section and is moving along the wire. For thick
wires, with diameters bigger that 20nm the vortex wall has been observed: the magnetiza-
tion is approximately tangential to the boundary and forms a vortex which propagates along
the wire. In [15] the magnetization reversal process has been studied both numerically and
experimentally. By considering a conical type wire so that the diameter of the cross section
increases very slowly, the magnetization switching from the vortex wall to the transverse at
a critical diameter has been observed, as the domain wall moves along the wire. The results
in [12] and [15] were the same: in thin wires the transverse wall occurs, while in thick wires
the vortex wall occurs.

Homogeneous magnetization
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Figure 1.

In Figure 2 one can see the transverse and the vortex wall longitudinal and cross section
pictures for wires with a rectangular cross section.
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Figure 2.

The transverse wall The vortex wall

In [14] the author studies a similar problem for thin films and derives a I'-convergence
result for the energies. In a series of papers the authors study the magnetization reversal
process in thin films, identifying four different scaling regimes for the critical value of the
applied external field, see |7,8,9,23,27]. In nanowires, it has been observed that there is a
distinctive crossover between two different modes, which occurs at a critical diameter of the
wire and it was suggested that the magnetization switching process can be understood by
analyzing the micromagnetics energy minimization problem for different diameters of the
cross section. In [20], K. Kiihn studied 180 degree static domain walls in magnetic wires
with circular cross sections by an asymptotic analysis proving that indeed the transverse
mode must occur in thin magnetic wires. It is also shown in [16] that for thick wires the
vortex wall has the optimal energy scaling and that the minimal energy scales like R%vIn R.
In [26] V.V.Slastikov and C.Sonnenberg studied a similar problem for finite curved wires
proving a I'-convergence on energies as the diameter of the wire goes to zero. In [13], the
author studied the same problem as K.Kiihn in [20] and independently of [26] extended some
of the results proven in [20| for arbitrary wires with a rotational symmetry. In this paper
we study the 180 degree static domain walls in magnetic wires with arbitrary bounded, C!
and rotationally symmetric cross sections. We generalize the existence of minimizers result
proven by K.Kiihn for circular cross sections, to wires with arbitrary bounded and C! cross
sections. For a class of domains we prove a stability of minimizers result, which is a new
and much deeper result and it does not follow from the I'—convergence of the energies. It
actually requires a much deeper analysis of the minimization of the micromagnetic energy.



2 The main results

Assume = R x w, where w C R? is a bounded C' domain. Consider the isotropic energy
of micromagnetics without an external field like in [20,26,13],

E(m):Aex/Q|Vm|2+Kd [ 1vu

By scaling of all coordinates one can achieve the situation where A., = Ky, so we will
henceforth assume that A., = K; = 1. Next we rescale the magnetization m in the y and z
coordinates such that the domain of the rescaled magnetization is fixed, i.e., if d = diam(w),
then set m(z,y, z) = m(x,dy,dz).
Denote
AQ) ={m: Q —=S* : me H..(Q), E(m) < co}.

We are interested in 180 degree domain walls, so set
AQ)={m:Q—=S* : m—éee HY(Q)},

where
(—=1,0,0) if @< -1
e(x,y,z) = (z,0,0) if —1<z<1
(1,0,0) if 1<z

The objective of this work will be to study the existence of minimizers in the minimization
problem
inf E(m), (2.1)
meA(Q)
and the behavior of its almost minimizers, where the notion of "almost minimizers" will be
defined later in Definition 2.3. The following existence theorem is a generalization of the
corresponding theorem proven for circular cross sections in [20].

Theorem 2.1 (Existence of minimizers). For every bounded C* domain w C R? there exists
a minimizer of E in A(S2).

It has been shown for circular wires in [20] and later for any cross sections in [13,26],
that as d goes to zero, the rescaled energy functional Egz") , ['-converges to a one dimensional
energy Fo(m®) under the following notion of convergence of magnetization vectors:

Definition 2.2. The sequence {1h"} C A(QQ) is said to converge to m® as n goes to infinity
if

(i) V™ = Vm®  weakly in L?*(Q)

(11) "™ — m°®  strongly in L3 (Q).

loc

The limit or reduced energy is given by

dym[*d MymTdz, if m= :
Eo(m):{’w’fR’ m*dz + [, mM,m" dz it m=m(x)

00, otherwise,



Where M, is a symmetric matrix given by

1
Mw:——/ / n(z) @ n(y) In|z - y| de dy,
271— Ow J Ow

and n = (0, ng, n3) is the outward unit normal to dw, see [26]. Since M, is symmetric it can be
diagonalized by a rotation in the OY Z plane. We choose the coordinate system such that M,
is diagonal. Assume now w is fixed and diam(w) = 1. Actually, the I'-convergence theorem
implies the following two properties of the minimal energies and sequences of minimizers:

(i)

. . E(m) .
P ey~ e Bl 29

where Ag = {m: R — R3: |m| =1, m;(do0) = +1}.

ii) If m™ is any sequence of minimizers with m”™ defined in d - €2, then a subsequence of
y
{rh"} converges to a minimizer of Ej in the sense of Definition 2.2.

It turns out, that under some asymmetry condition on w a stronger convergence holds,
namely the H' convergence of the whole sequence of almost minimizers.

Definition 2.3. Let {d,} be a sequence of positive numbers such that d, — 0. A sequence
of magnetizations {m"} defined in d,, - ) is called a sequence of almost minimizers if

= min E(m). (2.4)

n— o0 d% meAg
We are now ready to formulate the other result of the paper.

Theorem 2.4 (Convergence of almost minimizers). Let {d,} be a sequence of positive num-
bers such that d, — 0. Assume that the domain w is such that M, has three different
eigenvalues. Then for any sequence of almost minimizers {m™} defined in d,, - Q, there exist
a sequence {T,} of translations in the x direction and a sequence {R,} of rotations in the
OY Z plane, each of which is either the identity or the rotation by 180 degrees, such that for
m™(x,y,z) = m"(T,(R,(x,y,2))) and for a minimizer m* of Ey, there holds,

: 1 ~n w
lim —||m" —m*|| g q,) = 0.

n—o0 n

We refer to the Appendix for the definition of m*. The convergence in the above theorem
actually states the stability of minimizers in nanowires, i.e., when the energy of a magneti-
zation is close to the minimal one, then the magnetization vector must be close to the actual
minimizer.



3 The oscillation preventing lemma

In this section we prove the so called oscillation preventing lemma, which is that a crucial
tool in proving both the existence and the convergence of almost minimizers. The lemma
bounds the oscillations of a magnetization m and the total measure of the set where m
develops oscillations by the energy of m. Uzing the idea of Kohn and Slastikov in [18] of the
dimension reduction in thin domains, define

1
m(x) = W/m(x,y,z) dy dz.

Using the definition of M} it is straightforward to show that M} is positive definite, where
M} is the lower right 2 x 2 block of M,,. Denote for convenience

e[ 0],

“ 0 Q3

It has been explicitly shown in [13, Corollary 3.7.5] and implicitly in [26, Proof of Lemma
4.1], that the inequality below holds uniformly in m: (d - Q) — S*

E
(T) 2/\Vm\2+a2/|m2|2+a3/|ﬁ13|2+0(1), (3.1)
d Q R R

as d goes to zero. Applying Lemma 3.2 to inequality 3.1, one immediately gets

E(m) / .12 az/ 2 043/ 2
> Vim|®+ — me|” + — ms|” + o(1), 3.2
2 Q’ ’ ‘w‘ Q| 2‘ |w| Ql 3’ ( ) ( )

as d goes to zero.

Lemma 3.1. Assume m € A(d-Y). Then there exists dy > 0 such that,

_ _ 2E(m) _
2 Hha —— 7 d<d 3.3
/R(|m2’ +‘m3’ )— d2HliH<OéQ,043)’ Zf =~ U0 ( )
_ _ 2E(m) ,
2 Ha 7 d > dy. 4
[l ) < gt > dy (3.4

Proof. Due to inequality (3.1) there exists dy > 0 such that for d < dy we have

2E(m _ _
(2 ) > a2/|m2|2+a3/ |mal?,
d R R

and inequality (3.3) follows. Assume now d > dp. It is straightforward that if m € A(d - Q
then my(x,y, z) = m(%, %, 2) € A(td-Q) with E(m;) = tEey(m)+t*Eqg(m), where E ., (m) =
Jo, IVm/|? is the exchange energy and E,,.4(m) = [5s [Vu|? is the magnetostatic energy. Thus
we get on one hand,

E(my;) < max(t, t*)E(m). (3.5)

But on the other hand we have



1
/wmﬂﬂmmz—/WMﬁﬂmwx
R t R

thus we obtain choosing ¢ = % and taking into account (3.3) and (3.5),

[ tmaf? ) = 5 [ (mal + s
R 0 JR
~ di min(ag, a3)
2E(m)

~ dZmin(ag, a3)

which completes the proof.
O

Next we prove a simple bound on the difference m — m in terms of the gradient of m.

Lemma 3.2. For any m € A(Q2) there holds

/(\m|2 —|mf?) = / Im —m|? < deQ/ |V,.m|? forall  x€eR,

where C,, is the Poincaré constant of w.

Proof. We have for any x € R

Jm=m) = [ m—lu - mia) 0.

thus by the Poincaré inequality we get

Jmk= [+ [ m—mf +2m) [on—m)
= [ [ =

< [P+ Gt [ 19,mP

the proof is complete now.
O

Lemma 3.3 (Oscillation preventing lemma). Let m € A(2) and let o, 3, p € R be such that
—l<a<f<land0<p<1. Assume R is a family of disjoint intervals (a,b) satisfying
the conditions

{ml(a)vml(b)} = {Q/?B} and |T7L1(:L‘)| <P T € (avb)‘

Then,



card(R) < M and Z (b—a) < M, (3.6)
(a,b)eR

where M is a constant depending on «, 3, p, w and E(m).
(ii) The component my, satisfies lim, 4o | ()| = 1.

Proof. Let us first prove the second inequality in (3.6). The function m is a one variable
weakly differentiable function therefore it is locally absolutely continuous in R. For any
(a,b) € R, we have by Lemma 3.2 and by the assumption of the lemma,

wl(b— a) = / jm?
(a,b)xw

g/ Im|? +de2/ V,.m|?
(a,b)xw (a,b)xw

§p2|w|(b—a)—|—/ (m§+m§)+cpd2/ |Vml|?.

(a,b)xw (a,b)xw

Summing up the inequalities for all (a,b) € R we get,

W 3 b-a) < Pl 3 <b—a>+/E<m§+m§>+cpd2/2\vm2

(a,b)eR (a,b)eR

Z (b—a)+/(m§+m§)+0pd2/ |Vm|?,
Q Q

< p?lw|
(a,b)eR

where ¥ = {J, ;)en(a, b) X w. By virtue of Lemma 3.1 we have

/ (w3 +m2) < O,
Q

where
2|w|E(m) :
Cp =120 i g<d 3.7
T @ min(ag, as)’ ' = o0
2|w|E
C, = ZM—(m), if d> dp.
di min(ag, as)
Therefore we obtain Cy + Cyd2E(m)
+ m
(b - a) S 1|w|(1p_ 2) (38)
(a,b)eR P

Next we have for any point (y, z) € w and any interval (a,b) € R,

b 1 b 2
/ \mel(:c,y,zﬂ?dwz m(/ ‘arml(xaya Z)‘d.%’) )
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Thus integrating over w we get

2
/ |0ymy|? dE > —/ (/ |0, ml(x,y,z)]d:c> dydz
(a,b)xw

- b— /|m1 a,y,z ml(b,y,z)|2dydz

> m(/w (ml(a y,2z) —mq(b, vy, z)) dydz)2
 Jul(a - 82

b—a

thus )
(a,b)xw B b—a

Summing up the last inequalities for all (a,b) € R we arrive at

1 1
> i S e o et

(a,b)eR
1 2
= lla—pp / [Vm|™dg
E(m)

< 77
= Jwl(a = B)?
thus

3 L o _Em) (3.9)

e a lwlla—B)

Combining now (3.8) and (3.9) we obtain,

3 (b1 '+b_a><:j;<(EOn)_+C&+(%dnﬂnw>52]W@%ﬂwxwiﬂw0)(31@

The last inequality and the inequality 7~ +b—a > 2 yield M(a, 3, p,w, E(m)) > 2card(R),
which finishes the proof of the first part. It is clear that

[ (z)| =

2)dydz| <

1

thus
0<1-—mi(z) <1, reR.

By virtue of Lemma 3.1 and Lemma 3.2 we have,
/ky—mbdgg/%mé+m@d@+QAﬁwm)<u%
Q )

9



thus
/(1 —m2)dz < oo. (3.11)
R

The integrand is continuous and positive thus for any 0 < § < 1 and N > 0 there exists

x5 > N such that |m(z;)] > 1 — 2. Therefore there exists an increasing sequence {z,}

such that x,, — oo and [m(2,)] > 1 — . Thus for infinitely many indices n one has one of
5

the following: my(z,) > 1 — 2 or mi(z,) < —1 + . Assume that for a subsequence (not
relabeled) there holds my(2,) > 1 — 2. Let us then show, that m;(z) > 1 — 4§ for all z > Nj
and some N;. Assume in the contrary that for an increasing sequence (%, ),eny with Z, — oo
one has m;(z,) < 1—4§. We construct an infinite family of disjoint intervals (a,, b,,) such that
the value of m; at one end of (a,, b,) is less or equal than 1 — ¢ and at the other end is bigger
than 1— g for all n € N. We start with taking the smallest n such that z,, > z; and denote it
by n; and set a; = x1, by = Z7,. In the second step we take the smallest n such that z,, > b,
and denote it by ns and then we take the smallest n such that z, > x,, and denote it by n,
and set ay = x,, and by = T;,. This process will never stop, thus the intervals (a,,b,) are
5

constructed such that m(a,) > 1—5 and m,(b,) < 1— 9. Since m, is continuous in R the

new sequence of disjoint intervals (d,, b,) where ¢, = sup{z € (an, by) | Mma(z) > 1 — 2} and
by, = inf{x € (dn,b,) | My(x) < 1 — 6} have the properties my(d,) = 1 — &, mi(b,) =14
and |m,(z)| < 1— ¢ for all x € [d,, b,] which contradicts (3.6). The same can be done for

—0OQ.

O
Remark 3.4. If m € A(Q) then lim,_,4. my(z) = %1,

Proof. By Lemma 3.3 we have lim,_,1, |4 (x)| = 1. Since m4(x) is continuous and m — é €
H'(Q), then the proof follows. O

Remark 3.5. If |m| =1 and Ey(m) < oo then lim, . |my(z)| = 1.

Proof. The proof is analogous to the proof of property (i7) in Lemma 3.3. O

4 Existence of minimizers

We start by proving a simple compactness lemma that will be crucial in the proof of the
existence theorem.

Lemma 4.1. Assume that the sequence of magnetizations {m™} defined in the same domain
Q satisfies and E(m™) < C for some constant C. Then there exists a magnetization m®: Q —
S? such that for a subsequence of {m™} (not relabeled) the following statements hold:

(i) Vm™ — Vm® weakly in L*(Q)
(ii) m"™ — m° strongly in L2, ()

(iii) E(m®) <liminf E(m™).

10



Proof. Let u, be a weak solution of Au = divm™. From [, [Vm"[*+ [0, |Vu"[> < C we get
by a standard compactness argument, that Vm" — Vm" in L*(Q), Vu,, — ¢ in L*(R?) and
m™ — m® in L} (Q), for the same subsequence (not relabeled) of {Vm"} and {Vu,} and

loc

some f € L*(Q) and g € L*(R?). We extend m° outside Q as zero. The identities
/m”~Vgpz / Vu, Ve forall neN and ¢ € C(R?),
Q R3

will then yield
/mO-VgOZ / g-Vo forall ¢ec CP(R?).
Q R3

Since g € L*(R?) then the Helmoltz projection of g onto the subspace of gradient fields
in L?(R?) will have the form Vug, will satisfy ||Vuo| r2ms) < ||9]lr2@s) and will be a weak
solution of Au = divg which is equivalent to

/ g-Vo= Vug -V forall ¢ e C°(R?),
R3 R3

thus we get

Vo= | Vu-Ve forall ¢eCER)

which means that ug is a weak solution of
Au = divm®.
Therefore from the weak convergence Vm™ — Vm® and Vu, — g we obtain,

||Vu0||L2(R3) S ||g||L2(R3) S hglogf ||Vun||L2(R3)

||Vm0||L2(R3) < hgr_lél.}f ||Vm"HL2(R3)

which yields E(m°) < liminf, .., E(m").

Now we have enough tools to prove the existence theorem.

Proof of Theorem 2.1. We adopt the direct method of proving the existence of a min-
imizer. The idea is to start with any minimizing sequence, we construct another minimizing
sequence that has a limit in A(Q) in the sense of Lemma 4.1. Let {m"} be a minimizing
sequence, i.e.,

lim E(m") = inf E(m).

n—00 meA(Q)
First of all note that the minimization problem (2.1) is invariant under translations in the
z direction, that is if m € A(Q) then obviously me(z,y,2) = m(z — c,y,2) € A(Q) and
E(m.) = E(m). We have that |[E(m")| < M for some M and for all n € N. For any n € N
consider the sets A,,, B,, and C,, defined as follows:

11



Since m7 is continuous in R then for all n € N, A,,, B,, and C,, are a finite or countable
union of disjoint intervals. We distinguish two types of intervals in B,,. A composite interval
(a,b) C B, is said to be of the first type if |m}(a) — m}(b)] = 1, and of the second type
otherwise. By Lemma 3.3 the sum of the lengths of all intervals, as well as the number of
the first type intervals in B,, is bounded by a number s depending only on M and w, i.e., a
constant not depending on n. Consider two cases:

CASE 1. There are no second type intervals in B, for all n € N.

Let us paint all the points of A,,, B,, and C,, with respectively black, yellow and red color
for all n € N. We call the increasing sequence {n;} C N "good" if for every k € N there
exist two intervals (af,a%) C A,, and (cf,c5) € C,, such that

as —a¥ — +oo, ch—cf — +oo, 0<ci—as<C

for a constant C' not depending on k. The endpoints a¥ and & can also take values —oo and
+o0o respectively. If {n;} is "good", the subsequence {m™} will also be called "good". We
show, that any minimizing sequence {m"} C A(Q) can be translated in the z coordinate
such that the new sequence contains a "good" subsequence. For every fixed n there are some
black, yellow and red intervals between (—o0, a,,) and (¢, +00). Note that there is obviously
at least one yellow interval between any two black and any two red ones, thus the number
of both black and yellow intervals is at most s + 1, hence the number of all intervals in the
n-th family is bounded by the same number S = 3s + 2 for all n. Let us number both the
red and the black intervals in any family of intervals. Let us prove the proposition below,
which is a reformulation of our problem:

Proposition. Assume a sequence of natural numbers [,, and a sequence of families of [,
disjoint intervals on the real line painted with black and red color are given for all n € N.
Assume [,, < [ and the sum of the lengths of [,, — 1 gaps between the intervals in the n-th
family is bounded by the same number M for all n. Assume furthermore that for any n,
the far left placed interval is black and the far right placed interval is red and their lengths
tend to oo as n goes to infinity. Then there exists a subsequence {n;} and two associated
intervals (a},a%) and (cf,c) in the ny-th family such that (af,a}) is black, (cf,ck) is red,
and

ab —ak — 400, b —c = +oo 0<c—ak <M (4.1)

12



for a constant M; and all £ € N.

Proof of proposition. The case [ = 2 is evident. Assume that the proposition is true
for [ < N and let us prove it for [ = N + 1. Since [ > 3, in every family there are at least
two intervals of the same color. Assume that for infinitely many indices n there are at least
two black intervals in the n-th family. Consider the far right placed black intervals for all
such families. There are two possible cases:

Case 1. For a subsequence their lengths tend to +oc.

In this case we can omit all the intervals placed on their left hand side which leads to a sit-
uation with less intervals in every family (in such a subsequence) fulfilling the requirements
of the proposition, so by induction the existence of a "good" subsequence is proven.

Case 2. Their lengths are bounded by the same constant.

In this case we can remove this intervals and this will lead us to a situation with less intervals
in all families fulfilling the requirements of the statements so by the induction the existence
of a "good" subsequence is proven.

Let us get now back to our situation. If we remove all the yellow intervals from the real
line for all n € N then the families of the black and the red intervals fulfill the requirements
of the proposition, thus the existence of a "good" sequence is proven. Take the two intervals
[a%, ak] and [cF, 5] for all k € N and denote the the "good" subsequence of magnetizations
again by {m*} which will also be a minimizing sequence. Let us translate m* by a factor of
a¥ and denote

M (i, 2) = m (2 4 ab . 2).
Then {mlgood} is a minimizing sequence and furthermore denoting af = ab — af, c& = f — a}

k_k_ k :
and ¢j = c5 — a3, we obtain,

1 1
m’;ood(:c) < . for x¢€[-ak 0] and m'g“ood(x) > ) for € [k, ch], (4.2)
ak — oo, i — ch — oo, 0<ch< M. (4.3)

Owing to Lemma 4.1 one can extract a subsequence from {m}, .} (not relabeled) with

a limit m® € A(Q). Let us now prove that conditions (4.2) and (4.3) imply that m° € A(Q).
We have for any fixed R > 0,

R . 1 R N
|77_”L(1) - mgoodl’ de = — (m? - mgoodl) dy dz
R w| J_r

1 R .
: m/R/|m?_mgOod1|ddedx

1
< {2 / ml — k2 de
|w] [-R,R]xw

2R
- \/% Hm(l) — m'goodl\\LZ([—RaRlxw) —0

13
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’;ood — m® in L} (). Therefore a subse-

quence of {mf,.,,(x)} converges pointwise to m{(x) almost everywhere in [-R, R]. Giving
R all natural values and applying a diagonal argument we establish that a subsequence of
{mk a1 ()} converges pointwise to mf(x) almost everywhere in R, therefore

as k — oo because of the strong convergence m

ml(z) < —= ae. in (—00,0) and mi(z)> a.e. in  [My, +00) (4.4)

N —

Let us now show that conditions E(m°) < oo and (4.4) imply m° € A(Q). We have by the
triangle inequality

IV (m” = @)l[720) < 2Vm° |12y + 2l Vel o) < 2B(m°) +4lw| < oo,

thus it remains to prove that m® — e € L?(2). We have again by the triangle inequality and
by Lemma 3.2,

[m® — €[22y < 2[1m° — &2y + 2[lm° = m° |72
< Qde2!\Vm0||Lz(m +2[Jm’ — eHLQ(Q)
< 2C,d*E(m°) 4 2|m” — el|72(q),

thus it remains to prove that m® — e € L*(Q2). One can assume without loss of generality
that M; > 1in (4.4). We calculate,

/|m = / 0 — g2 4 / |m0—é|2+/ 0 — 2 = I + I + L.
[—1,M1]xw —00,—1]xw [M1,00] Xw

The estimation of Iy, Iy and I3 is straightforward:

I <4(1+ My)|wl.

Due to condition (4.4) and Lemma 3.2 we have,

I — / (1+ %2 + 2m0)
[—o0,—1]Xxw

< (14 |m°* + 2m?)
[—o0,—1]Xw
o / (1+ml)
[—o0,—1]xw
<2 / (1 +m) (1 — )
[—o0,—1]xw

- / (O] — %) + 2 / (S + mY)?)
[—00,—1]Xw [—o0,—1]Xxw
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An analogous analysis for I3 gives

I; < 2C,d? /

VirP oz [ (i ).
[M71,00] Xw M7 ,00] xw

Therefore combining the estimates for I; I and I3 and taking into account Lemma 3.1 we
discover I; + Iy + I3 < oo as wished. CASE 1 is now established.

CASE 2. There are some second type intervals in B, for some n.

Removing all the second type yellow intervals from the real line we can regard the rest as
a real line without gaps simply by shifting all the intervals to the left hand side such that after
that operation no overlap occurs and there is no gap left. Precisely, we shift each interval
to the left by a factor equal to the sum of the lengths of the gaps between that interval
and —oo. During that operation we unify the black and red intervals with the neighboring
intervals of the same color but we regard the possible neighboring first type yellow intervals
as separate. We get a situation like in CASE1 and therefore we can prove the existence of
a "good" subsequence. It is easy to show that since that sum of the lengths of the second
type yellow intervals in each family is bounded by the same constant then the in Lemma 4.1
described limit of the obtained "good" subsequence will belong to A(Q) and hence will be
an energy minimizer in fl(Q) The proof is complete now.

5 The stability of minimizers

Throughout this section we will consider a sequence of domain-magnetization-energy triples
(Q,,m", E(m"™))nen such that Q, =R x (d, -w), m" € A(Qn), d,, — 0 and lim,,_, Eg;"’ =
min,,c 4, Eo(m), i.e., {m"} is a sequence of almost minimizers. Assume furthermore that w
has 180 degree rotational symmetry and the matrix M, has three different eigenvalues, i.e.,
a9 # a3, hence one can assume without loss of generality, that as < as. Note that due to

(2.4) we have

E(m™) < Cd> for all n. (5.1)
Lemma 5.1. If {1} converges to some m®(z) € A(Q) in the sense of Definition 2.2, then
(i) limy, o |V || 120) = [ VMO|| 12(0)
(1) Mmoo 105 || 22(0) = 1m8]| 20y, limnsseo 175 ]| 22(0) = [Im8]]22(0)-

Proof. The inequality liminf, o ||[Vm"||z2@) > [[Vm||12() is trivial, while the inequality
liminf, o |[/75 || 12) > [|[m3]|12() follows from the convergence mj — mj in L7 (). We
have furthermore by Lemma 3.2 and by (5.1) that,

rn ~Z mll2 1 n —n
[y — m2||L2(Q) = —2||m2 — mj||z2(0,)
d
< CpHVm"H%%Qn)
S OPCd?Lv
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thus
[y — 15| L2y — 0. (5.2)

Therefore we get liminf, . |[Mm5]|r2@) > [|m3||r2@) and a similar inequality for mj is
also fulfilled. It remains to only show the opposite inequalities with limsup. It is clear
that ||V 2 < ||V 12, thus it suffices to prove that limsup,_,. [Via"|| 2@ <
|VmP|| 12(). Assume now in contradiction that one of the three inequalities with lim sup, we

intend to prove, fails. Therefore we have owing to (3.1), that for some § > 0 there holds,

. m" . o L. . N o
imsap U5 > a1 sup 952 + i s+ i s

lim inf [ Vri" |20, + lim sup |5 | 2 gy + i inf o[ || 72(g)

. . s nll2 . . —nl12 . —nl2
h}gg)lf Vih ||L2(Q) + hgggf as|[m; HL2(R) + hgl_igp as | m3 ||L2(]R)>

Z Eo(mo) ‘|—5
> min E
> min By(m) +34,

which contradicts (2.4). The lemma is proved now.

]
Corollary 5.2. Let {m™} and m° be as in Lemma 5.1. Then
(i) it oo [0 2y = Im8llzaceys  limasoe 178 2y = lm8llz2qey.
Proof. 1t follows from Lemma 5.1 and equality (5.2). O

Lemma 5.3. Let {m"} and m° be as in Lemma 5.1. Then
(i) lim, o0 || VIR — VMO||12(0) = 0
(’I,Z) linlng)oo H?”flg — mg”L2(Q) = O, hnlnﬁoo H'I”h,g — mgHLz(Q) = O

Proof. The inequality liminf,_, || V1" ||12) > [[VmP||12) is a consequence of the weak
convergence Vi — Vm?. The opposite inequality limsup,_, . [|[Vi7"||12@) < [[VMO| 12
has been proven in the proof of Lemma 5.1. Therefore lim sup,,_, . [[V17" || 12() = [[Vm°||r20)
which combined with the weak convergence 17" — m® gives (7). Fix now [ > 0. We have by
virtue of Corollary 5.2,

n—oo n—o0 n—o0

lim sup/ Iy —m3|?* < lim sup/ [hy — m3|? + lim sup/ 7l — my)?
Q (L] xw O\ (L] xw)

< 2hmsup/ (I ]? + [m3|?)
(L] <)

n—o0

< 21imsup/ (Jrhg]* 4+ |m3|?) — 2lim inf/ (Jrhg]* + |m5]?)
QO n— o0

n—00 [l Xw

= 4|w| |mg(:c)|2 dz.
R\[~1,]]
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From the arbitrariness of [ we get the validity of the first equality in (i7). The proof of the
second equality in (i) is straightforward.
]

Lemma 5.4. Let {m™} and m° be as in Lemma 5.1. Assume in addition that for some
N € N and [ > 0 we have for alln > N

mi(x) <0, x € (—oo,—I] and mi(xz) >0, z € [l,400).

Then

lim ||mn - mO”Hl(Q) = 0.
n—oo

Proof. By Lemma 5.3 it suffices to show that lim, . [|[/2f — m||z2(@) = 0. Since m°(z) €

A(Q) then due to Remark 3.4 there exists [; > 0 such that
0 1
mi(z) < —= x € (—00,l] and  m5(x) > 4 x € [ly, +00).
For any fixed Iy > max(l,l;) we have,

[ == [yt [ i — 3.
Q [—lg,lQ]Xw Q\([—lz,lg]xw)

The first summand converges to zero and we have furthermore that ||/} — m}|[12) — 0,
thus it suffices to show that

700 JQ\([—lasla] xw)

For n > N we have

/ iy - mdf? < 2 —
Q\([—lg,lg] ><w) Q\([—lg,lg] ><w)

< / 22 — g | + / A2 — |mO2).
Q\([*lz,lg]xw) Q\([*lz,lg]xw)

The first summand converges to zero by Lemma 3.2. For the second summand we have by
Corollary 5.2,

limsup/ [P — Im?| < limsup/ (Jrhs|? + %] + [m]? + [m3]?)
Q\([—lz,lz]xw) Q\([—lz,lz}xw)

n—oo n—oo

<2 (P )
O\([=l2,l2] xw)

which converges to zero as [y goes to infinity.
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Lemma 5.5. Let 0 < e <1 and let the sequence of intervals ([b}l, bi])neN be such that
mi(bl) = ~1+¢ mib2)=1—c
Then for sufficiently big n there holds
mi(z) < —1+2¢ x€(—o00,br], mi(x)>1-2 x€[b2,+00),

—1+%<m’f(aﬁ)<1—§, z € [bL,b2].

Proof. Assume in contradiction that for a subsequence {n;}(not relabeled) there is a point

b2 € (—oo,bl) such that m7(b2) > —1 + 2. Since m}(—o0) = —1 and mj is continuous we
can without loss of generality assume that m}(b?) = —1 + 2¢. Utilizing Lemma A.2 for the
intervals (—oo, b2], [b3,bL], [0, +00) and (3.2) we discover,

E(mn) s m|2 Q2 s n|2 a3 cmn|2
ni2 . (G2 Q3 0|2 .2
> [ (i min (22, 22). ] (i + g )+ o(1)
Q w w7 Jg
> 24/ az|w| (\26\ + |e| + |2 — 26]) +o(1)

_ (1 n %) min Ey(m) + o(1),

mEA()

which contradicts the almost minimizing property of {m”}. Similarly we get the bounds near
oo and in [b} b2].

n’-n

]

5.1 Proof of Theorem 2.4

Proof. The proof splits into some steps:

Step 1. Let us prove that if a sequence of magnetizations converges to some m° € fl(Q)
in the sense of Definition 2.2 and satisfies conditions (2.4) and m5(xo) > 0 for some zy € R
and for big n then m9(x) > 0.

We have due to (2.4), that

/ 0, g/ Oum” | < O,
Qn Qn

thus

/ 0" (2) 2 de < <
R

~|wl

which yields that the sequence {m"} is equicontinuous in R, and therefore by the Arzela-
Ascoli theorem {m™(z)} has a subsequence with a uniform limit in the interval [xg—1, 29+ 1].
It is trivial that the limit is m°, and thus mj%(zo) > 0 yields m$(zo) > 0. Evidently, the same
sign preserving property holds for the first and the third components of m™ and also for the
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opposite sign. This means in particular that if m}(x¢) = 0 for big n then m(zq) = 0.

Step 2. In the second step we construct the sequences {7,,} and {R,}. Note first, that
the change of variables mentioned in the theorem translates the domain 2 to itself and
preserves the energy, thus the minimization problem (2.1) is invariant under that kind of
transformations. Let us now evaluate the constant in estimate (3.10). The constant C} in
(3.10) comes from (3.7) and is given by

_ 2Jwn|E(m")

Oégd%

o) < Kd?,

for big n. Here K is a constant depending only on the shape of the cross section w. Thus we
get

1L ( Em")  Ci+CdrE(m"
Ml B ien ) = |wn] ((agnﬁ;z gt 1+110_7;)2 = ))

1 ( C N K+ CpC’di)
~ Jw| \ (a = B)? 1—p?
< M,

uniformly in n. Next we choose the intervals [b},b2] to be as in Lemma 5.5 with ¢ = £,
which is possible due to the continuity of m} and the fact that m}(+£oc) = +1. Owing to
Lemma 5.5 we get

1 1
mrll(x) < _57 NS (_Oovb}z]’ m?(l‘) > 57 LS [bi,—l—OO), (53)
5 5
5 < mi(x) < G € b}, b2]. (5.4)

Therefore, we obtain by the uniform estimate on M (a, 3, p, w,, E(m™)) and by the estimate
(3.10) of Lemma 3.3 that for sufficiently big n there holds,

by, — by, < M. (5.5)

Let now z,, € [b},b2] be such that m}(x,) = 0. For any n € N we choose T, to be the

translation by z,, and the rotation R, to be the identity if m%(z,) > 0 and the rotation by

180 degree otherwise. In the last step we prove that the whole sequence {ﬁz"} converges to
m* in H'(Q).

Step 3. For convenience of notation we will omit the "tilde" in m”. We are now ready to
prove that [[1" —m®||y1q) — 0 as n — co. Assume in contradiction that for a subsequence
(not relabeled) || —m®|| 1) > ¢ > 0 for some . Like in the proof of Lemma 4.1 we can
show that a subsequence of {rh"} converges to some m® in the sense of Definition 2.2. By
the I'-convergence theorem we then have Ey(m°) < liminf, . E(dL%n) thus

Ey(m®) = min Ey(m). (5.6)

mer
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Next we have by the sign-preserving property of Step 1 and by bounds (5.3)—(5.5), that

1 1

mi(x) < —3 TE (—o0, =M, mi(z) > 3

Invoking now Remark 3.5 and the properties (5.6) and (5.7) we discover m{(+o0) = +1,
which yields

€ [Mi, +00). (5.7)

m° € Ay, (5.8)

i.e., mg is a minimizer of the minimization problem (A.3). Again, by the sign-preserving
property we have m?(0) = 0 and my(0) > 0, thus by the analysis on the minimization
problem (A.3) in Appendix, we establish that actually m® and m* coincide. Note, finally,

that the requirements of Lemma 5.4 are satisfied, thus we get
lim Hm" - m“’HHl(Q) = lim Hmn - mOHH1(Q) S 0,
n—oo n—o0

which is a contradiction. The theorem is proven now.
]

We mention that it is easy to see that any rectangle that is not a square and any ellipse
that is not a circle satisfies the condition 0 < s < asg. This condition shows that the cross
section w does not have many rotational symmetries in some sense. For instance, if w has a
90 degree rotational symmetry, then one can show that ay = a3. It is also worth mentioning
that one can prove a modified version of Theorem 2.4 in the case when w is a disc or a
canonical polygon with even number of vertices, namely due to the symmetry it is not true
that any of the rotations R, is either the identity the rotation by 180 degree, but one can
prove their existence. In conclusion we state that Theorem 2.4 shows that in thin wires
energy minimizers with a 180 degree domain wall are transverse (Neél) walls that have the
shape of m*.

Remark 5.6. The stability result holds for circular cross sections and cross sections that
are canonical polygons.

Proof. 1t is straightforward to check that the construction of the rotation R, and translation
T, can be done exactly in the same way as in the proof of Theorem 2.4, although the cross
sections do not have the required asymmetry. O

A Appendix

In this section we recall some well-known facts, in particular the study of the minimization
problem min,,e 4, Fo(m). We start with a simple lemma.

Lemma A.1. For any magnetizations my, my € A(S2) there holds

| Ernag (1) = Ermag(ma)| < [lmy —mal|72q) + 2[lm1 — ma||2(@)\/ Emag(m1)
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Proof. The proof is elementary and can be found in [20]. O

Lemma A.2. Assume that w C R? is a bounded Lipschitz domain. Then for any interval
(a,b) C R, positive o and a unit vector field f € Hl((a, b) X w, SQ) there holds:

[ wrPaat [ (RPIAP) 2 20kl - A
(a,b)xw (a,b)xw

(The endpoints a and b can take values —oo and oo respectively).

Proof. Fix a point (y, z) € w and consider the vector field f on the segment with endpoints
(a,y,2z) and (b,y,2). Being an H' vector field, f must be absolutely continuous on that
segment as a function of one variable, thus denoting

fl(x7yaz) = Singo(x), f2($,y72> = COSQO(:E) COS@(I)7 fg([)?,?J,Z) = COSQO("LI) SIDQ(ZE)

we obtain that ¢ and 6 are differentiable a.e. in [a, b]. Therefore we can calculate,

[ et [ (RQF 4 RO
(a,b)x{(y,2)} (a,0)x{(y,2)}
b b
= / (¢ (x) + 0%(x) cos* p(x)) dz + o? / cos® p(x) dz
b b
> / (¢?(z) do + az/ cos® p(r) da

> 2«

/b o!(x) cos p(x) dx
= 2a|fi(a,y, z) — f1(b,y, 2)|.

An integration of the obtained inequality over w completes the proof. O

Recall now that analogously to the proof of the above lemma one can determine the
minima of the energy functional

Eo(m) = [ 10m@)P de -+ a [ (my (@) + (o)) ds
R R
for any o > 0 in the admissible set
Ag={m: R —=R® : |m|=1,m;(+o0) = £1}.

The minimizer is unique up to a translation in the = coordinate and a rotation in the OY Z
plane and is given by

o eVer. g1 2y/Pever 2\/BeVer
me’ = , cosf), —————sind |. (A.1)
e2vor . 3417 e2Var . B4 ] e2ver . 341

Set m® := m®! to have m2(0) = 0. The minimal value of E, in Ay will be 4y/a. Let us now
find the minimal value and the minima of the reduced problem for any w under the condition

O<ay < a3, (A2>
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i.e., consider the minimization problem

min Ey(m). (A.3)

meAg

Observe that,
Eo(m) = |w|/ |8xm(:v)|2dx+oz2/m§(x) —I—ozg/m%(x)
R R R
> ]w]/ lﬁxm(x)]2d$+a2/m§(x)+a2/m§(:c)
R R R

> 44/ |aaw|,
and the minimum is realized by

) (62\/@“"—1 DV )
m” = 0],

A4
62 awx+1’ 62 Oéw$+1’ ( )

where o, = ﬁ‘u—j

rotations of m¥.

All other minimizers of Fj are obtained via translations and 180 degree
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