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1. Introduction

From the point of view of functional analysis the second most desired property of infinite spaces is
reflexivity (the first one is completeness) and probably it is the most used in applications due to the weak
compactness of its unit ball. Typical undergraduate examples of reflexive Banach spaces are Lebesgue
LP-spaces (1 < p < o0) of a positive o-finite measure. The corresponding scalar function spaces associated
to a vector measure v with values into a Banach space have been long studied (see, for example [18] and
most of the references in the present paper). In this new context the things are really different. There appear
several LP-spaces associated to the vector measure: in the weak sense LP (v), in the strong sense LP(v), and
finally, integrability in the Choquet sense LP(||v||), of course for 1 < p < oo. These kind of spaces are, in
general, different from each other and nonreflexive, even for 1 < p < oo. When the vector measure v is
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defined on a o-algebra the reflexivity of L? (v) and LP(v) has been studied in [12]. Roughly speaking, for
1 < p < oo, the space L? (v), or equivalently LP(v), is reflexive if and only if they coincide. Also in the same
context of a vector measure defined on a o-algebra, the reflexivity of LP(||v||) is obtained as a byproduct
of a general result about interpolation from [10], namely, LP(||v|) is always reflexive for all 1 < p < oo.
In the present paper we study the reflexivity of these spaces when the measure is defined on a J-ring, a
more general (but natural) structure than a o-algebra. In this new context we can say that a similar result
characterizing reflexivity of L, (v) and L?(v) holds (see Theorem 2.3). Nevertheless L?(||v||) is not always
reflexive. We characterize those vector measures for which L?(]|v||) is reflexive as the locally strongly additive
vector measures (see Theorem 4.3). Much of this work deals with this kind of measures.

2. Reflexivity of L? and LP

The basic references for us about integration will be [7,13,16,17] and [18, Chapter 3]. Throughout this
paper we will consider a vector measure v : R — X defined on a d-ring R of subsets of some nonempty set
Q with values in a real Banach space X, with dual X’. We denote by R!°° the o-algebra of subsets A C
such that AN B € R for each B € R. Measurability of functions f : @ — R will be considered with respect
to the measurable space (£2, R'°). The semivariation of v is the set function ||| : R1°¢ — [0, 00] defined by
lII(A) :==sup {|(v,2)| (A) : |2’|| x, < 1}, where |(v,2")| is the variation of the scalar measure

(v,a'y : A€ R — (v,2') (4) := (v(A),2") € R.
Recall that for every subset A € R!°°, we have the following inequalities

S I1(4) < sup{ ()

|:BeR BC A} < |v](A).

The semivariation is a subadditive set function that may be nonadditive. A set N € R!°° is called v-null if
lv]|(N) = 0, and a property holds v-almost everywhere (v-a.e.) if it holds except on a v-null set. In what
follows we will always consider vector measures v : R — X which are o-finite, that is, there exist a pairwise
disjoint sequence (), in R, and a v-null set N € R'°°, such that Q = (Ug>1Q%) U N. Simple examples
of o-finite vector measures defined on d-rings are given by the Lebesgue measure A defined on the §-ring
R:={AeM:AA) < oo}, where M is the o-algebra of all Lebesgue measurable subsets of the real line R,
and the counting measure defined on the é-ring P¢(N) of finite subsets of the natural numbers N. Other
examples of o-finite vector measure will be considered in Examples 3.2 and 4.5 below. Moreover, o-finite
vector measures have special scalar control measures as we see in the following result (see [7, Theorem 3.3]).

Lemma 2.1. Let v be a o-finite vector measure. Then there exists xy € X', with ||zglly, < 1, such that
|(v, z0)|(A) = 0 if and only if ||v||(A) = 0, with A € R'°°.

Proof. If v is o-finite, then there exists 0 < f € L!(v). Consider the vector measure vy : R°° — X defined
by vg(A) := [, fdv € X. Note that vy is defined on a o-algebra, and ||v¢||(A) = || f Xallpi(,y, forall A € Rloc
(see [13, Theorem 3.2]). Let xy € X', with |lzg||y, < 1, such that |(vf, 25)| is a Rybakov control measure
for vy (see [9, Theorem 1X.1.2]). Then |(v,z)|(A) = 0 if and only if ||[v[|(A) = 0, with A € R!°¢, because we
know that |(vg, z()|(A) = [, fd|(v,z)], for all A € Rlc. O
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A measurable function f: Q — R is called weakly integrable (with respect to v) if f € L' (| (v,2')|) for
all 2 € X'. A weakly integrable function f is said to be integrable (with respect to v) if, for each A € R°°
there exists an element (necessarily unique) | 4 fdv € X, satisfying

< / fd,,,wf> - [, wex

If 1 < p < o0, a measurable function f : @ — R is called weakly p-integrable (with respect to v) if |f|P
is weakly integrable and p-integrable (with respect to v) if | f|P is integrable. The space L (v) of all (v-a.e.
equivalence classes of) weakly p-integrable functions becomes a Banach lattice when endowed with the usual
v-a.e. pointwise order and the norm

B=

171128,y = sup / Pl el <1
Q

Moreover, the space LP(v) of all (v-a.e. equivalence classes of) p-integrable functions is a closed order
continuous ideal of L? (v). In fact, it is the closure of 8§(R), the space of simple functions supported on R (see
[13, Theorem 3.5]). Recall that order continuous means that || f — fy||zr) — 0 for every 0 < f,, T f € LP(v).
For p > 1, note that

W) ={f:Q—R: [P e LX)} flinw = 1P 0, -

These Banach lattices LP(v) and LF (v) were initially studied in [12] and [19] for vector measures v defined
on a o-algebra and its basic properties can be extended and remain true for vector measures defined on
0-rings (see [4]). Let us mention, in particular, that L? (v) is p-convex, that is, there is a constant K > 0
such that

1
1 P
J0np -t 1mm| < E (Al + o+ 1alie)

LE, (v

for every election of vectors fi,..., f, in L2 (v), as we can see directly from the definition of the norm
- gy

The following result has been borrowed from [4, p. 75] (see also [2, Corollary 5.7]). We include here the
proof for the sake of completeness.

Proposition 2.2. Let 1 < p < oo and let 0 < f,, 1 in L}, (v) such that sup,, || fullrp o) < 0o. Then, there
exists sup,, fn € LP (v). Moreover sup,, || fn|

property.

i) = Isupy, fallps o). That is, LT, (v) has the sequential Fatou

Proof. There exists a v-null set N € R1°® such that 0 < f,(w) 1 for all w € Q ~. N. Consider the function
g : Q@ — [0,00] defined by g(w) := sup,, fn(w), if w € @ N N and g(w) = 0, if w € N. Then we have
0 < fPxa.n T ¢P pointwise, and the Lebesgue monotone convergence theorem assures that

[ =tim [ o) < 12wl < o
n n
Q Q
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for all 2’ € X’. In this way g € LP(|(v,2)|) for all ' € X', and

sup /g”dlw 2l < 1p < suplfallgy ) < oo
n
Q

In particular, by applying the above for the vector z{, of Lemma 2.1, we deduce that g is finite v-a.e. and,
in fact, it equals with sup,, f,. Thus g = sup,, f» € L, (v), and moreover

sup fn = ||g||Lﬂ,(y) < sup | full ) < ||sup fn
n n n

LY (v) LY (v)

Recall that a Banach lattice is a KB-space whenever every norm bounded, positive, increasing sequence is
norm convergent [1, Definition 14.10]. Thus every reflexive space is a KB-space (see the comments to the
aforementioned definition), and it is clear that every KB-space has order continuous norm. Moreover every
KB-space has the sequential Fatou property because every convergent (in norm) increasing sequence, neces-
sarily converges to its supremum. The next result is the analogue to [12, Corollary 3.10] for vector measures
defined on §-rings. Its proof is a small modification of that, but we include it here for the sake of complete-
ness. The equivalence of d) and h) has been proved independently by Avalos-Ramos and Galaz-Fontes in [2,
Corollary 5.20].

Theorem 2.3. For every p > 1, the following conditions are equivalent:

a) LP (v) has order continuous norm.
b) L? (v) is a KB-space.
c) LP (v) is reflexive.

d) LP(v) is reflexive.

e) LP(v) is a KB-space.

f) LP(v) has the sequential Fatou property.
g) L (v) = LP(v) as Banach lattices.
h) LL(v)=L!

(v) as Banach lattices.

All eight assertions are true whenever the Banach space X is weakly sequentially complete.

Proof. a) = b) Let (f,)» be a norm bounded, positive, increasing sequence in L? (v). By applying Propo-
sition 2.2, there exists f in L (v) such that f,, T f. Then, from order continuity of the norm, we have that
(fn)n converges to f in LP (m).

b) = ¢) Since L? (v) is a p-convex (with p > 1) Banach lattice, the space of summable sequences ¢; is not
lattice embeddable in L2 (v) (see [14, p. 51]). Moreover, LE (v) does not contain a lattice copy of the space
of null sequences ¢y since it is a KB-space by hypothesis (see [1, Theorem 14.12]). The result then follows
from Lozanovskii’s result (see [1, Theorem 14.23]).

¢) = d) LP(v) is a closed subspace of L (v).

d) = e) Tt is well known that reflexive spaces are KB-spaces.

e) = f) Every KB-space has the sequential Fatou property.

f) = g) See [4, Proposition 5.4].

g) < h) It is enough to observe that f € L} (v) if and only if |f|% € LP (v).

g) = a) Note that LP(v) has always order continuous norm. See [19, Proposition 6] or [13, Theorem 3.3].
For the last claim in the statement of the theorem, recall that L. (v) = L'(v) whenever the Banach space
X is weakly sequentially complete. See [13, Theorem 5.1]. O
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3. Fatou property and order continuity of LP of the semivariation

Now we are going to consider, for 1 < p < oo, the spaces denoted by LP(||v||). These spaces appear in
a natural way, as Lorentz spaces with respect to the semivariation ||v||, when we describe the interpolation
spaces obtained by applying the real interpolation method to couples of LP-spaces of a vector measure
v:R— X (see [6] and [10]). Let us introduce it briefly and describe some basic properties of them.

Given a measurable function f : Q — R, we shall consider its distribution function (with respect to the
semivariation of the vector measure v) |[v| s : t € [0,00) — ||v]|#(¢) € [0, 0], defined by

[l (@) = vl {w e Q: [f(w)] > }), =0

This distribution function has similar properties as in the scalar case (see [10]). For instance, ||v| s is
non-increasing and right-continuous. Recall that L(||v||) is the space of (v-a.e. equivalence classes of)
measurable functions f : @ — R such that the integral [;° [|v|;(t)dt < oo. Then L'(||v||), with the
quasi-norm || fll ) = Joo Ivllg(t)dt and the usual v-a.e. pointwise order, becomes a quasi-Banach
lattice. For 1 < p < 0o, we also consider the space

(vl = {f - @ —R:|fI" € L'(Iv])},

with the quasi-norm || f{| 7., = | |f‘p||%1(”y”)' We would need to mention that a consequence of [6,
Remark 3.8.1] is that LP(||v||) is normable for every 1 < p < oco. This means that there is a lattice norm
| - |l equivalent to the quasi-norm || - || Lr(j|)- The case p = 1 is something special because we don’t know
if L1(||v||) is normable (see [11] for details).

The following result is the analogue to Proposition 2.2.

Proposition 3.1. Let 1 < p < oo and let 0 < f, T in LP(||v|]) such that sup,, || fullLe)) < 0. Then,
there exists sup,, fn € LP(||v]]). Moreover sup,, || fullLequyy = lIsupy, fallpo(yuyy- That is, LP(||lv]]) has the
sequential Fatou property.

Proof. There exists a subset N € R'°¢, with ||v||(N) = 0, such that 0 < f,,(w) 1 for all w € 2~ N. Consider
the function g : @ — [0, 00| defined by g(w) := sup,, fn(w), if w € @~ N and g(w) =0, if w € N. Then
we have 0 < fPyqo.n T g° pointwise, and ||V sz, (t) T ||| gr(t) for all £ > 0. By applying the Lebesgue
monotone convergence theorem we obtain

oo o0 oo
J 1@ = tim [ g (e = tim [ ey
0 0 0

= sup ||fn||12p(\|,,”) < o0.

Then ||v||g(t) < oo for all t > 0 and g is finite v-a.e. We conclude that sup,, f, € LP(||v||) and moreover
supy, || full Lo (v = [Isup, f"”LP(HuH)' U

As it has been pointed out in [10], in general, the spaces LP(||v|), LP(v) and L%, (v) do not coincide,
and the three spaces can be different. If the measure v is defined on a o-algebra, we have the following
inclusions L>(v) C LP(||v||) C LP(v) C LP(v), and all these inclusions are continuous for all 1 < p < co
(see [10, Proposition 7]). Here L>°(v) denotes the space of (classes v-a.e. of) essentially bounded measurable
functions f : Q@ — R with the essential supremum norm. However, if the vector measure v is defined on
a d-ring instead of a o-algebra, the inclusion L?(||v||) C LP(v) is in general false as the following example
points out.
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Example 3.2. (See [6, Example 2.1].) Consider the o-finite vector measure
v:AePiN)—v(A) :=xa € co.

For every 1 < p < o0, it is easy to check that LE (v) = £°°, the space of bounded sequences, and LP(v) = ¢y.
In what follows it will be interesting to note that ||v||(A) = 1, for every nonempty A C N, and ||v||(&) = 0.
This means, in particular, that [|v||; = Xjo,c0) if f is an unbounded sequence, but ||v||; = x[0,) 7)) if f € £>°.
Consequently, L(||v||) = ¢ = L. (v), and L(||v||) € L'(v).

Nevertheless, the inclusion L(||v|) € L. (v) remains and it is continuous for every vector measure v defined
on a é-ring. And, moreover, the inclusion L' (||v||) € L'(v) holds if and only if the measure v is locally strongly
additive (see [6, Proposition 3.2]). In particular, if L'(v) = L. (v), then the measure v is locally strongly
additive. Recall that a vector measure v is locally strongly additive if for every disjoint sequence (4,,), C R,
with [|v]| (Un>145) < 00, we have |[v(A,)||x — 0. See [5] and [6], where these measures were introduced in
connection with real and complex interpolation methods and function spaces associated to a vector measure.

Note that Example 3.2 tells us that 8(R), the set of simple functions supported on subsets of the d-ring R,
is not always a dense subset of L!(||v||). The things are different if the measure is locally strongly additive.
The following technical results will be used to prove that §(R) is dense in L*(||v||) when the vector measure
is locally strongly additive. In what follows it will be convenient to consider the following notation. For a
measurable function f: ) — R and a real number M, consider the measurable subset

[f>M ={weQ: f(w)>M}.
Similar meaning have [f < M] or [f # 0].

Lemma 3.3. Let v : R — X be a vector measure and let 0 < f € L1(||v|)). Then ||v|| ([f > M]) < oo for each
M >0, and AldiglonX[fSM]”Ll(Hun) =0.

Proof. Note that f > M x[s~ s, for each M > 0, and so

1ALy = MlIxgsanllzqen = Mlvl ([f > M]).

Thus, |[v||([f > M]) < :11fllLiqu)) < oo. For the second assertion note that [fxr<a > t] = @, if

t> M >0, and so ||v|| ([fx(r<r) > t]) = 0 for those . On the other hand, if 0 <t < M, then [fx[f<n) >
t] = [t < f < M] and, in this case, [[v|| ([fxr<r) > t]) = V] ([t < f < M]). Thus

J&[lgo H.fX[fSI\/[]HLl(HDH) = 1\%[1210/ ”VH ([fX[fSM} > t]) dt
0

M
= Jim [ (1< 7 < )
0

IN

M
dm [ 19117 > e ae =0,
0

since f € LY(|v]). ©
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Lemma 3.4. Let v : R — X be a vector measure. The following conditions are equivalent:

1) v is locally strongly additive.
2) IW|(En) — 0 for each sequence (Ey), C R, such that E,, | @ and ||v|(E1) < oc.

In particular, if v is locally strongly additive, then for every A € R1°¢, with ||v||(A) < oo, and every e > 0
there exists B. € R, with B. C A, such that |[v||(A N B:) = [[xa — xB. o (v <&

Proof. 1) = 2) Suppose that (E,), C R°¢, with E, | @ and ||v|(E1) < oo. Then xg, € L. (v) for all
n > 1 because the sequence (FE, ), is decreasing and ||v||(E1) < oco. Now, locally strongly additivity of v
implies that xg, € L'(v) for all n > 1 (see [6, Lemma 3.1]), and moreover xg, | 0 pointwise in L!(v). The
order continuity of the norm implies that ||v||(E,) = [[x&,|lz1) — 0 as we want to see.
2) = 1) Let (A,)» C R be a disjoint sequence with ||v|| (Up>14,) < co. Put By := Up>14,, and E,, :=
By~ (A U---UA,_,) for each n > 2. Then it is clear that (E,), C R'°¢, E, | @ and ||v|(E)) < oc.
Moreover A,, C E,, for all n > 1. Thus [|v(4,)] < ||v||[(Er) — 0 and v is locally strongly additive.

For the last assertion take A € RI°°, with ||v|(A) < oo, and recall that v is o-finite. This allows us to
choose a sequence (), C R, with ©,, 1+ Q. Then ANANQ,, | @ and ||[v||[(ANANQ) < ||v]|(A) < co. Now
the equivalence 2) assures that [[v[[(A~ ANQ,) — 0, but |/|[(ANANQ,) = [xa — Xana, |z (v O

Here is the result about density of simple functions.
Proposition 3.5. Let v : R — X be a locally strongly additive vector measure. Then 8(R) is dense in L*(||v]]).

Proof. Decomposing functions into positive and negative parts, it is enough to consider only nonnegative
functions. Note that f = fx[rn)+ fX[r<n for each 0 < f € L*(||lv||) and M > 0. Then Lemma 3.3 assures
that the set

Li(lell) = {g € L*(IvIl) = Il (lg # 0]) < o0}

is dense in L!(||v||). Now we are going to prove that S(R'°¢) N Li(||lv]|) is dense in LL(]|v||). Take 0 <
g € Li(|lv]) and € > 0. Consider the sequence g, := inf{g,n} for all n > 1. Then 0 < g, 1 g and
[gn # 0] C [g # 0] for all n > 1. Then

o
Jim g — gnllzr (o nlggo/\ll/\l([g—gn > 1)) dt
0

= Jin [l (> o) di
0

=g&/www>@w=a

This means that the there exists m > 1 such that ||g — gum |l z1(v)y < §- Since g, is bounded and [g,, #
0] C [g # 0] there exists a simple function ¢ := Zivzl akXa,, with A € R°¢ A, C [g # 0], ap. > 0,
forall 1 <k < N and 0 < ¢ < g such that [[gm — @lLe@n) < m. Thus, having in mind that
[gm — ¢ # 0] C [g # 0], we obtain

mm—mywmz/ww@m—@>mm
0
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AT g0 y#O])

= [ Wl o> e
0

€

g
< T o Mo # 0D = §

and, consequently, [|g — @[l < 29 = gmllLrwy + 2lgm = @llru) <e-

Finally, note that Lemma 3.4 assures that $(R) is dense in 8(R°¢) N L (||v|). Indeed, given 0 < ¢ :=
ZZ:I kXA, € S(:RIOC)OL%S(HVH) and € > 0 there exists B € R such that ||XAk: —XByg HLl(HVH) < ”T"ZEW’
forall k =1,...,n. Now taking ¢ := Y | arxB, € 8(R), we obtain that ||¢ —¢||L1(,) < €, and the proof
isover. O

Proposition 3.6. Let v : R — X be a vector measure. The following conditions are equivalent:

1) v is locally strongly additive.

2) lfxe. )y — O for every f € LY(||v||) and every sequence (E,), C R°¢, with E, | @.

3) f = fullpruyy — O for every sequence (fn)n and f of LY(||v|]) such that 0 < f,, 1+ f. That is, L*(||v]|)
is order continuous.

4) LP(||v||) is order continuous for every (some) 1 < p < oo.

Proof. 1) = 2) Note that Lemma 3.4 assures that every simple function ¢ € 8§(R) satisfies the above
condition 2). Given the function f € L!(||v|), the sequence (E,), C R°¢, with E, | @ and £ > 0, from
Proposition 3.5, we know that there exists ¢ € §(R) such that || f — ¢||L1¢j) < 5. Then we have

HfXEn”Ll(HV”) <2(fxe, — SOXEnHLl(HUH) +2 ||<PXEn||L1(|\V||)

£
<20f = el + 2 llexz, gy < 512 lex e, Nl

and knowing that [[oxg, |11,y — 0, it follows that [|fxe, |11 — O

2) = 3) Let 0 < f, T f € L'(||v||) and let € > 0. The Lemma 3.3 assures that there exists B € R'°¢,
with 0 < [|v||(B) < oo (we assume that f is not the null function), such that || fxa-B|r1(v)) < 3. For
every n > 1 consider the measurable subsets F {f fn > W} € R'°¢. Note that FE, | @. By the
hypothesis || fxz, ||L1(||VH) < o for large enough n. Then for those n we have that

1f = Fall gy < 21CF = Fa)xassll oy + 21 = fa)xsl oo
< 4| fxa~sllpguy T4 1 faxosllL g
+4((f = fadxe. ooy + 410 = fa)xs<e. L)

< 8l xaxsllpguy T 81 xE L)

4e 8 8  4e
_  WI(B~E oL
FapE VBB <ttt =e

and || f = full gy — 0

3) = 1) Let (4,,),, C R be a disjoint sequence with |v|| (Uy>14,) < co. Put By, := A1 U---U A, for every
n > 1. Then 0 < x, T x4, where A := U,>14,, since the sequence (A,), is pairwise disjoint. Moreover
xa € L'(||v])), as |[v[|(A) < oc. By the hypothesis it follows that |[xa — X8, ||1(jv) — 0, but

[v(Ant1)llx < IVII(Ans1) < VI[(Bat1) = IXBag L < lxa = xs, o qu)-
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3) <= 4) This equivalence follows from the definition of the space LP(||v||) and the fact that it is normable
as we have commented previously. O

Remark 3.7. Now, knowing that LP(||v||) has order continuous norm if the measure v is locally strongly
additive, it is not difficult to see that 8(R) is dense in LP(||v||) for every 1 < p < oo.

4. Reflexivity of LP of the semivariation

Example 3.2 tells us that not always LP(]|v||) is a reflexive space even for p > 1. In this section we
characterize those vector measures v : R — X such that LP(||v||) is reflexive. First we need the following
technical results which are interesting in themselves.

Proposition 4.1. For every p > 1, the space LP(||v||) is a r-convexr Banach lattice for every 1 <r < p.
Proof. As commented above, we know that L*(||v||) is a Banach lattice for the equivalent lattice norm || - |5

whenever s > 1. In order to prove that LP(||v||) is r-convex it is enough to show that there exists K > 0
such that

=

SK(pry +-+ fnrpy) )
el £z oy e[z oy

[N AE

for every election of vectors fi,..., f, in LP(||v[]). Take into account that s := 2 > 1, and so there exist
two constants C7,Cs > 0 such that

Crllbllzs oy < I0lls < Callhllze oy, 7€ L2([IVI)-
1 . 1 1
Recall also that || fllze(wy = [ LI 7.y for all f € LP(|[v]]) or, equivalently, ’ |h|+ L) RN E
for all h € L*(||v]|). Then, for every election of vectors fi,..., f, in LP(||v||), we have
1 1 1
n i, I n . I 1 n i ™
(Zm) = 1> 1l < &[22 1
k=1 Le(|lvl) k=1 L=(llvll) k=1 s
1 1 1
1 n ™ C; n ™
< — r < 22 "N 1.s
e (; 115l ||s> < (; I[1.f5l |Lé(|u||)>
1 1
CQT n , ™
< o < ||fk|Lp(|y|)>
k=1

as we want to prove. O

Proposition 4.2. Let v : R — X be a vector measure. For every 1 < p < oo, the inclusions L. (v) N L*>®(v) C
LP(|vll) € Ly, (v) 4+ L>(v) hold.

Proof. For the second inclusion note that LP(||v||) C L& (v). Now, if f € LE(v) decompose it as f =
X111 + fxps<1- It is clear that fxq ¢ <1 € L°°(v). On the other hand, for p > 1, we have

LfIxprs1 < L IPxprs1 < IFIP € Ly, (v),

and | f|xf|>1] € Li,(v). Consequently f € L} (v) + L>=(v).
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To prove the first inclusion take f € L} ()N L% (v). Given p > 1, we can choose o < 1, with ap > 1. Then,
for this o we have

txqsensa < 197 = 127711 < IS ] € L (),

and so ¢y (/1% > 1)) < 171525 112 - In this way we get

vl ([1A17 > £5]) < IAIS0 1 e,

or what is the same, s*||v| ([|f[P > s]) < \|f|\%§c_(i)||f||%(,,), for all s > 0. Thus, we have the inequality
vl ([[ P > s]) < S%Hf||‘z€;(i)||f||Lzlu(y), for all s > 0. Since f € L*°(v), there exists M > 0 such that

[l > shas = [Wwidse > sas

Then, the integral /”V” ([If]P > s]) ds < oo, because we have chosen o < 1, and finally f € LP(||v||) as we
0

want to see. O

Theorem 4.3. Let v : R — X be a vector measure. The following conditions are equivalent:

a) v is locally strongly additive.

b) LP(||v||) is a KB-space, for every (some) 1 < p < oo.

c) LP(||v|)) is reflexive, for every (some) 1 < p < co.

d) The inclusion LY (v) N L*>®(v) C LL (v) + L>°(v) is weakly compact.

Proof. a) = b) For every 1 < p < oo, the space LP(]|v|) has the sequential Fatou property. From
Proposition 3.6 we know that it has order continuous norm. Then it is a KB-space.

b) = ¢) Let 1 < p < co. Since LP(||v|) is a r-convex Banach lattice for every 1 < r < p (see Proposition 4.1),
the space ¢; (recall that p > 1) is not lattice embeddable in LP(||v||) (see [14, p. 51]). Moreover, LP(||v||)
does not contain a lattice copy of ¢ since it is a KB-space by hypothesis (see [1, Theorem 14.12]). The
result then follows from Lozanovskii’s result (see [1, Theorem 14.23]).

¢) = d) We have seen in Proposition 4.2 that the inclusion L1 (v) N L*°(v) C Ll (v) + L>(v) always
factorizes continuously through LP(||v||), with 1 < p < oo, and consequently it will be weakly compact if
the space LP(||v||) is reflexive.

d) = a) Proceed by contradiction. Suppose that (A,,), C R is a disjoint sequence such that ||v|| (Up>14,) <
00, but ||v(An)|lx # 0. Then (by passing to a subsequence if necessary) there exists € > 0 such that
lv(An)||x > € for all n = 1,2,... Now consider the sets B,, := A; U---UA, for all n = 1,2,... Then
IxB. lLL (ynre ) < max{[|v|| (Un>14,),1}, and {xp, : n > 1} is a bounded set in L},(v) N L*®(v). By
the hypothesis, it is then a relatively weakly compact set in L. (v) + L*°(v). By applying [8, Corollary
2.2] there exists a convex combination g, € co {XBna XBpi1s- - } such that (gp), is norm convergent in
L} (v) + L*(v). Since g1 € co{XB,,XB,;-- -}, there exist a finite set F; C N and scalars {a,, > 0,n € F},

with Zne P
Biax ry - Take ny > max Fy. Since g, € co {XBnQ’XBn2+1’ .. .}, there exist a finite set F5 C N and scalars

an, = 1, such that g = ZnGFl anXB, - Note that gy = 1 on Buyinr, and g1 = 0 outside
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{Oén > 0;” S F2}a with Zn€F2 Qp = 1’ such that Iny = ZHGFz
and gn, = 0 outside of Bpax r,. Thus we have that g,, — g1 > xa,, for all k € (max F}, min F], and we get

anX B, - Now note that g,, = 1 on Buyin r,

lgns = g1llLy, )+zoew) 2 IxacllLy 04200 ) = min{[[v[[(Ax), 1} > min{e, 1},

w

for some k € (max Fy, min F5]. For the next step take ng > max Fy. Since g,, € co {XB":, 3 XBrg g1 - - .}, there

exist a finite set F5 C N and scalars {a,, > 0,n € F3}, with Znng ay, = 1, such that g, = Znng anXB, -

Now note that g, =1 on Buin , and g, = 0 outside of Byax . Thus we have that g, — gn, > x4, for
all k € (max F», min F3], and we get now

9ns = Gnally )+ L) > IxagllLy )+ L) = min{|[v||(Ax), 1} > min{e, 1},

for some k € (max Fy, min F3]. Following this inductive process we construct a subsequence (gn, )k € (gn)n
such that

||g7’bk+1 — Gny, ||L}H(V)+L°°(V) > min{€7 1}7 k=1,2,...

But the above inequality is in contradiction with the fact that the sequence (g,,), converges in the norm of
LL(v)+ L>(v). O

As we have seen with the equivalence ¢)-d) of the previous theorem the reflexivity of LP(||v||), with 1 <
p < 00, is strongly connected with the weak compactness of the inclusion L} (v) N L>®(v) C LL (v) + L (v).
This equivalence can be deduced from a general and deep result on interpolation due to Maligranda and
Quevedo [15, Theorem 1] (see also Beauzamy’s results in [3]). The basic reason for that equivalence is the
equality LP(||v]|) = (Lb(u),L‘”(u))l_l’p, that is, LP(||v||) coincides with the interpolated space (by the
real method) of the couple of Banach ;paces L (v) and L*>®(v) (see [6, Corollary 3.7]). However, we have
chosen to present a direct proof of this equivalence by using the well-known and interesting result about
weak compactness (without duality) due to Diestel, Ruess and Schachermayer [8, Corollary 2.2].

Remark 4.4. If the measure v is defined on a o-algebra, then L°°(v) C Ll (v) and we know in that case that
this inclusion is more than weakly compact, in fact, it is L-weakly compact (see [12, Proposition 3.3]). In
particular, || fnllL1 () — 0 for every disjoint bounded sequence (f,,), € L*(v). This is far from being true for
measures v defined on §-rings, even being locally strongly additive. In the general case, a disjoint bounded
sequence (f,)n, € L1 (v) N L*®(v) does not converge to the null function in the norm of Ll (v) + L>(v),
as we can see easily by considering the Lebesgue measure A and the sequence of characteristic functions
X[nnt1) € L'(R) N L>®(R), for which we have that

||X[n7n+1)||Ll(R)+Loo(]R) = 1, n = 1,2,...

Moreover the sequence (X[, n+1))n Deither converges to the null function in the weak topology of L*(R) since
Jg Xinnt1ydXA = 1, for all n = 1,2,... The latter indicates us that, in general, inclusion Ly, (v) N L>®(v) C
L (v) is not weakly compact.

Finally let us point out the following fact. If L2 (v) (or equivalently LP(v)) is reflexive for some 1 < p < oo,
in which case L} (v) = L*(v) as we showed in Theorem 2.3, then the measure v is necessarily locally strongly
additive and, consequently, LP(||v|) is reflexive. However, this last space can be reflexive even if the spaces
L} (v) and L'(v) do not coincide as we can see with next example.

Example 4.5. Consider the d-ring R := P¢(N) of the finite subsets of N and the vector measure v : A €
Pr(N) — v(A) := 3, canen € co. In this case R'°¢ = P(N) and the semivariation is given by ||lv[|(4) =
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max A, if A C N is finite and ||v||(A) = oo, if A C N is infinite. Then v is a locally strongly additive measure.
Moreover it is not difficult to see that

Lzlu(y) = {f = (fn)n : (nfn)n € Eoo}:
Ll(”) = {f = (fn)n : (nfn)n € CO}

with equality of norms, that is, [|f|[z1 ) = sup, n|fa|. It is also true that ¢1 (n) & L*(|v|) & €1, and
both inclusions are continuous, where ¢ (n) is the Banach space of all sequences f = (f,)n, such that
(nfn)n € 41, with the norm [|f|ls,n) = Yooy nlfal. Then we have that L} (v) N L>®(v) = L. (v) and
LY (v)+ L*(v) = £°°, being the inclusion Ll (v) C £>° weakly compact. Indeed it is compact, as we can see
easily by considering the sequence (Tn)n the finite range operators

TNfeLh(V)—)TN(f) = (fla'“afNaO)"')egoo)

which converges in norm to the inclusion operator from L. (v) into £°°. Thus we conclude that LP(||v|) is
reflexive for all 1 < p < oo.
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