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NON-INTEGRATED DEFECT RELATION FOR MEROMORPHIC
MAPS FROM A KAHLER MANIFOLD INTERSECTING
HYPERSURFACES IN SUBGENERAL OF P*(C)

SI DUC QUANG, NGUYEN THI QUYNH PHUONG, AND NGUYEN THI NHUNG

ABSTRACT. In this article, we establish a truncated non-integrated defect relation for
meromorphic mappings from an m-dimensional complete Kéhler manifold into P"(C)
intersecting ¢ hypersurfaces @1, ..., in k-subgeneral position of degree d;, i.e., the
intersection of any k + 1 hypersurfaces is emptyset. We will prove that

q
;5;“*”(@1-) <(k—n+1)n+1)+ec+ w,

where wu is explicitly estimated and d is the least common multiple of d}s. Our result
generalizes and improves previous results. In the last part of this paper we will apply
this result to study the distribution of the Gauss map of minimal surfaces.

1. INTRODUCTION AND MAIN RESULT

Let M be a complete Kéhler manifold of dimension m. Let f : M — P*(C) b
meromorphic mapping and €2y be the pull-back of the Fubini-Study form © on P*(C)
f. For a positive integer o and a hypersurface D of degree d in P"(C) with f(M) ¢
we denote by v;(D)(p) the intersection multiplicity of the image of f and D at f(p).

In 1985, H. Fujimoto [5] defined the notion of the non-integrated defect of f with respect
to D truncated to level pg by

e a
by
D

)

6][0”0] =1 —inf{n > 0 : n satisfies condition (x)}.

Here, the condition (*) means that there exists a bounded non-negative continuous func-
tion h on M whose order of each zero is not less than min{v;(D), jo} such that

v—1 _
dndy + 2—80 log h* > [min{v;(D), uo}]-
i
And then he gave a result analogous to the defect relation in Nevanlinna theory as follows.

Theorem A (see [5, Theorem 1.1]).  Let M be an m-dimensional complete Kdihler
manifold and w be a Kdhler form of M. Assume that the universal covering of M is
biholomorphic to a ball in C™. Let f : M — P"(C) be a meromorphic map which is
linearly nondegenerate (i.e., its image is not contained in any hyperplane of P*(C)). Let

2010 Mathematics Subject Classification: Primary 32H30, 32A22; Secondary 30D35.
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Hy,---, H, be hyperplanes of P"(C) in general position. For some p > 0, if there exists a
bounded continuous function h > 0 on M such that

pQf + ddlog h* > Ric w,

then
q

Zé}"}(HZ’) <n+1+4pn(n+1).

i=1

Recently, M. Ru-S. Sogome [10] generalized Theorem A to the case of meromorphic
mappings intersecting a family of hypersurfaces in general position. After that, Q. Yan [12]
extended Theorem A by consider the case where the family of hypersurfaces in subgeneral
position. He proved the following.

Theorem B (see [12, Theorem 1.1)). Let M be an m-dimensional complete Kdhler
manifold and w be a Kdhler form of M. Assume that the universal covering of M is
biholomorphic to a ball in C™. Let f be an algebraically nondegenerate meromorphic map
of M into P*(C). Let Q1,...,Q, be hypersurfaces in P"(C) of degree Py;, in k-subgeneral
position in P"(C). Let d = l.e.mAQ1, ..., Qq} (the least common multiple of {Q1, ..., Qq}).
Denote by QU the pull-back of the Fubini-Study form of P*(C) by f. Assume that for some
p > 0, there exists a bounded continuous function h > 0 on M such that

pQs +dd®log h* > Ric w.

Then, for each € > 0, we have

Z(Sgcufl](Q]') < k(n + 1) Ted w7

J=1

where u = (N:”)g (BekdI(e 1) (n +1)*" and N = 2kdn?(n + 1)?I(e™1).
Here, for a real number z, we define I(z) := min{a € Z ; a > x}.

However, the above result of Q. Yan does not yet completely extend the results of H.
Fujimoto and M. Ru-S. Sogome. Indeed, when the family of hypersurfaces in general
position, i.e., k = n, the first term in the right hand side of the defect relation inequality
is n(n+1), which is bigger than (n+1) as usual. Recently, T. V. Tan and V. V. Truong in
[11] also gave a non-integrated defect relation for the family of hypersurfaces in subgeneral
position, where this term is equal to n + 1. But their definition of “subgeneral position”
is quite special, which has an extra condition on the intersection of these ¢ hypersurfaces
(see Definition 1.1(ii) in [11])

The first aim of this paper is to establish a non-integrated defect relation for meromor-
phic mappings of complete Kéhler manifolds into P"(C) sharing hypersurfaces located
in subgeneral position which generalizes the above mentioned results and improves the
result of Q. Yan. In usual principle, to treat with the case of family of hypersurfaces in
subgeneral position, we need to generalize the notion of Nochka weights. However for
the case of hypersurfaces, there is no Nochka weights constructed. In order to over come
this difficult, we will use a technique “replacing hypersurfaces” proposed in [8, 9]. Before
stating our result, we recall the following.
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Let k > nand ¢ > k+ 1. Let @y, ..., Q, be hypersurfaces in P"(C). The hypersurfaces

Q1, ..., Q, are said to be in k-subgeneral position in P"(C) if
Qi N--NQj,., =0 forevery 1 <j3 <--- <jpp1 < g

If {Q;}]_, is in n-subgeneral position then we say that it is in general position.

Our main result is stated as follows.
Theorem 1.1. Let M be an m-dimensional complete Kdhler manifold and w be a Kdhler
form of M. Assume that the universal covering of M is biholomorphic to a ball in C™. Let f
be an algebraically nondegenerate meromorphic map of M into P™(C). Let )y, ..., Q, be hy-
persurfaces in P"(C) of degree d;, in k-subgeneral position in P"(C). Let d = l.c.m.{dy, ..., d,}
(the least common multiple of {dy,...,d,}). Assume that for some p > 0, there exists a
bounded continuous function h >0 on M such that

pQs +ddlog h* > Ric w.

Then, for each € > 0, we have

- —1
> 7Q) < pn+ 1) et %
j=1
where p =k —n+1, u= (NZ")g e"2(dp(n+ 1)%I1(e71))™ and N = (n + 1)d + p(n +

131(e1)d.

Then we see that, if the family of hypersurfaces is in general position, i.e., k = n, then
our result deduces the results of H. Fujimoto and also of M. Ru-S. Sogome. Of course,
compaired to the original form of Cartan-Nochka’s theorem where the first term in the
right hand side of the defect relation inequality is (2k — n + 1), our result is still not yet
optimal. Therefore, how to give a sharp defect relation in this case is an open question.

In the above theorem, letting e = 1+ ¢ with ¢ > 0 and then letting ¢ — 0, we obtain
the following corollary.

Corollary 1.2. With the assumption of Theorem 1.1, we have

S ok @) <pln 1) 14 2L,

j=1
where p=k —n+1, u= ("T")< e 2(dp(n + 1)*)" and N = (n+ 1)d(1 + p(n + 1)?).
In the last part of this paper, we will apply Theorem 1.1 to give a non-integrated defect

relation of the Gauss map of a regular submanifold of C™ (see Theorem 4.2 below).

2. BASIC NOTIONS AND AUXILIARY RESULTS FROM NEVANLINNA THEORY
2.1. Counting function. We set ||z|| = (Jz1[*+- -+ |zm\2)1/2 for z = (21,...,2m) €C™
and define
B™(r) :={z€C":||z|| <1},
S(r)={zeC™:|lz|]| =r} (0 <r < o0).
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Define
Umo1(2) == (dd°[|z[2)"" and

om(2) = dlog]|2]|* A (ddclog||zH2)mflon C™\ {0}.

For a divisor v on a ball B"(R) of C™, with R > 0, and for a positive integer M or
M = oo, we define the counting function of v by

y[M](z) =min {M,v(z)},

[ v(z)vpm  ifm>2,
n(t) = [v "B (t)

> v(z) if m=1.

|z[<t

Similarly, we define  nM(¢).
Define

T

N(r,ro,y):/ n(t) dt (0<rg<r<R).

t2m71

0

Similarly, define N(r,ro, ™) and denote it by NM(r, rq, v).
Let ¢ : C™ — B™(r) be a meromorphic function. Denote by v, the zero divisor of .
Define

Ny(r,mo) = N(r,10,v,), NM(r,ro) = NM(r,ro, 1),
For brevity, we will omit the character M if M = oo.

2.2. Characteristic function and first main theorem. Let f : B"(R) — P"(C) be

a meromorphic mapping. For arbitrarily fixed homogeneous coordinates (wo : -+ : wy)
on P*(C), we take a reduced representation f = (fo,..., fn), which means that each f;
is a holomorphic function on B™(R) and f(z) = (fo(2) : -+ : fu(2)) outside the analytic
subset {fo = - = f, = 0} of codimension > 2. Set ||f| = (Ifol*+ -+ |fn]2)1/2.

The characteristic function of f is defined by

Toodt
Tf(T,T’o)Z/ a1 / ffANV™ ! (0< 1y <7 <R).
ro
B (1)

By Jensen’s formula, we will have

Ty(r,m0) = / log || fllom — / log || fllom + O(1), (as r — R).

S(r) S(ro)

Let @ be a hypersurface in P"(C) of degree d. Throughout this paper, we sometimes
identify a hypersurface with the defining polynomial if there is no confusion. Then we
may write

Qw) = Z apw’,

IeTy
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where Ty = {(io, ..., in) € Z1T ;5 dg + - 4 ip = d}, w = (Wo, ooy wn), W = W...win with
I = (ig,...,in) € Tg and a; (I € T;) are constants, not all zeros. In the case d = 1, we call
@ a hyperplane of P"(C).

The proximity function of f with respect to @, denoted by my(r, 9, @), is defined by

IHE || £]
’ 7 _ 1 Oy — 1 T~ Ym,
my(r, 7o, Q) /s(m 08 |Q(f)ya /s(m) % \Q(f)\g

where Q(f) = Q(fo, ..., fn). This definition is independent of the choice of the reduced
representation of f.
We denote by f*@Q the pullback of the divisor @ by f. We may see that f*() identifies

with the zero divisor V% 5 of the function Q(f). By Jensen’s formula, we have
N(Ta To, f*Q) - NQ(f)(Tv TO) = /( )log |Q(f~)’0—m Y 4 /( )1Og ‘Q(.f”o—m
S(r S 70

Then the first main theorem in Nevanlinna theory for meromorphic mappings and hyper-
surfaces is stated as follows.

Theorem 2.1 (First Main Theorem). Let f : B™(R) — P"(C) be a holomorphic map,
and let Q) be a hypersurface in P"(C) of degree d. If f(C) ¢ Q, then for every real number
r with rg <r < R,

de(?", TO) = mf(ra To, Q) =+ N(T, To, f*Q) + 0(1)7

where O(1) is a constant independent of r.

T
If lim supﬂ = 00, then the Nevanlinna’s defect of f with respect to the
r—1 " logl/(1—r)
hypersurface @) truncated to level [ is defined by

NY(r,ro, f*Q)

ol =1—limsu
f,*(Q) p 7—1]0(707 TQ)

There is a fact that
0<0/(Q) < (Q <1
(See Proposition 2.1 in [10])

2.3. Auxiliary results. Repeating the argument in [5, Proposition 4.5], we have the
following.

Proposition 2.2. Let Fy,...,Fy be meromorphic functions on the ball B™(Ry) in C™
such that {Fy, ..., Fyx} are linearly independent over C. Then there exists an admissible
set

{O[Z' = (O[ﬂ, ...,Oél'm)}zj-io C ZT
with |a;| =377 |ous| < (0 < i < N) such that the following are satisfied:

. Def )
(’l) Wao _____ aN(F();-'-;FN):: det (Da’ FJ)OSLJSN 7_é0

(1) Wag.....an (BF0s - .. REN) = BN PYW,o o (Fo, - .., Ex) for any nonzero meromorphic
function h on B™(Ry).
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In [10], M. Ru and S. Sogome gave the following lemma on logarithmic derivative for
the meromorphic mappings of a ball in C™ into P"(C).

Proposition 2.3 (see [10, Proposition 3.3]). Let Ly, ..., Ly be linear forms of N + 1
variables and assume that they are linearly independent. Let F' be a meromorphic mapping
of the ball B™(Ry) C C™ into PN(C) with a reduced representation F = (Fy, ..., Fy) and
let (v, ..., an) be an admissible set of F. Set l = || + -+ + |an| and take t,p with
0<tl<p<l. Then, for 0 < ry < Rg, there exists a positive constant K such that for
ro <1 < R < Ry,

/S(r)

Here z% = 2{"'...2%m where a; = (1, ..., Qi) € Nj".

t 2m—1

R
<K
-t

5
5
z
=
5

Za0+~-~+aN . FN)

Tr(R, ro))p.

- T

3. NON-INTEGRATED DEFECT RELATION FOR NONDEGENERATE MAPPINGS SHARING
HYPERSURFACES IN SUBGENERAL POSITION

First of all, we need the following lemma due to [8, 9]. For the sake of completeness, we
also include the proofs.

Lemma 3.1 (see [8, Lemma 3.1], [9, Lemma 3.1]). Let Q1, ..., Qr+1 be hypersurfaces in
P™(C) of the same degree d > 1, such that

Then there exist n hypersurfaces Ps, ..., P, 1 of the forms

k—n+t

Pt: Z Cthj, CtjEC, t:2,...,n+1,

=2
such that (2, P,) = 0, where P, = Q.

Proof. Set P, = Q1. It is easy to see that

t
dim (ﬂ@) <k—t+1, t=k—n+2 .. k+1,
i=1

where dim () = —o0.
Step 1. We firstly construct P, as follows. For each irreducible component I of dimension
n — 1 of P, we put
k—n+2
Vir={c=(c2, ..., Chns2) € Crkmtl . T Q., where Q. = Z ciQ;}
j=2
Here, we also consider the case where (). may be zero polynomial and it determines all

P*(C). It easy to see that Vi is a subspace of C*~"*1. Since dim <ﬂf:_0”+1 Ql> <k-2

there exists i(1 < i < k —n+ 1) such that I ¢ @;. This implies that Vj; is a proper
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subspace of C*="*1. Since the set of irreducible components of dimension k — 1 of P, is

finite,
Ck’*'ﬂ‘i’l \ U Vl[ ?é @
I

Then, there exists (ci2, ..., Ci(k—nt2)) € Ck=+1 such that the hypersurface

k—n—+2

Py = Z c1;Q;

j=2

does not contain any irreducible component of dimension k£ — 1 of P;. This implies that
diIH(lePQ) S k—2.
Step 2. Similarly, for each irreducible component I’ of dimension n— 2 of (P, N P,), put

k—n+3
Vor = {c = (g, .., Chonys) € CF"2 . ' € Q, where Q. = Z cjQj}.
=2
Hence, V,pr is a subspace of C*"*2. Since dim (ﬂf:l" " Qi) < n — 3, there exists 7, (2 <

i < k —n+3) such that I’ ¢ Q;. Hence V5 is a proper subspace of C¥~"*2. Since the
set of irreducible components of dimension n — 2 of (P, N P) is infinite,

Ck—n+2 \ U Vgp 75 @
1/

Then, there exists (ca, ..., cav—k+3)) € C* "2 such that the hypersurface

k—n—+3

RfF Z C2;Q;

=2

does not contain any irreducible components of dimension n — 2 of P, N P,. Hence
diIn(lepgmpg) S?’L—g

Repeating again the above steps, after the n-th step we get the hypersurfaces P, ..., P11
satisfying that

t
dim (ﬂ Pj> <n-—t.
j=1

In particular, (ﬂ?;l Pj) = (). The lemma is proved. O

Let f : M — P"(C) be a meromorphic mapping with a reduced representation f =
(f07 ) fn) We define

Qz(,f) = Z Cluf17
I€Ty

where fI = fi... fin for I = (ig,...,i,). Then we can consider f*@Q; = Va,(f) as divisors.
We now have the following.
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Lemma 3.2. Let {Q;}icr be a family of hypersurfaces in P"(C) of the common degree d
and let f be a meromorphic mapping of C™ into P"(C). Assume that (),cp Qi = 0. Then,
there exist positive constants « and B such that

af Il < max|Q:(f) < BIFII"

Proof. Let (xg : -+ : x,) be homogeneous coordinates of P*(C). Assume that each Q; is
defined by Zlefd a;rl = 0.

Set Qi(z) =>_ ez, @i o’ and consider the following function

h() = DXien |Qi(z)]

1EZIE .

where [[z]| = (37, [:[*)?.

Since the function h is positive continuous on P*(C), by the compactness of P*(C), there
exist positive constants o and 3 such that o = mingepn(c) h(x) and f = maxepnc) h(x).
Therefore, we have

af Il < max|Q:(f) < BIAII"

The lemma is proved. O

By Jensen’s formula, we have the following lemma.

Lemma 3.3. Let {L;}*, be a family of hypersurfaces in P"(C) of the common degree
d and let f be a meromorphic mapping of B™(Ry) C C™ into P*(C), where u = (”Id).
Assume that {L;}i, are linearly independent. Then, for every 0 < ro < r < Ry, we have

Tp(r,ro) = dIy(r,r0) + O(1),
where F' is the meromorphic mapping of B™(Ry) into P*~1(C) defined by the representation

F=(Li(f): - Lu(f).

Proof of Theorem 1.1. By using the universal covering if necessary, we may assume
that M = B™(1).

s
Replacing @), by dej (7 = 1,...,q) if necessary, we may assume that Q; (j =1,...,q)
have the same of the common degree d.

It is easy to see that there is a positive constant 3 such that S||f]|¢ > |Q:(f)| for every
1 <i<q. We set

A= {(i1,ihn) 51 <05 < g5 # 4, Vi # )

For each I = (iy,...,i541) € A, we denote by Py, ..., P,41) the hypersurfaces obtained in
Lemma 3.1 with respect to the family of hypersurfaces {Q;,,...,Q;,,,}. It is easy to see
that there exists a positive constant B > 1, which is chosen common for all I € A, such
that

|Prn(w)| < B max |Q;(w)],

T 1<<k41-n+t

for all w = (wp, ..., w,) € C"*,
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Consider a reduced repre§entation f=(fo, .-\ fa) : B™(1) = C"*' of f. For a fixed
point z € B"™(1) \ UL, Q:(f)~*({0}). We may assume that

Qi (NG < 1Qu(N(2)] < -+ < Qi (N(2)].

Since Qj,,...,Q;, are in k—subgeneral position, by Lemma 3.5, there exists a positive
constant A, which is chosen common for all z and (iy, ..., 4,), such that

1F @)1 <A max Qi (F)(2)] = AlQi.. (H)(2)]-

1<j<k+1

Therefore, we have

. f Aak Hfz
1:[ HIQ% (N2

< Aqkan Hf(z)de _
- (T2 Q4 (NN TTi=i 1P () ()]
1)

=TI 1P (D) () e

where I = (i1, ..., ix11) and ¢ is a positive constant, which is chosen common for all I € A.
The above inequality implies that

1/ (=) ||d 1 (2)I)
(3.4) <logey+ (k—n+1)log - :
H‘Qz H! Pri(f)(2)]
Now, for a positive integer L, we denote by V7, the vector subspace ofC[zy, . .., x,] which

consists of all homogeneous polynomials of degree L and zero polynomial. We see that N
divisible by d. Hence, for each (i) = (iy,...,i,) € Ny with o(i) = Y7 iy < I we set

d’
Wiy = Z Pl - Pl - Viv_ao()-
()=1,-,dn) 2 (1)
Then we see that VV(0 _____ = Vy and W(Z) Wé) if (i) < (j) (in the sense of lexicographic
order). Therefore, W 1s a filtration of V. We have the following lemma due to [2].

Lemma 3.5. Let (i) = (i1,...,i,), (1) = (i}, ...,4) € N§. Suppose that (i) follows (i)
in the lexicographic ordering and defined
I
Wi
T
Wiy

m{i) = dim

Then, we have m{i) = d", provided do(i) < N — nd.
We assume that
il I I
VN — W(l)l D I/I/v(l)2 D R D Wu)K’
where (1) = (i1, -, %ns), Wé) ,, follows W([Z) in the ordering and (i)x = (%,0, .
We see that K is the number of n-tuples (i1, ...,4,) with ¢; > 0 and iy +--- + ¢

&IZ =
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K (T
n

Then we easily estimate that

wl
We define m} = dim 572 for all s = 1,..., K — 1 and set mj = 1.
(1)s41
Let u = dim V. From the above filtration, we may choose a basis {¢f,... ¥} of Vi
such that

{¢u—(mg+~-~+m§()+1’ T 7wu}

is a basis of W . For each s € {1,...,K} and | € {u— (m]+ -+ mj)+1,...,u—
(ml, +- -+ mk)}, we may write

W:ﬂguﬂw%wmmmmmngagmewﬁmy
Then we have

Wll(f)(z)‘ <|Pn(f )(Z)|i15...|P[n( )( )| by (f )( )|
< el Pr(f)(2)[ . IPIn(f)( )| ()Y

e IPH()()\ T 1D

where ¢y is a positive constant independently from [, I, f and z. This implies that

. PaH) P
lo i my | 215 lo st i log ——————
g ellWiG '<Z ( S F e s ||f(Z)||d>

+uN10g||f(z)H + log cs.

We fix ¢1, ..., ¢y, a basic of Vy, YI(f) = LI(F), where L! are linear forms and F =
(D1(f), ..., Pu(f)) is a reduced representation of a meromorphic mapping F. We set

K
bj =Y mlij, 1<j <k

s=1

From (3.6) we have that

logH|L1 2)| < log (H(%)j>+uNlog||f(z)||+logc2.

We set b = min; s bjl . Because f is algebraically non degenerate over C, F' is linearly non
degenerate over C. Then there exists an admissible set o = (a1, ..., ) € (Z7)", with
|as| < s —1, such that

Wa(¢s(f)) = det(Dai(gbs(.f)))lSi,SSu ?é 0.
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We also have

LRI GDEE TP e MEr |,
I [1, 1o () ()
< 1og 1 )H”df (g sglf))(zﬂp £

. I P
I W6 NEF

[, [0 ()P
1F P W ! (7)) ()P
lo -
=T e her

where W (I(f)) = det(D% (1 (f)))1<is<u, O(1) depends only on N and {Q;}_,. This
inequality implies that

< log

o),

IFEU™ P W@ DEP V@l
TLeDEr I Der

for all z € C™ outside a proper analytic subset of C™, which is the union of zero sets of
functions Q;(f), Pr;(f

f)-
W (és(f)(2)]
[Ty 197 (N ()]

(3.8) log O(1),

Put S; =

zeCm,

. Then, there exists a positive constant K, such that, for each

LF PN W (@u (N ()P
i=1 1Qi(N)(2)

for some I C {1,...,q} with $/ = k + 1.

< K{.57(2).

Lemma 3.9. For N = (n+ 1)d+ p(n+ 1)*I(e™') as in the assumption, we have

(a) %S(h—n—kl)(n—l—l)—i—e,

() u< e (dpln+ 121"
Proof of Lemma. For a real number z € [0, ﬁ], we have

i

n

(3.10)
—1+nx+gﬂx§ 1+ (n+1)z.
We also note that
(3.11) (n+1)d (n+1)d - 1

N—(n+1d pn+13I(ehd = (n+1)
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Now, we have the following estimates. First,
" <N+n> (N+1)---(N+n)

n 1...n

Second, since the number of nonnegative integer t-tuples with summation < T is equal
to the number of nonnegative integer (¢ + 1)-tuples with summation exactly equal T' € Z,

which is (Tjt), since the sum below is independent of j, we have that

b= D Mz D myi;

o(1)<N/d o(1))<N/d—n
dr n+1
= D M=o D D
o(1))<N/d—n o(1))<N/d—n j=1

:ncf: 1 U(i)g%;dn (% N ”> - (ncf: 1) (% < ”) <N4d>

d"(N/d)(N/d—=1)---(N/d —n=1)(N/d —n)
l---(n+1)d
N(N —d)--- (N —(n—1)d)(N — nd)
(n+1)ld '

This implies that

puN (N+1)---(N+n) - N+j
< 1 1)
<p(n+1) p(n+ ]Ulzv

b (N—d) - (N—nd) _ (n+1)d+jd
" (n+1)d \"
p(n+1) <N > <p(n+1)<1+—]\7—(n—|—1)d)

n+1

4 (n n+1)d ) ()

(1 e 2
(1

(n+1)d
14 n+1 1P )d>

n+1

<p(n+1) (1+W> =pn+1)+e

where the inequality (*) comes from (3.10) and (3.11). Also, one can be estimated that

i <N+n> <o <1+%>” <o (n—i—(n+1)d+p(n+l)31(e_1)d>"

n n n

n+(n+1)d )"
np(n + 1)21(e~1)d

= "(p(n+ 1)*I(e™")d)" (1 * %
< (edp(n +121(e ™))" - (1 T % . ﬁ)
2

< (edp(n + 1)31(671))n . (1 + E)” < ent? (dp(n + 1)2](671))n'
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The lemma is proved.
. q .
Claim 3.12. (bZ] 170,(7) — PYwa(su(f)) )< by iy min{u — Lvg 5}
Fix z € C™, we may assume that

Voup(#) 2 2 wgp(2) > 0 =g, (p(2) = -+ = vg,p(2);
where 0 < ¢t < k, (t may be zero). We denote by {P, ..., P41}, the family of hypersur-
faces corresponding to the family {Q1, ..., Qr+1} as in the Lemma 3.1. Then we will see
that
VP1(Z) = Z/Ql(z)7
VPi(Z) > VQk—n+i(z)'
Put I =(1,..,n+1) and M =u — 1. We have

PV o) (2) = PVwapr (i (2 >pzrnax{u¢z(f)( ) — M, 0}.

s=1

For o) = P/*...Pirh € {I}"_,, we have
U(f)(z) = P ()() - P ()(2)h()(2).
Hence

max{v,p(z) — M,0} > Zmax{y(Ptit(f)(z) — M, 0}

=1
> Z irmax{vp, 7 (2) — M,0}.

This implies that

U k
p Y max{vy, 5(2) —M,0} > pd miy D ivmax{vp,p(2) — M, 0}
s=1 () t=1
= pz bl max{vp, 7 (z) — M,0} > pz bmax{vp, 7 (2) — M,0}
=1

t=1
K

q
bmax{vy, () — M,0} = meax{u@m(z) — M, 0}

i=1

Il

() ~
-. Il
I MQ =
—

max{(f*Q;)(z) — M,0} = bZ(yQi(f)(z) —minfu — 1,0, 5(2)}).

Hence

q
bZVQi(f)( = PVypae, ) (2) < bzmln{u Lvg. 7 }-
=1

The claim is proved.
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Assume that
J_1 _ .
P+ 2—68 log h? > Ricw.
T

We now suppose that

q
1], \ - PulN ppu(u —1)
D 5TNQ) > T

j=1
Then, for each j € {1,...,q}, there exist constants 7; > 0 and continuous plurisubhar-

monic function @, such that e%|p;| < ||f]|%, where ¢; is a holomorphic function with
Vo, = min{u — 1, f*Q;} and

puN ppuw —1)

Put u; = a; + log|y;|, then u; is a plurisubharmonic and
e < I, =1, g
Let

+ta ( (¢8( Z
v(z) = log | (2™ u b U
() =log " Luguxz *'233

Therefore, we have the following current inequality

2dd°[v] 2 Pl iyl — b Z Voupl + Z 2dd*[u;]
J=1 J=1
q

= Plwarein) = 0D Woup) + bz[min{“ —Lvg,ptl =0
J=1 Jj=1

This implies that v is a plurisubharmonic function on B™(1).

On the other hand, by the growth condition of f, there exists a continuous plurisub-
harmonic function w # oo on B™(1) such that

edV < ||f11* v

Set
_ 2p
TP S R
and
(W) @)
)\(z):(z"‘1+ +au)p ; =
Q4 (H)(z)...QxP(=)
We see that

u(u — 1)pt _ u(u —1)p 2p
2 2 2pu(u —1)p

=1,
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and the function ( = w + tv is plurisubharmonic on the Kéahler manifold M. Choose a
position number ¢ such that 0 < M < 6 < 1. Then, we have
~ q ~
edV = AV < e[| I[P vn = (L] eI 710
j=1
< AP b, = ||

puN

Integrating both sides of the above inequality over B™ (1), we have

[ < [ s,
m(1) Bm (1)

(313 “om [ </(WWW”Wﬂ0m~

1
§2m/ r2m / 0‘1+"'+a“)KOSI}ptam dr.
0 S(r)

(a) We first consider the case where

Ty (r,
lim sup —fu < 00.
r—1 " logl/(1 =)
We note that (3" | |ay|)pt < u(uz;l)pt < § < 1. Then by Proposition 2.3, there exists a
positive constant K such that, for every 0 < ro < r <1’ < 1, we have

12m—1 J
/ ‘(Za1+m+au)Kos[(Z)‘pt Om S Kl <T/ — de(TI,To)) .
S(r) T T
1—
Choosing ' = r + m, we get

Tf(rlv TO) < 2Tf(ra TO)

outside a subset F C [0, 1] with f 5 1o < +oo. Hence, the above inequality implies that

K 1\’
a1ty pt <
2 L >&@@”“m—a—05@%rw>

for all z outside E, where K is a some positive constant. By choosing K large enough,
we may assume that the above inequality holds for all z € B™(1). Then, the inequality
(3.13) yields that

! K 1\’
¢ 2m—1
edVSQm/ r <10g > dr < +o00
/wn A T A

This contradicts the results of S.T. Yau [13] and L. Karp [6].
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Hence, we must have

Z S(0,) < puN pPU(sb_ 1)

Since p < b, the above inequahty implies that

pu(u — 1).

STorlQ) < h—n+1D)(n+1)+e+ ;

j=1
The theorem is proved in this case.
(b) We now consider the remaining case where
I T(r,ro)
imsup ——-—— = o0.
PP g 1/(1— 1)

Repeating the argument in the proof of Theorem 1.1, we only need to prove the following
theorem.

Theorem 3.14. With the assumption of Theorem 1.1 and suppose that M = B"™(Ry).
Then, we have

q
1 [u— 1]
(4 =plo+ 1) = T < 32 N ) +.50)
where S(r) < K(log* R -+ log™ Ty(r,r0)) for all 0 < ry < r < Ry outside a set E C
[0, Ro] with fE— < 00.

Proof. Repeating the above argument, we have

/ (Za1+-.-+au)pHf(Z)\\qd”’p“NIWf(%(f))(Z)\p
S(r) i1 [Qi(N)(2)

for every 0 < rop < r < R < Ry. Using the concativity of the logarithmic function, we
have

(3.15)
p/ log [(z** Tt o, + (qdb — puN) /
S(r) S

_bZ/ log |Q;(f |am§K<log

for some positive constant K. By the Jensen formula, this inequality implies that

t RZm 1 d
Om S K1 (R de(R 7"0))

log || fl[om + p / log [ W ((F))|om

(r) 5(r)

1
_ + log+ Tf(R, To))

q

(qdb — puN)Ts(r,1m0) + pN a(¢s(f))(r) - bz NQi(f) (r)
(3.16) i1

1
<K <logJr 7+ log™ Ty(R, r0)> + O(1).
o —
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From Claim 3.12, we have
q

} [u 1
b Z Nouh (1) = PNy g, (7 Z NQxf)

1
, + 10g+ Tf(R,To)) + O(l)

0 —

Since 5~ N < p(n + 1) + €, the above inequality implies that

(q—p(n+1) — Ty(r,70) < Z% D)+ K <1Og+

1—r
eTy(r,ro)’

1
— +log™* Ty(R, 7"0)> + O(1).

Choosing R =r + we get

Tf(R T’o) < 2Tf(7“, 7"0)
outside a subset E C [0,1] with [, %= < +co. Thus

_ _ [u 1] + +
(g —p(n+1) = )T¢(r, 7o) <Z dNQl(f +K(log — +log T(r,ro>)+0<1>-

This implies that

> o)) <Zd[u Q) <pin+1)+e

=1

The theorem is proved in this case. O

4. VALUE DISTRIBUTION OF THE (GAUSS MAP OF A COMPLETE REGULAR
SUBMANIFOLD OF C™

Let M be a connected complex manifold of dimension m. Let

f=1,.. fn): M—=C”

be a regular submanifold of C"; namely, f be a holomorphic map of M into C" such that
rankd, f = dim M for every point p € M. We assign each point p € M to the tangent
space T,(M) of M at p which may be considered as an m-dimensional linear subspace
of Ty (C™). Also, each tangent space T,(C") can be identified with To(C") = C" by a
parallel translation. Hence, each T),(M) is corresponded to a point G(p) in the complex
Grassmannian manifold G(m, n) of all m-dimensional linear subspaces of C".

Definition 4.1. The map G : p € M +— G(p) € G(m,n) is called the Gauss map of the
map f: M — C".

The space G(m, n) is canonically embedded in PY(C) = P(A™ C"), where N = (") — 1.
Then we may identify the Gauss map G with a holomorphic mapping of M into PV (C)
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given as follows: taking holomorphic local coordinates (z1,. .., 2,) defined on an open set
U, we consider the map

/\::leA---/\an:U—>7\(C”\{O},

where

afl afn

Dif:(azi7“'7azi)‘

Then, locally we have

G:7To/\7

where 7 : CN*1\ {0} — PN(C) is the canonical projection map. A regular submanifold
M of C™ is considered as a Kéhler manifold with the metric w induced from the standard
flat metric on C™. We denote by dV the volume form on M. For arbitrarily holomorphic
coordinates z1, ..., zZ,, we see that

dV = \/\ 2 (V=12)" dzs NdZ A - Adzg A dm,

where

A firs s fi)®
AP = NI D Jhm
/\ 1<i1<Z'<im<’n 8(21, '“7Zm)

Therefore, for a regular submanifold f : M — C™, the Gauss map G : M — PN(C)
satisfies the following growth condition

Qg + dd°log h* = dd°log | J\ | = Ric(w),
where h = 1. Then Theorem 1.1 immediately gives us the following.

Theorem 4.2. Let M be a complex manifold of dimension m such that the universal
covering of M is biholomorphic to a ball B™(Ry) (0 < Ry < +00) in C™. Let f : M — C"
be a complete regular submanifold. Assume that the Gauss map G : M — PN(C) is
algebraically non-degenerate, where N = (:1) — 1. Let Q1,...,Qq be q hypersurfaces of
degree d; (1 < j < q) in k-subgeneral position in PV (C). Let d be the least common
multiple of d;’s, i.e., d = l.cm.Ady,...,d,}. Then, for every e > 0 we have

q

—— —1
ST NQ) < PN +1) + e+ %
i=1

where p =k — N +1, L= (N + 1)d+p(N +1)*I(e V)d and u = (*}¥) < 3¥+2(dp(N +
1)2I(e 1))V,
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