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1. Introduction

This is the first paper in a series. It deals with theory while the second part is concerned with the
numerical aspects. In this paper Part I, we consider the existence of positive solutions for the following
nonlinear Kirchhoff-type problem

a+)\/|Vu|2d:c—|—)\b/|u\2dx (—Au +bu) = f(u), in R?,
R3 R3

u € H'(R?), u>0, in R
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where A > 0, a, b are positive constants and the general nonlinearity f has a critical growth. Problem (1.1)
arises from an interesting physical background. In fact, if we replace R? by a bounded domain 2 C R? and
let A =1 and b = 0, we obtain the following Kirchhoff-type problem

- a+/|Vu|2dx Au = f(u), in Q,

A (1.2)
u =10, on 09,
which is related to the stationary analogue of the equation
8%u Py E T ou|? 8%u
PoE ~ ?—i_ﬁ/‘% dx @:0. (1.3)
0

Equation (1.3) was first proposed by Kirchhoff in [18] describing the classical D’Alembert’s wave equations
for transversal oscillations of elastic strings, particularly, taking into account the change in string length
caused by vibration. Lions introduced in [22] a functional analysis approach and described the abstract
framework to the following problem

Ug — a+b/|Vu|2 dz | Au= f(z,u), z € Q,
Q
u=0, x € JN.

(1.4)

Besides this, problem (1.4) also models several biological systems [1] from a mathematical biological point
of view, where u shows a process that depends on the average of itself (for example, population density).
For more detailed physical and biological background of Kirchhoff-type problem, we refer the reader to the
papers [4,26] and the references therein.

Recently, problem (1.2) has been studied in literatures by variational methods, cf., for example [7,13,14,
27-29,37,39]. These works show an increasing interest in studying the existence of least energy solutions,
positive solutions, multiple solutions, sign-changing solutions and semiclassical states. Meanwhile, various
solvability conditions on the general nonlinearity f near infinity and zero, for example, the asymptotic
case [31] and super-linear case [27], have been considered. Particularly, in [1], Alves, Corréa and Ma consid-
ered problem (1.2) and proved the existence of positive solutions by the Mountain Pass Theorem. In [28§],
using the Young index and critical groups, Perera and Zhang obtained nontrivial solutions for problem
(1.2). With the aid of mini-max methods and invariant sets of decent flow, Zhang and Perera [39], Mao
and Zhang [27] studied the existence of three solutions (a sign-changing solution, a positive solution and
a negative solution). In [13], He and Zou proved the existence of infinitely many solutions by Fountain
Theorems. For more results of (1.2), we refer the reader to [9,10,24].

In terms of the Kirchhoff-type problem in RY, there are also several existence results, see for example
[2,12,15,16,20,21,19,23,25,32,33,35,36] and the references therein. In these works, the existence of positive
solutions, mountain pass solutions and high energy solutions were obtained with f satisfying various condi-
tions. In particular, we mention the following two existence results for (1.1) with R3 replaced by RY. In [19],
Li et al. considered problem (1.1) under the following assumptions:

(i) f € C(Ry,Ry) and [f(t)] < c(Jt]+[t[P~") for all t € Ry = [0,00) and some p € (2,2*), where
9% = IN/(N — 2), for N > 3;
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t—0+ ¢t =0

t—oo t

They used a cut-off functional to get a bounded Palais-Smale (PS) sequence and led to the following
theorem.

Theorem A. Assume that N > 3, a, b are positive constants and X\ > 0 is a parameter. If the conditions
(f1)—(fs) hold, then there exists a Ag > 0 such that for any A € [0, \g), problem (1.1) has at least one positive

solution.

However, it is not clear whether the result in Theorem A still holds for large A > 0. In [25], Liu, Liao
and Tang again considered problem (1.1), but gave the following weaker conditions than the ones in [19]:

(fy) f e CRL,Ry) with Ry =[0,00) and lim & =0;

( ) s—0t S
f(s) . « 2N
(f5) Sli}n;lo 32 1 = 0 with 2* = m
&
(fs) There exists £ > 0 such that F(¢ /f t)dt >2 2.
0

They proved the existence of a positive solution for problem (1.1) using cut-off and monotonicity tricks.
This result improved the results in [19]. They obtained another result that problem (1.1) has nonzero
solution with large A > 0 under some conditions.

However, the authors in both [19] and [25] considered problem (1.1) with the general nonlinearity f in-
volving only subcritical growth. To our knowledge, no study has been conducted on problem (1.1) involving
general critical growth. In this paper, we prove the existence of positive solutions to problem (1.1) with
general critical nonlinearity. The main difficulties are as follows. On the one hand, because of the appearance
of the terms [p, [Vu|? dz and [, |u|? dz, problem (1.1) is a non-local problem, which implies that equation
(1.1) is not a pointwise identity. This phenomenon causes some mathematical difficulties which make the
study of (1.1) interesting. On the other hand, the main difficulty comes from the general critical nonlinear-
ity f. In [19] and [25], the authors used cut-off functionals to obtain the boundedness of (PS) sequences.
This approach or trick is not suitable for problem (1.1) involving critical growth. Indeed, it is not easy to
obtain bounded (PS) sequences due to the lack of the Ambrosetti-Rabinowitz condition. To overcome this
difficulty, we adopt some ideas in [5] and [6]. First, we apply a local deformation argument as in [5] to obtain
a bounded (PS) sequence. Second, we make a crucial modification on the min—max value as in [6]. In fact,
we define the other min—max value C and prove all paths to be uniformly bounded with respect to A. The
detailed arguments can be found in Section 2.

Throughout the paper, we make the following assumptions:

(Hi1) f e C(R4,Ry), Ry =[0,00) and lim &

s—=0t S
()t £33

H3) there exist k € (2,6) and p > py, such that f(s) > us*! for all s > 0, where
B> p H

=0;

<1;

3(1@—2)}’“22 ot .k
= |—7F"= T (2. 1.5
Hk [21@5% @ (1:9)
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Here, S and Cj, in the definition of yy, are the best constants of Sobolev embeddings D?(R3) — L%(R3)
(cf. the definition of D12(R?) in Section 2) and H'(R?®) < L¥(R3) respectively, namely,

1
3
S /|u|6 dr | < /|Vu|2 dz, for all u € DM?(R?)
R3 R3

and

BN

Ck /|u|kda@ < / (|Vu|2 —|—b|u|2) dz, for all u € H*(R?).

R3 R3
Our main results are as follows.

Theorem 1.1. Assume that f satisfies the conditions (H;)—(Hs). Then there exists a positive constant \*
such that, for every A € (0, A*), problem (1.1) has at least one nontrivial positive solution.

When A =0 in (1.1), the equation reduces to
—alAu + abu = f(u), in R>. (1.6)

Equation (1.6) is viewed as the limiting problem of (1.1). Indeed, problem (1.6) plays an important role in
studying problem (1.1). As is usually expected, if the limit problem (1.6) is well-behaved and undergoes
a small perturbation, the perturbed problem (1.1) possesses a solution in the neighborhood of that of the
limit problem. The result in this direction can be stated as the following.

Theorem 1.2. For every A\ > 0 small enough, there exists a positive solution uyx € H'(R?) for problem (1.1)
such that, uy converges to u in H(R3) as A\ — 0 along a subsequence, where u is a ground state solution
for the limiting problem (1.6).

Remark 1.3. In [3], if the general nonlinearity f satisfied conditions (Hy), (Hz) and

(Hs') there exist k € (2,6) and pu > 0 such that f(s) > us*=1 for all s > 0;
(Hy) sf(s) —2F(s) > 0 for all s > 0, where F(s) = [ f(7)dr,

authors of [3] have proved the existence of a ground state solution for problem (1.6). In this paper, we notice
that (H4) can be removed at the cost of introducing a lower bound for p, i.e., replacing (Hs') with (Hs). In
order to demonstrate that our results can be applied to nonlinearities that were not covered in [3], consider
the following example of critical nonlinearity.

Example 1.4.

s5 4+ as?|Ins| + Bs3, s> 0,
f(s) =
0, s =0,

where a > 3 + %B. The above nonlinearity satisfies (H;)—(Hs) given sufficiently large 5. However, direct
computation shows that f doesn’t satisfy the inequality in (H4) on s € (1 —4,1) for some § > 0.

The remainder of this paper is organized as follows. In Section 2, we give some notations and preliminary
results and construct the min—max level. In Section 3, we give the proofs of Theorem 1.1 and Theorem 1.2.
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2. Some preliminary results and min—max levels

In this section, we first introduce the following notations. Let H'(R?) be the usual Sobolev space equipped
with the inner product and norm

(u,v) = / (Vu-Vou+buv) dz, |lul| = (u,u)%.
R3

For any 1 < ¢ < 400, the usual norm of the Lebesgue space L4(R?) is denoted as || - - Let DY (R?) =
{ue LS(R3) : Vu € L*(R?)} be the Sobolev space with the norm ||uH%1,2 = [gs [Vu|? dz and H}(R?) be the
subspace of H'(R?) that consists of radially symmetric functions. Let ¢; denote various positive constants.

Since we study the positive solutions to problem (1.1), we may assume that f(s) = 0 for all s < 0. The
energy functional for problem (1.1) is defined by

a A
Ba(w) = Gl + = [ Flud,
R3

where F(t) = fot f(s)ds.
It is standard to prove that ® € C1(H!(R3),R) and has the following variational derivative

(4 (u),v) = alu,v) + \||ul|*(u,v) — /f(u)v dr, Yu,v€ H'(R?).

R3

Clearly, the critical points of ® are the weak solutions for problem (1.1). Since problem (1.1) is autonomous,
we look for critical points of @) on H}(R?), which is a natural constraint (cf. Theorem 1.28 in [34]).
Next, we study the existence of ground state solutions to problem (1.6).

Proposition 2.1. Assume that [ satisfies (H;)-(Hs). Then problem (1.6) has a ground state solution u €
H(R3?).

The following Pohozaev identity is helpful.
Lemma 2.2 (Pohozdev Identity). If u is a nonzero solution of the equation
—alAu + abu = f(u), in R (2.1)
then the following Pohozdev identity

a /|Vu|2dx+3b/u2d:v = G/F(u) dx (2.2)
R3

R3 R3

holds.
Proof. The proof is similar to that of Lemma 2.6 in [19]. We omit the details. O

In order to prove Proposition 2.1, we introduce the following notations

K=< ue HH(R®)\{0} : /G(u)d:c =1y,
RB
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P=<Swuc HRN\{0}:6 [ Glu)dr =a [ |Vul*dx ;,
Joeme=]

where G(t) = F(t) — 2¢? and P is viewed as the Pohoziev manifold. The Pohoziev identity is used to
simplify the energy functional. The Pohozaev manifold enables us to obtain weaker conditions than those
of a Nehari manifold. By (Hs), it follows that there is a constant £ > 0 such that G(£) > 0. Then, we easily
obtain that K # () and P # (). Define

a
= — 1 f 2 = 1
N 2;2K/|Vu| dx, p Jrelng(u),

R3

and the min—max value

c= inf max J(v(t)),

where I' = {y € C ([0,1], H}(R?)) : v(0) = 0, J(7(1)) < 0} and

() = g/(\vu\2+b|u|2) da:—/F(u)dx.

R3 R3

3

Lemma 2.3. Assume that (H;)—-(Hs) hold. Then 0 < N < @aS and p < 3(aS)2.
Proof. By (H;)—(Hz), there exists ¢; > 0 such that
f(s) < abs + c15°, for all s > 0. (2.3)

We can indeed prove N > 0. Assume the contrary that N = 0, then there exists {u,} C K such that
[Vu,|l3 — 0 as n — oo. By Sobolev’s embedding theorem D'?(R3) — LS5(R3), we have |lu,|® — 0 as
n — oo. Therefore, (2.3) implies that

lim sup/G(un) dx < limsup a |, |® dz = 0.
n—oo n—oo 6
R3
This is a contradiction with [;; G(u,)dz = 1. Next, we claim that p < ¢. This proof is similar to that
of Lemma 4.1 in [17], so we omit the details. Furthermore, we use a similar idea in [11] to prove that
p= ‘/QI_QN%. Define an operator ¥ : K — P by (¥(u))(x) = u(x/ty,), where t, = /2||Vulj2. It is easy to
show that U is a bijection. For any u € K, we get

J(¥(u)) = g/\Vu(x/tu)\def/G(u(x/tu))d:n
RS RS

= gtu/|Vu\2dm—ti/G(u)da:
R3

R3

a 6
=ty —t2 13
2 a u u
V6 s
= 18a’2||vu‘|g’
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Thus,

. s \/6 3. 3
Inf J(u) = inf J(¥(u)) = za® inf [Vl

Note that infyex |[Vull3 = 2X, so p = %ﬁN%. Finally, choosing a ¢ € H}(R?) with ¢ > 0, ||¢]2 = C}!
and ||¢|| = 1, then we have

at?
< = - _
¢ < max J(t¢) = max | —-[|] /F(w)dw
RC‘:
at? otk
< R
—Tzaé{(z uk||¢||k>
k—2

k2 R
< aF-2 k—2C’k .

2k
Together with p > py in (1.5), we get p < %(aS)% and N < %aS. O

In order to prove that the limiting problem (1.6) has a ground state solution, we give the following
Brezis—Lieb Lemma.

Lemma 2.4. Let h € C(R? x R) and assume that

lim —h(x,t) =0 and lim [h(z, t)]

< 0o, uniformly in x € R3.
t50 ¢ [t|—oo  [t]® , uniformly

If u, — ug weakly in HY(R3) and u, — ug a.e. in R3, then

/H(x, Up) dr = /(H(J;,un —ug) + H(z,ug)) dx + o(1),
where H(x,t) = fot h(x,s)ds.

Proof. The proof is similar to Lemma 2.5 in [38]. We omit the details. O

Proof of Proposition 2.1. For any u € H*(R?), let
T(u) = g/|Vu\2dx and V(u) = /G(u) dx.
R3 R3

We know that N = inf {T'(u) : V(u) = 1,u € H}(R®)}. Suppose that there exists {u,} C H}(R?) such that
a Jgs |Vun|*de — 2N as n — oo, with [5, G(uy,) de = 1. Together with (H;)-(Hs), we easily obtain that
{u,} is bounded in H}(R3). There is up € H}(R3) such that along a subsequence, u, — ug weakly in
H(R?). By Lemma 2.4, we have

T(up) = T(vn) +T(uo) + o(1)
and

Vup) = V(vy) + V(ug) + o(1),
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where v, = u, — ug. In the following, we prove that uy € K and u, — ug strongly in H!(R3). We claim
that

Wl

T(u) = N(V(u))?

for any u € H}(R3) and V(u) > 0. Indeed, for any u € H}(R3) with V(u) > 0, there exists a t € R,
such that V(u(z/t)) = 1. By direct computation, V (u(z/t)) = 3V (u(zx)) and T'(u(z/t)) = tT(u(z)). Thus,
we have V(u) = 1/t3. Together with T'(u(z/t)) = tT(u(z)) > N, we get T(u) > N(V(u))3. To prove
the strong convergence of u, to ug in H}(RY), it suffices to prove that V(ug) = 1. Suppose V(ug) > 1,
then T'(ug) > N(V(ug))3 > N, which contradicts T(ug) < N. On the other hand, if V(ug) < 0, then

Vive) >1— @ > 1 for n large enough. We have

which contradicts T'(v,) < N + o(1), for n large enough. If V(ug) € [0,1), then V(v,) > 0 for n large
enough. We have

If V(ug) € (0,1), this is a contradiction. So we deduce that V(ug) = 0. Thus, lim, , V(v,) = 1. By
V(un) =1, we get up = 0 and T'(up) = 0. From (H;)—(Hz), we have

lim sup ||, — uol|2 > V6.

n—oo

Furthermore,

N = glimsup IV (u, — u0)||§

n—oo

vV

aS .
% tim sup [ — ol
n—oo

Y

which is in contradiction with N < @aS in Lemma 2.3. To sum up, we have V(ug) = 1, namely, uy € K
and V(v,) — 0 as n — oo. It is easy to obtain that ||Vv,||3 = ||V (un — ug)||3 — 0 as n — oco. From
Jgs G(un — ug) dz — 0 as n — oo, we know that wu, — ug strongly in H}(R?). Similar argument as the one
in [11] shows that Uy = ug (-/t,) € P is a ground state solution to problem (1.6). O

Define A, as the set of radial ground state solutions to the problem (1.6). From Proposition 2.1, we have
Uy € A,., in other words, A, # (). Furthermore, the following Lemma holds.
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Lemma 2.5. One has

(i) A, is compact in H}(R3).
(ii) ¢ = J(Uy), that is, the mountain pass value agrees with the least energy level.

Proof. The proof of (i) is similar to that in [6]. We omit the details. In the following, we give the proof of
(ii). First, we know p = J(Up) and p < c. Second, we prove that ¢ < J(Up). Since Up is a ground state
solution to problem (1.6), similar to that in [17], there is a path v € ' that satisfies v(0) =0, J(v(1)) <0
and max;epo,1] J(v(t)) = J(Up). This shows that ¢ < J(Up). The proof is complete. O

Let W € A, be arbitrary but fixed and set Wi(z) = W(z/t). By Lemma 2.2, we have

t

J(W) = (5 - g) a/ VW |? da. (2.4)
e

It is easy to see that there exists a ¢; > 1 such that J(W;) < —2 for t > ¢;. We denote D) =
maxyeqo,¢,] PA(W;). Noting that the corresponding energy functional to the problem (1.1) is

@) = () + 3],
we obtain that Dy — cas A — 0.
Lemma 2.6. There exist \* > 0 and C* > 0, such that for any 0 < A < A\*, the following hold:
O,\(Wy,) < =2, ||Wy]| <C*, forallt €[0,t1], and |W| < C*, for all W € A,.

Proof. By Lemma 2.5, there exists a Cy > 0 such that |[W] < Cy, for any W € A,. For W € A, and
t € (0,t1], we have

Wl = VW3 + | W5 < (¢ + %) C5.
Taking C* = Cy+/t1 + t3b, we have
[Wel| < C* and [[W]| < C*.

Since

A

A
(b/\(th) = J(Wh) + Z||Wt1||4 < J(th) + Z(C*)47

there exists A* > 0 small enough such that ®,(W;,) < —2 for any A € (0,\*). O

By Lemma 2.6, for any A € (0, \*), we define a min—max value

Cy = inf By (v(1)),
A= nf  max A((1))

where
Ty = {y e C([0,t], H}(R?)) : 7(0) = 0,7(t1) = Wi, [y ($)| < C* +2,t € [0,1]} .

It is obvious that I'y # () and Cy < Dy for all A € (0, A*). Furthermore, we can easily prove that C — c as
A — 0.
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3. Proofs of the main results

Define
P¢ = {uc H'(R?) : y(u) < a}
and

A= {uec H(R?): inj lu — o] < d}
VEA,

for o, d > 0. It is clear that A% # ) for any d > 0 since A, C A?. In the following, we choose some positive
constant d small enough and find a solution uy € A? of problem (1.1) with A > 0 small enough. In order to
get a proper (PS) sequence for @y, we have the following Lemma.

Lemma 3.1. Suppose that {uy,} C A? with lim; o @y, (uy,) < ¢ and lim; o <I>i\i (uy,) = 0, where \; > 0
and A\; = 0 as i — co. Then there exists ug € A, such that ux, — ug in HT1 (R3) for d > 0 small enough.

Proof. By (H;)—(Hz), we find a ¢o > 0 such that

F(s) < 332 + %256. (3.1)

We choose a constant d such that

1
1 /3aS3\* [3c
d in<1, - — 7. 2
0< <m1n{,3(202> , a} (3.2)

For convenience, we replace \; by A. As {uy} C A%, there exist Wy € A, and V), € H'(R3) such that
uy = Wy + Vy with ||V)|| < d. By Lemma 2.5, we can obtain that there exist Wy € A, and Vy € H}(R3?),
such that Wy — Wy strongly in H'(R?), Vy — Vy weakly in H'(R?) with ||Vp]] < d and V), — Vj a.e. in
R3. Set ug = Wy + Vo, then ug € A% and uy — ug weakly in H!(R?). Together with lim; Q) (uy) =0,
we get J'(ug) = 0.

We claim that ug # 0. Indeed, if ug = 0, then |Ws]|| = ||[Vo|| < d. By (3.2), we obtain ||[VWp]l2 < \/Za‘

On the other hand, by (2.4) and Lemma 2.5, we get |[VWl|l2 = /3¢, which is a contradiction. Therefore

a ’

uo Z 0 and J(ug) > ¢. Moreover, by Lemma 2.4, we have
Dy (up) = J(ux —up) + J(ug) + o(1).

Together with limy_,o @ (uy) < ¢, we have J(uy — up) < o(1). Also, by (3.1),
a 2
J(uy —ug) = §||u>\ —upl|® = | F(ux —up) dx
Rf}
> Sllux = uoll? = Fllux = uoll” = 2 ux = woll§:

Then by the Sobolev’s embedding theorem, we have

a Co
ZHUA —up|® < gS 3|V (un — uo)]|5 + o(1)

A

< gs_gﬂux —ugl|® + o(1).
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1
If liminfy_o [Jux — upl| > 0, then liminfy_,o ||uyx — ug|| > (3(153/(202))4. However, since uy = Wy + Vj,
up = Wy + Vo and Wy — W strongly in H!(R3), |[Vill, |Voll < d, we have

limsup [Jux — uol| < limsup([|[Wx = Woll + [[Val + [[Vol])
A—0 A—0
< 2d.
This is a contradiction. Therefore, ||uy — ug|| — 0 in H}(R3). O

Lemma 3.1 implies that for some d > 0 satisfying (3.2), 5 > 0 and A* > 0 such that for u € @f* N(AT\A2)
and A € (0, \*), we have || @) (u)|| > 8.

Lemma 3.2. There exist o > 0 and A > 0 small enough such that ®5(y(s)) > Cx — oy implies y(s) € A%,
where y(s) =U(-/s), s € [0,t1] and U € A,.

Proof. By the Pohozaev equality, we have
s s 9 A 4
eA(V(8) = {5~ g Ja [ IVUda+ UG/
R3

Noting that ||U(-/s)|| is bounded for s € (0, ¢1], we have

S 83

25 (1(5)) = (5 - g) o [1VUPds +0)

R3

We easily obtain

ma s_ 8 a/|VU|2d:r c
x [2 -2 =
sefo,n) \2 6

R3

and that the maximum value is achieved only at s = 1. Then there exists a as > 0 small enough such that
whenever |s — 1| < as, we have v(s) = U(-/s) € A%. Together with C — ¢ as A — 0, there exists a aq > 0
such that if A > 0 small enough and ®(y(s)) > Cx — ay, then |s — 1| < ay and v(s) € A2. O

Lemma 3.3. For any d > 0 and A > 0 small enough, there exists {u,} C (PADA N A? such that ) (u,) — 0
as n — 0o.

Proof. Assume by contradiction that for some A > 0, there is S(A) > 0 such that |®)(u)| > B(A) for all
u € <I>§) * N A9, Similar arguments in [34] show that there exists a pseudo-gradient vector field ¥ in H}!(R?)
on a neighborhood Y, of @?* N A? such that

1A (u)]| < 2min {1, [ (u)|}
and

(@A (u), Wa(w)) = min {1, | @) (u)[} @) (u)].

Let 6, be a Lipschitz continuous function on H}(R?) such that &, € [0, 1] and
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5 1, uwedPnAd
A(u) = 1(R3
0, we H(R*)\Y,,

and let &, be a Lipschitz continuous function on R such that £, € [0, 1] and

; t_C)\ Sﬂa
) = | <5
0, |t—C)\|ZOél,

where « is given in Lemma 3.2. If we set

E\(u) = {0_5’\(“)5/\(<I’/\(u))‘1’,\(u), u €Yy,

u € H}(R3)\Yy,

then the following initial value problem

{%Zmu,t) — Ex(Za(u,1)),
Z\(u,0) = u,

admits a unique global solution Z) : H}(R?) x Ry — H}(R3) satisfying

) Zx(u,t) =u,if t=0o0ru¢¥)yor |Py(u) —Cy| > a;
(ii) H—Z,\ u, t) H <2, for (u,t) € HY(R?) x Ry;

(iii) E‘I’A(ZA(“’LL)) <0.
We adopt similar ideas in [6,8] and obtain that for any s € (0, 1], there is a t; > 0 such that
Zy(y(s), ts) € BT where y(s) = W(-/s), s € (0,44].
Let vo(s) = Zx(y(s),t«(s)), where
t.(s) = inf {t >0: Zy(v(s).1) € cbf**%} .

Then we can prove that (s ) is continuous in [0,¢1] and [|7o(s)|| < C* +2. Therefore, we have g € ' with
maxyefo,¢,] Pa(70(t)) < Cx — F-. This is in contradiction with Cx = inf,er, max,ejo.¢,) PA(7(s)). The proof
is complete. O

Finally, we give the proofs of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. In what follows, we fix d > 0 small, in particular, d < % (a53)1/4. By Lemma 3.3,
there exist a \* > 0 with A € (0,\*) and {u,} C ®Y* N A% such that ®y(u,) < Dy and @} (u,) — 0 as
n — oo. Noting that {u,} C A? thanks to Lemma 2.5, {u,} is bounded in H}(R?®) and we may assume
that lim, e [|un||* = K, where £ < (d + sup,e . Hu||)2 Assume u,, — uy weakly in H}(R?). Then by [34,
Corollary 1.26], up to a subsequence, u,, — uy strongly in LP(R3), p € (2,6) and a.e. in R3. Since u,, € A¢,
there exist U, € A, and w, € H}(R3) such that u, = U, + w, and ||w,| < d. Due to the compactness
of A,, we may assume that for some U € A,., U, — U strongly in H}(R?). Let v, = u, — uy, we have
|lvn |l < 3d for n sufficiently large.
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Step 1. We claim that for any § > 1, up to a subsequence, there holds
/f(un)un dr < /f(uA)uA dx + 6/1}& dzx + 0,(1).
R3 R3 RS

In fact, by (Hz), there exists so > 1 such that f(s) < ds® for all s > sg. Take a function x(s) € C(R) such
that x(s) = 0if s < 1, x(s) = f(s)/s° if s > 59 and x(s) € [0,4] for any s € R. Let g(s) = f(s) — x(s)s°,
then lims_,0 g(s)/s — 0 and lims_,, g(s)/s®> — 0. It follows from the compactness lemma of Strauss [30]
that

/g(un)un dx = /g(u,\)uA dx + o,(1).
R3 R3
Meanwhile, due to the boundedness of x(s), similar as to Brezis—Lieb Lemma [34, Lemma 1.32], we have
/X(Un) (ud —uf —03) dz = 0,(1).
R3
By the Lebesgue dominated theorem, we get
/X(un)ug dz = /X(un)vg dx + /X(uA)ug dx + 0, (1).
R3 R3 R3
Thus,
/f(un)un dx = /g(un)un dx + /X(un)ug dx
R3 R3 R3

:/g(u)\)u,\ da:—i—/x(un)vﬁ dx+/X(UA)u§ dx + on(1)

R3 R3 R3

:/f(uA)U,\ d$+/X(Un)USL dz + 0, (1)
s

R3

< [ flu)urdz 46 [ 08 dx + o0,(1).
Jimcrs

R3
Step 2. We show that ||V, ||3 — 0 as n — oo. In fact, one can get that uy is a weak solution of
(a+ X&) (—Au +bu) = f(u), ue HY(R?).

By Step 1 and (@) (uy,), un) — 0,
(@ )l + sl?) < [ flanundo+3 [ o8 do+0,00)
R3 R3

Noting that

(a -+ As)lus |2 = / f(un)us dz,

R3
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we get (a4 Ak)||vn]|? < 8 [gs 05 de + 0,(1). If [Vo,]|3 /4 0 as n — oo, then by Sobolev’s embedding, we
know

a|Voa|3 < 6 / o8 di + 0n(1) < 63| Von[|$ + 0 (1),

R3
which implies that
hm lnf HVUn”Q Z (6710’53)1/4 .
n— oo

Due to the arbitrariness of § > 1,

lim inf || Vo, |2 > (a5%)"*,
n—o0

which is impossible since d < % (a53)1/4. Thus, |Vv,||3 — 0 as n — oco.

Step 3. We prove that u, — uy strongly in H!(R3). If we have this claim in hand, we immediately get
P (uy) = 0 and uy € ®L* N A% By Step 2, u, — uy strongly in D2(R?) and LS(R?). Tt follows that

(a4 A&)(—Auy + buy) = f(uy), uy € Hl(R?’),

and  [po x(un)vSde — 0 as n — oo. By Step 1, f(un)un — f(ux)ux strongly in L'(R?®). Thus, by
(P (un), un) =0,

(a4 2) ] |? = / F (t Yt -+ 0 (1)
R3
_ /f(m)uA dx + on(1) = (a + Ak)ur||? + on(1).
RS

So, |lunl| = |Jux|| as n — oo. Therefore, u,, — uy strongly in H'(R?) for sufficiently small d given and
uy # 0. The proof is completed. O

Proof of Theorem 1.2. Noting that
Al 4
Py(un) = J(uy) + ZHU/\H < Dy,
we have J(uy) < Dy. Meanwhile, for any ¢ € C§°(R?),

0= @ (un)p = I (un) + Aua / wrp d.
]R3

Combining with the fact that uy € A%, we know

T (ux)e = —ua|)? /uxgpdm —0as A — 0.

R3

From the above, we have

uy € ¥ N A4 J(uy) < Dy and J'(uy) — 0as A — 0.
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Assuming that uy — u weakly in H}(R?), we have J'(u) = 0. Together with D)y — ¢ as A — 0 and
c< %(aS)%, we can obtain that uy — u strongly in H}!(R?) by similar arguments as in Lemma 3.1.

Since J(uy) < Dy and limy_,9 Dy = ¢, we have J(u) < ¢. On the other hand, by the choice of d in (3.2),
we can prove that u # 0, and then J(u) > c. Therefore J(u) = ¢. In other words, by Lemma 2.5, u is a
ground state solution of the limit problem of (1.6). The proof of Theorem 1.2 is complete. O

The numerical study of the Kirchhoff-type problem will be continued in Part II of the series.
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