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1. Introduction

One often confines selection of stochastic differential equation (SDE) models to those facilitating calcu-
lation and simulation. For example, the popularity of the inaccurate Black—Scholes model is only justifiable
through the evaluation ease of the resulting derivative product formulae. Indeed, Kunita [18, p. 272] writes
in his notes on SDEs that “It is an important problem in applications that we can compute the output from
the input explicitly”. We shall call such solutions explicit solutions.

Doss [5] and Sussmann [21] were apparently the first to solve stochastic differential equations through
use of differential equations. In the multidimensional setting, Doss imposed the Abelian condition on the
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Lie algebra generated by the vector fields of coefficients and showed, in this case, that strong solutions,
X7, of Fisk—Stratonovich equations are representable as X7 = p(®(z, W.);, W;), for some continuous p,
® solving differential equations. Under the restriction of C'* coefficients, Yamato [22] extended the work
of Doss by dispensing with the Abelian assumption in favor of less restrictive ¢ step nilpotency, whilst also
introducing a simpler form for his explicit solutions X7 = u(x,t, (W/);er). Here, u solves a differential
equation, and (W/);cr are iterated Stratonovich integrals with integrands and integrators selected from
(t, Wi, .., Wtd). Another substantial work on explicit solutions to stochastic differential equations is due
to Kunita [18, Section II1.3]. He considers representing solutions to time-homogeneous Fisk—Stratonovich
equations via flows generated by the coefficients of the equation under a commutative condition, and, more
generally, under solvability of the underlying Lie algebra. Kunita’s work therefore generalizes Yamato [22].

There is related, more recent work on simulating stochastic differential equations through stochastic
Taylor’s theorem, exponential Lie series and sinh-log series. These methods employ iterated stochastic
integrals and/or ordinary differential equation (ODE) approximation over small time. One can learn more
about these methods from e.g. Ben Arous [1], Castell [3], Hu [9], Kloeden and Platen [11], Castell and
Gaines [4] and Malham and Wiese [19]. These methods are general in the sense that they usually do not
require commutator conditions between the coefficient vector fields. Still, significant coefficient smoothness
is often required and it is usually found that the computational costs associated with numerically solving
the ODEs or iteratively integrating are greater than direct use of Euler or Milstein methods on the SDE
of interest. As our interest stems from computationally intensive applications, we turn our attention to
less-general, computationally-efficient methods.

Our representations do not employ stochastic integrals (even non-iterated ones) nor ODEs in the man-
ner mentioned above and consequently can facilitate efficient simulation compared to Euler and Milstein
methods. A typical use is the following (Explicit Simulation Algorithm):

1
2
3
4

Simulate a Gauss—Markov process, which will be denoted Y; herein.
Use ¢ to map to a desired process X;, where ¢ is some average of the ¢*° used herein.
Possibly project down to a weak solution of a lower dimensional SDE.

P
o L — ~—

Possibly use importance sampling to create a weak solution to yet another SDE with different drift.
At each successive step the number and complexities of the SDEs that can be handled increases.

Example 1. We summarize a current use of the Explicit Simulation Algorithm with results from this paper
in simulation based option pricing, financial risk assessment and sequential Monte Carlo.

Heston [8] introduced a stochastic volatility model with closed form European-call-option prices for stock,
bond and foreign currency spot prices. Let B, § to be (scalar) independent standard Brownian motions.
Then, the Heston model is:

d <St> _ ( pSt ) dt + (\/1 _p2StVt% PStVIté> <d3t> (1.1)
Vi v— oV 0 KV, gy )’

with parameters p € R, p € [-1,1] and v, o,k > 0. Sy, the price part, is a stochastic exponential but the
exponent involves fot Vs% dBs with 8 and V being dependent so stochastic integral approximations would
appear needed. The volatility component is just the Cox—Ingersoll-Ross (CIR) model. The diffusion vector
fields do not commute i.e. [0, 03] = (Vo1)oz — (Voz)o1 # 0 so we can not obtain explicit strong solutions
of the desired form but the Explicit Simulation Algorithm still works. Kouritzin [14] used Theorem 2 below
in steps (1), (2) above to show that the extended Heston price model, consisting of S; above along with a

collection of Ornstein—Uhlenbeck processes, has an explicit strong solution of the form considered here under
Condition (C) of Kouritzin [14]. From there, an explicit weak solution for the Heston price was obtained by
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projection as in step (3) above. Finally, Condition (C) was dispensed with using Girsanov’s theorem as in
step (4). Suppose € > 0. Kouritzin [14] shows that the Heston (price and volatility) model (1.1) has explicit
weak solution:

t t
1 1
S = So eXP(\/l—pQ/Vsdeer = %]H— [p—f = 5} /Vsds +Em —V0)>
0 0
Vi=Y (¥/)?% n.=inf{t:V, <e} and

i=1

Vg K2 —v, —v

t
L = exp ”;2 ln(Vt)—ln(Vo)—&-/——l—gds
0

2V,

up until 7. with respect to new probability measure

P(A) = E[1aLrp,.] VA€ Fr,

where v,, = "T"g and {Y;} , are Ornstein-Uhlenbeck processes. It is important to note: V and B are

independent so fot VS% dBg; is conditionally Gaussian and there is no need to approximate stochastic integrals.
(This Condition (C) in Kouritzin [14] would make L, = 1 and P = P.) American and Asian options were
then priced efficiently using these explicit formulas and Monte Carlo simulations. Kouritzin and MacKay [17]
also use the Explicit Simulation Algorithm based upon work herein to produce explicit weak solutions to a
generalized Bates model (with jumps), where the adjective generalized is used because there is an extra drift
term in the price equation (that arises for certain insurance product prices). Further, they assess insurer’s
risk in Guaranteed Minimum Withdrawl Benefit insurance using Monte Carlo simulations with these explicit
solutions. In current work, Kouritzin and MacKay [16] use (branching particle) sequential Monte Carlo to
improve performance of path-dependent option pricing. Kouritzin [13] and the results (Theorem 2 and
Example 5) herein are used to show that the Heston model yields a second weak solution with the formula
for Sy unchanged but

2 ~
v, = (% A @vt) dt + 1/ VidB,

~

2

2 t
v— & Vv 3% _ v N 2
L; =exp H24 1n<7:)> +/ %ds—l—gt —xB — Xy
0

2
s

with respect to the new probability measure ]3(A) = E[laL7pr,.| VA € Fpr up until the time 7. =
inf {t : V4 < e} that the volatility dips too low. (We presented the time-homogeneous-coefficient case for V'
here for simplicity. The more general case is given in Example 5 below.) If one simulates multiple independent
copies {(S%, V¢ L)}V | with either Heston representation in this example, then one finds that the weighted
empirical measures of the path processes converge a.s. to the process distribution of the Heston model

N

1 7 eston

N Z Lirdsi Vi 2 (810,70 Vo, 7) = PHESO™ (516 1y, v(0,77)
=1

where (so,77,vjo,7]) solve (1.1) with respect to P#¢s*" and path-dependent option pricing can be done
(with the celebrated LS algorithm). However, if the option is over any significant time period, then the
weights L% will diverge without some type of (unbiased) resampling, branching or interaction to level them.
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Kouritzin and MacKay [16] use branching particle sequential Monte Carlo with these explicit solutions to
keep the weights relatively equal and all particles effective.

The first two steps of the Explicit Simulation Algorithm involve classification of which It0 processes
X;®, starting at (x,s), are representable as a time-dependent function of a simple stochastic integral
P*® ( fst Vi udWo, t), which was initially motivated by filtering applications (see Kouritzin [12]). Our deter-
mination of ¢™*, V, ,, also facilitates an effective means of calculation and simulation in other applications.
To simulate, one merely needs to compute the Gauss—Markov process fst Vs, udW,, at discrete times and
substitute these samples into ¢**, which is often known in closed form and otherwise is the solution of
differential equations that can be solved numerically a priori. fst Ve udW,, = fst Vs u(Xy)dW,, can depend
upon X but not in a way that will destroy its Gaussian distribution nor make simulation difficult.

We require commutator conditions for (step (2) and) our explicit strong solutions herein, which is a
significant restriction. However, (i) the drift vector field need not strictly commute with the diffusion vector
fields, (ii) non-commuting diffusion vector fields can sometimes be handled (in a weak sense) by considering
a higher dimensional SDE (see the Explicit Simulation Algorithm), (iii) importance sampling methods
can be used to handle more non-commuting drift vector fields. Actually, it is already known that one can
have explicit solutions under commutator conditions and our work is quite related to the earlier works of
Yamato [22] and Kunita [18]. However, compared to these early works, our work features time-dependent
coefficients and a different representation that is very useful in simulation. We compare our results to
Yamato [22] and Kunita [18] in Section 4.

Our explicit simulation is without (Euler or Milstein) bias and is often orders of magnitude faster than
Euler or Milstein methods when applicable and high accuracy is desired (see Kouritzin [14]). Our repre-
sentations also make properties of certain stochastic differential equations readily discernible. Finally, as
demonstrated in Karatzas and Shreve [10, Proposition 5.2.24], explicit solutions can be useful in establishing
convergence for solutions of stochastic differential equations.

In order to describe our method, we recall the state-space diffeomorphism mapping method has been
used to construct solutions to interesting stochastic differential equations from solutions to simpler ones.
The idea of this method is to change the infinitesimal generator L of a simple Itd process to the generator
L corresponding to a more complicated Itd process via Lf(z) = {L(f o A=)} o A(x). This corresponds
to using Itd’s formula on X; = A71(&;), where £ is a diffusion process with infinitesimal generator L. For
related examples, we refer the reader to the problems in Friedman [7, page 126] or Ethier and Kurtz [6,
page 303].

Motivated by applications in filtering, Kouritzin and Li [15] and Kouritzin [13] used differential equation
methods to study: “When can global, time-dependent diffeomorphisms be used to construct solutions to It
equations?”, “What scalar It6 equations can be solved via diffeomorphisms?”, and “How can one construct
these diffeomorphisms?”. They considered scalar solutions in an open interval D to the time-homogeneous
stochastic differential equation

dXt = b(Xt)dt + O'(Xt)th, XO =, (12)

which are of the form ¢* ( fot VudWy, t), and showed that all nonsingular solutions of this form were actually

(time-dependent) diffeomorphisms A; ' (&;) with ¢ satisfying
d&e = (x — k&)dt + dWy, &o = Ao(z).

A nonsingular solution in this scalar case was interpreted as finiteness of || )‘? o~ (x)dx for some fixed point
A and all y € D. (Their methods involve non-stochastic differential equations that can continue to hold in
the singular situations when global diffeomorphisms fail.)
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For our current work, we suppose henceforth that D C RP is a bounded convex domain, T > 0, and
define

Do — D if o,b do not depend on ¢
"7 Dx [0,T) if either do

so (z,s) € Dy means € D when Dy = D. We also let o(X;)dW; imply It6 integration and o(X;) e dW;
Stratonovich. Then, we resolve the question: “When can we explicitly solve vector-valued Itd equations

dXt = b(Xt,t)dt + O'(Xt,t)th, XS =, (13)

with the dimensions of Xy, W; being p,d respectively, through representations of the form X;"* =

oSN ( fst Ve ud@Woy, t)?”. This question is more precisely broken into two separate important questions: “For
which ¢ and b does such a strong-local-solution representation exists?” and “What conditions are required
on ¢ and V for such representations with fst VsudWy, = fst Vi (X )dW,, still being Gauss—Markov?” Equiv-
alently, we consider “When can the solutions to the Fisk—Stratonovich equation

AXT = h(XZ t)dt + o(XE,t) e AW, (1.4)
with
14
h=b— 3 ;{Vwaj}aj on Dr (1.5)

and o; denoting the jth column of the matrix o, be locally represented in this manner?” It follows from,
for example, Kunita [18, p. 239] that the unique local solutions to (1.3) and (1.4) are equal if (1.5) holds
and o is twice continuously differentiable or satisfies the Fisk—Stratonovich acceptable condition in D,
the latter being discussed in Protter [20, Chapter 5. We work with Itd equations to avoid these stronger
assumptions on o but still relate b and h through (1.5). Also, to obtain simple, concrete necessary and
sufficient conditions for such a representation, we consider all solutions starting from each (z,s) € Dr.
Under natural regularity conditions, we answer these question by showing the equivalence of the following
three conditions: 1) The SDEs (1.3) have our local-solution-representations for all starting points (z, s) € Dr.
2) The representation pair ¢™*, V; , satisfy a system of differential equations. 3) The SDE coefficients ¢ and
h satisfy simple commutator conditions. In the process of establishing this three-way equivalence, we also
answer the question “When is (1.3) locally diffeomorphic to an SDE with a simple diffusion coefficient?”
i.e. “When will it have a representation as in (1.6), (1.7) to follow?”.

Given precise conditions of when an Itd equation has such a representation, the next natural ques-
tions we answer are: “What form do the solutions have?” and “How do you construct such solutions?”
In order to include as many interesting examples as possible we will only require local representation
X7 = ¢ (f: Vgﬁuqu,t) and allow o to have rank less than min(p,d). By allowing the rank of o(z)
to be less than p one can handle time-dependent coefficients, treating time as an extra state. The second
advantage from allowing lesser rank than min(p, d) is the extra richness afforded by appending a determin-
istic equation into the diffeomorphism solution. A third, important benefit of this general rank condition
is the possibility of producing explicit weak solutions to SDEs where no explicit strong solution exists (see
Kouritzin [14]). In our construction results, we show that ¢ is constructed via a time-dependent diffeomor-
phism Ay, which in turn is defined in terms of ¢. The diffeomorphism separates a representable SDEs into
deterministic and stochastic differential equations: Ay(X;) = (Yt,f(t), where )Aft € RP~" is deterministic
and satisfies the differential equation
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d ~ ~ ~
X = h(X,.), (1.6)

while X is a Gauss-Markov process satisfying

aX, = (B(X:, 1) + B(X, )X )t + (I,

E()?t,t)) dW,. (1.7)

7 is determined (within an equivalence class) by o while 8, h and B can be anything (subject to dimensional
and differentiability regularity conditions). These parameters allow us to handle a whole class of nonlinear
drift coefficients b for a given ¢ in the SDE (1.3) for X, = A, (X4, Xy).

In the next section, we introduce notation and state the main existence results. In Section 3, we build off
of these existence results to give our construction results, illustrated with simple applications. We compare
our work to prior work of Yamato and Kunita in Section 4. The proofs of all main results are postponed to
Section 5.

2. Notation and existence results

Let (W:)¢>0 be a standard d-dimensional Brownian motion with respect to filtration {F;}¢>o satisfying
the usual hypotheses on a complete probability space (2, F, P). We will use ¢*** to denote a representation
function and x to denote a starting point as in the introduction. On the other hand, ¢ will denote a variable
with the same dimension p as ¢*° and z.

For functions of time or paths of a stochastic process, we use Z; and Z(t) interchangeably. For a matrix
V, V; will denote its jth column vector and V; ; the ith element of this jth column. 0; (0) means a row
(column) of j 0’s.

B.(6) denotes an open Euclidean ball centered at z with radius § > 0. Suppose m,r € N, O C R™ is open
and I C [0,7) is an interval. Then, C(I) is the continuous functions on I and C"(O) denotes the continuous
functions whose partial derivatives up to order r exist and are continuous on O. Moreover, C™1(O x I)
denotes the continuous functions g(, t) whose mixed partial derivatives in ¢ € O up to order r and in t € I
up to order 1 all exist and are continuous functions on O x I. C1(O x I) = C12(O x I)NC%Y(O x I). (We
only require one-sided derivatives in time to exist at interval endpoints.) For a vector function g of both

¢ € RP and t, Vg is the Jacobian matrix of g, that is (V,g), . = 0,,9i, while Vg will include the time

derivative as the last column. (A similar notation will be used lf’cj)r vector functions of y € R% and t.) fog
will denote the composition of functions f o g(z) = f(g(x)).

The purpose of our representations is to simulate a class of processes in an efficient manner, which leads
to a dilemma. We would like to allow V; ; to depend upon X** for generality but not in a way that would
destroy the ease of simulation. Our approach to this dilemma is to allow V; ; = U, ;¢™*(y., -) to be defined by
wels t] but then impose the condition that the result Us ¢™*(y., )

can not depend upon y. As we will expose below, this basically allows V;; to depend upon some hidden

operators Uy, on the functions ¢™*(yy, u)‘

deterministic part of X but not the purely stochastic part, saving the Gaussian nature of

t t

W:/mmwwwwww:/%m“@www (2.1)

S S

so it can be computed off-line, which is the point of this work.

¢™* must be differentiable enough to apply It6’s formula and allow room for random process Y,* to
move. For fixed s,¢ and path y € C([s,t];RY), U, is a mapping C([s,t];RP) — C([s, t]; R¥*9). (U, will
be forced to be constant in y. Hence, when we apply Us, to ¢™°(-,-) below we are effectively applying it
to ¢™*(0,-).) Further constraints on t — U, +¢™®, in particular the imposition of a group structure, will be
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set in Conditions Cy, C3 below while the role of U ; in preserving the Guassian character of ¥,;* will become
clearer in Example 4. The precise regularity conditions for potential representations X;° = ¢** (Y,*, ),
= [T Uy ™*(0,-)dW (u) follow:

Ci: For each (x,s) € Dr, there is a to = t5’° > s and a convex neighborhood N'** C R? of 0 such that

P™° € C’Q’l(./\/'g”’S X [s,t0); RP) and t — Us ;¢ (y.,-) € C*([s,to); R*9).
Co: ¢™*,Usy start correctly

¢*%(0,8) =z, Uss¢™°(0,8) =14, Y(x,s) € Dr. (2.2)
Cs: Us1¢™*® is non-singular on N** x [s,to) (with matrix inverse denoted by U;tlgbx’s) and satisfies

Us,tgbw,s(yvu) = Us,t¢$7s(07u) (23)

as well as
— xr,s d xT,S ’LL U
Us,t1¢ ’ (yt,t)EUs,tgﬁ ’ (yu’u)|u:t = u t¢¢ yu7 (yu’u)|u:t' (24)

The purpose of the first part of Cs, (2.3), is to preserve the Gaussian nature of X (while still allowing V ;
to depend on X in some way) as discussed above. The role of the second part of Cs, (2.4), is to force a type
of (semi-)group structure on Uy ;¢™*. Combined, C3 will allow our representation function ¢ — ¢™*(-,t) to
contain a deterministic, dynamic portion of X.

(2.2), (2.4) imply

-1 x,s d T,s 8 d T8 w),u
Usid 8™ (s ) 5 Us 18" (s )|, = U 07 (y“t”d pp?" | (2.5)

and therefore that U, 1¢™° is a (two parameter) group. We use (2.3) to economize the notation Us ;¢™*(y., -)
to Uy 16™°.
Now, define the F;-stopping time

7% = min (¢5°,inf{t > s: Y ¢ N¥° or (¢™°(Y’,t),t) & Dr})
and let

R = U {(:0) s PAY{ 1) € By (9). < 77%) > 0, V6 > 0} (2.6)

There is structure that can be imposed upon ¢**, U, ; that will turn out to be equivalent to the existence
of our explicit strong local solutions.

Definition 1. An (z, s, 0, h)-representation is a pair ¢*%, U, ; satisfying (C1,Cs,Cs) such that the following
system of differential equations:

Vo™ (y, 1)
9™ (y, 1)

U(¢ ( )7 t)Us t ¢x ® (27)
h(¢™*(y 1), 1) (2.8)

hold for all (y,t) € R™® and 0,V,¢™*(0,s), 0:0:¢0"*(0,s), 0z, V,0"*(0,s) and 8%8@“775(0,5) exist as
continuous functions of (z,s) € Dr. Here and below, 9;¢**(0, s) means 9;¢**(0, t) ] i
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Notice that Us ; only appears as (the matrix inverse of) V, ; = Uy 1¢™° so we will only be concerned with
solving for U, ;¢ ° for the ¢™° of interest.

Now, our explicit solutions are:
XPS = g7 (V1) on [5, 7). (29)

Our first main result establishes two necessary and sufficient conditions for all X*-*  defined in (2.9), to be
strong local solutions to

dXt = b(Xt,t)dt + O'(Xt,t)th, Xs =T (210)

on [s,7%*). The function h is always related to b through (1.5) and U ¢™* comes into the necessary and
sufficient commutator conditions through generator

d. ..
Az, s) = 2Us 8™ - (2.11)

It follows from (2.3) that A does not depend upon y.

Theorem 1. The following are equivalent:

a) o € CY(Dr;RP*4), h € CY(Dr;RP), there is a unique strong solution to (2.10) on [s,7%*) for each
(x,s) € Dp, and this solution has explicit form ¢™*(Y?,t) with Y;® defined in (2.1) and ¢™* Uy,
satisfying C1,Cs,Cs3.

b) There is a (z, s, 0, h)-representation ¢™°, U for each (x,s) € Dr.

c) o € CY(Dr;RP*4), h € CY(D7;RP) and the commutator conditions:

(Vyor)o; = (Vyoj)ow, forall j, ke {1,..,d}, (2.12)
(Vyh)oj = (Vyoj)h+ 0io; — oAy, foralll <j<d, (2.13)

hold on Dz for some A € C(Dp;R*?).
Remark 1. The case where (2.12) holds but (2.13) may not hold will be handled in Theorem 2 to follow.

Remark 2. When (a) or (c) are known, then there could be multiple ¢™°, U, ; pairs satisfying (2.7), (2.8).
However, the extra solutions to these differential equations will generally not satisfy (2.3) so they will not
correspond to a (z, s, 0, h)-representation nor necessarily be useful in simulation. For example, in (5.26)
of the proof of (c) implies (b) below we use A(¢**(u,0),u), which does not depend upon y, instead of
A(¢>*(u,y),u), which would generally cause Uy, to violate (2.3).

Remark 3. Theorem 1 simplifies in the time-invariant h, o coefficient case. Clearly, one only needs to check

the commutator conditions on D versus Dr. However, the second commutator condition actually changes
in form to:

(Voh)o; — (Vyo,)h = oB;, forall 1 < j < d, (2.14)

where B(p) = —A(p,0). Indeed, the left hand side of (2.14) does not depend on time so the right side can
not either.
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Remark 4. Theorem 1 also simplifies when d = 1, which corresponds to appending a deterministic equa-
tion and allowing time dependence to the case considered in Kouritzin [13]. In this d = 1 case, (2.12) is
automatically true and (2.13) becomes

(Vyh)o = (Vyeo)h + 0o — oA, (2.15)
2.1. Simple examples solving the commutator conditions

Often, we are interested in determining which SDEs (within a class) have the representation. In this case,
the commutator conditions often can be solved quickly. The easiest way to ensure (2.12) holds is to have
each column a constant multiple of another o; = c¢jo; for all j say. However, there are other possibilities.
In general, we suppose Theorem 1 (a) hence (b) and solve for o, h in (c).

Example 2. Let p = d = 2 and D C R be a domain. Suppose a, e, f, g, m,n are C?(D)-functions and our
Fisk—Stratonovich equation has time-invariant coefficients:

I RACNACS) _falp) 0
h<@1’9"2>‘<m<@1>n<¢2>>’ (“"1’“”2)‘<e<so2> e(soz))' =1

Moreover, suppose a(p1) and e(pz) are never 0. Then, o is always non-singular and it follows by (2.7) as
well as the mean value theorem that for any u € [s, t]

¢™* (y,u) — ™% (9,u) = o (67 (y*, u)Us 6™ - (y — )

with y* € N5 for y,§ € N** and any possible representation ¢**, U, ;. Hence, ¢**(y,u) = ¢™*(9,u)
y = 9. Therefore, it follows from (2.3) that Us,, = Vs, can not depend upon ¢**(y,u) for any u € [s,t] and
B in (2.14) is constant by (2.11). Now,

Voh = (f’(sol)g(soz) Fle1)g' (2) ) 217)

m’(p1)n(p2) m(p1)n’(p2)

and

(0 0 _fd(p) O

so the first commutator condition (2.12) is fine since

0
v¢0—102 = (6/ (@2) 6(@2)) = VLPO-QO—l' (2.19)
Moreover,
e(p2) f(p1)g (p2)
Vo, hoy — V,ooh = 2.20
T e (m(<p1)(e(<p2)n’(<pz) - e'<soz>n<so2>)> (220)
and
af'g+efg —d'fg
thal - delh = (am/n + emn, . e'mn) . (221)
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b1 bi2
bar  boo

abiy abia
cB = . (2.22)
ebi1 +eba1  ebis + ebyo

On the other hand, denoting B = ( >, we have

Hence, by (2.14) there is an explicit solution if and only if

< af'g+efg —d'fg efg' ) _ ( abiy abia > (2.23)

/ / / / /
am'n +emn’ —e'mn  m(en —e'n) ebi1 + ebyy  ebis + ebos

for constants bi1,b12,ba1,b02. If f = cra, n = cze, eg’ = c3 and m’a = ¢4 for some constants c1, ca, c3, ¢4,
then it is easy to show that this condition is met with bas = —cic3, ba1 = cacy — c1c3 and by; = bi1s = cic3
so the representation holds for

ey e 0

m/’ m/’

h(p1,02) = m(;ll) ;0 (p1,92) = ( 5 5 > ) (2.24)
Cheny 9'(p2)  g'(#2)

1 1

where a = cic4, 8 = cacs,y = ¢4, = c3 are any constants and g, m are C?-functions with e 7o

(D).

Example 3. In a similar manner, it follows that

9(202)) Y 0

m/’ m

h(<,017 L)02) = m(:ll) , O (QO17 L)02) = ( 8;’1) i 5 ) ) (225>
’69’(4.02) 9’ (¢2)

for any constants «, 3,7, d, also has a representation.
2.2. A simple (x, s, 0, h)-representation example

There was significant work done in the previous examples and we still did not have a (z, s, o, h)-represen-
tation. The next example is the key to solving for complete representations and will be used in the following
section. It will be worth observing in this next example that Vs ; = Us,ta = Us,t)? (with the notation defined
within the example) so the operators U, ; act on the deterministic part of X.

I, F(p,t)
0 0
(2.13) and the corresponding representations U, ;, ¢™* by Theorem 1.

Notation: As always, ¢ is a variable and ¢ is the representation function. Further, let T = (z1, ..., z,),

T=(Tpg1, 0, 2d), D= (Q1y0s0r)y @ = (Qrt1y-s0d), D= {¢: (@, @) € D for some P}, ﬁT =D x [0,T),

T, _ az’s(yﬂf) _ E _ All A12
¢ (y7t)7 <$x,s(y,t)> ’ h’* (E) andA* <A21 A22> I (226)

where A1 € R™*". Finally, we let

Example 4. Suppose o(p,t) = € Rr*4 gatisfies (2.12). We will find the possible h, b satisfying

ﬂ(@a t) = —All(%t) —E((,O, t)A21(§07t)7 (227)

which will appear often below.
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Step 1: Interpret (2.7) and the C3 condition (2.3) on Uy, A.
Suppose u € [s,t]. By (2.7) as well as the mean value theorem

aaj’S(ya u) - ELS(@) ’Ll,) _ I, E(¢x7s<y*a u)a u) —1,z,s oA
@“mw—&mw9‘<o 0 )m“ v 22

with y* € N@* for v, € N** and any possible representation ¢™*. Hence, ¢ (y,u) # ¢ (§,u) implies
y # 9. Therefore, it follows from (2.3) that Us ;¢™® can not depend upon 6" (y, ) for any u € [s,t], which
implies Us ;¢™° = U, 1¢™° only depends on ¢™*,¢. This also means by (2.11) that

d ~
Alp,t) = = U, 107" . 2.29
(L)Oa ) dt ,t¢ |'u.:t ( )
Step 2: Interpret commutator conditions on &, h.
Let e; denote the i column of I, so o; = e; for i < r. We have by (2.12), that
VoRj—r . .
0 e, =0, Vie{l,2,..,r},jer+1,..,d, (2.30)

which establishes that (@, t) can only depend upon @,t. This is the only restriction on % from (2.12). By

(2.13), we find
h h B Ok — A1z —RA
' <%>ajv@aj<ﬁ> = (g ! 102 22) (2.31)
j

SO Vgﬁ =0, implying E(cp) € Cl(ﬁT,RP’T) only depends upon @, t, and

Vsh =8, (2.32)
(Vgﬁ) Kj—p — (V@Ej_r)}; = 8,5Rj_r — (Alg — EAQQ)J‘_T. (233)

Now, it follows from (2.32), (2.33) that
BE = [(VgRi)h, ..., (VoFa_r)h] + OiF — A1y — FAg. (2.34)

Hence, it follows from (2.7), (2.8), (2.2) that ¢™* satisfies

V6"t (y,t) =0, (2.35)
0™ (y, 1) = h(6™* (y,1),1), (2.36)
¢"°(0,5) = 7, (2.37)

which implies that 59“’5 does not depend upon ¢ nor y. Moreover, by (2.29) and (2.27), we conclude that

A(p,t) = A(@,t) and B(p,t) = B(2,t) only depend on @, .
Step 3: Determine possible h, b.
By (2.32), we find

E(@v o, t) = B(S’Ea t)@ + 5(@) t) (238)

- . P, p,t
for some C-function 6. Hence, the possible h(p, ,t) = < %fjpt) )> are:
L)
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he CY(Dr,RPT),

- (= - — ~ _ ~ . 2.39
R e {0z.0)+B(&,t)57 : B e C1(Dr,R™");9 € CY(Dr,R")} (239
From (1.5) and fact ®(@,t) only depends on @, ¢, we find that
1
b=h+ 5 Z{vng}Jj = h. (240)

=1

Free parameters: Aoy, Aso, &, 5, 6 and h can be anything (subject to dimensionality and dependency on
only $,t). Ay is then determined by (2.34) and Ay; by (2.27). 8 and 6 also determine the possible h above
and ¢** below. Different choices of &, 3, § and h will result in different solutions. However, there is no loss
in generality in taking Ao, Ass to be zero.

Step 4: Interpret differential system for ¢*-°.

Since ¢%° = <$z S) satisfies (2.8), (2.2), ¢™* must be of the form

8,0™° = h(¢™°,1), s.t. ¢™°(s) = 7. (2.41)

We let X; denote the solution of this differential equation. Next, since ¢™* satisfies (2.7), 530’8 must be of
the form

67" (y,t) =et) + [ "X D] UGy, (2.42)
for some ¢ € C1([0,T); R"). Differentiating in ¢, noting by (2.29) (with & = X,) that

~ d ~
A(Xt7t) = EUu,tdjxu”u‘u:tv (243)

and using (2.42), (2.43), (2.4), (2.41), (2.34), (2.27), one has (with U} = U, /¢**) that

ﬁtaz’s(yi) 244)
= (1)~ [1 ®(Xi0)] AL 0Uy
+ [0 9R(Xe, 1) + Vi (K, ) (K1), o, Vistia (K, ) (K1) | ULy
() + 5(
(t) + 5(

On the other hand, by (2.8) and (2.38)

(1) + B(Xe, [T "X, 1)Uty
! + B Xtv t )
06" (y,t) = 0(Xo,t) + B(X1, )6 (y, 1) (2.45)

Comparing (2.44) and (2.45), one has that
?(t) = 0(Xy,t) + B(X,, t)E(t) subject to ¢(s) = T. (2.46)

Step 5: Determine U in terms of %, /3 and 6.
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We just need A to satisfy (2.27), (2.34) so there is no loss of generality in taking

0

(Au A12> 5.0 = (-B [(vgm)h,...,(v@zodr)ﬁ] —i—(?tE—BE) 5.0,

Ao Az
By (2.43), (2.4) and (2.47), we know

U X = (Ug 1 X)A(X, 1)

) s’j(_og {[(Wl)h""’%?’”)EHM_BE}> (%)

subject to US7SX' = U, sz = I4. Now, suppose that T}, ; is the two parameter semigroup:

d -
ETW =T, (X, t), Vt>u subject to T, = I,.

Then, the solution of (2.48) is

s

0o %o (Tor TaaR(Xet) —R(Xs,s)
s,t 0 Id—r ’

and so

UL X = Ty ToiR(Xss) = R(Xe, 1) .
s,t 0 Id_r

Moreover, it follows by (2.46) that ¢ can also be expressed in terms of T;tl.
Step 6: Solution Algorithm.

a: Check R only depends upon ¢, t. This must be true by Step 2.

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

b: Choose any functions § € Cl(ET,R’"”);? € Cl(f)T,Rr) and h € C’l(f)T,Rp_T) for drift of the form

b(p, p,t) = h(p, p,t) = (5({5’ t%(—ggt()&’ t)¢>. These are the only possible drifts by Step 3.
c: Solve ’
X/ = h(X,,t) subject to X, =%
d: Solve
%Ts,t =T, B(f(t,t), Yt > s subject to Ty s = I,
Then, set

Us t)"(i _ (Ts,t Ts,tl‘i(Xt,t) — ,‘{(XS7 S)) ’
7 0 Idfr

_ I -
U;th — (TS,t Ts,t “(XS}ji “(Xtvt)> 7

(2.52)

(2.53)

(2.54)

(2.55)
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—,s

e: Divide ¢*° = (é

(;5“7’5) and set ¢ (t) = Xy,

T,

67 (.t =et) + [ "X )| (UL Xy

The preceding example was intuitively pleasing: We showed you could indeed represent linear SDEs using
a single Gaussian stochastic integral. Further, we showed that we could append an ordinary differential
equation (dX; = h(X,)dt) and use its solution within the coefficients of the stochastic differential equation.
Finally, we showed how to construct the solution. While none of this is surprising, it does explain our
necessary and sufficient conditions. In the next section, we will show how to combine this example with
diffeomorphisms to handle the general case with nonlinear coefficients.

3. Construction results and examples

When one explicit solution exists, there will be a whole class of such solutions corresponding to distinct b’s.
We now identify the b’s, ¢’s and U’s for these solutions corresponding to a given ¢. This is done by using
local diffeomorphisms to convert the general case to the case of Example 4. The idea is based upon the
following simple lemma.

Lemma 1. Suppose D C RP is a domain, T > 0, Dr = D x [0,T), A= (ﬁt> : Dy — K(DT) C RPH! s

a C?-diffeomorphism and o, b, h, {¢® }(m $)EDT {Us,t9"°} (2,5)eDr,s<t<T, A satisfy Conditions C1,C2,C3 as
well as equations (1.5), (2.11). Let Dy = A(DT)

6 ={(VoA)o}oA™", h={(V,A)h}oA ",
N 12 N
b= (VoAb + 52 > (0,00, M) jor ¢ 0 AT,
j=1ik=1
57 (y,t) = Ao @) (y1),
U™ = Ugpg™ @),

A=AoA™ 1.

Then, o, 37 /f;, {ngSg“’}
Moreover,

@ s)ef)T’fiA\ satisfy Conditions C1,Ca,Cs as well as equations (1.5), (2.11) on Dr.

i) v, As ¢ isa(z,s,0, h) -representation for each (x,s) € Dr if and only if ¢, Usy isa(x,s,o,h)-repre-
sentation for each (z,s) € Drp.
ii) Equation (2.12) holds if and only if

(V,01)5; = (V0;)0k, on Dy for all j,k € {1,...,d}. (3.1)
iii) Fquation (2.13) holds if and only if

(V;ﬁ)?fj = (Vwﬁj)ﬁ + 005 — ng, on Dr forall1<j<d. (3.2)
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Remark 5. In the time-homogeneous case, we can deal with B instead of A and set B =Bo Ay 1 The
~ (A . . : : . .
notation A = tt just means that A is a diffeomorphism with the constraint that the last component is

the identity map.

Proof. This lemma follows by direct calculation. Perhaps, the fastest way to verify the commutator condi-
tions is to think of (1.4) as a time-homogeneous equation

oo (5]

dt +
t 1
on [s,7%*), by appending the trivial equation ¢ = ¢ and thinking of ¢ as an additional state variable. Then,

verifying (2.13) is equivalent to (3.2) is the same as verifying

(DL -+
-CEDEI-CEDE-Ele

which avoids 0,0; and A, if we express (ET, 1T and (EjT, 0)7 in terms of A O

~ I, E . . .
The idea behind this lemma is that ¢ gets changed into ¢ = < 0 g) with some diffeomorphism and

we can use Example 4 to solve for the possible h and the representations qu\w’s, Jes. Unfortunately, it is
sometimes impossible to have a single diffeomorphism for all of Dy and, even when it is possible, we may
not know that until after local diffeomorphisms are constructed and one of them is extendable to all of D.

Definition 2. Suppose (x,s) € Dp. Then, an (z,s)-local diffeomorphism (O“,K“) is a bijection A®s
O%* — A®3(0%*) such that A™* € C%(0O%%;RPF) where O%* C Dr is a (relatively open) neighborhood

DO N ~1
of z,s. We define VA=!(A(p,t)) to be [VA(go,t)} for (p,t) € 05,

We imposed sufficient differentiability on our local diffeomorphisms for our uses to follow. Our (z, s)-local

~ A
diffeomorphisms will take the form A = ( tt ) with A; being constructed from ¢ under the conditions:

[D]: Let D C R? be a bounded convex domain, 7' > 0 and Dy = D x [0,T).
[H:]: The rank of o is r on Dy with the first » rows having full row rank.
[0]: o€ CmTY(Dy; RPX9).

[B]: (Vy0j)or — (Vyor)o; =0on Dy, for 1 < j,k <d and (z,s) € Dr.

To ensure the row rank part of H,., we can just permute the rows of (1.3), amounting to relabeling the
{XiYio,

Proposition 1. Suppose [D, H,., 0, B] hold. Then for any (z,s) € Dr, there exists an (x, s)-local diffeomor-
phism (O%2,A**) and a constant permutation matriz © such that
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I, ®

0 ={(VyoA)om} oAl = ( 0 0) e RP*4 on A(OI’S),

where R € Cl( (0®#); R™(4=")) does not depend on @1, .., Q.
Proof. Provided in Section 5. O

Remark 6. The permutation matrix 7 permutes the columns of o. We label the permuted diffusion coefficient
o™ = o7 and note that

dXt = b(Xt)dt + O'(Xt)th = b(Xf)dt +o (Xf)dW 5

where W™ = 7~ 1W is a permutation of the Brownian motions W. Also, the Stratonovich drift A remains
the same by (1.5).

Remark 7. It follows from the proof in Section 5 that the diffeomorphism can have the form A= A 0---0
A2 o Al for any diffeomorphisms A; A jo0---0hyo0 AI(DT) — RPH! satisfying {VAZ VAQVA]_O';T} o
A Lo A o) A L — ¢;, where (e1eg ... epepr1) = Ip41 is the identity matrix. However, as will be seen
below in Remark 9, this does not uniquely define the diffeomorphism.

Proposition 1 immediately provides us our second main theorem.

Theorem 2. Suppose [D, H,, 0, B] hold, h € C*(Dr;RP), (z,s) € Dy and W is an R¥-valued standard
Brownian motion. Then, there exists a stopping time T > s, a permutation matriz © and an (x,s)-local
diffeomorphism (O*°,A®%), as in Proposition 1 and Remark 7, such that

I, ®

i) ={(VoA)o™ oAt = ( 0 0) € RP* on A(O™*),

with & € CY(A(O%®); R"™*4=")) not depending on o1, . .., o, and i) the Stratonovich SDE dX; = h(X,)dt+

X
o(X,) e dW,, X, =x has a solution X; = A" (){) on [0, 7] if and only if the simpler SDE
t

Xl _5 (% L o®) . [ X
(B (E)as (5 2w [2] -nio o

has a solution on [0, 7], where h = (VoAth + 0iAy) o AL

We stated the simpler SDE in terms of It6 integration. However, it follows by (1.5) and the nature of &
that (3.3) would have exactly the same form in terms of Stratonovich integration.

In this theorem we do not have a commutator condition for i so we can not guarantee the simple form
of h as in Example 4. This means that X is not in general deterministic nor is X necessarily Gaussian.
We also impose slightly stronger conditions on ¢ compared to Theorem 1 but gain information about the
representation as local diffeomorphisms.

For our final main result, we add back the commutator condition for A, and characterize all the solutions
X% = ¢™5(Y7,t) to (2.10) via Example 4. We do this through our basic set of parameters for (z, s):

Definition 3. Suppose [D H,, J] hold, Dr is as defined above and O = O®*® C Dr below. Let P = PZ* be
the set of all (A %, B,0,h, ) such that
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P0) 7 is a constant permutation matrix.

~ ~ A
P1) (O™*,A™?)is a (z, s)-local diffeomorphism, where A(p,t) = Atigo)] . For convenience, we let A; = Kt]
¢
with A, € R";
P2) & € CY(A(O); R™*(@=7)) depends only on @, 1, ..., ©p, and t;
P3) {(VoA)om}o B = (o ) on R0

P4) g € C’l(K(O);RT”) depends only on ¢,41,...,¢p, and t;
P5) 6 € CY(A(O);R") depends only on ¢,i1,...,Pp,t;
P6) h € C*(A(O);RP™") depends only on ¢,41,...,¢p,t.

To each (JAX, , B, ? ,m) € P, we associate the following functions:

X = X% € RP~" uniquely solves %5@ = E()?t,t), X, = Ags(z);
G(t) = (1| ®(Xi,t)) € RT<,
%Ts’u =—Tsu B(f(u, u), Yu>s subject to Ty s = I,;

Uy uX = (1o Toufi(Xuy v) = F(Xoy8) ) (3.4)
0 Id—r
U_1)Z— _ Tsj& T;JE(X&S) _E(Xmu) :
S,’U. 0 Id7T
es(t) = Toi Ro() + T [1 T,uB( Xy, u)du.

The following theorem follows from Theorem 2, Theorem 1 (so the explicit solution implies [B] above)
and Example 4. In particular, we must have

o1 _ [ M@.8.1) 0(:t) +B(&, )P
(VoAih 4 0iAy) o A™1 = ( 1) ) = ( h(G.1) ) (3.5)

which gives our possible drifts h in the following theorem.

Theorem 3. Suppose [D, H,., ] hold, (z,s) € Dr and X;>° = ¢>° (f; Us,uq%deJ,t), with ¢, U satisfying

C1, Co, Cs, solves (2.10) up to some stopping time 7° > s. Then, there exists ((OI’S,KI’S),E7 B, é,ﬁ,w) €
PLs and related functions X,G,U,¢ defined by (3.4), such that

h = VoA { F@v”

— A
h(X,,t) the +

B(Xy,t) Ay
0

} on O%, (3.6)

) (3.7)

A (O®®) } Finally, if %, A and & also satisfies PO-P3, then there

o (1) + G Xy
X,

_ 1
on N* = {(y,t) : Ca(t) + G)g)Us’t

exist 3,0, h such that (A, &, 3,0, h,#)

=b

P, b(]\ B.6.h,7%) (AR,B.0,h)’ and ¢(A,%,B,§,fl,7“r) = ¢(7\,E,B,§,E)-

Remark 8. For the sake of brevity in the examples below, we will just give local diffeomorphisms satisfying

P3) above. However, as is shown in our companion paper Kouritzin [14], it is often possible to solve for
them using the technique used in the proof of Proposition 1 herein.
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Remark 9. To illustrate the need of the final statement of Theorem 3, we take for example, o(z) = z € RP.
Then, any L € C*(RP) depending on zs2/x1,...,z,/z1 satisfies (VL)o = 0. Therefore, A and hence the
parameter set is not unique but we can create the same b, ¢ from any consistent &, A.

3.1. One dimensional case

Suppose d=p=r=1,D CRand z € D. Then R, h do not exist and 3,0 only depend on t. Moreover,
Usy =Ts1 =€~ J: B(“)d“, Cs(t) = Ty tlA (x) f Ts, «0(u)du and the diffeomorphism can be taken as
A(p)=[ @dgp. One then finds by (1.5), (3 4), (3.6), (3.7) that the corresponding diffusion drift b and
explicit solutions are

o, 0) = o0, {0(0) + BOA) — D} + 50(0, 000,01 (38)
At | A+ / T, JB(u)du + / ToudWe { [T (3.9)

Example 5 (Time-varying Coz—Ingersoll-Ross model). Suppose 0, 3 and continuously differentiable s(t) > 0

2
are chosen and o(p,t) = s(t),/@. Then, Ai(p) = Zg‘(g, AN z) = (%(t» and the possible Ité drifts are

$ 52
b, 1) = B(1)s(t) /7 +2 (g(t) . ﬂ) o+ 20,

The explicit solutions are then

t) i3
x| 20 B (3.10)
s(s
: t t 2
+ ? / )i PG () du + / eli B gy,

In the case s(t) = 0,0 and § are taken constant, we get

t
1 —_ _
XPt=1 2689/ 4 —( Alt=s) _ 1) +a/eﬁ<t*”>dwu

S

solves
AXP* = (02/4 +2BX0° + 0f Xf’s> dt + o/ X7 dWy, X, =

as long as X;"® > 0. This solves the usual CIR model
dXt = a(ﬂ—Xt) dt-’-(f\/ Xtth, (31].)

when 0 = 0, a = 283, B = 02/(88). Now, set Y; = /X;, where X solves (3.11) with 0? = 4af, and
7 = inf{t > 0; X; = 0}. It is well known that P(7 < co) = 1. Then,
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1 «a o
Y, = — (4a8 — 0?) dt — -, —dW,
d t 8Y,t ( 04,6 g )dt D) tdt+2d t

- —%Yth— %th, (3.12)

by 1t6’s formula. However, since (3.12) defines a Gaussian process and Y must be non-negative, one cannot
have Y; defined by (3.12) unless ¢t < 7. This explains why we first look for explicit local solutions.

8.2. Square mon-singular case

Suppose that d =p =7, 0 = o(p,t) is a d x d non-singular continuously-differentiable matrix satisfying
(2.12), D C R? and x € D. Again, we apply Theorem 3 and find &, h do not exist while 3,6 only depend

on t. Also, there is a local diffeomorphism A = [;t> such that V,A(p) = [o(p,t)]7!, and all explicit

solutions are of the form ¢™(t,y) = A; ' (Gs(t) + U, }'y), where

t t

Ust = —/Us,uﬁ(u)du + I and ¢4(t) = U;tl Ag(x) —|—/Us,u§(u)du

for some 0 € C([0,T);R?) and 5 € C*([0,T),R¥*?). The resulting drift is

d
b 1) = o0, 1) {B0) + BOM(R) ~ Debe(0)} + 5 D2 (V050,005 (2,1)

Jj=1

Example 6. Geometric Brownian motions: Take 0;;(p) = ¢ivi; with v non-singular and D = (0, o0)?. Then,

o satisfies the commutation condition (2.12) since [(V,0;)0k]i = @i7vijYVik, and the diffeomorphism can be
0og Y1 6(72)1

chosen as A(p) = Ai(¢) =1 :|. A’s image is R?, so A71(z) = is defined everywhere and
log ¢ e(r2)a

67 (y,t) = exp [y{es(t) + U;tly}]i. The possible drifts satisfy

d

bi(.t) = @i { cu(t) — Y Bij(t)logp; ¢,
=1

for 1 <i < d, where B(t) = yB(t)y ", and o;(t) = $[vy |is + [v0(t)]:.

Example 7. Diffeomorphism example: In the previous examples, we started with o. Suppose instead we had
a diffeomorphism

A(@l, 902) = At(‘Ph 802) =

7 +arcsin(log o192 — 1)
5+ arcsin(% -1)

on 1 < p1p2 < e, p2 < 1. Then, the possible full rank o’s satisfy o = (V,A)7! i.e.

1

%\/2logap1<p2 — (log p1p2)? — 295 wa(p1 — 2)
o(p1,p2) =

(3.13)
22\/2log o192 — (logp12)?  —5/p2(1 — ¥2)
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so (VA)o = I and o satisfies (2.12) by Lemma 1 ii). The possible Stratonovich (time-dependent) drifts
h((pl, ®2, t) are

01(t) +Bn(t)(§ + arcsin(log 12 — 1)) — Blz(t)(g + arcsin(iﬂ -1))

o f i - 1 3.14
(©1,92) 02(t) + Bo1 (t)(5 + arcsin(log p1p2 — 1)) — Bos (1) (5 + arcsin(Q;pz —-1)) ( )

o1
while Uy ¢, Cs satisfy the equations at the start of Subsection 3.2.

3.3. Non-square case

The Extended Heston model of our companion paper [14] is an important non-square example. We provide
a second interesting non-square example herein.

Example 8 (Heisenberg group). Let T € R% and Z € R be the components of the starting point, A = A(t)

14
(AW T

z € R. Then, o has rank r = d. The solution to dX; = o(X,t)dW; is known as the Brownian motion on

be a R¥*4 continuously differentiable matrix function and o (p,t) = o(£, 2,t) = where ¢ € RY,

the Heisenberg group. Moreover,

0

(VSOUJ)Jk - (vtpak)o—j = Ajk o Akj

Therefore, (2.12) holds true if and only if A is symmetric. In this case, one can solve for an explicit solution
~ -~ A

for an arbitrary starting point (Z, Z, s). The diffeomorphism A(¢, z,t) = l t(f’ Z)] is solved A4(€,2) = [2]

with g(&, 2z,t) = z— %éTA(t)g following the proof of Proposition 1 in Section 5 (see [14] for details on a more

involved example). Hence, m = I3, 0 =

1 I 0
61] , & does not exist so G(t) = I; and [VA,]™! = ETZ(t) 1] .
Now, we can take any functions § € R?, g € R¥*, heR satisfying the differentiability conditions in
Definition 3 and let Xy, Us X, ¢,(t) satisfy:

d~ ~ = -1
EXt = h,(Xt,t) s.t. XS =T — §_TA(S)E
%U&u)? = —(Us,u)z)ﬁ()zu,u) s.t. US7S)? =1y

t

C(t)=U T+ / Usul( X, u)du

Sy

0
From Theorem 3 and (1.5), drift b must be of the (quadratic) form
g(-}?tu t) - B()?h t)£

b, z,t)=|_ _ ~ ~
(€20 h(Xe,t) +ETAMDO(X, 1) — ETAW)B(Xe, 1)+ 5T LAME+ $Tr{A(1)}

for some 6, 3, h. Finally, the corresponding ¢ is given by

e(t) + (U1 Xy
oyt)=1|_ | s ) s
Xi+ 30 (0) + (U X)) TAW®) (@ (1) + (Ugy X))

)
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4. Comparison with the works of Yamato and Kunita

Now, we compare our existence results to those appearing in Yamato [22] and Kunita [18]. In Section
IT1.3 of Kunita’s treatise, he considers representations of time-homogeneous Fisk—Stratonovich equations

AXT = h(XF)dt + o(X7) e dW, (4.1)

in terms of the flows generated by the vector fields

p

d b d
Xo(y) = Zhi(y)a—yi and X (y) = Zoik(y)a—yi7k =1,..,d, (4.2)
i=1 i=1

under conditions imposed on the Lie algebra Lo(Xo, X1,...,X4) generated by X, 0 < k < d. In the special
case where these vector fields commute, i.e. the Lie bracket [Xj,X;] = 0 for each j,k = 0,...,d, and the
coefficients h;, o;; are respectively in C2, C2% (the locally four times continuously differentiable functions
whose fourth derivative is a-Hélder continuous), his work gives rise to the composition formula

(X)), = Exp (tXo) o Exp (thael) o---oFxp (Wtd%d) o x;(x), (4.3)
= ¢;(Wy, 1)

locally. Here, ; is the function taking x to its i** component and Exp (uXy) is the one parameter group of
transformations generated by vector field X, i.e. the unique solution to

L(fop) =xeflo) po=z, Ve, (4.4

In fact, to use (4.3), one must solve (4.4) for k =0,...,d and f = x;, ¢ = 1,...,d. Kunita also goes beyond
commutability, even surpassing Yamato [22] in generality by considering the situation where Lo(Xo, ..., X4)
is only solvable, but the expression replacing (4.3) necessarily becomes more unwieldy.

Our characterization of $*** provided by Theorem 3 provides an alternative to (4.3) that is more amenable
to direct calculation. Corollary 1 (to follow) supplies a converse to (4.3) in the sense that if X;"* were to
have such a functional representation ¢**(W;,t) in terms of Brownian motions only, then the vector fields
must commute. This was previously established in Theorem 4.1 of Yamato [22] under C'™ conditions on
both ¢ and the coefficients.

The other advantages of our representations over Kunita’s results are:

e We allow time dependent vector fields.

o We decrease the regularity assumptions by imposing weaker differentiability on h and on o when r is
small. The looser regularity on the coefficients requires eschewing Fisk—Stratonovich equations in favor
of Ttd processes.

o We remove the nilpotency assumptions (for our representations).

To validate the final claim, we take p =2, d =1,
Xo = {0(x2) — B(x2)a1}0s, + 0(22)0s,,

and X1 = 0y,. Then [Xg,X1] = BJ,,. Moreover, if X = [Xo, Xr-1], k > 2, then X, = ar(z2)0,,, where

ak+1 = 0(0y,ax) + Bag, k > 1 and a; = 1. In general, the aj’s will not vanish and thereby the Lie algebra
contains an infinite number of linearly independent vector fields. This algebra is solvable but is not nilpotent.
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Using Theorem 1, we can also give the converse to Kunita’s result, Example I11.3.5 in Kunita [18], that
is valid under the mild regularity on b, 0, h given at the beginning of the section.

Corollary 1. Suppose that there exists a domain D such that the coefficients o and h are time-homogeneous
and Fisk-Stratonovich acceptable on Dy = D x (0,T). Further, assume that the solution to the Fisk—
Stratonovich equation (4.1) has a unique local solution

(X[); = Exp (tXo) o Exp (W} %X1) o -+ 0 Exp (WiX4) o xi()

on 0 <t < 1, for some positive stopping time 1, and each x € l~), where X, k=0,1,...,d are the vector
fields defined in (4.2). Then,

Xk, X;]=0 on D for each j,k=0,...,d.

Proof. We find that X7 = ¢(Y:,t) with Usy = I so A = 0 from (2.11) and 0 A = 0. It now follows from
Theorem 1 and (2.12), (2.13) that [, &;] =0. O

5. Proofs of the main results

Note: For notational simplicity, we will drop superscripts s and z in the proofs as they are just fixed
starting points.

5.1. Uniqueness in Theorem 1 a)

The closure Dy of Dy is convex and compact. Further, b, o can be extended to Lipschitz continuous func-
tions on D7 by our C''-conditions in a) of Theorem 1. Now, we use the proof of Kunita [18, Theorem I1.5.2]
for uniqueness of (strong) local solutions to the SDE until they leave Dr.

5.2. Proof of Theorem 1 a) is equivalent to b)

Proof. Using (2.1) and It6’s formula for X; = ¢(Y;,t), one finds that for any 1 <i < p,

d d
=330y, 6i (Ve ) (Us 1)y dW} (5.1)
m=1 j=1
1 d d
+ at¢z Y;g, +§Zza Uk¢z }/t7 )( st(b( st¢) )
j=1k=1

Now, starting with b) implies a), we have a (z, s, 0, h)-representation ¢™*, U, , (that satisfies C1, Ca, Cs3).
Using (2.7), (2.8) on (5.1), we find

d(X1); = 0u($(Yi, ), 0)AW, + hi($ (Y, 1), t)dt (5.2)
d
+%ZZ yk¢z Yi, )( ét(b( st¢) )Jkdt'
G=1k=1
Moreover,
P

0y, 10ij(6.6)} = D {0,05}(6,0)y,,6n

n=1
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and if (2.7) is true, one obtains

d
Oy, {0i(0,8)} = Z 0y, Oy, i (Us,t®)15-

=1

Abbreviating notation Uy,i(¢,t) = (Ust®)mk, multiplying the last two equalities by U,k (¢,t), summing
over m and using (2.7) again, one finds that

d d
Z{awnglj} ¢7 Onk ¢ t = Z Za’ym yl¢’t Ul] ¢7 ) mk:(¢7 )7 (53)

n=1 m=1[=1

and, taking k = j and summing over j, one has that

d d
Z{V o}, t)oj(e,t) = Z Z (U(Qb»t)UT((b’t))lmaymayz¢' (5.4)

j=1 =1 m=1
Therefore, if (2.7), (2.8), (2.2) are satisfied, then clearly X; is a local strong solution to (2.10) by (1.5).
Moreover, letting ¢\ s, we find by (2.7), (2.8), (2.2) that
o(z,s) = vy¢x,5(0’ s) and h(z,s) = 9,9"*(0, s)

so o, h € C! by the last part of Definition 1.
To show a) implies b), we suppose X; is a strong solution to (2.10) on (s,7%*). Then, since continuous
finite-variation martingales are constant, the (continuous) Itd process ¢(Y3,t) from (5.1) matches (2.10) if

and only if
0ij(¢,t) = Zaquaz Ust®)mj, V1 <i<p, 1<j<d, (5.5)
and
bi(,t) = Dihs + Zzayjam Us(Usp9) je V1 < i < p (5.6)
g 1 k=1

for all t € (s,7%). Rewriting (5.5) in matrix form, one finds

J(QS(tht)vt) = {qus(ytat)}Us,t¢a (57)

and (2.7) is true. Now, we can use (5.4) (which was just shown to be a consequence of (2.7)) to find (5.6)
is equivalent to

d

016 = b(6,1) — 3 Y401} (6,1) 0(0,1) = (6 1) (5.8)

k=1

using (1.5). Now, (2.8) follows by continuity and (2.6). Letting ¢ N\, s in (5.7) and (5.8), one finds
o(z,s) = Vy0©9(0,s) and h(z,s) = 0:¢"*(0, s)

so the last part of Definition 1 follows from the C! property of h,o. O
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5.8. Switching paths lemma

We will use the following lemma within the proof of Theorem 1 b) and ¢) equivalence. It is related to the
question of when a vector field is the gradient of a scalar field, integration over different paths and exactness
of one forms. The spirit of this Lemma is well known. It is stated and proved in the exact manner needed
below. There are two reasons why this lemma is necessarily more complicated than one might first expect:
i) It is the {7;} not the {BVJ} (which also involve the function U;) that commute via (5.9) below. ii) The
right hand side of the other commutator condition (5.10) is not zero.

Lemma 2. Suppose that N' C (—1,00) x R4, A € RPH! are bounded domain with closures N, A; (0,x) € N
with © € RP; h € CY(N;RPHY), 6 ¢ CHN;RPHDXD) - A € CV(N; R*9) satisfy

(Voj)or — (Vor)o; =0, Vi, ke {1,...d} (5.9)
(Vh)Gy — (VoR)h = =6 Ay, Vk € {1,....d}; (5.10)
and QAS s a solution to
d Y
¢(y) = (0,17) + Z/ﬂ(¢(y07 "'7yi—1au70d—i))(vy0)idu7 Vy S N? (511)
i=0 {)
~ 1 04

where E =[h o] and V; = with Uy being the d x d solution to the linear equation

o Ut

t
U =1 +/UuA($(u, 04))du.
0

Then, (E also solves

d
S¢S(y) = (07 .’E) +Z / B\(&S(ﬂ—_l(yﬂ(o)a EE) y’n'(ifl)a Uu, Od*l))(vyjr(u))w(l)dlh (512)
0

where

) Yo 0e {W(O),...,F(i— 1)}
Yo(w) = u  0=m(i)
0  otherwise
for any y € N and permutation  of {0,1,...,d} so the integration order does not matter. Here, 7=1 is an
operator re-ordering the arguments to undo the permutation, i.e. to move y,(jy from the jth to the m(j)th

position.

Remark 10. In the statement and proof of this lemma we have made time as the first rather than last
variable at the request of readers as it seems to be more natural for them in this type of result. It also
causes the notation to simplify slightly.
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Proof. It follows from its definition that

t
Vi=1- /X(Zs(u, 04))Vadu with A =
0

0 0q

o 4 (5.13)

The permutations of {0,1,2,...,d} is a symmetric group and any permutation is the composition of at

d(d+1)
2

most elementary permutations. Hence, we take a permutation 7 and consider a further elementary

permutation (r,r + 1) for some r € {0, ...,d — 1}. The result follows by induction once we show that

Yr(r)

/ B (Yrr (0) s Yr(r—1) s Us 0a—r)) (Vigr () ) (ry (5.14)
0
Y (r+1)
+ / ﬁ(¢( (yﬂ'l (0)5 -+ 7y7r(7'71)7yﬂ'(r)au7Od—T—l))(%;+l(u))7r(r+1)du
0
yﬂ'(T+1)
= BT (Yn(0)s s Yr(r—1), 0, 1, Od—r—1))(Vyr+1 () )m(r41) A0
0
Yr(r4+1)
+ BT W1 (0)s s Y (r—1)5 s Y (4115 Od—r—1)) (Vigr () ) () At
0

(5.14) can be divided into three cases: a) 7(0) > r+1 (when r < d—1), b) 7(0) < r and ¢) w(0) € r,r + 1.
To ease the notation, we note that showing these three cases is equivalent to assuming that ¢ satisfies:

e Pwz) = / 55(B(u, 0))du + / 54(B(w,v))dv,
0 0
b awz) = [ 500U dut [ w0 (U o
0

for j, k € {1,...,d} and showing the corresponding integration order switch:

o) = [ 56 )i+ [ (0,0
0 0

b Bw) = [ @) du+ [ 60007 s
0 0

Here, w, z represent two of {y1, ..., y4} with the others fixed. ¢ is used for yp.
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Case a: This case is subsumed by case b (with U, ' = I) proved below.

Case b: It follows from hypothesis b that

2 5w, v) = 5((w,v))(U; ")y, and

0 ~ ~ —1 0 ~/ T —1
B, ) = 53w, 0) (U + / AL (B, ) (U

N d 9 ~
= 5@ 0O, + [ 30 T8, 0) b, 0) (U s

Moreover, it follows from the commutator condition (5.9) that

/ZVU; w,v) Zaz (U Dir(U; ) iydv

- / 5 3 V@ 0))71 (B, ) (U7 e (U7 Ny
0 i1

= [ 3 V8@, ) @)Uy (U

Therefore, it follows by (5.15), (5.16) and Gronwall’s inequality that

a A o —
5 0w, 2) = 5(6(w, 2)) (U ),

Finally, by the commutator condition (5.9) again and (5.17)

]W@Wz
0

5 (0(u, 0))(U; 1) du

://ZV&)((E(@L,v))(%%(um)(U{l)ijdvdu
00 ¢

— [ [ 3 Vol 05 @l ) U (U g
.l

((u, )

559

(5.15)

(5.16)

(5.17)

(5.18)
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~ [ (3w, 0)) - 3G udo
0

and Case b follows by rearrangement.

Case c: It follows from hypothesis ¢ and (5.13) that 81; (t, v) = 8($(t,v))(Ut_1)j and

z

00,2 = R0 + [ 2 {560} o (519)

0

—R3(,0) + /zv@ 3(t,0) 2 (6, 0) (U)o

— Z/O’l o(t,v dUZAZl U; l)ljdv.

Moreover, it follows from the commutator condition (5.10) that

z

R(@(.2)) = B(@(6.0)) = [ VR 0) 3000, v)ds (520)

0

- / > VA((t )51 (6(t 0) (U iy
0 l

= / 32 VA VG ) U e
/ 22600, ) AG DT e

Therefore, it follows by (5.19), (5.20) and Gronwall’s inequality that

~

9 ~ ~
a(b(t, z) = h(o(t, 2)). (5.21)

Finally, by the commutator condition (5.10) again, (5.13) and (5.21)

o~ o~

h((u, 2)) — h(d(u,0))du (5.22)

Vﬁ(g(m v))%q@(u, v)dvdu

O\N

VA($(u, 0))Fr(6(u, 0)) (U )ijdvdu

Il
S, O °—
=[]

I
o,
o OY—_,

> VGk((u, v)h(S(u, v) Uy )y dudu
k
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t

/ZO’ o(u,v)) Ay ¢(u,0))(Uu_1)kjdudv
k

0

O\N

t

[ 3295600 . 0) U, g
k

0

/ (U ) jdudv
0

[a<¢<t,v>><U; ); — 5;(6(0,v))]dv

+ Il
o\ S .

S—,

and Case c follows by rearrangement. 0O
5.4. Proof of Theorem 1 b) is equivalent to c)

Proof. Step 1: Show that (c) implies (b).

Let N be a open ball centered at 0 € R? (whose radius can depend upon starting point (x,s)), to > s
and N' = N% x (s,t9). Next, we define successive approximations to ¢**, U, ;¢ by the path integral and
linear equation

¢
6" (pot) =+ [ (6" (0s,0), u)d (523)
S
d Y
+ Z/U(Qﬁ”(yh...,yi,l,u,Od,i,t) t(Ur);  du,
i=0
¢
Uit =1+ / Ut A(¢"(0g,u), u)du, (5.24)
starting with ¢°(y,t) = x. (Note that U,’s inverse BY; exist and satisfies Bl', = I — f A" 1(0,u),u)

x B ,du.) Let L be the mtegral operator corresponding to (5.23), (5.24) so that
(¢n+1’ U’n+1) _ L(¢n, U’n,)

Then, it is well known and easy to verify that the iterated operator L™ is a contraction on C(N;RP) x
C([s,t0); R4*?) with supremum norm for some m € N. Hence, (¢, U™) converges as n — oo to some unique
fixed point (¢™*, Us) satisfying

((bx,s’ US) = L(¢x787 US)7
i.e. for each (y,t) € N

t

o (y,t) == +/h(¢z’s(0d,u),u)du (5.25)

S
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d Y
+ Z/O—((bm’s(yla ey Yi—1, U, Od—i7t)7t)(U37t)i_1du7
1=0 0
t
Ur =1+ / A6 (0, 1), u)du. (5.26)
s
Hence,
0 -1 z,8 -1
aUs,t = _A(¢ / (Odat>7t)Us,t . (527)

Ca, C3 are true by our construction. Moreover, C; and the continuity of 0sV,¢™°(04,s), 050:6™°(0q, s),
02, Vy9™*°(04,s) and 0,,0,¢™°(0q, s) will follow from (5.25) and the conditions on h and o once we have
established ¢™° satisfies (2.7), (2.8).

It remains to show that ¢™* satisfies (2.7), (2.8). The fundamental theorem of calculus immediately tells
us that %QSz’s(y,t) = 0(¢™*(y,1))(Us,); " We use a different path to have access to the other partial
derivatives. Clearly, (5.25) is equivalent to

<¢x,siy’t)> _ <:> +/ (h((bx’s((;dau)vu)) du (528)

S

d Y za( 1
+Z ( Qb yla' S Yi—1,U, Od 2 )7 )(Ust) >du

0a
=0 0

and we can define new coefficients corresponding to this enlarged equation:

M¢%=<M?ﬂ>7i%@%=<d$”>, (5.29)

where p = (f) One finds the commutator conditions (2.12), (2.13) are equivalent to
(Vor)o; — (Voj)or =0, Yy, ke {l,...d} (5.30)
(V50)3; — (V5;)h = —6A;, Vj e {1,..,d}, (5.31)

which means we can use Lemma 2 (with time shifted functions ﬁ(, s+-),0(,s+"), A(,s + ), Us s4. and
@*5(+, s+ +)) to move the path segment of the desired partial derivative to the end and find

507 t) = (@™ . U 567 (0nt) = h(6™ (3:0), ). (532)

Step 2: Show that (2.7) implies (2.12).
By C; and (2.7), one has that

ayj {J(qbv t)(U;t1¢)k} = ayj ayk(b(% t) = 8ykayj (b(ya t) = ayk {U(¢7 t)(U;thb)j}' (533)

However, it follows by (2.3) of C3 and then (2.7) that
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By, {o (0, )(Us ) d)i} (5.34)
= {0y, 0m (3 ) }U )
= " Vo0u(6, )0 () (U 8);(Ust &)mn
= > Voo, )on (b )(Usf 6)ns (Us i &) mi
and similarly
By, {0 (0, 1) (Us 1 9);} (5.35)
=D Vo (6, t)om (6 ) Uy &)k (U 6)nj -
Letting ¢ \ s in (5.34) and (5.35), one finds by (5.33) that for all 1 < j,k < d,
YD Vet (@, 8)0n (@, ) (Us L 8)ni (Ul @) (5.36)
= lim 9y, {0 (6, ) (Us{ &)1}
= lim 9y, {0 (¢, 1)(U;1 95}

= Z Z v:can(m7 S)Jm (:Ca S)(U;;(b)nj(Ugggﬁ)mk
However, U;slgzb = I so we have that

(Vo) (@, s)op(, s) = (Viop) (@, 5)og(w, 5).

Hence, (2.12) holds.
Step 3: Show that (2.7), (2.8) imply (2.13).
By C; and (2.7), (2.8), one has that

(0 DU D) = Dy, h(6,1), (5.37)
One gets by (2.7) that
By h(9,1) = Voh(, )0y, (y, ) = Veh(e, t)o (¢, t)(Us ) (5.38)
and by the chain rule, (5.37), (2.8) as well as the standard formula %Bt_l =-B;! (%BO B; ! that
0yuhl,0) = 5 {06, (U o)) (539)

= Voo V(6 ) (U &)k + 00 (0, 1) (U D)

(60N S (U ) (Us 6)
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Combining (5.38), (5.39), multiplying by (Us #)kn and summing, we get

Vh(d,t)on(9,t) = Veon(d,t)h(¢,t) + Oron (¢, ) (5.40)
— X,S d xT,S
- O—(Qbat)Us,tld) ’ %(Us,td) ’ )n
50, letting ¢ N\, s and using (2.11), (2.2), one arrives at (2.13). O
5.5. Proof of Proposition 1
Our methods are motivated in part by Brickell and Clark [2, Propositions 8.3.2 and 11.5.2]. By reducing
T > 0 if necessary, we can find a permutation 7 such that the first » columns of ¢ = o7 are linearly

independent on Drp.

Proof. Fix (z,s) € Dy and ¢ € [s,T). Ay will have form:

Ay =AY, where AP =AloAT o 0AZ0 AL (5.41)
1—1

Ai(@) = pjes + H (@i oo pps - (5.42)
j=1

Here, A! is a C"t2~‘_diffeomorphism on a neighborhood o= of 27 = A (2) so Ay - OF — RP for
some neighborhood Of of x.
To construct A! recursively, we suppose o; =e; for j <iand

o = (VA o7} o (A7) (543

does not depend upon 1, ..., ;_1, which are vacuously true when ¢ = 1. Moreover, without loss of generality,
we assume the i*" component of a; satisfies a;,; # 0 (or else we change 7 by permuting columns ¢, ...,d of ¢™).
Set ¥i(p) = 0:(p; — xi;l;gpl,...,@i_l,le,gpiﬂ,...,gpp), where 0 satisfies 6,(0;¢) = ¢ and %Ot(u; p) =
@i(0;(u; @), t) for u € I, an open interval containing 0, and ¢ in a neighborhood containing z:~!. Then,
D, 0" = ;i (¥"). For j # i, we have 9,0} (p) = Oy, 0¢(¢i — x;—il;gol, ~-~7<Pi—1,$i;1790i+17 .oy pp) and

0u0yp, 0t (u; 0) = Oy, i (0(u; @), 1) s.t. 0p,0:(0;0) = e

so Vi(zi™) has determinant @i i(xi™1,t) # 0. Thus by the Inverse Function Theorem, ¢; has inverse
Ai e €202 RP) and VAL = [Vihf]~1(A}) on neighborhood 0% = i(U% ) of i~ with

it . i . i(pi—l 1' )
0ei™ = {4 IVwlle) = Vol < g | (.49

and | - || being Frobenius norm. Hence, VAi((AD)~1)Vyi = I and
Gi = {VAia; }(A) ™' =e; € RP. (5.45)

Moreover, A! has the form (5.42) if 1! has similar form. ¢! has this form by its definition as well as the
facts «; is locally Lipschitz and does not depend upon @1, ..., ¢;—1. (5.42) and induction then imply that

ex =0, = {VA 0T} o (AP vk <.
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Next,
(VGo;)or — (Vor)o; = (Voj)op — (Vop)of =0 V 1< k,j<d (5.46)
by Lemma 1. Now, since o, = e, € RP for 1 < k <4, (5.46) implies
(VGj)er = (Voj)er — (Ver)o; =0 V1<Ek<i<jy

on a neighborhood O of z. Therefore, ; and (by a similar argument) c;4+1 can not depend upon ¢4, ..., @;
so we can take ¢ = r by induction and

I, ®

o={(VA)o" oA ' = ( 0 %> € RPT1X4 on A, (O%),

where & € R™*(4=") and & € R®=)*(@=") o not depend on the variables ¢1,...,¢,. Since & has also
rank r, it follows that k = 0.

It remains to show there is a relatively open O*® C Dp containing (x,s) such that (p,t) — A(e) is
twice continuously differentiable on O%*. The desired differentiability of ¢!, a; and A? follow from their
definitions and [9]. For V. C R? and v > 0, we let V7 = {v+v:v € V,y € RP with |y| < ~}.

We let O%% = 0% Il = (s —t',s +t') N [0,T), where t', 0" are found recursively, O;* C Dy is
relatively open, contains {z} x I’ and A®! : O7° — RP. Let t° =T, Uy"* = B,(1), O5® = B,(1) x I? and
fori=1,2,...,r define

K'= sup (A7 "(9) — A7 (@)|/]e —2]) V1
(p,t) €07

L'= sup  ([Vyi(A7 V(@) — VLA (@)I/ 1t —s)) vl
(1) €077

M= sup (Jgj(A7 " () — iz /e — 2]) v 1
(p,t)€07

Ni=  sup (AT ) + 41 - AT @) v
() €07y <7

) . . 1
Uss — UDS [Vl (AT — Vi (it _— }
; {cpe 27 1Ve( (@) = Ve (z )| < SIVei@ )1

recursively. (7" is a vector of size 7' so the supremum in N’ is over vectors below this size.) U;”® must

contain a ball B,((K*+ 1)e) for some e =&’ > 0. Let 4" = 5=, 6’ = min {]\7/1—11, e ]\74 }, O;* = B,(6") x I!
and 0 < t* < #*=1 be such that sup ||(Vei(zi )7 < 2(Vi(zi )7 | and Lt < — .
sup (747 < 2Pt T EETT
We need only show that ¢ (A" (B,(6"))) C YiU= ) for all t € I
First, (Vi (A" (Ba(e)))? € i(A VY (B (Kt +1)¢))) for t € I, follows by considering ¢ € B, (¢) and

JALHALT () + ) — 2y < TN () — i
+ALWHAT (9) + 7)) = ALWHAT ()]
< K'e+ Ny < (K" + 1)e.

Now, ¥i(AL (B, (69)) C (Wi(AT (B, (e))))"" for t € If since ¢ € By(8%) implies
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(A (@) =iyl < MP6T <

and ¢ € (Y{(A; " (Bo(e)))7". »
Finally, ¢! (A" (U5%)) c (U ) for t € I, since @ € U™ implies
IVei(AT () = V(i DI < V(AL (9) = V(AT M ()]
+ Ve (AT (0) = V(a7

+ VYL = V(e Y|
1

<2L'|t—s| + —
T S
1
< —
ANV
1

(Vi )

1—1

fortelssopeU” . O
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