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1. Introduction

Flows in thin domains like pipes and fractures are important because they appear in various applications.
We use the name thin domains for those whose extension in one or more (say ¢) directions is small compared
to the extension in other (say m) directions. Simple examples of such domains are thin pipes and bars (¢ = 2,
m = 1) or thin plates and fractures (¢ = 1, m = 2). Numerical studies of PDEs in such domains are difficult
due to their two-scale structure. The situation is particularly complicated when the domain consists of
several thin domains (like the junction of pipes, bars, plates, fractures,...).

2. Two-scale convergence for thin domains

In this section we recall the definition and the basic properties of the two-scale convergence for thin
domains introduced in [8].

Definition 1. Let w C R™ be a bounded domain and let ¢ < 1 be a small parameter. For each z; € w
we denote by S(z1) C R a bounded domain such that a family {S(x1)},, e, forms a Lipschitz domain
Q C R™** and that the measure |S(z1)| > 0:
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Q={z=(z1,y) eER™™; 2y cw, ycS(x1)}
and
I'={z=(z1,9) eR™™; 1 cw, ycdS(x)}
For a small parameter € < 1 we define a thin domain
Q. ={z=("2*) e R™"; 2! cw, 2? € S(x1)}
and the surface
I.={z=(@"2?) e R"™; 2l cw, 22 €£05(x1)}

We say that a sequence {v¢}es0, such that v. € L"(Q.), L"-two-scale converges to a function V' € L"(Q)
(we use the notation L"-2s convergence in the sequel) if

1
J;

/vs(:r)qﬁ (ml, :vj) dr — /V(xl,y)d)(ml,y)dml dy
Q

for any ¢ € L™ (), where 1/r +1/r' =1if 1 <7 < oo and ' = 1 if r = 0o, ' = co if 7 = 1.

The compactness theorem for such convergence can be found in [8]. We mention only briefly the main
results:

o If
e Mve| (o < C
then there exists a subsequence (denoted by the same symbol) and V° € L™(Q2) such that
ve > VO L' —2s .
o If in addition
El_é/rlvU5|Lr(Q€) <C
then VO e Y™ ={V e L"(Q) ; V,V € L"(Q)} and
eV, = V, V0 L"—2s .

Furthermore, if v. = 0 on I';, then V° = 0 on I' (we should notice that the trace on I' makes sense for
functions from Y).
o If v, are vector functions L™ — 2s converging to VY, and, in addition

divv, =0
then

divyVOZO, div, / VOt y)dy | =0 .
S(zl)
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Fig. 1. Three thin pipes in junction.

3. Junction of pipes

In this section we look for the effective model to describe the flow through the junction of pipes. In real-life
situations, two (or several) pipes are often interconnected (for instance watering systems and water-works
are networks of thin pipes). Places where several pipes meet are called junctions. Multiple pipes systems
may be as small as two pipes separating or rejoining or as complex as several hundreds of interconnected
pipes forming a massive network. The basic principles of analysis are the same. Of course, the complexity
of the computation depends on the complexity of the system. Therefore, in the present paper, we limit our
study to the case of one junction point (Fig. 1).

The problem of junctions of elastic bars and other elastic structures has been extensively studied by
several authors. For an exhaustive study of such problems we refer to the books of Ciarlet [2] and LeDret
[5].

The case of junction of two intersected pipes with a flow governed by a body force was treated in [12]. The
multiple junction problem with Dirichlet boundary condition was studied in [1]. An interesting algorithm for
the domain decomposition as well as some numerical simulations were given. The results similar to the ones
presented here were derived in [9] and [11] (see also [6] and [14] for generalizations) but using completely
different, and much more complicated, approach of asymptotic expansions and boundary layers.

For some k € N we define the set consisting of k pipes. After adimensionalization (taking the average
length of the pipe for the characteristic length) we denote the m-th pipe by

O ={(@™y™); 0<a™ <lu , y™ = (", 45") € W'},

where 0 < £ < 1 is a small parameter (the ratio between the average pipe’s thickness and length), ¢,,, > 0
is the rescaled length of the m-th pipe and

W' =ew™ , w™ CR? — bounded set
is the (rescaled) cross section of the m-th pipe. Each pipe is described using its own orthogonal coordinate
system (0, iy, jm, Km ). Those coordinate systems are (possibly) different but they all have the same origin 0.
Let
O™ =¢dy, iy + OT
denote its translation for ¢ d,, in direction of i,,, the central axis of the m-th pipe. The number d,, > 0 is
chosen so that each pipe might or might not contain the origin 0. However it is not too far from the origin.

To join the pipes together we need the central set of the junction

O =:0", 0°CR?
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Fig. 2. Partition of the domain.

where OV is a bounded set containing the origin 0 chosen to keep the pipes together in a bundle, i.e., such
that

k
Q.= U O;n
m=0

is a bounded, connected set with Lipschitz boundary, as depicted in Fig. 2 for k = 3.
The boundary consists of the ends of the pipes

S =A{;,,y™); vy =ty ewlt, with £, =4y +edy =4y,

and the walls of the pipes

k
I, = 09\ ( U 2;”)

m=1

The flow is governed by the stationary Navier-Stokes system. Denoting by p® the pressure and by u® =
(u§, u§,u§) the velocity, it reads

Re . .
— Au® + Re (u® - V)ua—i-VpE:F—rzg , divu® =0 in Q.

u*=0, onl}

u® x i, =0 and p® =p, on EI* . (1)

The prescribed values p,, € R are assumed to be constants, for simplicity. The vector g = —g k is
the gravitational acceleration with k being the unit vector perpendicular to the surface of the Earth.
Adimensional numbers Re (Reynolds) and Fr (Freude) could depend on e.

Remark 1. It is not enough to impose the pressure on the end of the pipe to have a well-posed problem.
We either impose the whole normal stress or we impose the condition that the components of the velocity
perpendicular to the pipe are zero. We choose the second option. However, in case of thin pipe, imposing
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that the component of the velocity tangential to 32, (I — i, ® i,,)u®, equals zero on X7 is not a serious
restriction because the only part of the velocity on the boundary that counts is the normal part, due to the
St-Venant principle for thin domains. It is well-known that two flows with same normal velocities on X"
and different tangential velocities, differ only in some small boundary layer in vicinity of X7* (see [13] and

[10]).
3.1. A priori estimates

Sharp a priori estimates are essential for use of the two-scale convergence. To do so, we start from the
weak formulation and use Poincaré and trace inequalities as well as the Sobolev embedding theorems. The
constants in those inequalities depend on the domain geometry and thus on €. To derive sharp a priori
estimates we need to know exactly how those constants depend on e. First of all, it is well known (see e.g.
[7] and [8]) that the Poincaré constant behaves as € and the embedding constant H' < L* like £'/4 i.e.

[v|L2(omy < CelVu|p2(omy for all v such that v =0 on I'. (2)
[v|paom) < C e/t |Vo[r2(omy for all v such that v =0 on I'. . (3)

We will also need the Necas inequality

o Q

|<P|L2(QE) < | Ve |W1:51*2(Q5) ) (4)

for all ¢ € LE(Q.) (see e.g. [10], [11] or [8] for the proof). Here
Wllf(QE) ={ve H'(Q.)?; v=0on I.}

and Wil’Q(Qs) denotes its dual space.
Finally we need the trace inequality. Lemma A2 from [11] claims that there exists a constant C' > 0,
independent on €, such that, for every ¢ € W;EQ(QE) and m=1,...,k we have

lolLzzmy < Cl Ve |2, - (5)

Before we proceed, we define the renormalised pressure

Now our system reads

—Au®+ Re (u® - V)u*+ Vg =0, divu®* =0 in Q.
u®*=0, onI. , finally for all 1 < j <m we have

R
uEximzoandqszqmzpm—F—;g-xonEZ‘. (6)

Note that, owing to the definition of ¢, and the fact that the m-th pipe has small thickness, we have
G = qm + O(e)
where

Re .
Gmn = Pm —bm g T2 cos Z(k, ip) .
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Theorem 1. Suppose that €/2Re < 1 and % < C. Then the problem (6) has a solution that satisfies the
following estimates

|Vu5|L2(Q€) < Ce?

|u8|L2(QE) < 063 (7)
€ 2

|Vq |W1751’2(Qg) < Ce

1g°|L2y < Ce

where C' > 0 is some constant independent on €. In addition, all the above estimates hold if Q. is replaced
by O for any m € {1,...,k}.

Before we proceed we need to estimate the boundary integral appearing in the weak formulation of the
problem.

Re
Fr2

Lemma 1. Under the hypothesis < C there exists some Cy > 0, such that the following estimate holds

for any we'V

k
> [ | < GV, (®)
m:lE?L

where

V={veH(2)*; v=0on T.; vxin=0 on ™, divv=0} .
Proof. Since the w is divergence free, integration leads to

0= / divw = /w(t,ym) gy dy™ — /w(s,ym) Ay dy™

omn{s<z* <t} w wm

so that

t— /w(s,ym) Ay dy™
o

is constant. Thus

1

m m
We Oa

for any d,e < s < £5,. Now, we easily obtain, using (2),

. 1 .
/W Ty | = ET /W g | < Csz‘vw‘Lg(Qa) : (9)
sm " om

Now
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g, W - iy, | = /(qm—i—O(e) YW iy,
E;ﬂ E;YL

It follows easily from (9)

qm/ w iy, §C€2|VW|L2(QE)

m
2 €

and (5) implies

/O(E) Wiy < CE|Z?‘1/2‘W|L2(2?1) < CEQ‘VW‘Lz(QE) s

ym

finishing the proof of (8). O
Proof of Theorem 1. We follow the steps from [11] in standard fixed-point procedure. We define the ball
B, = {V eV ) |VV|L2(QE) < 20082} ’

where Cy is the constant from the trace estimate (8). The operator T : B. — V is defined by taking
T(v) = u where, for given v € B, function u € V is the unique solution of the linear problem:
Find u € V such that for every w € V

k
/Vu~VW—|—Re/(V-V)u~W:Z/qfnw~im. (10)
Q. . m=lgm

That problem has a unique solution, since the quadratic form

a(u,w):/Vu - Vw + Re /(V-V)u' w

€ Q.

is coercive on V for v € B.. Indeed, since v € B,, condition £5/2Re <« 1 implies
a(u,u) > (1 — CRevE|VV|2(a,)|Vuliz gy = (1 = CRe”?)|Vuliz (g,
so that

a(u,u) > |Vu|2L2(QE) .

DN | =

Then the Lax-Milgram theorem implies that 7" is well defined.

We intend to use the Banach (contraction) fixed-point theorem to prove the existence of the solution of
the problem (6).

First we need to prove that T'(B.) C B.. Since for v € B, (Lemma 1)

k
1 . )
I VT2, <T@, TV) =) [ ¢ T(V) - im < Coe®[VT(V)|12(0,)

m=1 ym
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we have T'(v) € Be.
Next we prove that T is a contraction. We take v,w € B.. Then

IVT(v) = VT (W)[12q.) = Re/(v' V)(T(v) =T(w)) - (T(v) = T(W)) +

Qe

+ Re / (v —w) - V)T(w) - (T(v) - T(w)) <
Qe
< Relv|paan) [V (T(v) — T(w))lze(any IT(v) — T(w) gy +
+ Re|v — wpaa) [V(T(W)| 200 1T(V) = T(W)|paa.) <
< CRe &/2(|V(T(v) — T(W) sy +
HV(T) = TW)) 2o [V (Y — W)z

Since, by assumption, Re £5/2 < 1 we have
IVT(v) = VT (w)|2(0.) < CRe 72|V (v = w)| 20,
proving that
T(v) =T(W)lv < Alv —wlv
with A < 1. Thus T : B. — B. is a contraction and, due to the Banach fixed-point theorem it has a unique
fixed point, proving the existence of a solution u® € B.. At the same time, since that solution is in the ball
B., we have proved the first estimate from (7). The second one follows from the Poincaré inequality (2).
The existence of the pressure can be proved in the same way as in case of the Dirichlet boundary condition.
Indeed, we know that
= —Au® + Re (u® - V)u® € H ()
where H71(€),) stands for the dual space of H}(2.)3. Furthermore, if z € W, with
W={zc H}(Q.); diva=0}CV ,
then
(Plz)y=0 .
Due to the DeRham theorem we know that
WP ={QeH ' (Q); WC Ker Q} ={Vq ; q € L§(Q)}
Thus, there exists some ¢° € L3({2.) such that
Au® — Re (u® - V)u® =Vqg© .
The boundary condition

¢ =q;, on X
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holds in the sense of H{UQ(Z?’) = H}/Q(Zg‘)’, and
H2(xm™) = {we HY2(2")?®; w x i, =0}
(see e.g. [8]). To estimate the pressure we take a test function v with zero trace on I'.. We have
k

/VuE - Vv + Re /(uE - V)ut v+ (Vp© | v) = Z /qfnv B T

Q. Q. m=lym
so that

| <Vq5 ‘ V> | S 052|VV|L2(QE) .

Finally, the Necas inequality (4) finishes the proof of the theorem. O

Remark 2. It is worth noticing that we have not proved the uniqueness of the solution. The contraction
theorem does guarantee the uniqueness of the fixed point, meaning that our problem has only one solution
inside the ball B.. However we can not exclude the possibility that there exists some solution with larger
norm, since we have lost the energy equality due to the pressure boundary condition. Even for small data.
We have proved that there exists a solution satisfying the a priori estimate (7) but we have not proved
that all possible solutions satisfy such estimate. Obviously, for given velocity, the corresponding pressure is
unique due to the linearity.

4. Convergence

Before we proceed we define the rescaled pipes

O™ ={(x™,2"); 0 <™ <Ly, 2™ = (27", 25") € ™}
and their lateral boundaries
I ={(z™,2"); 0<a™ <y, 2™ =(21",23") € dw™} .
Using the compactness theorem ([8], Theorem 1, Proposition 4 and Proposition 7) and denoting by u®™
and ¢©™ the restrictions of u® and ¢¢ on m-th pipe O, we have the following convergences (after possible

extraction of subsequences). There exist functions

U™ €Y, ={VelL*(0"), V.nV e L*(O™)°}, [V]yz2, = [Von V] 12(6m)
Q™ € L*(0,0,,)

such that

e2ut™ — U™ L*(O™) — two scale (11)
e 'Vus™ — VU™ L2(O™) — two scale

™ — QM(z™) L*(O™) — two scale

Furthermore



10 E. Marusié-Paloka / J. Math. Anal. Appl. 480 (2019) 123399

U™ =0 on I™ (12)

div,m U™ (z™,2™) =0 in O™ (13)
8 m m m m m m :

o Ut (z™, 2"™)dz =0, U=uU"m-i, (14)
k

Z Ut (z™,2™dz"]1 =0 (15)

m=1

Our next step is to choose the appropriate test functions. We need the functions of the form

T = g™ (5dm 4™, y—)
(3

Each function U™ (2™, 2™) is defined on m-th rescaled pipe O™ and they should be equal to zero on the
wall of the pipe I'"*. Furthermore we need them to be divergence-free

din'm g (;Um, Zm) =0

In addition, we impose an important condition

k
> /\I/m(O,zm) i d2™ =0 (16)
m=1

wm

Now, we need to extend those functions to O? in order to construct a continuous test function on the entire
Q. The easy way to do it is to impose that ¥™ and ¥ have the same value on the interface between O™
and OV, denoted by Z™ (see Fig. 2). We denote by 2° = (29,9?,19) the standard Cartesian coordinates
and by 20 = 29/¢. Now
\IJO — \I/O(ZO)
k
divo®? (:°) =0 , WO =0 on 2", W' =0 on OO0\ [ J 2" (17)

m=1

Such function exists due to the condition (16). Finally
02 =0°(a’/e)
With such test-function

V.=V¥" on O , m=0,1,....,k ,

€
we are ready to pass to the limit. The variational formulation reads

g2 /Vu6 VU, 4 Ree™? /(uE -Viu® -0, —
Qe Qe

k
—5_2/q€diV\Il€:s_22qfn /\Ils'im.

Q. m=1 sm
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The first term is a sum of integrals I, such that

1 m
I, =2 / Vus VO = 2 / R 2 <xm,y—) +

€
om om
ou® 0™ ym
—2 m
— O(e) —
te dz™ dxm (1: T e )+ (¢)

or
ém
— / / Vszm . va\IIm (xm, Zm) dx™ dz™ y
0 wm™
for m > 0, while for m =0

Ip=¢72 / Vu® - Vil = e_S/Vus SV, WY <
o0 oo

< e ?o2M? Vs |20, V000 L < Cye — 0

The second integral tends to zero, since

Re ™2 /(ua - V)u® - ¥, < Re €_2‘VUE‘L2(QE)|uE|L2(QE)|\I/5|LOO < CRe¢®
Qe

The third integral is the sum of integrals

o
Jm: -2 £,m di \I,m: —2/ e,m 1 N
5 /q vV, =¢ q Er
or or
Lm o
—>//Qm 8;371" (™, 2™)dx™ dz"

0 wm

for m > 0. Here
Ut =" . g,
It should be noticed that, due to (17), we have Jy = 0. For the last integral on the right-hand side we have
k k

Y [ i =Y g [ () +00)

m:lZm m=1 Sm

We now have the two-scale problem for the limit functions (U™, Q™)

k

Z (/ VU™ VW™ (2™, 2™) dz™ d2"™ — (18)

m=1 @771

— /Qmaq]1 (mm,zm)d:cmdzm> =

hE

ox™

Gm /\IJT(Em,zm) )

Oom m=1 »m
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To define the two-scale problem properly, we need an appropriate functional space:

Wm:{vern;dinmv:O, v=0onI™,

/V(xm,zm)~im dz™ = const. } ,m=1,...,k ,

wm

k
W :{V:(V17...7V’“);Vmewm, > /Vm(07z’”)-im dzsz}

k
V7w = [V™yz, , [Viw =Y [V"|w

We notice that for ¥™ ¢ W™

k kb

maqj{n_ m m 8 m s m m m m o __
5 @S- 3 o [v wen i
m=1Am m=L0

The problem now reads: Find U = (U!,...,U*) € W such that for all ¥ = (¥! ... Uk) e W
Z / Vo U™ Vom U™ (2™ ™) dz™ dz™ Z 4m / (s 2™) - i d2™ (19)
m= 1 »m
Here
S ={lp} xw™

denotes the end of the pipe O™.
The quadratic form

k
Z / Vo U™ - Von V™ da™ d2™
m= O’rn
defined on W is obviously coercive since
k
m=1 2

Thus the above two-scale problem has a unique solution, due to the Lax-Milgram theorem. Uniqueness
implies that in (11) the whole sequence converges and not the subsequence (i.e. it has only one accumulation
point). Obviously Uy* = U™ - j,, = 0 and Uj® = U™ - k,, = 0 for all m = 1,..., k. Since our unknown
function is scalar in each pipe, the two-scale problem (19) reduces to:

Find U = (Uy,...,Ux) € W such that for all ¢ = (¢1,...,¢,) € W

k

Z/ VU™ - Vo™ (@™, 2™) da™ 2" qu/w ) da (20)

m=1

“TOom
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with

wm = {UEY,?L; , v=0on I', /v(:cm,zm) dz™ = const. } ,
k
w {V(Vl,...,vm);vmewm, > /vm(o,zm) dzm()}
m=1
Yo ={Vel*0m), V.nV e L*(O™)}, [Vlyz = [Van V2 (Gmy -

Furthermore (18) implies that

k
Z ( / VU™ -V ym g™ (2™, 2™) dz™ d2"™ —

m=1

m k
/ngi}m 2™) dz™ dzm> = Z Gm /wm(&n,zm) dz"m |
E'm

m=1

for any (¢!, ..., 9") such that Y™ € L%(0, £,,; HE(w™)). Since U™ are unique, so are the Q™.

One solution to that problem is easy to construct by taking

oQm

ox™

Um=Gm(=m)

(™)
with

—AG™"=1in w™ , G™ =0 on dw™

Furthermore %g: (z™) = const. = A,, so that
QM (z™) =A™+ B .
The constant A,, is to be determined from the condition

k
> /U’"(O,zm) dz" =0 ,
m=1

wm

since U = (U',...,U*) € W and B is independent on m (continuity of the pressure). That leads to

k
Z A /Gm(zm) dzm =0 .
m=1 wm
Furthermore, we must impose

Q™ (lm) = qm

leading to

13

(23)

(24)
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qm_B

Combining, we obtain

where

It implies the Kirchoff law for B, the pressure at the origin

ko o—=m\ 1 k —m
cRE) R

m=1 "™

Now (22)-(25) defines one solution of the two-scale problem (21). As the solution is unique, that is the only
solution. We have proved the following theorem

Theorem 2. Let (u®,¢%) be the solution of the Navier-Stokes system (6) and let u®™ and let ¢>™ be their
restrictions on OF*. Then

e 2us™ — U™i,, L?— two scale on O™

, 2
¢ = Q™(z™) L* — two scale on O

where U = (U, ..., UF) € W and Q = (Q*, ...,QF) € L?(0,4,) x ... x L%(0,£y) is the unique solution of the
two-scale problem (21). Furthermore, (21) can be decoupled and its solution is given by (22)-(25).

It is important to notice that the pressure B in the junction node is given by the Kirchoff formula (25).
Denoting by r the vector

r_gReZk ajij

j=1
Fr2 Zle %J
and by
I N S
- G Dj G
P= ZT Z /-
j=1 7 j=1

the weighted mean of the exterior pressures p;, it reads

B=P-r-k (26)
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5. Junction of 2D thin domains

In this section we want to find a model for describing the flow through two thin domains with extensions
in two dimensions much larger than in the third (fractures, gaps,...). The results can be easily generalized
to the case of more than two domains. It can also be generalized on situations when those thin domains are
not intersecting on their boundaries but somewhere in the middle. We chose to treat the case of a layer of
liquid lubricant with slider that has one edge.

5.1. The geometry

Let (O,1i1,j1, k1) and (O, iz, jo, ko) be two orthonormal basis with joint origin O. Let II; and II5 be two
plains such that II,, is spanned by (in,,jm) and k,, is its normal, with m = 1,2. We assume that they are
not parallel and that their intersection is a line £ spanned by the vector e. Both those plains II; and Il
separate the space R? in two half-spaces

M ={xeR?®; x -k >0}
M; ={xeR?®; x-k; <0}
M ={xeR?®; x kg >0}
My ={x€R?®; x -ky <0} .

Without loosing generality we can choose that vector to be the first vector of the both canonical bases, i.e.
i1 = i2 =e .

Now, let w™ C R%, m = 1,2 be bounded domains with Lipschitz boundaries. We identify the domains w™
with sets

I ={x=ze+y"jm €, ; (z,y") ew™}Ccll,, ,m=1,2 .

Those are the lower boundaries of the fluid domain.
We assume that the boundaries dw! and Ow? intersect and that their intersection is a segment J =
[0,¢] x {0}. Thus the intersection of '] and T'J is the line C, starting from the origin O, with length £

C={0+Xe; 0< A<} .

Let hy, : w™ —]0, +00[ be smooth functions such that h,, > ag > 0. For m = 1,2, we denote by

O ={x=ze+y"jm+2"kn €R®; (z,y") €W™ ; 0 < 2™ <ehp(z,y™)} ,
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and for ¢ = 1 we get Q. If the angle between the two domains Q! and Q2 is obtuse or right, then Q2 C M,
and Q! € M;". Thus the fluid domain is

Q. =0lu?
If the angle is acute then we need to cut-off the edges
El=QlnM; |, E>?=0*nM;
so that
Qe = (Q: UQH\(E: U E2)
The intersection
C.=QnQ2

is nonempty, by construction.
It is a thin set with one edge equal to C. It can be described as

Cc={x€Q:; 0<ky x<chplz,y"), m=1,2;0<e-x< {},

withx =e-x, y™ = jn - x.

We could add a domain OY to join Q! and Q2 together, as we did with pipes in the previous section, but
we choose not to, for diversity.

We denote the parts of the boundary of . as follows (again m = 1,2):

Upper boundary:

It ={x=ze+y"jm+echm(z,y"kn € ; (z,y™) €™ } .
The lateral boundary:

Y ={x=xe+y"jm + 2"k, € Q; (z,y") € O™\ T ;

0< 2™ <ehp(z,y™)}.
For e =1 we get Ffm and X7". Finally

rr=rf,urf, , r-=ryur, , s.=xlux?.
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The flow is governed by the Navier-Stokes system

Re . .
— Au® + Re (u® - V)uE—I—VpE:F—rzg , diva® =0 in Q.

u* =0, onIF

e _ 2 —
o, u=¢cw, onl

u® xn=0 and p°=qon 3., (27)
where
w=we

is a constant vector, representing the velocity of relative motion for two lubricated surfaces. For simplicity,
we have chosen the usual scaling 2 for that velocity, in order to get the standard Reynolds equation (see
e.g. [8] or [3]), but other scalings are also possible and can be treated likewise.

As the domain is thin, it is reasonable to assume that, on each of the boundaries X! and %2 the boundary
pressure g does not depend on the third variable 2™, m = 1, 2. Before we proceed we subtract the hydrostatic
pressure from p°. We define

Re
rasz—F—rzx-g. (28)
Now

—Au® 4+ Re (u® - V)u*4+Vrf=0 in Q. , rgzrzq—FR—:; X - gon X, . (29)

5.2. A priori estimates

We start by recalling that we again have

W20 < Cpe|Vo|p2(q,) for all v such that v=0 on T'f (30)
vy < Ca gl/4 |Vv|L2(q.) for all v such that v =0 on I'} . (31)

Theorem 3. Suppose that e2Re < 1 and 1562 < C. Assume, in addition, that ¢ € C*(R3). Then the problem

(27) has a solution such that the following estimates hold

[Vu®|p2q) < Ceye
|u€|L2(QE) S 052\/5 (32)
7|20y < CVe

for some constant C > 0 independent on .

Again we first need to estimate the boundary integral appearing in the weak formulation of the problem
and coming from the pressure boundary condition.

Lemma 2. Under the hypothesis of Theorem 3 there exists some Cy > 0, such that the following estimate
holds for any w € V

Re
[0 Fro x &) wom <aiwwliag, &
e
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where

V={veH (Q)?; v=0on TT; vxn=0 on X, divv=0} .

g )

Proof. Let w € V. Then

E/(q—%x.g>(w.n)=9[div{<q_%x.g> W}:

€

Re Re
= / (Vq— 2 g) -w <O (|VQL°°(QE) t 52 9) Wi <

€

< Ol w20,y < (due to (30)) < Ce2Vw|r2q,y - O
Next step is to lift the non-homogeneous boundary condition on I'~.
Lemma 3. There exists a function b, € H'(Q.)? such that
divb. =0 inQ., b.=0 onTH |, b.=e?>w onT~ , b. xn=0 on X, .

€

Furthermore, the function b, can be chosen such that there exists a constant C, > 0 satisfying

|Vbe‘L2(QE) < Cbé‘\/g . (34)

Proof. Outside of the thin layer near the junction, function b, = b. - e can be chosen such that b. equals

2 z™
1—
c ( Ehm>w

on each Q7" (except in a small boundary layer) and is smoothly connected between. We need to construct

the appropriate connection in the boundary layer near the junction. Before we proceed we have to precise
the geometry of the layer. Let

and let

Sl={xeR*;0<z<l,0<y' <ech®, 0<z' <chy(r,y")} (35)

S2={xcR*;0<x<l,0<y?<eh®, 0<2®<echy(z,9?)},
with
x=ze+y"jn+2"k, in S", m=1,2.
Then the layer around the junction is
S.=S'us? (36)

and the interfaces between S. and Q"\S. are denoted
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W={xeR*; 0<o<l,y' =chy®, 0< 2" <ehy(r,eh)} (37)
VP={xeR*; 0<x<l,y>=chi®, 0<2®<chy(r,ehi®)}.

Let x* = y' j1 + 21 k; = y?jo + 2% ko be such that x = ze+x* and let (* = x* /. Depending on the need
it can be written as

r=n'ihi+ &k =i+ E ke
with
,',I’HL:y’rn/€7 gm:zm/g .

We now construct the rest of the function b, in the layer S, by taking

b.(z,x ) = BX(z,¢(t) e+ e B%(z, (M) ji +e B3 (2, ¢k
We now define the rescaled layer

={(#.¢") eR?; (we(Hes }, (38)
with boundary parts

(x,(H) eR*;0<a <, =he, 0< & < hy(z,ehy®)}

(x,(H) eR*;0<a <, =R, 0< &< hy(z,ehi®)}

={(z,¢")e8; ¢ =0o0r &=0} (39)
={(z,¢") eS; & =m(x,en') or € =ho(x,en’)} .

’7
’y:
r-

In order to meet the divergence-free condition as well as the boundary conditions we choose B, =
(BL, B2, B2) such that

0B N oB? 0B3 0 S
oz ont  0eL

with boundary conditions
c=0on T~ , B.=c?w on I'"
and

B. =¢2 (1—2—)w0n A, o m=1,2 .

Since w is perpendicular to the normal vector on I'” as well as on 4™, the necessary condition for the
existence of such B, is satisfied. Furthermore, as the domain S does not depend on ¢, there exists such B,
satisfying the estimate

|B5|H1($) < 062

(see e.g. [4]). A direct computation now yields
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|BE|H1(55) < 062 .

Now the function

1

€ (1 B hlix,yl)

) w in Q!\S.

bo(x) =14 &2 (1- ) w in Q2\S.

22
€ ha(z,y?)
b. (x) in S.

has all the required properties. O

Proof of Theorem 3. The discussion on the existence of the solution is very similar as in Theorem 1 from
the previous section, and the key role has the a priori estimate. We only scratch the proof, pointing out the
differences. Let

W={uec H(Q.)?; divu=0 ,u=0 onTJUT™ uxn=0on%}.
As in the proof of Theorem 1, we define the ball
B. ={veV; |Vl < M} |
where the constant M > 0 is defined as
M = 3V2(Cy + C)

and Cyp, Cy are the constants from Lemma 3 and Lemma 2, respectively. The operator T': B, — V is defined
by taking T'(v) = u where, for given v € B, function u € V is the unique solution of the linear problem:
Find u € V such that u = ¢?w on I'” and, for every w € W

/Vu~VW+Re/(v~V)u~w:/qw~n. (40)

€ QE 3

Due to the non-homogeneous boundary condition on I'", we look for the solution of (40) in the form
u =z + b, with z € W (function b, lifts the boundary value and was constructed in Lemma 2). Then the
bilinear form

H(z,w):/Vz . Vw + Re /(V-V)z- w

€

is coercive on W x W. Now the Lax-Milgram theorem guarantees the existence and uniqueness of the
solution of the problem

H(z,w)= /qw~n—/ng-Vw+Re/(v-V)b€~w, weW.
Q.

3. Qe

We proceed by proving that T(B.) C B.. To construct the test function for the estimate, we need to
homogenize the boundary condition for the velocity on I'". Let b, be the function constructed in Lemma 2.
We use the function

w=u— b, €V
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as the test function in (40). It gives (using Lemma 2 and Lemma 3)

/|Vu|2+Re /(v-V)u~u:/Vu~VbE+

B Qe Qe

re v Vubor [ (0= f x g) (u-b)ns

Q. e

< [(cb + )2 + C2CyRe €2 |VV|L2(QE)} V20, + CeChe®

Since, by assumption, Re €2 < 1, we have M C2CyRe 2 < (Cy + Cy), for ¢ sufficiently small. On the other
hand, again for ¢ small enough

1
Re /(v -V)u - u < Reé? C’iM|Vu|2L2(Q£) < §|Vu|2L2(QE)
Qe

so that

VulZsq,) < 4(Cy + Cr)e**|Vul L2 (q,) +20:Che® <

IN

1
§|Vu|2L2(QE) + [8(Ch + Co)* + 2C,Cy) €°

1 2 3272
< §|VU|L2(QE) + |:3(Ob+c’g)€ :| s
implying that

VT (V)| 1200,y < Me¥? .

The rest of the proof follows exactly the same arguments as in the proof of Theorem 1. O
5.83. Two-scale limit

Theorem 4. Let (u®,r®) be the solution to the problem (29) and let m € {1,2}. Then

e — Ule+ Uy jm L*(Q™) — two scale (41)
e7IVuE™ = V., U™ L3(Q™) — two scale
™ — R™(x,y™)  L*(Q™) — two scale (42)
where
m m m 2 2/ )ym\2 ov 2/)m\2
u"=(U,"U;") €Y, =1V eL(Qm) ,ag—meL(Q) (43)
R™ ¢ L*(w™) (44)
U™ =0 on I} (45)
U™ =we on T, (46)

hm (wiy"n)

e I A S (47)

(=)
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9¢ 9% .
m = — b 4
Vaym ¢ 9z ¢ T gy Am (48)
. . oum our
d’L’Umme = 81‘ —+ 8y—m s (49)

and satisfies the two-scale problem

2
ou™ oum N m\
(85 )

2
Re _
=Y [ (0 paxe)emm (50)
mle’f“
Jor any O™ = (7, Uy € Y2, such that ¥™ =0 on I, (51)

with X =z e+ y™ jm,. Furthermore, functions U™ and R™ satisfy the coupled Reynolds equations

hm
divgym (h2,V yym R™) = 6w aax in w™ (53)
m Re - m
R =4-52%'8 on Ow™\C
h1 ho
/U1 j1odet = /U2 -j2 d€? onC (the junction condition,). (54)
0 0

Proof. Using the a priori estimates (32), we can now pass to the two-scale limit in each QI, using the

compactness theorem ([8], Theorem 1, Proposition 4 and Proposition 7). Indeed, denoting u®™ and r&™
the restrictions on 27*, those a priori estimates imply

e 2™ — UM (z,y™, ™) e + U (2, 9™, ™) jm L? — two scale on Q™

ougm
e 'Vus™ — ——— L? — two scale on Q"

ogm

r&™ — R™(x,y™) L* —two scale on Q" | (55)

where (43)-(49) holds. As in a previous case, we need to construct a good test-function, write down a
variational formulation and pass to the two-scale limit. We start by taking two functions

" e Y2 NCH Q) , m=1,2,
where Q" stands for Q7" with ¢ = 1. We need to correct the test function in a boundary layer near the
junction. Before we proceed we have to precise the geometry of the layer. Let S! and S? be defined by (35).
Then the layer around the junction is defined as in (36) by

S.=8'us?

and the interfaces between S. and Q7\S; are denoted ! and +2 like in (37). We impose the condition
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h] (x,O) hg(x,O)

W (2,0,€Y) - §y de' = / V2(2,0,€%) - jy de?

0 0

23

We chose W3 on S (here S denotes S: with ¢ = 1, as in (38) and 4™ denotes 7™ with ¢ = 1 as in (39))

such that

ov ov,
diangl \113 = Wi] + 851

=0 in 81

U3 (2, h°, 1) = Ul(z,eh$, €Y) for 0 <z <l,0<E <hy(x,0
U3 (2, h3°, &%) = W (2,eh$°,€2) for 0<ax<l,0<E* < hy(x,0

U3 =0 on 0S;\(7? U~ .

Then we pose

Using W, as a test function leads to

/VuE-V\Ifg—f—Re /(u€~V)u5-\IIE—/r€ div¥, =

Qe Q. Qe

Z/(q—%x-g) (P:-n)

=

We multiply the equation (56) by % and we get for the right hand side

1/( oxeg) (q,s.m—z/(qﬁ; x-g) (01 n) +0()

€ 1

with ¥y denoting W, for € = 1. The third integral on the left hand-side

/r dive, = - Z / levxym\p_i_l/

Q. lom\s. S.

= Z /7' dlvam\Il +O Z /R leTym\If

m= IQm m= 1Qm
The second integral on the left-hand side

Re

3
Qe

Finally, for the first integral on the left-hand side

— /(u8 -V)u®- ¥, <C Re |vu€|%2(ga)‘\l’5|Loo(Qs) < Ce® Re—0 .
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Q. m=lou\s, d
=h+1I
Now
EE é'vuehz(ﬂs)|V‘I’E\Lw(ss)|55|1/2 <Cet? 50
and

et el o 2] oo ()
A [l ) f sl ()

S.NQL

The last two integrals can be estimated in the same manner as I and they tend to zero as ¢ — 0. For

smooth U™ we obviously have

1 1 ol 1
vl x,yl, 2= Vgt pl x,yl, z +e I — m,yl, z
€ € &, €

and
2 2 o2 2
\A2 x,y2,z— :mea\lﬂ x,y2,z— 4+ y2 z
€ € 0&s €
Since
1 1 VL
E/meluf -Vt |:\I/1 <:c,y1, ZE)] < | ‘|Vu |L2(Q )|V\IJ | 1,0 @) < Ce—0
1
and

1 2 V192
g/vﬂﬂyzue Va2 |: (aj y27 Z_):| < %|Vug|L2(QE)|V\I’2|Lm(Qz) <Ce—0.
Q2

It only remains to pass to the limit in the integrals
1 ou® o™ m 2
D) Qe e :L‘, y T
g2 | ogm o™ €
Qn
Using the two-scale compactness (55), we get for m = 1,2

1 / ous (9UmN (2N /aUO um
2 | gem \gem )\ WY aem  gem
Qm, Qm

e
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Finally, we have arrived at the two-scale problem (50). As in the previous section, we can prove that the
two-scale problem (45), (46), (47) and (50) has a unique solution. That solution can be constructed by
separating the scales in (50) and it satisfies the coupled Reynolds equations (53). O

Remark 3. The junction condition (54) combined with (52) gives the continuity of the fluxes across the
junction line C

— =hy — on
Lyt 2 9y2?

Furthermore, we need to remember that we have redefined the pressure by taking (28). If we go back to the
original pressure

Re
=t a0

in each Q™, m = 1,2, converges to

m m . Re . m . Re _
P"=R +W(xe-g+ym,]m~g)=R +Wx~g.
Now the junction condition for physical pressure P reads
OP'  Re OP?  Re
3 . _ 13 .
hi 3—y1+ﬁ-11'g—h2 8—y2+ﬁ‘]2.g on C .
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