J. Math. Anal. Appl. 484 (2020) 123729

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Sharp lower bounds for the Widom factors on the real line o |

Check for
updates

Gokalp Alpan®, Maxim Zinchenko "*!

? Department of Mathematics, Rice University, Houston, TX 77005, USA

b Department of Mathematics and Statistics, University of New Mexico, 311 Terrace Street NE,
MSCO01 1115, Albuquerque, NM 87106, USA

ARTICLE INFO ABSTRACT
Article history: We derive lower bounds for the LP () norms of monic extremal polynomials with
Received 10 August 2019 respect to compactly supported probability measures p. We obtain a sharp universal

Available online 28 November 2019

lower bound for all 0 < p < co and all measures in the Szegd class and an improved
Submitted by V. Andrievskii

lower bound on L?(1) norm for several classes of orthogonal polynomials including
Jacobi polynomials, isospectral torus of a finite gap set, and orthogonal polynomials

Keywords:

WiZOm factors with respect to the equilibrium measure of an arbitrary non-polar compact subset
Szegd class of R.

Equilibrium measure © 2019 Elsevier Inc. All rights reserved.

Extremal polynomials
Jacobi polynomials
Isospectral torus

1. Introduction

Let K be a non-polar compact subset of C and u a probability Borel measure with supp(p) = K. In
this work we investigate lower bounds on the LP(u) norms of monic polynomials. A well known inequality
that goes back to Szegd [41] (for a textbook presentation see [30, Theorem 5.5.4] or [34, Theorem 5.7.8])
provides such a lower bound for L*°(K) norm,

|1Palloc = sup |Pn(2)| > C(K)", P, € Ppn, n€N, (1.1)
zeK

where P,, is the set of monic polynomials of degree n and C(K) denotes the logarithmic capacity of K. The
inequality (1.1) is sharp in the class of subsets of C, however for compact sets K C R, Schiefermayr [32]
showed that the inequality can be improved to

[Pnlls = 2C(K)", P, € Py, n€N, (1.2)

which is optimal in the class of subsets of R.
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We are interested in finding sharp analogs of the above inequalities for L?(x) norms. To simplify the
notation we introduce the Widom factors,

infp, ep, [|Pallp

Wi (p) = caom

neN, 0<p<oo, (1.3)

where as usual ||P,|, = (f|Pn(z)|pdu(z))l/p, 0 < p < oco. The infimum in (1.3) is attained for some
polynomial in P,, and a minimizer is unique when p € (1, o] but not necessarily when p € (0,1]. We note
that in the case p = 0o the Widom factors are defined in terms of the (unweighted) supremum norm over K
and so do not depend on a particular choice of the measure p and hence will be denoted by W°(K). Despite
this difference in the definition of the Widom factors for p = oo and p < oo it follows from Hélder’s inequality
and continuity of || P, ||, with respect to p € (0, 00] that for each fixed n € N and probability measure p with
supp(p) = K the Widom factors are nondecreasing and continuous with respect to p € (0, oc], in particular,
W2 (K) = sup,o Wi ().

From the application point of view there are two important cases p = oo and p = 2. The monic polyno-
mials that have the smallest L>°(K) norm are known as the Chebyshev polynomials and those that have
the smallest L?(u) norm are the orthogonal polynomials with respect to p. We use the term Widom factors
to commemorate the fundamental paper [48] where H. Widom studied asymptotics of the Chebyshev and
orthogonal polynomials on sets K consisting of a finite number of smooth Jordan curves and arcs. More
recently, asymptotics and upper bounds on W°(K) have been studied in [5,6,11,14-16,18,20,42-47]. Due
to monotonicity of the Widom factors, an upper bound on W;°(K) is automatically an upper bound for all
WP(u). The main contribution of the present work is complementary sharp lower bounds for the Widom
factors WP(u).

For absolutely continuous measures p on the unit circle a lower bound and asymptotics of W2(u) date
back to the work of Szegé [38,39] (for a textbook presentation see [33, Sections 2.2 and 2.3]). Asymptotics
of W2(u) for more general measures and on other sets have been actively studied ever since [3,4,7-10,13,
17,19,23,26,28,29,33-35,40,48]. In these works the central role is played by measures u from the Szegd class
which in the most general setting is defined as follows. Given a probability measure pu with K = supp(u) a
non-polar compact subset of C, denote by ux the equilibrium measure of K (see [30] or [34, Section 5.5] for
basic notions of logarithmic potential theory) and consider the Lebesgue decomposition of p with respect to
Wi, that is, du = fdurx + dps. The Szegé class consists of such measures p that have finite relative entropy
with respect to pg, that is,

/log f(2)duk(z) > —oc. (1.4)

The relative entropy enters the asymptotics and lower bounds via the exponential relative entropy function

S(4) = exp [ / 1ogf<z>duK<z>} . (15)

As with the lower bound in the case p = oo (cf., (1.1) vs (1.2)) there is a difference in the asymptotics of
W2 (1) depending on whether the measure p is supported on R or on C, for example,

27

lim [W2()]" = S(u) (L6)

n—oo

for measures p with supp(p) = 0D (see for example [33, Theorem 2.3.1]) and

lim [W2()]” = 25(n) (17)

n—oo

for measures p with supp(p) = [—2, 2] (see for example [28], [33, Theorem 13.8.8]).
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Recently a lower bound for the Widom factors W2(u) was obtained in [1] for the equilibrium measure
w = pg of a general non-polar compact set K C R and in [2] for a general Szegd class measure p on C,

(W2()]* > S(p). (1.8)

The goal of the present work is to extend (1.8) to all Widom factors W2 (u) and investigate to what extent
such a lower bound is sharp and whether it can be improved for measures supported on R with a special
emphasis on the case p = 2. It turns out that the lower bound (1.8) as well as its extension to 0 < p < 0o
(2.1) are sharp in the Szegd class even for measures with supp(p) = [—2, 2]. Nevertheless, we will show that
for several special classes of measures on R the lower bound (1.8) can be improved. In particular, for the
equilibrium measures p = i of compact non-polar sets K C R the lower bound (1.8) improves by a factor
of 2,

(W2(m)]" = 28(n). (1.9)

In light of the asymptotics (1.7), the lower bound (1.9) is the best possible. We also obtain similar im-
provements on the lower bounds of Widom factors W2(ug) for p > 1. Besides the equilibrium measure we
prove the optimal lower bound (1.9) for measures from the finite gap isospectral torus of half-line Jacobi
matrices and for Jacobi weights dpia, s(x) = ca,s(1 — 2)*(1 + ) x|_11)(z)da on [—1,1] for a certain range
of parameters «, 3.

We want to emphasize that much less is known on the asymptotics of LP(u) extremal polynomials for
a general p (0 < p < oo with p # 2). We refer the reader to [22,24,27] for some of the previous attempts
on this problem. Peherstorfer and Steinbauer suggested this as an open problem in Problem 3, p. 314,
[27]. Theorems 2.1 and 2.2 below can be seen as a partial answer to this open problem for a large class of
measures. Besides, we hope that our conjecture (6.2) will generate further research in this direction.

The plan of the paper is as follows. In Section 2, we extend the lower bound of (1.8) to the case of general
Widom factors W2 (u) and show that the bound is optimal not only in the class of measures on the complex
plane but also on the real line. In particular, for measures on R the Szegé condition alone is insufficient
for (1.9). In Section 3 we obtain increased lower bounds on W2 (ux) for the equilibrium measures pyx on
compact non-polar subsets of R. In Section 4 we consider lower bounds on W2 (114 5) for the Jacobi weights
over the full range of parameters. In Section 5, we prove (1.9) for measures p associated with half-line Jacobi
matrices from finite gap isospectral tori. Finally, in Section 6, we discuss some open problems.

2. A sharp lower bound for the Widom factors
In this section we extend the lower bound (1.8) to the general Widom factors and show that our lower
bound is optimal in the class of Szegé measures even if the support of the measure is an interval on the real

line.

Theorem 2.1. Let 0 < p < 0o and u be a Borel probability measure with K = supp(u) a non-polar compact
subset of C. Then

WE(n) = S(u)'/?, neN. (2.1)

Proof. If S(i) = 0 there is nothing to prove. Let us assume that S(u) > 0. We modify the argument used

in the proof of Theorem 1.2 in [2]. Let du = fur + dps and write P, € Py, as P, (2) = [[j_,(z — z;). Then

[ Pnlly = (/Pnpfdux+/Pn|Pdus> > /IPnlpfduK (2.2)
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- e [ )| ”

> exp Jrosr.ien duK] (2.4

r n
= exp /logfd/u(] exp p/Zlog |z — zj|dpK (2) (2.5)
L j=1

> S(u)C(K)"™. (2.6)

Note that, (2.4) follows from Jensen’s inequality and (2.6) follows from Frostman’s theorem, see Theorem
3.3.4 (a) in [30]. The inequality (2.1) follows by taking p-th root and dividing by C(K)™. O

Tt is easy to see that (2.1) is sharp in the class of probability measures on the complex plane since for
the equilibrium measure on the unit circle psp we have 1 = S(ugp)/? < WP(u) < ||2"||, = 1 foralln € N
and 0 < p < oo.

The next result shows that for 0 < p < oo, S(u) is the best possible lower bound for W2 () in the Szeg
class of probability measures on the real line, in fact, even on an interval.

Theorem 2.2. For each 0 < p < oo andn € N fized,
inf [W()]"/S (1) = 1, (2.7)
where the infimum is taken over probability measures on K = [—2,2] with S(u) > 0

Proof. First, assume that np > 1. Let N be the integer satisfying np — 1 < N < np and consider the
measures

N
dpe(z) = co|z|N-"P H 22 — 5227V 2dpugc (z), € >0,

where ¢, > 0 is the normalization constant chosen such that u.(K) = 1. The equilibrium measure is given by

dug(x) = 71r \’;Z(Lda: Since K is a regular set for potential theory, by Frostman’s theorem, the logarithmic
potential Uk (z) = [log |z — z|duk (z) equals log C(K) = 0 for all z € K, so for each 0 < ¢ < 1/N we get

N
(i) = exp | [0 (clol™ - [ 1a® - 2622) e (o)
j=1

N
Z (Uk (je) + Uk (—j ))} = Ce. (2.8)

Jj=1

wl»—l

= c. exp {(N—np Uk (0

On the other hand, we have

|$|N
14 P n\p —
WP (1) </|g; PPdpe (x CE/ s EQP/QduK(x)_mE (2.9)

as € — 0 since

||V _ 1 - 1
N . - N . —
Hj:l |22 — j2e2|1/2 Hj:l 11— (je/x)2|V/2 ~ |1 — (N+1 5| N/2

for |z > (N 4+ 1)e
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so by the dominated convergence theorem,

=

H;'V:1 |22 — j2e2|1/2

duK(x)%/duKzlassﬁO
|z|>(N+1)e

and

Iot” d = L dug (N + 1)et
1, |22 — j2e2|1/2 e (@) = T, 62 — A2 |12 (N + 1)et)
|z|<(N+1)e J=1 J - =1 (N+1)2
tN N + 1)edt
/ i (W + e —0ase—0.
12, [ - VA — (N +1)2%¢2

Thus, by (2.8) and (2.9), limsup,_,, W2(ue)?/S(pe) < 1. This combined with (2.1) yields (2.7).
Next, assume that np < 1. Consider the measure dv(z) = c|z| "Pduk (x) where ¢ > 0 is chosen so that
v(K) =1. Then

S() = exp [ / log (c|ac|_"p>d,uK(x)}

= cexp[(—np)Uk (0)] = c.

2w < [l pavte) = [ duacto) =

Thus, W2 (v)?/S(v) < 1. This combined with (2.1) yields (2.7) in the case np < 1. O

We also have

3. Lower bounds for the equilibrium measures on subsets of R

In this section we improve the lower bound (2.1) for equilibrium measures on general compact non-polar
subsets of R.

Theorem 3.1. Let K C R be a compact non-polar set. Then for each p > 1,

W) > 2 (E;}%,) TS S(uk) P =1, neN, (3.1)

where m = (ﬁ]. In particular, for p > 2,

WE(uk) 2 V2, neN, (3.2)

and the case p = 2 is the improved lower bound (1.9) which is sharp in the class of equilibrium measures of
non-polar compact subsets of R.

Proof. First, note that (3.2) is a special case of (3.1) and m > p/[2(p—1)] is equivalent to p > 2m/(2m—1).

Since WP (ug) is nondecreasing with respect to p it suffices to prove (3.1) for p = 2m/(2m — 1), m € N.
Next, we prove (3.1) in the special case of a finite gap compact set K C R. In this setting we recall the

uniformization map for finite gap sets as discussed in [12] or Sections 9.5-9.7 in [34]. The uniformization
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map is a unique conformal map x : D — C\ K normalized by x(0) = oo and lim,_, 2x(z) > 0. It is known

that x is symmetric under complex conjugation, x(z) = x(z), has an analytic extension to C\A, where
A C OD is a certain null set, and x : ID\A — K preserves the equilibrium measure (cf., Corollary 4.6 in
[12] or Theorem 9.7.6 in [34]),

27
[ f@ucta) = [ x5, 7€ L) (3.3
K 0

In the following we will also need the associated Blaschke product B(z) which is the unique bounded analytic
function on D with |B(e?)| = 1 a.e. on dD, zeros at x~!(00), and normalized by lim, ,o 27! B(z) > 0. By
Theorem 4.4 in [12] or Theorem 9.7.5 in [34] the Blaschke product B(z) has a connection to the Green
function G (z) of the domain C\K via |B(z)| = exp[-Gk(x(z))] and it satisfies (cf. (9.7.35) and (9.7.37)
n [34])
llj}% x(2)B(z) = C(K). (3.4)
Now consider an arbitrary monic polynomial P,(x) of degree n, and let @,(x) = Re(P.(z)), z € R.
Then @, (x) is a monic polynomial with coefficients given by the real parts of the coefficients of P,(x),
Qn(z) is real-valued on K, and satisfies ||P,||, > ||[Re(Pn)llp = [|@nllp- In addition, B(z)"Q,(x(z)) has
only removable singularities on D and hence can be identified with a bounded analytic function with
lim,_,0 B(2)"Qn(x(2)) = C(K)™ by (3.4). Thus,

Since the complex conjugation does not change the LHS and Q,,(x(e*)) we have
2m a0
20(K)" = /Qn(x(ew))(B(eie)" + B(e?)n ) o

0

Applying Holder’s inequality, (3.3), and noting that B(e??)~! = B(ei) we obtain

IN
ol
(=)
\:‘M
—~
Sy
—
ﬂ)ﬂ
<
~—
3
_|_
Sy
—~
3
|
3
~—
[ )
3
’&
<>
| S
¥
sk

20(K)" _7|Qn(x(ew))pd9 2
LO
_ _/|Qn< )|pdlLLK< ) ’ 7722711 (Qm) 19 2n(m J)d_i] "
o J=

27
2m = 2m omim iy A0
- i0)2n(m—j) 27
~ 1.1, | (% )+2Rez<j>/3(6 o @1 (35)
0
Since fo% ()48 = Bk(0) =0 for all k € N and [|Qullp < [|Pallp we get

20k < 2l (2 R, (%)m (36)

which after rearranging yields (3.1) for finite gap sets K C R.
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Finally, we extend (3.1) to general non-polar compact sets K C R via an approximation argument of [1].
By Theorem 5.8.4 in [34] there exist finite gap sets {K;}32; such that K C--- C K;11 C K; C--- C K1 C
R, K =N, K, C(K;) = C(K), and dug; — duk in the weak star sense as j — o0o. Then for every monic
polynomial P, (z) of degree n we have by the finite gap lower bound that

1Pl e = i ing [Pl > limin W2 e, ) C ()"

> 2 ((m!)Q)z}n lim inf C/(K;)" = 2 <(m!)2 ) . C(K)™. (3.7)

Dividing by C(K)™ yields (3.1) for arbitrary non-polar compact set K C R.
In the case K = [—2,2] the orthogonal polynomials with respect to the equilibrium measure p are the

Chebyshev polynomials of the first kind and a straightforward computation shows that equality in (3.2) is
attained for all n € N proving that the lower bound (3.2) is sharp. O

4. Lower bounds for the Jacobi weights

In this section we obtain sharp lower bounds for the norms of monic Jacobi polynomials. Let K = [—1, 1]
and consider the normalized Jacobi weights,

Ao, () = ca5(1 — 2)*(1 + 2)° x i (x)dx, (4.1)

where a, 8 > —1 are parameters and c, g is a normalization constant such that p, g(K) = 1. We denote
the corresponding monic orthogonal polynomials by P%+#. By [37, Section VIL.1, Equation (25)],

08+t pl Ta+n+1D)I(B+n+ Dl (a+B+n+1)

T Tl T Bt an+1 T(a+fB+2n+1)2 ' (4.2)
The equilibrium measure on K = [—1,1] is given by dux(zx) = %%da& hence we have duq g(z) =
apm(l — )2 (1 4 2)P 2 dpug (x). Using Frostman’s theorem and noting that C/(K) = 1 we get
S(jta.s) = o pmC(K)>HA+1 = ;j;gfl. (4.3)
Now, consider the ratios R,, = [Wﬁ(uaﬂ)]Q /S (). By (4.2) and (4.3) we have
R — 22a428+4n+2p) T(a+n+ D)I(B+n+ DI (a+B+n+1) . (4.4)

mla+p+2n+1) MNa+p+2n+1)2

The optimal constant in the lower bound for [Wfl (uaﬁ)]Q is given by inf,, R,,. We are interested in finding
the parameters for which inf,, R, is maximal. While estimating inf,, R,, directly is difficult, we can find
values of the parameters «, 8 so that the sequence R,, is decreasing. In this case the improved lower bound
(1.9) follows from the Szegd asymptotics (1.7). In the other extreme, if R, is strictly increasing then, by
(1.7), the optimal constant in the lower bound is strictly less than 2 and is given by Rj.

Define the quantities

n €N, (4.5)

so that the sign of D,, determines whether R,, is increasing, constant, or decreasing. Using the identity
I'(xz + 1) = 2I'(x) and introducing s, = a + 8 + 2(n + 1) we obtain
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16(n+1)(a+n+1)(B+n+1)(a+f+n+1)
(a+B8+2n+ 1) (a+8+2n+2)2(a+ S+ 2n+ 3)
[s7 — (a+ B)*][sp, — (@ — B)?]

- s2(s2 —1) -1 (4.6)

_ (@ = B2+ 571 — 2(a® + 5?)]
- sp(sh—1) '

n =

(4.7)

Then the sequence R, is decreasing if and only if D,, <0 for all n € N which by (4.6) holds if |a| + |8| > 1.
The sequence R,, is constant if and only if D, = 0 for all n € N which by (4.7) holds if and only if
la| = |8 = 1. Similarly, the sequence R, is strictly increasing if and only if D,, > 0 for all n € N which by
(4.7) holds if a* + 82 < 1 except |a| = |3| = 3. When o + 8% > } we can use s, > 2 to estimate D,, by

(0® + 5%)% +4[1 — 2(a” + %)

2
D, <
- s2(s3 — 1)

(4.8)

which implies that D,, < 0 for all n € N if 4 — 2¢/3 < o? + 8% < 4 4+ 2V/3, so the sequence R,, is decreasing
in this case. More generally, in the case o? 4+ 82 > % it follows from s,, T oo and (4.7) that there exists ng
such that D,, < 0 for all n > ng and D,, > 0 for n < ng. Thus, for any «, 8 > —1 the sequence R, is either
increasing or decreasing or increases for n < ng and decreases for n > ng. Since lim,,_,o R, = 2 by (1.7),
it follows that in any case the infimum of R, is equal to min{2, R;}. Combining these special cases we get
the following result:

Theorem 4.1. Let a, B > —1. Then the Widom factors for the normalized Jacobi weight p.. g satisfy

2
(Wi (tap)]” = Lag S(pap), n €N, (4.9)
with the optimal constant L, g given by

22a+26+6
Log=mind2 ——  Bla+2,8+2)%, 410
pmmin {2, 2o a2+ )] (4.10)

where B(z,y) = T'(z)['(y)/T(z +y) denotes the beta function.

In addition, we have: (a) W2(pa,s) = 2 for alln € N if and only if || = |B]| = ; (b) Lo = 2, that
is, (1.9) holds if either || + |B] > 1 or a® + 2 > 4 — 2v/3 ~ 0.536; and (c¢) Los < 2 if o® + 5> < 1
except |a| = |B| = 3. In particular, in the symmetric case |o| = |B| the lower bound (1.9) holds if and only
if lo] > 3.

5. Lower bounds for measures from the isospectral tori

In this section we discuss spectral measures of one-sided Jacobi matrices from finite gap isospectral tori
and give another improvement (5.8) of the lower bound (1.8). While the material of this section is known
to experts [13,34,36], the explicit form of the main lower bound (5.8) has not previously appeared in the
literature.

For a finite gap set

K = [ay, 1] U Ulagr, Beya] (5.1)

with ap < 81 < ag < -+ < ayq1 < Pes1, the isospectral torus Tx consists of two sided Jacobi matrices
J = {ag, bx}32_ ., with the spectrum o(J) = K which are reflectionless on K, that is, the diagonal Green
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functions G, (2) = (O, (J —2)71d,), n € Z, of J have purely imaginary boundary values a.e. on K, see for
example Sections 5.13 and 7.5 in [34]. By Craig’s formula (cf., Theorem 5.4.19 in [34]), the diagonal Green
functions G, »(z) of reflectionless Jacobi matrices are of the form

—-1/2
l+1 /

L
HZ—%J [1G—anz~5)) , neL, (5.2)

j=1

where v, ; € [Bj, 0511, j=1,...,{, n € L.

In this section we investigate the Widom factors for the spectral measure pu,, of the one-sided truncation
In = {an+tk, busr}i2, of J € Tk Alternatively, such one-sided Jacobi matrices J,, are characterized by the
property of the associated m-function m,,(z) = (61, (J,, —2) ™1, d1) being a minimal Herglotz function on the
two sheeted Riemann surface with branch cuts along K (cf., Theorems 5.13.10, 5.13.12, and 7.5.1 in [34]).
The minimal Herglotz functions are characterized by Theorem 5.13.2 in [34] which implies that the spectral
measures [, consist of an absolutely continuous component on K and a finite number of mass points at the
discrete eigenvalues of J,,, 04(J,) C R\K (cf., (5.13.19), (5.13.24), (5.13.25) in [34]),

dpn (z) = %Im[mn(x +40)|xk (z)dx + Z res,—x[my(2)]ddx (). (5.3)
Aeaa(J)

There is a connection between G,, , and m,, obtained in the proof of Theorem 5.13.12 in [34],

1
Im[a?m,(z +i0)] = §Im[—Gn,n(x +140)~Y for a.e. x € K, (5.4)

and the zeros of G, ,(z) correspond to the poles of m,, on either the first or the second sheet of the Riemann
surface, hence o4(J,,) is a subset of {'ynj}j 1, the zero set of G, ,,. Thus, using (5.2), (5.4), and (5.13.24),
(5.13.25) in [34] we get an explicit form of p,,

dpn(z) =

2 14
2anm Hj:l | = Yn,j

Loy L VIIE 2 = aglle - 5]

kivn k€0a(Jn) ar szl,#k 1Yk = T

ds,, (). (5.5)

By Theorem 5.5.22 and (5.4.96) in [34]), the equilibrium measure px of a finite gap set K is given by

HJ 1|CC7C_7'|
141
%H e = asllz = |

duk (z Xk (z)dz, (5.6)

where ¢; € (Bj,aj41), j = 1,...,¢, are the critical points of the Green function G (z) for the domain C\K
with a logarithmic pole at infinity. Combining (5.5) and (5.6) then gives the Lebesgue decomposition of p,
with respect to ug,

1 T e — aglle = 5]
BTy o cylle— g

{41
ankm Lo — oz — 5]

=1 HJ 1]75k|'7nk ’)/n,j|

dpin () =

dé., (), (5.7)
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where s, = 1 if v, 1 € 04(J,,) and s, = 0 otherwise. The factor a2 plays a role of the normalization
constant and hence is uniquely determined by {’yn7ja3n,k}§:1- By Theorems 5.13.5 and 7.5.1 in [34], the
class of such measures jio as J runs through 7x consists of all possible choices of vo; € [3;, ;1] and
so,; € {0,1} with s = 0 if v ; is at an edge §; or a1, j =1,...,L.

Theorem 5.1. Let K C R be a finite gap set and ug be the spectral measure of a half-line truncation Jy of
J € Tk, that is, pg is of the form (5.7). Then

(W2(0)]” = 2B(10)*S (o), m €N, (5.8)

where E(po) is the eigenvalue function given by

E(up) = exp [ Z Gg(x)|. (5.9)

z€supp(po) \ K

In particular, since E(pg) > 1, the improved lower bound (1.9) holds.

Proof. The proof will be based on the step-by-step sum rule of [13]. Let p,, denote the spectral measure of
the one-sided truncation J, of J, n > 1. Then, by Theorem 4.2 in [13] or Proposition 9.10.5 in [34], we have

ar--an  E(po)S(po)'/?

TR~ Bln)S(m) P (5:10)

WS(MO) =

Since in each gap of K the Green function Gk (z) is positive and attains its maximal value at the critical
points we have the estimate

J4
1< E(pn) <exp Z K(Ynj)| - (5.11)

Recalling that Gg(z) = —log C(K) + [log|z — z|dux (x), we get from (5.7),

41
1 I, 5z = ajlle — Bj
S(pn) = 5 exp /log : | duk (@)
2a;, Hj:l lz = ¢jllz — vn,;
¢

C(K)? ‘
= o exp Z Z K (g | s (5.12)

n

and hence,

c )2 ’ C(K)?
E(p1)*S (1tn) < exp Z Gk (Tn,j) — Gr(c))] | < éa2) (5.13)
j=1 "
Squaring (5.10) and using (5.13) give

2 2 2 2
ay---an 2 2 _ E(p0)*S(po) 2a;, 2
_— = > E . .14
a0 S 2 = ot TS o1

Cancelling a2 /C(K)? term and utilizing (5.11) we obtain
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2 2
ay- " Qp1 10 2 2
W—Wn—1(ﬂo) > 2E(po)"S(mo), mneN. O

6. Open problems

Problem 1. In Theorem 3.1, the sharp lower bound for WP(uk )P is obtained for p = 2. The sharp lower
bound for W2 ()P when p # 2 and K C R is an open problem. At least, we have a natural candidate for
this lower bound: It is known that on an interval K = [—1,1] the monic Chebyshev polynomials of the first
kind minimize LP(ug) norms for all 1 < p < oo (see for example p. 96 in [31]), hence the corresponding
Widom factors can be evaluated explicitly in this case,

T

» 2P D
(WE(ux)]" = —/IcosGIPdf) = =y
™ ™
0

n € N. (6.1)

Note that the right hand side of (6.1) is independent of n. When p = 2 (6.1) gives the sharp lower bound
(1.9) and the limit as p — oo of the p-th root of (6.1) gives the sharp lower bound (1.2). We conjecture that

op (Bl
T n €N, (6.2)

» P )

when K is a non-polar compact subset of R and 1 < p < .

Problem 2. Let K be a finite gap set. Besides the equilibrium measure px and measures from the
isospectral torus of K, an important class of measures is the class of reflectionless measures. These are
the measures appearing in the Herglotz representation of G, , from (5.2), that is, given by duy, n(z) =
L1m[G,, » (2 4i0)]xk (x)dz. The equilibrium measure yix is a member of this class. We conjecture that (1.9)
holds for all reflectionless measures on a finite gap set.

Problem 3. Is there a simple characterization of Szegd class measures on a finite gap set or even an
interval for which (1.9) holds?

Problem 4. If K is a finite gap set and p is a Borel probability measure which is purely singular continuous
with respect to p and supp(p) = K, then W2(u) — 0 since S(u) = 0 by Theorem 4.5 in [13].

If K1 =D and 11 is the normalized area measure on K, then P,(z) = 2" is the n-th monic orthogonal
1
ntl”
the normalized arc-measure on the unit circle, py is purely singular continuous with respect to pg, and we

polynomial with respect to p; and a straightforward calculation shows that [W2(u1)]* = Since pg, is
have W2(u1) — 0. It is also true that Widom factors for the normalized area measure on Jordan domains
with analytic boundary go to 0, see Theorem 4.1 in [21].

If K5 is the Cantor ternary set and puso is the Cantor measure, then ps is purely singular continuous with
respect to px, by [25]. However, in this case it was conjectured in [23, Conjecture 3.2] that lim inf W2(us) > 0
based on numerical evidence.

It would be interesting to develop the theory of Widom factors for purely singular continuous mea-
sures (w.r.t. the equilibrium measure of the support). Proving or disproving existence of such a measure u
satisfying the condition lim inf W2() > 0 would be a good start.
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