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1. Introduction

We consider the mass-critical nonlinear Schrodinger equation

iOpu(t, ) = ~A,ula) + h@)lut o) Puta), g =2+ 5 )

with u(t,-) € H'(R?) and a given continuous function k : R — R.

When k = kg is a constant (the homogeneous case), (1) boils down to the usual nonlinear Schrédinger
equation studied extensively in the literature of dispersive partial differential equations (see e.g. [17]). In
particular, in d = 2 dimensions it comes from the famous Gross-Pitaevskii theory describing the Bose-
Einstein condensation in quantum Bose gases [3,15]. In the homogeneous case, it is well-known that if the
power of nonlinearity ¢ is replaced by any power smaller than 2 4+ 4/d, then the (homogeneous) equation
(1) is globally well-posed for any initial datum in H'(R?). On the other hand, if ¢ = 2 + 4/d and ko < 0,
then the global well-posedness is only guaranteed if the mass of the initial datum is smaller than a critical
value, namely
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2
q a=2
||u(07 .)||%2(Rd> < mo = (m) |‘Q||%2(Rd)7

where @ is the unique radial positive solution to the equation (6). For this reason, the case ¢ = 2 +4/d is
called mass-critical. Moreover, if ¢ = 2+ 4/d and

1u(0, )72 may = M0,

then even if ug is very smooth, it is possible that the solution to (1) blows up in finite time, namely the
solution exists in an interval [0,7") and the kinetic energy is unbounded at the critical time:

1511‘%} [[Vul|L2 = +o0. (2)

In fact, all possibilities of such blow-up solutions (called minimal-mass blow-up solutions) have been char-
acterized in the seminal paper of Merle [11].

The non-constant potential & (the inhomogeneous case) corresponds to a inhomogeneous interacting effect
and it arises naturally in nonlinear optics for the propagation of laser beams. Mathematically, this case is
interesting as it breaks the large group of symmetries of the homogeneous case. The study of the nonlinear
Schrodinger equation with inhomogeneous nonlinearity was initiated by Merle [12] where he obtained a
sufficient condition for the nonexistence of minimal mass blow-up solutions. On the other hand, minimal
mass blow-up solutions exist if k is sufficiently smooth and flat around its minima; see Banica-Carles-
Duyckaerts [1] and Krieger-Schlag [5]. In d = 2 dimensions, the full classification of minimal mass blow-up
solutions in the inhomogeneous case was solved by Raphael-Szeftel [16].

In the present paper, we are interested in the ground state solution of (1). To be precise, we will study
the variational problem

E; =inf < & (u) : / lul> =1 (3)
Rd

associated to the nonlinear Schrédinger functional
Er(u) = / |Vu(x)|2d:r—|—/k(m)|u(m)\2+4/ddw, u e HY(RY).
R R

By the standard techniques from calculus of variations, any minimizer ug of Fj in (3) is a solution to the
stationary nonlinear Schrédinger equation

—Aufz) + §k<x>\u<m>|q-2u<x> = ju(z) (4)

with a constant p € R (which is the Lagrange multiplier associated to the mass constraint |lul/z2 = 1).
Consequently,

u(t, r) = e~ ug(x)

is a solitary plane-wave solution to the time-dependent problem (1).

Similarly to time-dependent problem studied in [12,1,5,16], a critical feature of the ground state problem
(3) appears when —inf, k(x) crosses the threshold a* which is the optimal constant in the Gagliardo-
Nirenberg interpolation inequality:
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2/d

/ Vu(e)|?da / u(@)2de | > a” / lu(z) [P 9dz,  Vu € HL(RY). (5)
R4 R4 Rd

This inequality has been well studied in [2,18,10,6]. It is known that (5) has a unique optimizer @ up to
translations and dilations. In fact, @ is the unique radial positive solution to the equation

—AQ+Q - Q" =0. (6)

Our first result concerns the existence and nonexistence of minimizers of the variational problem Ej in

Theorem 1 (Ezistence and nonexistence of minimizers). Assume that k € C(R%).

(i) (Subcritical case: existence.) If inf k > —a* and

1
R[de < 00 (7)

then B > 0 and it has a minimizer.
(ii) (Subcritical case: nonexistence.) If inf k > —a* and

k(x)

lim sup ——- < oo, (8)

then E, = 0 and it has no minimizer.
(iii) (Critical case.) If inf k = —a* = k(xq) for some xo € R% and

k(x) —k
tim M) R@0) )
T—x0 ‘x — x0|
then Ej, = 0 and it has no minimizer except the case k = —a*.

(iv) (Supercritical case.) If inf k < —a*, then E = —oc.

Remark 2. In the subcritical case inf k > —a*, it is remarkable that the growth of k(z) as |z| — oo really
matters the existence of minimizers. Note that in the integrability condition (7) holds if

lim inf ﬂ

5> >0, for some e > 0.
|z|— o0 ‘$| +e

Thus the existence condition (7) in (i) and the nonexistence condition (8) in (ii) are mostly the complement
to each other.

Remark 3. In the critical case inf k = —a*, the condition (9) means that k is flat enough around its minimum
point zg. If k € C%(RY), then (9) is equivalent to the degeneracy condition

V2k(zo) = 0,

where V2k is the Hessian matrix of k.
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On the other hand, the opposite condition to (9) that

i (@) = k(o)

>0, for some e > 0, (10)
sz |w — xo|?E

was assumed by Merle [12] when he proved the nonexistence of minimal mass blow-up solutions for the time-
dependent problem. In fact, (10) implies the local integrability of (k(x)+a*)~%? (note that if (k(z)+a*) %>
is integrable, then by following the proof of Theorem 1 (i) we can prove that Fy > 0; see Remark 5). However,
(10) never happens if k € C2. From our analysis, the case

keC? V(o) #0 (11)

is still missing, and it is indeed related to an open question in [12, Remark after Prop. 5.4, page 76]. The
difficult case (11) has been studied by Raphael-Szeftel [16] in the context of minimal mass blow-up solutions
in R?, but it is not clear to us how to transfer their techniques to the ground state problem in the present
paper.

Next, we concentrate on the existence case (i) in Theorem 1, and analyze the blow-up behavior when
inf k£ tends to —a*. To make the analysis rigorous, we need to impose some explicit behavior of k around its
minima.

Assumption for the blow-up result. For the following blow-up theorem, we will assume that
k() =K(x)—a
with K : RY — R a fixed function satisfying:

(i) inf K =0 and K has finite minima {z; }}’:1.
(ii) For any j, there exists p; > 0 such that

lim K(z)

T, |$ — xj|17j

:/\j>0.

J

(iii) K ~%?2 is integrable away from {z; }i—1, namely for any R > 0,

K(z)~ %%z < .

min; |[z—z;|>R

Let us denote p = max{p1,...,ps}, A = min{\; : p; = p} and Z = {z; : p; = p, \; = A} (the set of flattest
minima of K).

Theorem 4 (Blow-up profile). We consider the variational problem (3) with k(z) = K(z) — a, where K
satisfies the above conditions with p > 2. Let Qo = Q/||Q]|L2 with Q be the unique positive radial solution
to (6). Then we have

lim ot = int & [ 1@+ oA [ Qo (12)

ata* (a* _ a)172/p - £50
R4 R4

1-2/p

2/p

Ap p

= 7/|33|10|QO|2+4/d m/@O'QH/d
R¢ R¢
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Moreover, if uq s a minimizer for Ey, then for any sequence a, T a*, there exist a subsequence an, T a*
and an element z € Z (the set of flattest minima of k) such that up to a phase

lim (a* = an, )" ®Pu,, (z+ (a* = an,)"/Pz) = b2Qo(ba) (13)

An, Ta*

strongly in HY(R?), where b is the optimizer for the right side of (12):

o (=2 fya o104\
2 Jpa [ Q0P |

Moreover, if Z has a unique element, then (13) holds true for the whole family a T a*.

As we will see from the proof of Theorem 4, when a 1 a*, although the ground state energy tends to
0 as O((a* — a)'~2/P) by (12), the kinetic energy ||Vug|2. tends to infinity as O((a* — a)~%/P) (see (22)
below). This blow-up phenomenon is analogous to (2) in the time-dependent problem. Actually, we are able
to provide exact details of the blow-up phenomenon by (12).

On one hand, our study can be seen as a complement of the previous works in the time-dependent
problem [12,5,1,16]. On the other hand, the ground state problem is different and has its own difficulty. In
the time-dependent problem, the energy functional is a constant in time, and the main interest is the blow-up
behavior at the critical time. In this case, the a-priori information on the initial datum and the blow-up time
is crucial for the analysis. In our problem, the energy functional has to be minimized under appropriate
constraints, and the main interest is the blow-up behavior at the local minimum of the inhomogeneous
function k(z). We have to work on the full functional space H'(R?) where the minimization problem is
formulated, and hence we are not granted any a-priori information on the ground states and the ground
state energy. In particular, our results can not be obtained by following the techniques in the time-dependent
problem.

In the following we will prove Theorem 1 in Section 2 and prove Theorem 4 in Section 3. The proof
of Theorem 1 is based on the concentration-compactness method of Lions [8,9]. The proof of Theorem 4
is obtained by a concentration argument, inspired from the paper of Guo-Seiringer [4] who studied the
blow-up profile of the Bose-Einstein condensation in 2D with the homogeneous nonlinearity (k = const)
and a trapping potential V(x) = |x|® with s > 0 (see also [13] for a related result with attractive external
potentials). Here our main task is to deal with the inhomogeneous nonlinearity, which makes the analysis
both complicated and interesting in several places.

Acknowledgments
I would like to thank a referee for helpful suggestions.
2. Existence and nonexistence of minimizers

Proof of Theorem 1. (i) By the Gagliardo-Nirenberg inequality (5), for all u € H*(RY) with |lu||zz = 1 we
have

&WFi/WM@P+/H@W@W““M
Rd Rd
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> /|Vu(:17)|2+min{infk,0}/|u(x)|2+4/ddm
Rd Rd

> <1+w>/wﬁ > 0.

Rd

Since inf k£ > —a*, we deduce that Ej > 0. Moreover, if {u,} is a minimizing sequence for Ej, then {u,}
is bounded in H'(R%). By the Banach-Alaoglu theorem, up to a subsequence, we can assume that wu, — u
weakly in H'(R?).

Let us prove that u,, — u strongly in L?(R9). First, since u,, — u weakly in H'(R%), Sobolev’s embedding
theorem implies the local convergence

x(|z| < R)un, — x(Jz| < R)u strongly in L*(R?) for every R > 0. (14)

Here y 4 is the characteristic function of the set A € R?. On the other hand, by the Gagliardo-Nirenberg
inequality (5) again we have

gk(’un) > |Vun‘2 + k($)|un‘2+4/d > (k(l‘) + a*)|un(x)|2+4/d.
Jrwwrs ] /

Rd Rd

Combining this with Holder’s inequality we find that

d/(d+2) 2/(d+2)
1
2 * 2+4/d
[ k<] [ 6@+t | worre
|| >R |z|>R |z|>R
2/(d+2)
1
< (& () @) / o
_( k(u )) (k(x)+a*)d/2

|z|>R

Since & (u,,) is bounded uniformly in n (as it converges to E) and (k(x)+a*)~%2 € L'(R%) by Assumption
(7), we obtain the uniform convergence

2/(d+2)

sup / lua|2 < C / m —0 (15)

|z|>R |z|>R

as R — oo by Lebesgue Dominated Convergence Theorem. By the triangle inequality we can decompose

ot =l oy < (] < R}t = )| ouy + (] > Ryl coasy + (] > Ryull 2.

Taking n — oo and using (14) we get
limsup |[uy, — ul|p2raey < limsup |[x(|z] < R)(un — )| L2re)
n—oo n—00

+ limsup [|x(|z| > R)un || p2ra) + [[X(|l2] > R)ul|p2(ra)

n—oo

<sup [Ix(|z] > R)unllp2way + [Ix(|7] > R)ullL2®re
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for all R > 0. Since the left side is independent of R, we can take R — oo on the right side and conclude
that

lim sup ||u, — UHLZ(Rd) < B}gn (sup lIx(|z| > R)un||r2ray + lIx(|2] > R)u||L2(R4)) =0.
n—oo o n

Here we have used (15) for ||x (|| > R)uy||r2 and Lebesgue Dominated Convergence Theorem for ||x(|z| >
R)ul|z2. Thus u, — u strongly in L?(R%) as n — oo.

Consequently, ||u||z2 = 1 since all u,,’s are normalized. Next, to deduce that u is a minimizer, it remains
to prove that

lim inf & (uy,) > Ex(w).

n—oo

Since u,, — u weakly in H*(R?) and u,, — u strongly in L?(R?), by interpolation we deduce that u, — u
strongly in LP(R?) for all 2 < p < 2*, where 2* is the critical power in Sobolev’s embedding theorem, i.e.
2* = 2d/(d — 2) if d > 3 and 2* = o if d < 2. In particular, we have u, — u strongly in L2>t%/¢(R%). Also,
by Sobolev’s embedding theorem, up to a subsequence we can assume that u,(r) — u(x) for a.e. x € R%.
Thus by Fatou’s lemma and the fact that k(x) + a* > 0, we have

timint [ (h(e) + a"lun (@) /00 > [ (ko) + 0" ful) P4/

n—oo

R4 R

Combining this with the strong convergence u, — u in L>T*/¢(R%), we deduce that

“mi“f/ k(@) un (2) 4z > / k(@) [u(z) [/ 1da.

n—oo

Rd R4

Finally, since u,, — u weakly in H*(R?), we have by Fatou’s lemma again (for the weak convergence in L?)

lim inf / Vi (2)2dz > / Vu()|?da.

n—00
R4 Rd

The latter two estimates show that

lim inf & (uy,) > Ex(u),

n—oo

which implies that u is a minimizer for EFy.

(ii) As in (i), since inf k¥ > —a* we have
in{inf £,0
(u) > (1 + %) / IVl >0
Rd

for all u € H*(R?) with |ju||z2 = 1. Thus Ej > 0, and if we can prove, under Assumption (8), that Ej = 0,
then clearly Ej has no minimizer.

Let us prove the upper bound Ej < 0 using the variational principle with a suitable trial function w.
Under Assumption (8), there exists a constant C' > 0 such that

k() < C(jz]* +1) for all z € R,
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Therefore, by the variational principle
Ep <& (u) < / |Vu(z)|?dz + C/(|:E|2 + D)|u(x) 2 dz
Rd Rd
for all w € H'(R?) with |lu||z> = 1. Replacing u by wu¢(z) = ¢¥/?u(fx), which satisfies the normalized
condition |lugl|z2 = ||ullr2 = 1, we obtain by changing of variables
Ep <& (ug) < / |Vug(z)|*de + C’/(|a:|2 + 1) ug ()[>T4 4dz
R4 R4

< 62/\Vu(x)|2dx+0/(|x|2 + ) |u(z))H dx
R¢ R

for all £ > 0. Taking ¢ — 0 we deduce that
E;, < C/|x|2|u(x)|2+4/ddx
R4
for all u € H*(R?) with ||u||z2 = 1. Equivalently, we have

Jra 2P le(@) P4/ 4da

Ek S C inf .
eHIRY.620 ([ |ip(x)[2dz) /7
Choosing
_ x(z| £ R)
QD(:L’) - (|Jj| _|_ 1)d/2’
we find that
|22l (2) [P < J(a)
and hence
C
By < 2/d
(ﬁz‘SR(|x| + 1)_ddx)
for all R > 0. We conclude that
—00
(flx‘SR(|x| + 1)—ddx>

since (|z| 4+ 1)~% is not integrable in R?. Thus Ej, = 0 but it has no minimizer.

(iii) Now assume that inf k = —a*. Then by the Gagliardo-Nirenberg inequality (5) we have
Ek(u) > / |Vu|* — a* / u|?+4/4 >0
Rd Rd

for all u € HY(RY) with ||ul/z2 = 1. Thus Ej, > 0.



T.V. Phan / J. Math. Anal. Appl. 486 (2020) 12387} 9
Next, from (9), for any & > 0 there exists r = 7. > 0 such that
k(z) < —a* + el — xo|?, Va € B(wxo,7).

By the variational principle, for all u € H'(R?) supported on B(0,r) such that ||u||p2 = 1, we have

E, <& (u(. — x0)) / |Vu(z — o) 2dz + /k(a:)|u(x — xo) [Pz
R4

/|Vu ) dx—i—/ (& + o) ulx) 2+ 4da
§/|Vu(a:)|2dx—|—/(6\m|2—a*)|u(m)|2+4/ddx. (16)
R4 Rd

We will use (16) with suitable trial functions w.
Let Qo = Q/||Q]| 2 be the (normalized) optimizer of the Gagliardo-Nirenberg inequality (5), i.e.

/\VQOP *a*/lQo|2+4/d — 0, (17)
Rd R4

Take a smooth function w : R? — [0, 1] such that w(x) = 1 for |z| < r/2 and w(x) = 0 if |x| > r. For any
£ > 0, denote

ve(x) = 02Qq (Lx)w(x).

Then v, is supported on B(0,r) and ||vel|rz < ||Qollzz = 1. Moreover, since both Qp and |VQq| are
exponentially decay (see [2, Proposition 4.1]), we have

[Pz = [ 1@l + o0 = 1+ 0(1)r-r
R4 Rd
/|va(:c)|2dac:62/|VQQ|2—i—o(l)gﬁo07

R4 R4
/|’U |2+4/dd21?*£2/|Q |2+4/d+0( )Z—)oo

Ra

[ty an < [ 1o 1o+ .
Rd Rd

Next, we use (16) with w = vy/||ve||r2. Using ||ve]|zz < 1 and the above computations, together with the
important identity (17), we get

By < T ” /|vw ) + T ” /(5|x|2—a*)|w(ac)|2+4/ddx
Uy
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1

S [
lvellZ

/|W(f£)\2dx+/(€\wl2 —a")|ug(2) T de
R4 Rd

< (14 0(1)inse) [ £ [ [P Qo()* 4 + (1)
Rd
Since Fy is independent of ¢, by taking ¢ — oo we obtain
s E/ |22|Qo () P4/ da.
Rd

Since it holds for arbitrary € > 0, by taking € — 0 we conclude that Ey < 0. Thus E; = 0.
Finally, if Ej has a minimizer ug, then using inf & > —a* and the Gagliardo-Nirenberg inequality (5) we
have

0= Sk(uo) 2 / ‘VU0|2 - a* / |’U,()|2+4/d Z 0
Rd R4

which implies that ug is an optimizer of (5). This means ug is equal to Qo = Q/||Q|| 2 up to translations and
dilations, and in particular |ug(x)| > 0 for all . On the other hand, by the Gagliardo-Nirenberg inequality
(5) again, we have

0= &i(un) = [ (blz) + a”)uo 47 2 0.
]Rd

Since k(x) 4+ a* > 0 and |ug(z)| > 0 for all z, we conclude that k(x) + a* = 0 for all z, namely k = —a*.

Remark 5. In the critical case inf k = —a*, if (k(x) + a*)_d/2 is integrable, then by using Hélder’s inequality
as in the proof of (i), i.e.

d/(d+2) 2/(d+2)
1
2 X 2+4/d
[ < | [+ ) | woriae
Rd Rd Rd
2/(d+2)

1
< (E(u) ¥+ R/ @) 1 a2 ,

we obtain Fj, > 0. The degeneracy condition (9) basically rules out the local integrability of (k(z)+a*)~%2

and hence it is important to ensures that E = 0.

(iv) Now assume that infk < —a*. Since the function k is continuous, there exist ¢ > 0 and a ball
B(zo,7) € R? such that

k(x) < —a* —e, Yz € B(xzo,r).

By the variational principle, we have
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Er < & (u(. — xq)) /|Vu 2dx+/k(a:+xo)|u(x)|2+4/ddx
§/|Vu|2—(a*+8)/\u|2+4/d (18)
R4 Rd

for all u € H'(R?) supported on B(0,r) such that ||uf > = 1.
We will use (18) with suitable trial functions u. Let Qo = Q/||Q||z2 be the (normalized) optimizer of the
Gagliardo-Nirenberg inequality (5). Since

/|VQO|2 _a*/‘Q0|2+4/d =0
R4 R4

and C°(R?) is dense in H'(R?), by approximating Qy we can find a function ¢ € C2°(R?) such that
lellz2 =1 and

J19eP = (@ +2) [1oP <o, (19)
Rd

Rd

Next, for any £ > 0 define
we(@) = 20z — x0).

Since ¢ has compact support, if ¢ > 0 is sufficiently large, then wu, is supported on B(xg,r). Thus we can
use (18) with the trial function wg, which gives

Ek S/‘VU@lQ—(a*+E)/|UZ‘2+4/d

R4 Rd

=2 | 19— (@ ) [P
Rd

Rd

for all ¢ > 0 sufficiently large. Taking £ — co and using (19) we conclude that E = —co. O
3. Blow-up analysis

Proof of Theorem 4. Step 1: Energy upper bound. This is done similarly as in the proof of Theorem 1.
Without loss of generality let us assume that z; € Z. Then for any € > 0, there exists r = r. > 0 such that

k(z) <(A+e¢)|lx —z1|P —a, Ve B(xy,r).

Then by the variational principle, for any u € H'(R%), supported on B(0,r) with ||u||zz = 1 we have

Ex < Ex(u(. — z1)) /|Vu )2+ /((/\ + o)zl — a)lu(z) Pt dz. (20)

Now we choose a trial function u. Let Qy = Q/||@Q||z2 be the (normalized) optimizer of the Gagliardo-
Nirenberg inequality (5). Take a smooth function w : R — [0,1] such that w(z) = 1 for |z| < r/2 and
w(z) =0 if |z| > r. In (20) we choose
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w=wvg/|vel|2, with wve(z) = £Y2Qo(lx)w(x).
Since both Qg and |VQo| are exponentially decay (see [2, Proposition 4.1]), we have

/ jog(a)|2dz = / 1Qol? + (6 )
]Rd,

Ra

/ Vor(a)Pde = £ / VOO + 0(6=) e,
Rd R4
/ o) P 4da = 2 / QP4 4+ 060,
R4 Rd

/|x\P|w(x)|2+4/ddx < 627p/|x|p‘QO($)|2+4/ddx.

Rd R

Here 0(¢~°°)y_,o, means an error smaller than any polynomial decay o(¢{~*) with s > 0. Combining with
[lvellLz < 1 and (17), we get from (20) that

E, < H H /|Vw | doe + ——— ” ” /(()\+5)|x|pfa)|vg(x)|2+4/ddx
Vg

/\Vw |2dx+/(()\+s)|x\p a)|ve(z)| dx

Rd

< —
HWH

< (1 +0(f™%)1m00) X

x | 2(a* —a)/\Qo|2+4/d+£2 P(A+e) /|x|p\Q0|2+4/d+0(€ Yoo
Rd

Choosing
L= (a*— a)*l/pf

with a constant & > 0 independent of a, we obtain

Ey 2 2+44/d | ¢2-p » o4/d
sy 2k < [P @004 e) [laPlQf
Rd d

Since £ > 0 and € > 0 can be chosen arbitrarily, we conclude that

Ek 2 244/d 2— 2+4/d
fmsup ke < int 1€ [ 1@+ 20y [ arigofy
R4 R4

The right side is attained its minimum value at

o (222 S b I TP (o= 2N f lePlQEF N
0= 2 e | Qo FH1/d = 2 o [QP/ ’
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and hence

1-2/p

2/p

: Ey, Ap p

llmsgpm S| 5 / |2 [P|Qo[*+4/ p—2 |Qo[*+*/4 : (21)
ata R R

Step 2: Kinetic energy estimates. Now take u, be a minimizer for Fy with k = K —a. When a is sufficiently
close a*, let us prove that

C(a* — a)72/p > / \Vua|2 >a* / |ua|2+4/d >C Ya* — a)72/p (22)
Rd R4

for a constant C' > 0 independent of a.
Using the Gagliardo-Nirenberg inequality (5) we have

E; = &r(uq) :/|vua|2—a/|ua|2+4/d+/K|ua|2+4/d
R4 Rd Rd

a
> (1_ 2 2+4/d
> (1 a*>/\Vua| +/K|ua| (23)
R4

Rd

Since K > 0 we have

E > (1 - %) /|Vua|2

R4

and the first inequality in (22) follows from the energy upper bound (21). The second inequality in (22) is
exactly the Gagliardo-Nirenberg inequality (5). The most difficult part is the third inequality in (22). Inspired
by Guo-Seiringer [4] (see also [13]), we will prove that a substantial part of the mass of u, concentrates
close to the minima z; of K. However, the perturbation method in [4,13] does not work in our case and we
have to develop new ideas in the proof below.

Our key point is to use the fact that K (x)~%/? is integrable away from the minima z;. To be precise, for
r > 0 small let us denote

A, ={zeR: |z —zj| >rforall j =1,2,..,J}
From the assumption on K, we know that if 0 < » < R small, then
K(z) < Cmax |z —z;|P, Vre A, \Agr
J

and K (x)~%? is integrable on Ar. We will take R small but fixed (independent of @) and choose r = r,
small. Consequently,
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/K(x)*d/de: / K(a:)d/deJrA{K(:c)d/de

A, AN\AR

gcz / |z — ;| %%z + Cg
! r<lz—z;|<R

< Ord-r/2)

for a constant C' > 0 independent of 7.
Now we estimate the mass of u, away from minima {z;} using Holder’s inequality

d/(d+2)
/‘ua|2 < /K‘Ua|2+4/d /K—d/2
A, A, Ar

From (23) and the upper bound on Ej, in (21) we have

2/(d+2)

/Klua|2+4/d < /K\ua|2+4/d < Ep < C(a* _a>1—2/p.
A, R4

Combining with (24) we obtain from (25) that
d/(d+2) 2/(d+2)
/|Ua|2 < (C(a* _a)1—2/p) (Crd(l—p/2)>
Ay

r } 745 (2—p)

= C _—
o
Since p > 2, if we choose
r = Coy(a* — a)l/”

with a big, fixed constant Cy > 0, then we conclude that

1
[l <3
A,

Since ||uqllz2 = 1, the latter bound is equivalent to

|ua‘2 >

]Rd\Ar
Finally, using Holder’s inequality again (with the above choice (26) of ) we have
d/(d+2) 2/(d+2)

< e fue] ()

R\ A, R\ A, RA\A,
d/(d+2)

/‘ua|2+4/d (Crd)2/(d+2)

Rd

IN

(25)

(26)

(27)
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which implies the third inequality in (22)

/|Ua|2+4/d > C—l(a* _ a>—2/p.

Rd

Step 3: Convergence of minimizers by compactness argument. We recall the following well-known compact-
ness results for the variational problem

0 = inf /|Vu|2 —a*/|u\2+4/d cue HYRY), fuflp =15 (28)
Rd R4

Lemma 6. Let {p,} be a minimizing sequence for the variational problem (28) such that
c! ﬁ/\wnF <C
R4

for a constant C > 0 independent of n. Then up to a subsequence when n — oo, there exist 0 € R, b > 0
and {z,} C R? such that
on( — 2) = €2bY2Qq (ba)
strongly in H'(R?).
This lemma follows from the standard concentration-compactness method [8,9] (see e.g. [14, Appendix

A] for a detailed explanation).
To apply Lemma 6, we need to rescale u, to ensures that its kinetic energy is of order 1. Denote

va(z) = (a* — a)YCPuy((a* — a)'/P2),
Ua(z) = (a* — a)~YCPyy((a* —a)"VPx).

Using K > 0 we obtain

Ek > /|vua‘2_a/|ua‘2+4/d
Rd R4

= (a* — a)fQ/p /|Vva|2 — a/ \Ua|2+4/d
Rd Rd

Combining with the upper bound on Fj in (21), we find that
/|wa\2 _ a/ a4/ < C(a* — a) — 0.
R4 R4

Thus {v,} is a minimizing sequence for the variational problem (28) as a 1 a*. Moreover, from the kinetic
estimate (22) from Step 2, we find that
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c'< /IvvaF <cC
]Rd

for a constant C' > 0 independent of a. Thus by Lemma 6, up to a subsequence (i.e. a,, T a*, but we will
write a 1 a* for simplicity) and up to a phase, there exist a constant b > 0 and a sequence {z,} C R¢ such
that

Va(T — 24) = bY2Qo(bx) (29)
strongly in H*(R?) as a 1 a*.

Step 4: Determination of {z,}. Now let us give more information on the sequence {z,} in (29). Recall (27)
which implies that

1
Z / ‘“a|2 > 9
I |o—zi|<r

*

Recalling the choice (26) of r and the definition of v,, we obtain, by the change of variable y = (a* —
a)~ Py 4 2,

1
> / oy — z0) 2 = 2.
7 ly—2a—(a*—a)=1/72;|<Co
From the strong convergence (29), we deduce that
d 2o 1
5 H1Qo(by) > 5.

! Jy—za—(a*—a)=1/Pa;|<Co

Thus we can find some jy € {1,2, ..., J} such that

1
b4 Qo (b)) ]? > —
|Qo(by)] _2J>0

|y7za7(a*7a)*1/1’:cj0 |<Co

along a subsequence a 1 a*. Since Qo exponentially decays, the latter bound implies that z,+ (a* — a)*l/ P,
is bounded. Thus up to a subsequence again, we can find 2y € R? such that

za + (a* — a)*l/p:rjo — Zo.

Since the translation action is continuous in L?(R?), we can eventually replace z, by z¢ — (a* — a)~/Pz;,
in (29) and obtain

Vo (z + (0™ — a)*l/pxjo — o) — bd/QQo(bx) (30)

strongly in H'(R?) as a 1 a*.

In the following we will prove that x;, € Z (the set of flattest minima), g = 0 and determine b exactly.
All this requires an exact asymptotic analysis of the energy Ej. The sharp upper bound has been given in
Step 1, and now we focus on the matching lower bound.
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Step 5: Energy lower bound. Using the Gagliardo-Nirenberg inequality (5) as in (23) and putting back the
definition of v,, we have

Ey = &r(uq) > (a* —a) / ug|?+4/d +/K|ua|2+4/d
R4 Rd
_ ((J,* _a)1—2/p/ |’Ua|2+4/d
]Rd

+(a* —a)™%? | K(zj, + (a* —a)/Pz)x (31)
/

2+4/ddx.

X Jva( + (a" = a) " Pay,))|

The first term on the right side of (31) can be estimated exactly using (30) and Sobolev’s embedding
theorem, i.e.

Jreapesa s [ 2ot/ an = [ Qo 4/,
R4 R4

Rd
To deal with the second term on the right side of (31), let us use the local information of K around its

minima xj,:

lim K(z)

o2 |8 — 5 P

:Ajo >0,

or putting differently,

1o Koy, + (* = 0)'/7)

= Ay d
ataer ((CL* - a)l/p|$|)PjO - >\]07 for all z € R“®.

Moreover, the convergence (30) implies that, up to a subsequence,
Va(x + (a* —a)"VPx;) — bY2Qo(b(x + 20)) for ae. z € RY.
Thus we have the pointwise convergence

lim (a” — a) PP K (a, + (0" — a)'/P) oo 4 (a7 — )7 P, )PV
aTa*

2+4/d
= Nl (b92Qo(bla +20)))

Therefore, we can estimate the second term on the right side of (31) using Fatou’s lemma

liminf(a” — a) 07 [ K(aj, + (0" = ) Pa)fun(i + (0" a) 7y )
R4
> [ ifal (82 Qo(0(a + o)

R4

)2+4/d

N / (P50 [ Qo ( + bo) |24/ d.
Rd
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In summary, we deduce from (31) that

By, > (a* —a)'™%/P bz/l%l”‘*“ + 0(1)a—sa-
Rd

(@ = ol 2 | ol Qoo + bro) PHds + 0(1)
Rd

Here we know by a-priori that p;, < p. However, if p;; < p, then
(a* — a)pjo/p*Z/p > (a* — a)172/p

in the limit a 1 a*, leading to a contradiction to the upper bound (21) in Step 1. Thus we must have

Pj, =P
and hence
. Ey 2 24+4/d
hg%;{lfm >b /|QO|
R4
+ X, b7 / 2[P|Qo(x + bxo )[>T4/ d. (32)
Rd

Step 6: Conclusion. Combining the upper bound (21) and the lower bound (32) we find that

p? / Qo4 4 Ay b2 / 12| Qo + bao) P/ da
R4 Rd

<inf € [1QuP+ 26 [ al7lQofa) s | (33)
R4 R4
Since pj, = p, by the definition of A we have
Ajp = A
where the equality happens if and only if 2, € Z (the set of flattest minima). Moreover, since Q) is radially

symmetric decreasing and |z|P is radially symmetric (strictly) increasing, by the rearrangement inequality
(see [7, Theorem 3.4 and the associated remark]) we have

/ 27| Qo + bao) [P/ < / 27| Qo) P/ da
R4 R4

with the equality happens if and only if 2y = 0. From the matching identity (33) we conclude that

.TjOEZ, x9g=0
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and b is exactly the optimal value on the right side of (33)
1
(0 =D [ laPlQ>H 4\ 7

b= 50 = 2fRd |Q|2+4/d

Thus we have proved the desired energy convergence from (21)-(32)

im i B i 2 2+4/d 2— 244/d
e P T A / Qo #4/4 + X277 [ |af”|Qo () [/ *dx
R4 Rd

and the ground state convergence from (30)
Vo (z + (a* — a)_l/pmjo) — bd/on(bx),
strongly in H'(R?), which is equivalent to (13):
(a* — a)¥ PPy, (zj, + (a* — a)/Px) — bY2Qq(ba).

So far, we have to prove these convergences up to a subsequence a,, T a*. However, since the limit in
the energy convergence is unique, the energy convergence holds for the whole family a 1 a*. Moreover, if Z
has a unique element, then the limit of the ground state convergence is also unique, and the ground state
convergence holds for the whole family a 1 a*. This ends the proof. O
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