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1. Introduction
In this paper we are concerned with the following Schrodinger-Poisson system involving critical growth

—&2Au+V(z)u = f(u) + [uPPugp, z€R3,
—e2A¢ = |ul’, xr € R3, (1.1)
u e HY(R3), wu(z) >0, xr € R3,

where € > 0 is a parameter, V and f are satisfied some suitable conditions which will be stated below.
The investigation of equation (1.1) is motivated by recent studies of Schrodinger-Poisson system

—Au+bu+ Apg(u) = f(u), = €R?, (1.2)
—A¢ =2G(u), z e R3, '
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where the functions g(u) and G(u) satisfy [g(u)| < C(|u| + |u|?) for some ¢ € [1,4),G(u) = [, g(t)dt, and
f(u) satisfies |f(u)] < C(Ju| + |ul?) for some p € (1,5]. Eq. (1.2) arises in many interesting mathematical
physics contexts, such as in quantum electro-dynamics, to describe the interaction between a charge particle
interacting with electromagnetic field, and also in semi-conductor theory, in nonlinear optics and in plasma
physics. We refer to [7,4,12,34] for more details on physical aspects.

For subcritical nonlinearity f with p € (1,5) and subcritical nonlocal term g with ¢ € [1,4), problem
(1.2) was studied by several authors, see for instance, [8,28]. In [8], system (1.2) on bounded domain Q C R3
was considered for positive and negative value of A. In [28] system (1.2) was studied and it was showed that
there exists a positive solution for small A > 0. When g(u) = u*, Li, Li and Shi [26] proved the existence of
positive solutions to (1.2) by using variational method which does not require usual compactness condition.
Later, in [27] they studied the existence, nonexistence and multiplicity of positive solutions to (1.2) are
influenced on the parameter ranges of \.

Recently, Azzollini, d’Avenia and Vaira [10] considered the following Schrédinger-Newton type system
which is equivalent to a nonlocal version of the well known Brezis Nirenberg problem

—Au = u+ |ul* “3up, inQ,
—Ap = |ul* 1, in Q, (1.3)
u=¢=0 on 0N

where Q € RY, N > 3 is a smooth bounded domain. They studied the existence and nonexistence results of
positive solutions when N = 3 and existence of solutions in both resonance and the non-resonance case for
higher dimensions. In [31], Liu studied the following asymptotically periodic Schrédinger-Poisson system
with critical exponent

—A¢ = K(x)|ul, in R3, (14)

{ —Au+ V(z)u— K(z)p|luPu = f(x,u) in R3,
where V|, K| f are asymptotically periodic functions of z. The author proved the existence of positive solutions
to (1.4) by the mountain pass theorem and the concentration-compactness principle.

In the special case g(u) = u, system (1.2) reduces to the following well known Schrédinger-Poisson system

—A¢ =u?, in R3, (1.5)

{ —Au+ V(2)u+ Ap(x)u = f(z,u) in R3,
which has been studied by many authors, see for example, [7,4,6,18,16,25,34,36-38,43,44,47,48] and the
references therein. In [5,7,36], the existence and multiplicity of positive solutions were considered for various
A and p; when V depends on z and is not radial, and f is asymptotically linear at infinity, the existence of
positive solution for small A and the nonexistence of nontrivial solution for large A were obtained in [43];
when V' depends on z, the existence of a sign-changing solution was proved in [44]; when V' depends on
x and is sign-changing, the existence and multiplicity were investigated in [47]; existence of a nontrivial
solution and concentration results were showed in [23,42,48]. Moreover, the ground state solutions for (1.5)
were considered in [9]; the ground and bound state solutions for system (1.5) were studied in [24,38].

We notice that, in all the papers aforementioned, only few papers like [26,27,31] deal with problem (1.4)
which is involved with the critical growth for the nonlocal term. The purpose of this paper is to prove that
system (1.1) has a ground state solution and relate the number of positive solutions with the topology of the
set where V attains its minimum. By using variational method and the Ljusternik-Schnirelmann category
theory we shall establish the multiplicity of positive solutions to system (1.1) concentrating at the minimum
points set of the potential V', when parameter € is small enough. To the best of our knowledge, there is
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not any results for system (1.1) on the existence, multiplicity and concentration of positive solutions in the
literature.

We remark that the lack of compactness caused by the unboundedness of the whole space R? and the
critical growth in the nonlocal term ¢, |u|>u (see Section 2), makes the situation more complicated to handle
with system (1.1). To overcome these obstacles, we shall transform system (1.1) into a nonlinear Schrédinger
equation with a non-local term and apply the variational methods. The compactness involving Palais-Smale
sequences are recovered by adopting some more delicate analysis and tricks.

In order to state the main result, we introduce some basics assumptions on the functions V' and f. For
the potential V', we assume that V : R3 — R is a continuous function satisfying

(V) 0 < Vo =infegrs V(z) < liminf, oo V(2) = V.

This kind of hypothesis was first introduced by Rabinowitz [35] in the study of a nonlinear Schrédinger
equation, and in this paper we shall consider the case V, < 0o or Vo, = oo. Since we are only concerned
with positive solutions of (1.1), we may assume that f : R — R is a function of C?! class and satisfies the
following conditions:

(f1) f(s)=0forall s <0

(f2) limor 7 = 0;

(f3) there exists g € (3,5) verlfymg hmé_mo % =

(f1) 30 > 4 such that 0 < 0F(s) :=0 [ f( d7<sf()foralls>0;
(fs) the function s — f(3) is increasing in (0, 00).

The assumptions on V and f are quite natural in this context. Assumption (V') was first employed in
[35] to take into account potentials which are possibly not coercive. Hypothesis (f1) is not restrictive since
we are concerned with positive solutions, and (f2) — (f5) are indispensable to use variational techniques
which involve in the Palais-Smale condition, the Mountain Pass Theorem and the Nehari manifold. For this
aim, we recall that {u,} is a Palais-Smale sequence for a C! functional I at level ¢ € R, if I(u,) — ¢ and
I'(u,) — 0. We shall abbreviate this by saying that {u,} is a (PS). sequence. Furthermore, the functional
I is said to satisfy the Palais-Smale condition at level ¢, if every (PS). sequence has a strongly convergent
subsequence.

In order to relate the number of solutions of (1.1) with the topology of the set of minima of the potential
V', we introduce the set of global minima of V' given by
M={zecR®: V(z)=V, = inf, V(z)}.
(S

In view of (V), the set M is compact. For any ¢ > 0, we denote by Ms = {x € R : dist(x, M) < §} the
closed d-neighborhood of M.

Theorem 1.1. Suppose that | satisfies (f1)—(f5) and V verifies (V). Then, for any § > 0, there existses > 0
such that, for any e € (0,e5), problem (1.1) has at least catpr, (M) positive solutions, for any e € (0,¢5).
Moreover, if u. denotes one of these positive solutions and n. € R? its global mazximum point, then

lim V(n.) = V.
e—0

We recall that if Y is a closed subset of a topological space X, the Ljusternik-Schnirelmann category
catx(Y) (if X =Y we just write cat(X)) is the least number of closed and contractible sets in X which
cover Y.
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In order to obtain multiple solutions for (1.1), we use some techniques introduced by some papers of
Benci, Cerami [11], and Cingolani, Lazzo [17]. The main idea is to make precisely comparisons between
the category of some sublevel sets of the energy functional of (1.1) and the category of the set M. For
more applications of the Ljusternik-Schnirelmann theory on the study of Schrédinger equations, p-Laplace
equations, quasilinear equations, we refer the reader to [1,2,20,21] and references therein.

The paper is organized as follows. In Section 2 we present the abstract framework of the system as well
as some preliminary results and present some compactness properties of the functional of the autonomous
problem. In Section 3 we prove system (1.1) has a positive ground state solution. Section 4 is devoted to
the proof of Theorem 1.1. A technical lemma is given in the Appendix.

As a matter of notation, we denote with B,.(y), respectively B,, the ball in RY with radius 7 > 0 centered
in y, respectively in 0. The LP-norm in R¥ is simply denoted with | - |p. If we need to specify the domain,
let us say A C RY, we write | - |Lr(a). From now on, the letter C,Cy,i = 1,2,---, will be repeatedly used
to denote various positive constants whose exact values are irrelevant.

2. The variational framework and preliminary results
2.1. Variational framework and notations

Throughout the paper we suppose that the functions V and f satisfy conditions (V) and (f1) — (f5),
respectively. To fix some notations, we denote the standard norm of H'(R?3) by

lalf = [P + ),
R3
and the norm of DV2(R3) by
lulfrasy = [ IVude
R3

For every u € H'(R3), and any fixed ¢ > 0, the Lax-Milgram theorem implies that there exists a unique
¢u € DV2(R3) such that (e.g. [31])

—e? Ay, = |ul®. (2.1)

Moreover,

bu(z) = 1 @),

= 2.2
47r62]R3 |z — y| (22)

We next summarize some properties about the solution ¢,, of the Poisson equation in (1.1) which will be
useful in the following.
Lemma 2.1. For any u € H'(R?)\{0}, there exists a unique ¢, € DV?(R3) which is the solution of

—A¢ = |u® in R3, (2.3)

and ¢, can be expressed as the form
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U 5
ou0) =4 [ 1 ay, (2.4
R3

Moreover,

(i) du(z) >0 for z € R3;

(iii) for any t > 0, pp, = t2Py;

(iv) |Voula < S72|Vul3, where S = inf,c g1 (way oy [V[3/[0[3;
(v) [Vul3 = 20|ul§ — 6%|Vul3 for any 6 > 0;

(vi) for any u,v € DV2(R3),

/¢u\v|5dx: /qbv|u|5dx;
R3 R3

(vii) for every u,ui,us, -, ur € H'(R3),

3

k
Jul® = luil®
i=1

0|~

k
¢u - Z d)ul
i=1

<
6

6

5

(viii) if {u,} € HY(R®) and u € HY(R®) are such that u, — u in H*(R?) and u, — u a.e. in R® as
n — 00, then ¢, — ¢ in DV2(R3). Moreover,

/qbun|un|5d:v — /(bun,u\un — u|5dac = /qbu|u|5da: + o, (1).
R3 R3 R3

Proof. The existence and uniqueness of ¢,, follows from the Lax-Milgram theorem. The conclusions (i), (ii)
and (iii) are clear from the definition of ¢, and (2.3)-(2.4).
(iv) Multiplying (2.3) by ¢,, integrating and using Holder inequality, we have

Vol = / bulufdr < |duloluls < 573Vul3| Va2
]RB

and then (iv) holds.
(v) Multiplying (2.3) by |u| and integrating, we have

1 )
|ulg = /V¢uv|u|d$ < %|V¢u|§ + §|V’u|§ for any § > 0

R3

and so (v).
(vi) We observe that for any u,v € D12(R3), one has

[odutas = [Vouv6us = [oubias
R3 R3 R3

and then (vi) follows.
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(vii) By the definition of S, properties (ii) and (vi), and the Holder inequality, we get

2 2

k k
i=1 6 i=1 2
1 k k
— 5 [0 Yol = Y uP)da
R3 i=1 i=1

1
< =
- S

k
Ju® = fuil®
i=1

L 6
6 5

k
¢u - Z (qu
i=1

and (vii) follows.
(viii) For any v € H'(R3) — D%*(R?), using u, — w in L5(R?) and u,, — u a.e. in R3, we have
[un|® = |ul® in L3 (R3). Thus

w, s V) DL2(R3) = up|®vdz — ulPvdz = (¢, v) pr2rs).
n (R3) (R3)
R3 R3

Therefore, ¢, — ¢, in D?(R3). Furthermore, by applying (vi) we get

/¢un|un|5dx - /¢un_u|un — ul’dx
R3 R3

- / (b, — b —)([tn]® — i — [ dz 25)
RB
+ 2/(¢un - (ybun—u)‘un - u|5d£L'

R3

An easy variant of the classical Brezis-Lieb Lemma (e.g. Lemma 2.5 [32]) yields that
[tn|® = [tn —ul® = |u|® in Lg(Rg) as n — 0o

and applying (vii) we get

bu, — Pu,—u — Gu  in LE(R?) as n — oco. (2.6)
Therefore,
/(Gﬁun — bup ) ([tn]® = Jun — ul?)dz — /¢u|u|5dl‘ as n — 00. (2.7)
R3 R3

Moreover, applying Proposition 5.4.7 [46], we have |u, —u| — 0 in L3 (R3). Hence, since ¢, € LS(R3) and
using also (2.6),

/(¢un - ¢unfu)|un — ’LL|5d£E
R3

— /(¢un — Pupy—u — ) Uy, — u|5dac + /¢u|un — u|5dx -0
R3

R3

(2.8)
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as n — oo. Combining (2.5)-(2.8) we get (viii). O

Making the change of variable ez = z, we can rewrite (1.1) as the following equivalent equation

—Au+V(ex)u= f(u) + [uPud,, z€R3,

(2.9)
u€ HYR?), u(z) >0, z € R3.

For any € > 0, let H. = {u € H'(R®) : [ps V(ex)u* < oo} be the Sobolev space endowed with the norm

\|u||§ = /(|Vu|2 + V(sx)u2)dx.
]R3

At this step, we see that (2.9) is variational and its solutions are the critical points of the functional
I. : HY(R3) — R given by
1 2 2 1 +15
I.(u) = ) (IVul® + V(ex)u*)dx — | F(u)dx — 10 Pyt |0 d. (2.10)
R3 R3 R3

Moreover, I. belongs to C'(H.,R).
Next, we define the Nehari manifold [45] associated to I. by

N:=<cue H\{0}: (|Vul? + V(ex)u?de = | f(u)uds + [ ¢u+|uT|?dz 3,
/ fromes]

R3

and consider the following minimization problem

ce = inf I.(u).

ueN,

As we shall see in the sequel, it is important to compare the minimax value ¢, with the mountain pass level
of the autonomous system

— Au+ pu = f(u) + dluPu in R3,
— A¢ = |ul® in R, (2.11)
u € H'(R?), u(z) >0, Vo cR3,

where € RT. The solutions of (2.11) are precisely critical points of the functional defined by
1
E,(u) = 5 /(|Vu\2 + pu?)dx — /F Ydz — — /gbu+|u+|5daﬁ
R3 R3

Let M,, be the Nehari manifold of E, given by

M, =< ue H\{0}: /(|Vu|2 + pu?)dr = /f(u)udm + /¢u+|u+|5dx ,
R3 R3

R3

where H, = H'(R®) is endowed with the norm [[u||? = [gs(|Vu|* + pu?)dz. We define m,, by setting
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my, = uér/l\f[; E,(u).

The number m,, and the manifold M, have properties similar to those of ¢, and N;.
2.2. Technical results

In this subsection we will show some lemmas concerned to the functional I.. Firstly, we have the following
properties of the Nehari manifold N..

Lemma 2.2. The following properties for the manifold N hold true:

(i) For any u € H\{0}, there exists a unique t, > 0 such that I.(t,u) = max;>o I (tu) and t,u € N-.
(ii) There exists r* > 0 such that ||ullc > r* for Yu € N;.

Proof. (i) Denote by the function g(t) = I.(tu) for t > 0. It is easy to verify, using (f1) — (f3) that g(0)
and g(t) < 0 for ¢ > 0 large. Therefore max;>o g(t) attains its maximum at some ¢,, > 0 such that ¢'(t,)
and t,u € N.. Suppose there exist ¢t} > 2 > 0 such that t:u € N.,i = 1,2. Then

(e - e ) P

_ [y F@E] ey ) .
_/ [ ] o+ [(,)° — (£2)°] R/ s [utPd

(thu)?®  (Hu)?
R3

=0
=0

which is a contradiction by virtue of (fs), and so tL = t2 > 0. Moreover, the function u — ¢, is continuous
from H.\{0} to (0,00) (e.g. [35]).
(ii) It follows from (f1) — (fs) that, for any € > 0, there exists Ce > 0 such that

F@O)] < elt| + Ceft]?, vteR. (2.12)

Thus, for any u € N, by the Hélder inequality, Sobolev inequality and (iv) of Lemma 2.1, one has

0= ||u||§ — /f(u)udx — /(Z)u+|u+|5dx
R3 R3

1
G
> ||ul)? - e/qux — C€/|u|q+1dsc — /|¢u+\6dx /|u+|6dx

> [ul[2 = eCllullZ — CCJJul|#! = Clul|°

from which
l|lulle >r* >0 forVueN.. O (2.13)
The functional I. satisfies the mountain pass geometry.

Lemma 2.3. The functional 1. satisfies the following properties.

(i) There exist o, p > 0 such that I.(u) > a with ||ul|- = p.
(ii) There exists e € Bg(0) with I-(e) < 0.
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Proof. (i) For any v € H.\{0} and € > 0 small, it follows from (f;) — (f3) that there exists C. > 0 such
that

C.
|F ()\,—t2 +1lt\q“, vt € R.

Now by the Sobolev embedding H. < LP(R?3) for 2 < p < 2* and by the Hélder inequality and (iv) of
Lemma 2.1, we have

I.(u) = %/(|Vu|2+V(sx)u2)dx—/F( Ydx — 10/¢u+\u+|5dx

R3
> gl =5 [ wtdr— 5 e lbulslul?
-2 £ 2 10
R3
1 €
> (5 5) Il = CCullz™ = Clul

Hence we can choose € = % and some «, p > 0 such that

I.(u) > a with ||u]lc = p.

ii) By (f1), (f1), we have F(t) > 0 for all ¢t € R. Take a 0 < ¢ € C°(R?), then
0

2
Litg) = 5 [Vl + Vier))da - / (t)dz — / bl
RS
t2 2
< & [49eP + Vierypar - 55 /¢¢|¢| d
RS
<0

for ¢ > 0 large enough. Hence, we can take e = t*¢ with some ¢t* > 0 large and (ii) follows. O

Tt follows from Lemma 2.3 and the mountain pass theorem without (PS) condition [45], there exists a
(PS). sequence {u,} C H. such that I.(u,) — c. and I’(u,) — 0 in HZ! with the minimax level

c. = inf sup I.(g(t)) >0, (2.14)
9€L te[0,1]

where T' = {g € C1([0,1], H.) : g(0) =0, I-(g(1)) < 0}. Moreover, we have the following assertion.
Lemma 2.4. The sequence {u,} is bounded in H..

Proof. Let {u,} be a (PS).. sequence for I.. From (fs5), it follows that:

the function ¢ € [0,00) — f(t)t —4F(t) € R is strictly increasing. (2.15)
By (f1), (f1) and (2.15) we get
F(Ot —4F(t) > 0, Vt € R. (2.16)

Therefore,
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on(D|lunlle + 4ce = 41 (up) — I (up)up

= luall2+ [ 17Cun) = 4Pl + 3 [ 6,5 P
R3

R3
> [|unll?.
Hence, {u,} is bounded in H.. O
Remark 2.5. If we denote uf = max{4u,,0} as the positive (negative) part of u,, then one has
I(up)(—u;) = |luy||? = on(1). Note that |luf||? > C > 0 for n large. Otherwise, we would have

lunl|? = on(1) and I.(u,) — 0 as n — oo, which contradicts to (2.13). So, in the sequel, for any (PS)
sequence {u,} of I., we may assume that it is a nonnegative sequence.

From Lemma 2.4, there exists a u € H, such that u,, — u in H, and u,, — v a.e. in R3. Adopting similar
arguments as in Proposition 3.11 [35], we have the following equivalent characterization of ¢., which is more
adequate to our purpose.

= inf I (tu) = inf I > 0. 2.17
R ATYE R S =10

In the rest of this subsection, we shall show that m, can be compared with a suitable number which
involves the best constant S.

Lemma 2.6. For any pu > 0, there exists u. € H,\{0} such that

2 2
max E,(tue) < 552.
In particular m,, < %S%.
Proof. For each € > 0, consider the function
3¢2)%
UE(:'U) = ( ‘ )4 1-
(€ +|z]?)2

We recall that U, solves
—Au=1u", in R3.

By a result due to Talenti [39] we have

/|VUE|2dx - /|UE|6dx = 5%,
R3 R3

Let n € C§°(R3,[0,1]) be such that 0 < n < 1,n(z) = 1 if |x| < 1 and n(x) = 0 if |z| > 2. Setting
5|, we

ue = nU|nUc|5 ", and computing as in [23], [15], we have
[Vu |3 =S+ O(e) (2.18)

and
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O(e?), if r € [2,3);
juely = { O(ez[logel), if r=3; (2.19)
O(e°7"), if r € (3,6).

By Lemma 2.2-(i), there exists t,, > 0 such that ¢, u. € M, and E,(t, u.) = max¢>o E,(tu.). We claim
that there exist constants k1, ko > 0 such that

0 < ki <ty <ks<oo. (2.20)

In fact, using ¢, ue € M, and Lemma 2.1-(ii), (v) with § = |[Vuc|;?, we have

2 e = / F (b, )t tede + 110 / G e
R3 R3

> ti?/¢u€|ue|5dx

RS (2.21)
Ztie 26/\u€|6dx—52/|Vu€|2dx
RS R3
2

which implies that ¢, is bounded from above by some constant ko > 0 by virtue of (2.18). On the other
hand, by the first equality of (2.21) and (f2) we see that ¢,,_ is bounded from below by some constant k; > 0.
Thus (2.20) holds true.

Again, by using Lemma 2.1-(ii) and Lemma 2.1-(v) with 6 = 1, we infer that

E,(u) = /(|Vu|2+uu da:—/F dx — %/(bu\uf’dx

R3

/(|Vu|2+uu dm—/F d:r:——/|V<zﬁu| dx
/|vu| dr + = / u?dr — / de—/F

Therefore, we have

E, (tue)

| /\

2 6
3t /|V | dz + 2 / ulde — % —/F(tue)dz
(2.22)

R3

[I>

g(t).

By (f1) — (f3) we see that lim; . g(t) = —oo and g(t) > 0 as t is closed to 0. So, sup;> g(t) is attained at
some t. > 0.
From

! 6 2 2 6#61 -1
0=g (te) =t 5 |Vu€| dx +p uedas - ? - f(teue)uete de |,
RS R3

R3

we have
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6 2 2 6t -1
R [Vuel“de +p [ uide = = + [ f(teuo)uct, "dx
R3 R3 R3
4
)

which implies that t. is bounded from above by some t; > 0. On the other hand, by (f1) — (f3), for any
fixed 7 > 0, there exist C, > 0 such that f(t) < 7(t +t9) + C,t2, Vt >0, and so

6 6t

g/\VUE\deS ?ﬁ—i—/f(teue)uet;ldx
R3 R3

62

<
-5

+ /[Tuz + Ttg*lug+1 + Crtoudlda.
R3

Choosing € small enough, by (2.18), (2.19), we obtain

S
4
(te) > 9"

That is, we get a lower bound ¢; > 0 for t. independent of €. Thus, 0 < t; < t. < to.
Now we estimate g(t). Set g(t) = % Jrs |Vue?dz — % Then g(t) attains its maximum at

4

tmax = /|Vu€|2dx
and
. 2 , T 2 .2 .
I(tmaz) = R |Vucl|°dx | = 5(5 +0(e))2 = 552 + O(e). (2.23)

Consequently, by (2.18), (2.19) and (2.23) we get

_ ut? 9
glte) = g(te) + o5 uzdr — | F(teue)dx
R3

R3
< g(tmax) +Cl/|ue|2dx - /F(teue)d‘r (224)
R3 R3
23
< 552 + O(e) — /F(teue)dx.

R3

By the definition of u., one has
teue > Ctye™® if 2| <e<1.

By virtue of (f4), we see that F(s) > C1s? — Cs,V¥s € R, for some C;,Cy > 0. Then for any K > 0, we
have F(teue) > K (teuc)* > K(Ctie2) if |#] < € << 1. Therefore,

/F(teue)dx > / F(teue)dr > K(C’tle*%)4 / dx = KChe. (2.25)
RS B(0) B.(0)
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Combining (2.24) and (2.25) we obtain

Ofe) - / Fltou)dz < 0
RB

2, as desired. O

Remark 2.7. Note that by lemma above, in case Vo < 00, we have my,, < %S .

The following result presents an interesting property of the Palais-Smale sequences of E,,.

Lemma 2.8. Let {u,} C H. be a (PS). sequence for I. with ¢ < %S% and u, — 0 in H.. Then one of the
following conclusions holds.

(a) u, — 0 in H., or
(b) there exist a sequence {y,} C R? and constants R, 3 > 0 such that

n— 00
Br(yn)

lim inf / uidm >38>0.

Proof. Suppose that (b) does not occur. Then we have

sup / up(z)?dr — 0 as n — oo.
yeR3
Br(y)

By Lemma 1.1 in [30], we get
u, — 0 in L*(R3) fort € (2,6).

Given € > 0, from (f1) — (f3), one has

0< /f(un)undw < e/uidw—i—ce/\uﬂq“dx. (2.26)
R® R3

R3

Using the fact that {u,} is bounded in H.,u, — 0 in L9} (R3) and that € can be small arbitrarily, we can
conclude that

/f(un)undx — 0.
R3
Recalling that I’ (u,)u, — 0, we get
a2 = [ 6, un P + (1)
R3
Since {u,} C H, is bounded, up to a subsequence, we have

unll? —1>0 and /¢un|un|5daz —1>0.
R3
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Suppose, by contradiction, that [ > 0. Since

1

1

10/¢un|un| dx + 0,(1)

RS
1 1
= - —l+o,(1
21 10 + on(1)
=c+ o,(1),

it follows that %l = ¢. On the other hand, from (ii), (iv) of Lemma 2.1, we get

[ bunlunlPe= [1960, 1 <5 un 2

R3 R3
which implies that [ > S Sorc> %S %, which is a contradiction with our assumption. Thus [ = 0, and so
u, — 0in H.. O

Lemma 2.9. Assume that Voo < 00 and let {u,} be a (PS)g sequence for the functional I. with d < %S%
and u, — 0 in H.. If u, - 0 in He, then d > my,.

Proof. Let ¢, > 0,Vn € N such that {¢,u,} C My_. We claim that sup,,_, t, < 1.
Assume by contradiction, there exist § > 0 and a subsequence still denoted by {¢,} such that

t,>1+6 forall ne N.

By Lemma 2.4, the sequence {u,} is bounded and from E.(u,)u, = 0,(1), we get

/(|Vun|2+V(€x) Ydx = /f Up undx+/¢u [t |?da 4 0, (1). (2.27)

RN RN

Recalling that t,u, € My, we have

2 /(\Vun\Q—i—V ul)dr = /ft U )t nundx—&—tlo/qbun |’ da. (2.28)

R3

Combining (2.27), (2.28) and ¢, > 1+ 4, we get

<_ - 1)/Vun| dac—f—/(v—n —V(sx) u2dz

:/Cgﬁﬂ_%?)4m+/( 1), [unPda + 0,(1) (2.20)
R3 R3
> / (f(t%"u%”) - fi:%“) updr + o,(1).

R3

From (V) and ¢, > 1 there exists R = R(¢) > 0 such that

V-
Viex) > Voo —e> t—;o —e€ forall |z| > R. (2.30)

n
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Since |lup|le < C and u,, — 0 in L?

2 (R3), we deduce from Lemma 2.8 that there exist {y,} C R? and
Ry, > 0 such that

/ uldr > . (2.31)

Br, (yn)

If we set Uy, (x) = un(x + yn), then there exists a nonnegative function u small that, up to a subsequence,

Up, — win H., u, — U in L%R ) and U, — u a.e. in R3. Moreover, by (2.31), there exists a subset
1

A C Bg, (o) with positive measure such that @ > 0 a.e. in A. It follows from (f5), (2.29)-(2.31) and ¢, > 1+0

that

F(L+0)i)  fn) -
vs A/ (((1 +0)un)?  w ) ur < eC + on(1),

for any € > 0. Taking limit in the above inequality as n — oo and applying Fatou’s lemma, we get

FA+0)u)  flu) s,
O<A/( ) t<eC

((1+d)u)3 usd
for any € > 0, which yields a contradiction.
We next distinguish the following two cases:

Case 1. limsup,,_, . t, = 1. In this case, there exists a subsequence, still denoted by {¢,} such that ¢, — 1
as n — oo. Hence

d+ On(l) = Ia(un) > Is(un) +my,, — EVQO (tnun) (2'32)

Note that

1 1 t
I.(un) — Ev_ (thun) = 3 /(1 —12)|Vu, |2 dz + 5/V(egx)uidaz - E” /Vmuidx
R3 R?

R? (2.33)

1
+ 15 @0 = Do unP + [ (Fltan) = Flun))d
R3 R3

Now, from condition (V'), given £ > 0, there exists R = R(§) > 0 such that V(ez) > Vo — & for any |z| > R.
Let C > 0 such that ||u,||? < C, for any n € N. By (2.33) we have

L.(un) — By (tntn) > 0n(1) — €C + / (F(tuun) — Flun))de.
R3
Moreover, by virtue of the Mean Value Theorem,
/(F(tnun) — F(uy))dz = o,(1),
R3

therefore,
d+o,(1) = my,_ —EC + 0,(1),

and taking limits, we obtain d > my,_.
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Case 2. limsup,,_, . t» = to < 1. In this case, we may suppose that there exists a subsequence, still denoted
by {t.}, satisfying

t, > to and t, <1 Vn € N.

From (2.30), u, — 0 in L

loc

(R?) and [un . < C, we see that

/(Voo —V(ex)u?dz < eC + 0,(1)
R3

for any given € > 0. Since 1 f(s)s — F(s) is increasing, we deduce that

1
my,, < By, (thun) — _<E(/oo (tnun)atnun>

4
tj /(IV(un)|2 + Vo2 )da: +/ (if(tnun)tnun - F(tnun)> da
RS
2—0t20/¢un|un|5dx
1 1 (2.34)
<1 /(|Vun|2 + V(m)ui)dwr/ <1f(un)un - F(un))

R3 R3

3
+ 55 [ unlunPda +eC (1)
R3

1
= I.(u,) — Z[é(un)un +€eC + 0,(1).
Hence, taking the limit as n — 0o, e — 0 at last inequality we have d > my_. O
2.3. Compactness properties for I. and E,,

In order to apply the Ljusternik-Schnirelmann category theory, we need to check that I. satisfies the
Palais-Smale condition on A¢. As the Sobolev embedding H!(R3) < L*(R3),2 < s < 2*, is continuous but
is not compact, it is well known that, in general, such a condition is not fulfilled. Nevertheless, we shall
prove that Palais-Smale condition holds in a suitable sublevel, related to the ground energy “at infinity”.

Proposition 2.10. The functional I. satisfies the (PS). condition at any level ¢ < my,_ if Voo < 00 and at
any level ¢ < %S% if Voo = 00.

Proof. Let {u,} C H. be such that I.(u,) — c and I(u,) — 0 in (H:)~!. Since {u,} is bounded, up to a
(R3) for 1 <r < 2* and u, — u a.e. in R3. Moreover, u
is a critical point of I.. To see this, one only needs to prove

subsequence, u, — u weakly in Hc,u, — win L]

I'(u)p =0 for any ¢ € C°(R?).
It follows from (f1) — (f3) that, for any € > 0, there exists C. > 0 such that

|f(t)] < Cc+elt]° forall teR.
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Denote the support set of ¢ by €., then for any subset O C Q, with |O] <0 = d(e) = #ﬁplg > 0, we have

/ Flun)pde| < C. / pldz + ¢ / fun Plplde
(@] O (@]

< Ce|OI2 [pla + elun 3¢l
<e+Cie=(1+Ch)e

By Vitali convergence theorem, we obtain

lim [ f(un)pde = /f )odx. (2.35)

n—oQ
R3

By Lemma 2.1-(viii) we have ¢,, — ¢, in DV2(R3) and so, ¢, — ¢, in L°(R3). Then

/((ﬁun — ¢u)|ulPupdr — 0 as n— occ. (2.36)
R3

Using u, — v a.e. in R? and
/|¢’un |un|3un |U|3 | d:l?<25 /|¢un (s 5 —|—|u|7]

&) 24 24
< C|¢un|§ (|un|65 + |U|65 )
S Cl,

we have ¢y, (|tn |3, — [u[?u) — 0 in L3 (R3) and thus

/gf)un(\un\?’un — |ulPu)p — 0 as n — oo, (2.37)
R3

which together with (2.36) implies that

/¢un\un|3ungpdx—> /¢u|u|3u<pda: as mn — oo. (2.38)
3 3

Combining (2.37) with the weak convergence u,, — u in H., we have
I(u)g = lim I (un)p =0, V@€ CT(R?),
n—oo

which means that I’ (u) = 0. Thus u is a critical point of I. because C§°(R3) is dense in H*(R?). Furthermore,
1, 1, 1 3 ;
Ie(u) = Ie(u) = gL (wu = llull + 3 [ [f(w)u = 4F(u)ldz + o [ ¢uful’dz = 0. (2.39)
R3 R3

Setting v, = u, — u, from a result due to Brezis-Lieb (e.g. [45]), we get

lonll2 = llunlZ = [ull? + 0n (1),
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and

Now, we are going to show that
(T2 (vn) — Il (un) + Ié(“)HHgl = 0, (1).
In fact, for all ¢ € H, with ||¢|. < 1, we have

1 0n) — I () + I ()]
= | 190,96+ Vet = S = 6,107 olds

R3

- / [Vu, Vb + V(ex)unth — f(un)tp — ¢+ |uf [*h]da
R3

* / [VuVy + V(ex)up — f(u)y — ¢yt [ut[*]dz
]RB

= ’ /(an — Vu, + Vu)Vide + / V(ex)[vn — un + ultpdx

R3
- /[f(vn) - f(un) + f(“)de - /[¢v;—|’l}:|4 - ¢u¢|ur—~;|4 + ¢u+ ‘U+|4]’L/Jd1‘
R3 R3
/|an Vu, + Vu||V|dz +/V (ex)|vn, — up + ul|t)|dz

/If vn) = f(un) + f(u )\|¢|dx+/|¢vn o = Syt |* + pu [u™[1da| [l da.

Moreover, using Lemma 3.1 [3], it is possible to check that

([R |an—Vun—|—Vu2dx) = o,(1), (R/V(sxﬂvn—un—i—qux) = o, (1),
(m |f(vn) = flun) + f(w)]" dm) = 0,(1)

with 1 < r < %. From Lemma A, we get

and

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)
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¢

J1oulutl = ouslui it + urtut 1] iz | =o0,(0). (245)

3
Combining (2.42)-(2.45), we derive (2.41), and so,

I'(v,) =0 in HZ'.
While, from (2.40) we obtain
I.(vy) = ¢ — I (u) + 0, (1) :=d + 0,(1)
and consequently, if Vo, < 0o, we have by (2.39), that
d<c<my,.

It follows from Lemma 2.9 that v, — 0 in H., and so u,, — u in H..

If Voo = 00, then V is coercive and by [19], the continuous embedding H. < L"(R?) is compact for
2 < r < 2*. Hence, up to a subsequence, v, — 0 in L™(R3) and by (f1) — (f3),

o Pdx 4 0, (1).

n%ﬁ:/@¢

R3

Since {v,} C H. is bounded, we may assume that

HUan — L >0 and /qbvﬂv,ﬂsda: — L >0,
R3

perhaps for a subsequence. Suppose, by contradiction, that L > 0. Since I (v,) = d + 0,(1), it follows that
2L = d. But from (ii), (iv) of Lemma 2.1, we get

[ouiluian < [ onloaPds= [1900, < 57w

R3 R3 RS
which implies that L > S Sord> %S %, which is a contradiction with our assumption. Thus L = 0, and so
v, — 0in H., and so u,, > v in H.. O

Proposition 2.11. The functional I. restricted to Ny satisfies the (PS). condition at any level ¢ < my, if
Vo < 00 and at any level ¢ < %S% if Voo = 0.

Proof. Let {u,} C A be such that I.(u,) — ¢ and I’(u,) — 0 in H-!. Then there exists {\,} C R such
that

Il (up) = M JL(un) + 0n(1), (2.46)

where J. : H. — R is given by

Js(u):/[|Vu|2+V(sx)u2]dx—/f(u)udx—/¢u+\u+\5dx.
R3 R3

R3
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Notice that

JL(up ) un = 2/[\Vun|2 + V(ex)ullde — /f(un)undx — /f’(un)uidx
R3 R3

R3

- 10/¢un|un|5dx,
R3
and by u, € N; and (f5) we get

Ja’(un)un:/f(un)undac—/f'(un)uidx—8/¢un|un|5dx

R3 R3 R3

< —8/¢un\un|5dx <0.
R3

We may assume that J.(u,)u, — v < 0. If v = 0, then by Lemma 2.1-(ii), we get

/|V¢un\2dx = /¢un\un|5d3§ — 0. (2.47)
R3 R?

Choosing § = 6, = ([gs |Vdu, |*dz)'/?, using Lemma 2.1-(v) and the boundedness of {u,} in H*(R?), we
have,

5 1
/|un|6dx < ?/|Vun|2dx+ ﬁ/wmmd:ﬂ
R3 R3 n]R3

(2.48)
On 1
< z
<5 C+ 26n -0
as n — oo. From (f1) — (f3), we have by interpolation
0< /f(un)unda: < e/[ui +ulldx + C. / [, |9 d2 — 0 (2.49)
R3 R3 R3

as n — 00, e — 0. Consequently, from (2.47)-(2.49) we have

Junl2 = [ flun)unda + [ o,
J

R3

up|’dz — 0 as n — oo.

But this contradicts (2.13), therefore, v # 0. Using (I.(uy,), un) = 0, we get
An (T (un), un) = on(1),
consequently, A, = 0, (1), which yields that
I.(up) = ¢ and Il(u,) — 0.
Thus, {u,} is a (PS). sequence for I, in H. and the result follows from Proposition 2.10. O

Corollary 2.12. The critical points of functional I. on N; are critical points of functional I. in H,.
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Proof. The proof follows by using similar arguments employed in the last proposition. O
Now we pass to the functional related to the autonomous problem (2.11).

Lemma 2.13. (Ground state for the autonomous problem) Let {u,} C M, be a sequence satisfying E, (u,) —
my,. Then, up to subsequences the following alternative holds:

(a) {un} strongly converges in H'(R3);
(b) there exists a sequence {U,} C R® such that u,(- + ) strongly converges in H'(R3).

In particular, there exists a minimizer w, > 0 for m,.

Proof. By using the Ekeland Variational Principle as in the proof of Proposition 2.11, we may suppose
that {u,} is a (PS)n,, sequence for E, and {u,} is bounded in H*(R?). Thus going to a subsequence if
necessary, u, — u in H'(R3) and u,(z) — u(z) a.e. in R3. Moreover, u is a critical point of E,. Hence,
u € Hy, is a weak solution of (2.11). If u # 0, it remains to show that FE,(u) = m,. By the fact E] (u)u =0
and Fatou’s lemma, we get

my < E,u(u) = E,u(u) - i<1//;(u)7u>

=1 Javup s pyae s [ (Gru-rw) e+ 2 [ onpupas
R3

RS RS
< lim inf E (|Vun* + pu2)dx + / lf(un)un — F(uy) | dz+ 3 b+ |ut|Pdx
T n—oo | 4 " 4 20 tn LT
R3 R3 R3

n—oo

1
= lim inf (Eu(un) - ZE:L(U”)U”>

<my.

Therefore, we have that u, — v in H*(R?) and E,,(u) = m,,.

Now, we consider the case u = 0. In this case, since {u,} C M, and E,(u,) = m, € (0, %S%), we
conclude that ||u, ||, - 0. Therefore, arguing as in the proof of by Lemma 2.8, we deduce that there exist
R,n >0 and 7, € R3 such that

lim inf uidm >n.
n—oo

BR(gn)

Let v, (z) = up(x+7n), then we can use the invariance of R? by translations to conclude that E,, (v,) — m,,
and I}, (v,) — 0. Moreover, up to a subsequence, v, — v in H'(R?), and v,, — v in L*(Bg(0)), with v being
a critical point of E,,. Since

/ |v|2dz = lim inf / |vp,|*d2 = lim inf / |w,|?dz > n > 0,
Br(0) Br(0) Br(yn)

we conclude that v # 0, and the conclusion follows as in the first case of the proof.



22 N. Li, X. He / J. Math. Anal. Appl. 488 (2020) 124071

Denote by u® = max{4u,0} the positive (negative) part of u, we get
0= El’t(u)u_ = —||u‘\|i — /f(u)u_dx - /¢u+|u+|4u_dx = —Hu_||i
R3 R3

and therefore v > 0in R3. O
3. Existence of a ground state solution

In this section, we show there exists a ground state solution to (2.9), that is, a positive solution u. of
(2.9) with I.(us) = c.. To study the regularization of the ground state solution, we recall the following two
propositions in our case N = 3. The first one is an adequate version, for our aim, from a result due to Brezis
and Kato [14].

Proposition 3.1. Let u € H*(R?) satisfying
—Au+ (b(z) - q@))u = fa,u) iR,

where ¢ € L (R3) and b : R® — R* is a L3°

2 (R3) function; f: R® x R — RT is a Caratheodory function
such that

0< f(z,8) <Cp(s" +s) foralls>0,xcR?

and r € (1,5). Then u € L*(R®) for all t € [2,00). Moreover, there is a positive constant Cy depending on
t,Cy and q such that

fuls < Ciull
The dependence on q of the constant Cy can be given uniformly on a Cauchy sequence qp(z) in L%(R?’).
The next proposition is a very particular version of Theorem 8.17 in [22], due to Trudinger.
Proposition 3.2. Suppose thatt > 3,9 € L%(Q) and v € H'Q) satisfies in the weak sense
—Au < g(z) in Q,
where Q is an open subset of R3. Then for any R > 0 and any ball Bar(y) C Q,

< + :
sy ) = G +1924 )

where C' depends on t and R.

In the end of this section we show that the existence of a ground state solution to (2.9), that is, a positive
solution u. of (2.9) satisfying I.(u:) = ce.

Theorem 3.3. Suppose that f satisfies (f1) — (fs5) and V wverifies (V). Then there exists some €* > 0, such

that for every e € (0,e*), system (2.9) possesses a positive ground state solution u. € Cllo’?(RB).



N. Li, X. He / J. Math. Anal. Appl. 488 (2020) 124071 23

Proof. By Lemma 2.3, the functional I, satisfies the geometry of the Mountain Pass Theorem in H.. Then,
by a version of Mountain Pass Theorem due to Ambrosetti and Rabinowitz without (PS) condition (e.g.
[5]), there exists a sequence {u, } C H. satisfying I.(u,) — c. and I’(u,) — 0 in (H.)™!.

If Vo < o0, we may assume, without loss of generality, that

=Vy= inf .
V(0) ="y f, V()
Let 1 > 0 such that Vy < g < V. Then
my, < my, < my,,_. (3.1)

By Lemma 2.13, there exists a nonnegative function w, € H!(R?) such that

= t = .
Ey(wy) 21238( By, (twy) = my,
For r > 0, let 7, a smooth cut-off function in R? which equals to 1 on B,.(0) and with support in Ba,(0).
Let w, := nyw, and t, > 0 such that t,w, € M. If it were, E,(t,w,) > my_,¥r > 0, in view of w, — w,
in H'(R?) as r — oo, we would have ¢, — 1 and then

my., < liminf B, (trw,) = E,(wy) = my

which contradicts (3.1). Therefore, there exists some r* > 0 such that ¢ := t,~w,- satisfies E, () < my,_.
Consequently, the condition (V') implies that for some £* > 0

V(ex) <p, forall z €suppy and e € (0,e"), (3.2)
and so
/V(E:c)gozdx < /u<p2d3: for all €€ (0,e%). (3.3)
R3 R3
Consequently
I(tp) < Eu(te) < Eu(p) forall € (0,e7), t = 0.
Hence

max [ (tp) < Eyu(p) <my,,, forany e (0,e")
and so ¢, < my,_, .
If Vo, = o0, for any p > Vf, from Lemma 2.6, we can choose some t. > 0 such that
52,

max E,(tuc) = Ey(teue) <

[0\

where u, is given in Lemma 2.6 with support in B2(0). By a similar argument as in (3.2), (3.3), we have

\V]

I (tuc) < By (tue) < max E,(tuc) 283 forall ¢t >0,

ot

which implies ¢, < %S 3.
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In virtue of Proposition 2.10, we see that there exists some u. € H. such that u, — wu. in H. with
I.(u.) = c.. Denote by u¥ = max{=+u.,0} the positive (negative) part of u., we get

0=E,(u)uz = —[uzll}; - /f(us)u;dx - /¢u:|u§rl4u§d$ = —[luz |7
R3 R3
and therefore u. > 0 in R3. Since u. € H*(R?), we see that

lim (u + ud)dz — 0.
R—o00
|z|>R

Using Proposition 3.1 with ¢(z) = ¢, u3 € L2 (R3),b(z) = p and h(z,u.) = f(ue) < Crue + Cou’ for some
r € (3,5), we can infer that

|ucle < Ctllucl].
Applying Proposition 3.2 in the following inequality

—Aue < —Aue + pue = by |uclPu+ f(ue) := g(z),

there exists a ¢ > 3 such that |g[s < C, and all y € R3

sup  ue < C(|ue|2(By(y)) + 19l

z€B1(y) Lé(B2(y)))

which implies that |u|. < C. Moreover, combining with the last limit we reach

lim wu.(z) =0.
|z]— o0

Then, by the regularity theory [29,40,13,33], there exists « € (0, 1) such that u. € Cllo’f (R3). Now applying
Harnack’s inequality [41] we have that u.(z) > 0in R3. O

4. Multiplicity of solutions to (2.9)

In this section we are going to prove the multiplicity of solutions and study the behavior of their maximum
points in relation to the set M. The main result in this section has the following statement.

Theorem 4.1. Suppose that | satisfies (f1)—(f5) and V verifies (V). Then, for any § > 0, there exists s > 0
such that, for any e € (0,e5), problem (2.9) has at least catpr, (M) positive solutions, for any e € (0,¢5).
Moreover, if u. denotes one of these positive solutions and z. € R? its global mazimum point, then

lim V(ez.) = V.

e—0

In order to prove the above theorem, in the next subsection we fix some notation and show some prelim-
inary lemmas.
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4.1. Preliminary results

Let w be a ground state solution of problem (2.11) with © = V) and ¢ be a smooth nonincreasing function
defined in [0, 00) such that ¢(s) =1if 0 < s <¢§/2 and ¢(s) =0if s > 0.
For any y € M, we define

Tey(w) = B(lew — y)w (51’ - y)

3

and t. > 0 satisfying

1{122%( I (tmey) = L (temey)

and define ®, : M — N, by
O, (y) = teme,y.
By construction, ®.(y) has compact support for any y € M.
Lemma 4.2. The function ®. has the following property:
;1_%] (Pe(y)) = my, uniformly in y € M.

Proof. Suppose by contradiction that, there exist some 09 > 0,{y,} C M and &, — 0 such that

|Ie, (®c,, (yn)) — my,| = do. (4.1)

Now we claim that lim,, o t., = 1. In fact, by the definition of ¢., and (2.13) we have

T* S / I:‘V(tz-:n71-5",yn)|2 + V(Enx)(tgnﬂ'sn’yn)Q:l d{L‘
R3

(4.2)
= /f(tenwemyn)tanﬁsmyndm + |t5n|10/¢ﬂan,yn,|7remyn|5d$-
R3 R3
Clearly, t., can not go zero, therefore, t. > tg > 0 for some to > 0. Note that
/ (Ve + V(En2) e, g )z
ftenTenyn) o 8 5
/ te, T, yn o Te g T ltel Drery iy | Ten | d (4.3)
]RB

> It [ / Gre s [Ter g |Pde.
RS

By using the Lebesgue’s theorem, we can verify that

il B, = el tim [ 6, e, de = [ oululda,
R3 R3
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and

n—oo

R3

lim F(Ter oy ) Ten yn = /f(w)wdm.
RB

If t., — oo, then the right side of (4.3) tends to oo, which yields a contradiction. Hence, 0 < tg <t. < t;.
Assuming that ¢, — T > 0, then we get

f(Tw)

T35

1
T2 /(\le2 + Vow?)da =

whda + T6/¢w|w\5. (4.4)
R3 R3 R3

Since w is a ground state solution of (2.11) with u = V{, one has

/(|Vw|2 + Vow?)dx = /f(w)wdx—i— /gbw|w|5. (4.5)
R3 R3 R3
Combining (4.4), (4.5), we have

(75 -1) favu +vowt) = [ (frpte - L) wiaw s @ - ) fouutt. o)

R3 R3 R3

By (f5), we conclude that T' = 1.
On the other hand,

L, (3., () = == / V@t )] + Vena + yo) b (enal)wl?)de

2
RS
410
f/F(tsndJ(|5nx|)w)dx* 1% ¢w(|snw|)w|¢(|€nx|)w\5da¢.
R3 R3

Let n — oo, we get lim, o0 I, (Pc, (yn)) = Iv, (w) = my,, which contradicts to (4.1). This completes the
proof. O

For any § > 0, let p = p(§) > 0 be such that Ms C B,(0). Define x : R® — R? as x(z) = x for |z| < p
and x(z) = pz/|x| for |z| > p. Finally, let us consider the map S : M. — R? given by

B Jrs x(ex)uPda
Be(u) = W

Since M C B,(0), by the definition of x and the Lebesgue’s theorem, we conclude that
lim B.(®:(y)) =y uniformly in y € M.
e—0
To continue our argument, we need the following compactness result.
Proposition 4.3. Let ¢, — 0 and {u,} C Ng, be such that I, (u,) — my,. Then there exists a sequence

{Un} C R? such that v,(x) = un(x + ¥n) has a convergent subsequence in H*(R®). Moreover, up to a
subsequence, Ypn = Enln — Yy € M.
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Proof. By Lemma 2.8, we can obtain a sequence {g,} C R3 and constants R, 3 > 0 such that

lim inf / uzdr > 3> 0.

n— 00
BR(gn)

If we define v, (x) = u,(z + ¥y), along a subsequence, we have v,, — v # 0 in H*(R?). Let ¢, > 0 be such
that U, := t,v, € My,. Set y, = €,0n. Using u,, € N, we have

my, < Ev,(vy)

< %/(|Vﬁn|2+V(£n(x+g7n) dx——/¢ |v+|5dw—/ F@,)da

R3
£2 £10
=5 (|Vun|? + V(epz)u? de — ﬁ Gut lust |5d$—/F(tnun)d1:
R3 R3
=1, (tnun)

<[, (un) =my, + On(1>-

Hence limy,—, o0 Iy, (Un) = mys.
We claim that, up to subsequence, t, — t* > 0. Indeed, since v,, - 0 in H'(R?), there exists v > 0 such
that 0 < v < ||v,||- Hence, 0 < v* < ||vn||v, with 4v* = ymin{1, V;}. Tt follows that,

0 <tny™ < |ltnvnllvy = |[vnllv, <C

for some C' > 0. Thus {¢,} is bounded and we can suppose that ¢, — t* > 0. If t* = 0, then, since {v,} is
bounded, we infer that v,, = t,v, — 0. Hence Iy, (v,,) — 0, which contradicts my, > 0. So, t* > 0 and the
weak limit of {©,,} is different from zero. Let ¥ be the weak limit of {,,} in H!(R?). Since t,, — t* > 0 and
vy, — v Z 0, we have from the uniqueness of the weak limit that v = t*v #Z 0. From Lemma 2.13, v,, — v in
H(R3), and so, v,, — v in H}(R?). This proves the first part of the lemma.

We next show that {y,} has a bounded subsequence. Suppose by contradiction that |y,| — oco. Consid-
ering first the case V, = 0o, the following inequality

/V(anx +yp)v2de < /(\an|2 + V(enz + yn)v2)da
3

R3
:/f(vn)vndx—i—/(ﬁvﬂv,ﬂsdx
R3 R3

together with Fatou’s lemma imply

oo = lim inf /f U vndx—l—/qb o) |Pda

n—oo

which leads to a contradiction, since the sequence {f(vn)vn + ¢,+|v;[°} is bounded in L'(R?).
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Now, we consider that case V, < oo. By virtue of v,, — v in H}(R?) and V) < Vo, we have
my, = Iy, (0) < Iy, (0)

1
< liminf —/(\wn|2+V(snx+yn x——/¢ o, [° d:c—/ (Un)dz

n—oo
R3

2

= lim inf LL—"/(|vun| + V(enm) 33——/¢ +|u+|5dx—/Ft Uy, )d

n—oo
R3

= liminf I, (t,un)

n—oo

< liminf I, (u,) = my,,
n—oo

which does not make sense. Therefore, {y,,} is bounded and up to a subsequence, y,, — y in R3. If y ¢ M,
then V(y) > V4 and we obtain a contradiction arguing as above. Thus, y € M and the lemma is proved. O

Let h: RT — R be any positive function satisfying h(e) — 07 as e — 07. Define the set
N ={ueN-: I(u) <my, +h(e)}.

Given y € M, by Lemma 4.2 we see that h(e) = |I.(®(y)) — my,| satisfies h(e) — 0 as e — 0T. Thus,
. (y) € N and N, # 0 for any € > 0.

Lemma 4.4. For any § > 0, there holds that

hm sup dist(Be(u), Ms) = 0.
=0
ueN:

Proof. Let {e,} C R* be such that &, — 0. By definition, there exists {u,} C N, such that

dist(Be,, (un), Ms) = sup dist(B:, (u), Ms) + on(1).
ueEN.,

En

Thus, it suffices to find a sequence {y,} C M; such that
|Be., (Un) = yn| = on(1). (4.7)
By virtue of Iy, (tu,) < I.(tu,) for t > 0 and {u,} C N., C N-,, we obtain
my, < ¢, < I, (un) < my, + h(en).

This leads to I.(u,) — my,. Thus we can invoke Proposition 4.3 to obtain a sequence {g,} C R3 such that
Yn = Enln € My for n sufficiently large. Hence

W) = fR3(X(5nx+yn) Y )2 (2 + Gn)da
Be, (un) = yn + (e ATE

Since e,x + Y, — y € M, we have that 3., (un) = yn + 0,(1) and the sequence {y,} verifies (4.7). O
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The next two lemmas play a fundamental role in the study of the behavior of the maximum points of
the solutions.

Lemma 4.5. Let v,, be s solution of the following problem

—Avy, + Vo (2)vy = f(vn) + b, [vn]?vn, 2 € R3, (48)
4.8
v € HY(R3), wv,(z) >0, z € R3,

where Vy,(x) = V(epx + enn). Assume that the conditions (V) and (f1) — (fs) hold and that v, — v in

H'(R?®) with v # 0, then v, € L>(R?) and there exists C > 0 such that ||vy| L= ®s) < C for all n € N.
Furthermore

| l‘im vp(x) =0 wuniformly in n.
xT|—0o0

Proof. From Proposition 4.3 we have £,9, — y € M. Since v,, — v in H*(R3) with v # 0, we infer that v
satisfies the equation

—Av + Vv = f(v) + [v]Pvg,, =€ R3. (4.9)

Moreover,

lim (v2 +v8)dx = 0 uniformly for n € N. (4.10)
R— o0
lz|>R

Using Proposition 3.1 with ¢(z) = ¢, v3 € L2 (R?),b(x) = V,(z) and h(z,v,) = f(vn) < Cro, + Cov”,
for some r € (3,5), we can infer that

|Un‘t < CtHUn”
where C; is independent of n. Applying Proposition 3.2 in the following inequality

—Av, < —Avy, + Vn(w)vn = ¢vn Un|3'Un + f('Un) = gn(l'),

there exists a ¢ > 3 such that |gn[3 < C, and all y € R?

sup e < C(|vn|r2(By(y) + |9n]

z€B1(y) L%(B2(y)))

which implies that ||v,,|| e ®rs) < C uniformly for n € N. Moreover, combining with the last limit we reach

lim v, (z) = 0 uniformly for n € N. O

|z|— 00
Lemma 4.6. There exists 6 > 0 such that ||vy||p~®s) > 6.

Proof. Suppose by contradiction that, |[v,| pe®s) — 0. Taking o = %, it follows from (fs) that there

exists ng € N such that for n > ny,
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FUlvnllLe®s))
[vn ]l Lo (R3)

Therefore, by Lemma 2.1-(iv), Hélder inequality, Sobolev inequality and boundedness of {v,} in H!(R?),

/|an|2dx+/Vov dx</|an|2dx+/Vn(x)vzdx

RB
/f Up, vndx+/¢vn|vn|5dx

f||vnumw>adx+ Jiooteaz) | [roateas
3

\Un||Loo(R3)

< so/vgdwrs—% /|V¢v" 2

we get

ol
olut

W=
=

R3 3 3
5 5
2 6
Sao/vfbd:c—FS*%S*B /|an\2dx /|vn|6da:
R3 3 3

2 3 2
< ep ”L)ndﬂf+C||"UnHLoo(R3) |'Un| dx >
3

R3

which leads to ||v,|| — 0 as n — oo, contradicting to v, — v in H'(R3) with v # 0. Then there exists § > 0
such that ||v, | e ®s) > 0,Vn € N. O

4.2. Proof of Theorem 4.1

We can finish the proof of Theorem 4.1 in two parts.

Part 1: Multiplicity of solutions. We fix a small € > 0. Then, by Lemmas 4.2, 4.4 we concluded that 3. o ®.
is homotopically equivalent to the inclusion map Id : M — Mjs. This fact and Lemma 4.3 [11] imply that

catﬁ;(./vs) > catyy, (M).
Since I, satisfies the (PS). condition for all ¢ € (my,, my, + h(e)) by the Ljusternil-Schnirelmann theory
of critical points [45], I restricted to N possesses at least catps, (M) critical points. Consequently by

Corollary 2.12, we see that I. has at least catps, (M) critical points in H..

Part 2: The behavior of maximum points. If «,. is a solution of problem

—Av, + Vn(x)vn = .f(vn) + |Un|3vn¢vna T € ng
v, € HYR3), w,(z) >0, r € R3,

where V,,(2) = V(enx +€,Yn) and {y,} is given in Proposition 4.3. Moreover, up to a subsequence, v, — v
in HY(R3) and y, = €,¥, — y in M. Denoting p,, the global maximum point of v,, by Lemmas 4.5, 4.6,
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we have that p, € Bg(0) for some R > 0. Thus, the global maximum point of u., is z., = p, + ¥ and
therefore

EnZe, = EnPn + gngn = EnPn t+ Yn-
Since {p,} is bounded, we have
lim V(epz.,)=Vyo. O
n—oo

4.8. Final comments

If u. is a positive solution of (2.9), the function w, = u.(x/¢e) is a positive solution of (1.1). Thus, the
maximum points 7. and z. of w. and u., respectively, satisfy the identity

Ne = €Z¢,
consequently,
;1_1}%) V(ns) =W.
Theorem 1.1 follows from Theorem 4.1 and the last limit.
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Appendix A

As we point out in the introduction, the nonlocal term is involved with critical growth, and we shall
encounter the problem of the convergence of integral with nonlocal term. To this end, we present a technical
lemma which is useful in proving that the functional I. satisfies the (PS). condition, see Proposition 2.10.

For notational convenience, we denote by I,(x) = ﬁ#, a € (0,3) and then

6u) = [ 1y = (11 o)),
R3

Lemma A. Let (£,) be a bounded sequence in DV?(R3) such that &, — 0 a.e. in R3. Denote by A(u) =
dululPu. Then for each w € DV2(R?), we have the following estimates:

/ A +w) — A(En) — A(w)|fd = 0, (1),
RS

Proof. By assumption, we can rewrite A(u) = ¢, |ul>u as (I1 * |u|®)|u[>u. Then by the mean value theorem
and Young inequality, we derive that
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|A(&n +w) — A(&n)]

{(Il * |£n + t'w|5)|§n + tw|3[§n + tw}} dt

=

(I * (5|&n + tw|?[€n + tw]w))|&n + tw]3[€, + tw]dt

/
/

1
+ 4/(11 * |&n + tw|®)|€n + tw|3wdt’
0

1 1

5/ (I * (|&, + tw] |w|))|§n+tw|4dt+4/(11 5 |En 4 tw]®)|€n + tw|3|w|dt
0 0

< Co(I* ((16nl* + lwM)w)[€nl* + [w]*] + Coly * (1€al® + [w]?) (€] + [w]*) ]

< C1(I1 * (elénl® + CelwP))[lEnl* + [w]*] + Co(Ty * ([n® + [w]) (el€nl* + Celw]*)
< €05 [(I * [&nl)lnl* + (T * [w]”)Enl* + (I1 * [€a]°) w]*]

+ CCy [(I1 &) | + (I # [w]?)[€a]*] + CCs (I [w]?) [w]*
2 Q. (@) + C.C5 (I * [w]?)|w]*.

Recall the Hardy-Littlewood-Sobolev inequality Theorem 4.3 [32]: if 6 € (1, %) then for every v €
LORN), I % v € L¥-(N-279 (RV) and

N— (N )80
/|I1*U|N N < O /|v| dx) . (A.2)

For each € > 0, let us consider the function G , given by

Gen(z) = max{|A(, +w) — A(&n) — A(w)| — Qe n(z), 0},

which satisfies

Gen(r) =0 ae in R?
and using Holder inequality and (A.2) we see that

0 < Gen(x) < Co(Iy % lw|?)|w|* € L3 (R?).

Therefore, by the Lebesgue Dominated Convergence Theorem we have

/|Ge,n(x)|gdx—>0 as m — 0o.

(A.3)
R3

From the definition of G. ,(z), we get

|A(§n + w) - A(fn) - A(w)| < Qa,n(x) + C7G57n(x),
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which yields that

6
5

[A(En +w) — A() — AW)|E < |Qen(@)]? + CslGepn(2)]5.

By (A.3), we obtain the following estimates
[ 14 +w) = A¢,) - Aw)]Fdo
]RS
< [19en(@do + G [ [Gen(o)|da (A4)
R3 R3
= / Qe ()| da + 0,(1).
RS

Now we estimate the last integral of (A.4). Since (£,) is bounded in DY2(R3), &, — 0 a.e. in R3, then
&, — 0 in L9(R3). By the definition of Q. ,(z), we have

/ Qe ()| S d

R3

e / (L1 % 1€al®)Enl]

R3

+eC [ [ fP)lén]* da+eC [ [0+ ol ul']
R3 R3

6
5

dx

6
5

dx

+C.0 [ [0 <Py o+ 0.0 [ [ i) da
R3 s
- {—;C’/ [(Il * ‘§n|5)‘§n|4]g dx
R3
%dx

D, / (11 # [w]®) 0] * de + D / [y * [Eal®) 0] ]
R3 R3

=T1+T+ T3,

where D, = C'(e 4+ C.). Next we estimate the three integrals in the right-side of (A.5).
For 'y, by Holder inequality, (A.2) and (&,) is bounded in D12(R3), we have

r, =80/(11 6a®)E 0] i

R3

<eC L/(h * I£n5)6dfc] L/ En|6dx]
<eCy [ |€n|8de L |§n|6dx] (A.6)
Jere|]

5
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5

<eCy /|V§n|2dac

S 503.

For I's, we have

r, = Ds/m  w]) % 60| da
R3

(A7)
= on(1),
by virtue of (I * |w|3)8 € L5(R?) and |£,|5 — 0 in L% (R3).
For I's, we have
rs =D€/(11 #[€al?)3 ] ¥ do
RS (A.8)

= on(1),

6
5

by virtue of (I * |£,[%)8 — 0 in L5(R3) and |w|% € L%(R3). From (A.4) — (A.8), we obtain

/|A(fn +w) — A(&n) — A(w)|gdm —0 as n — oo,
R3

which completes the proof. O
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