Accepted Manuscript ! ssssss =

-t

JOURNAL OF

Discussion

Comment on “Recent advances on solving the three-parameter infiltration equa-
tion” by Prabhata K. Swamee, Pushpa N. Rathie, Luan Carlos de S.M. Ozelim
and André L.B. Cavalcante, Journal of Hydrology 509 (2014) 188-192

D.A. Barry, G.C. Sander, J.-Y. Parlange, L. Li, R. Haverkamp

PIIL: S0022-1694(14)00438-7

DOI: http://dx.doi.org/10.1016/j.jhydrol.2014.05.067
Reference: HYDROL 19666

To appear in: Journal of Hydrology

Please cite this article as: Barry, D.A., Sander, G.C., Parlange, J.-Y., Li, L., Haverkamp, R., Comment on “Recent
advances on solving the three-parameter infiltration equation” by Prabhata K. Swamee, Pushpa N. Rathie, Luan
Carlos de S.M. Ozelim and André L.B. Cavalcante, Journal of Hydrology 509 (2014) 188-192, Journal of
Hydrology (2014), doi: http://dx.doi.org/10.1016/j.jhydrol.2014.05.067

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to our customers
we are providing this early version of the manuscript. The manuscript will undergo copyediting, typesetting, and
review of the resulting proof before it is published in its final form. Please note that during the production process
errors may be discovered which could affect the content, and all legal disclaimers that apply to the journal pertain.


http://dx.doi.org/10.1016/j.jhydrol.2014.05.067
http://dx.doi.org/http://dx.doi.org/10.1016/j.jhydrol.2014.05.067

Comment on “Recent advances on solving the three-parameter
infiltration equation” by Prabhata K. Swamee, Pushpa N.
Rathie, Luan Carlos de S.M. Ozelim and André L.B. Cavalcante,

Journal of Hydrology 509 (2014) 188-192

D.A. Barry 1, G.C. Sander 2, ].-Y. Parlange 3, L. Li 4, R. Haverkamp >

1 Laboratoire de technologie écologique, Institut d'ingénierie de I'environnement, Faculté de
l'environnement naturel, architectural et construit (ENAC), Station 2, Ecole polytechnique fédérale de
Lausanne (EPFL), 1015 Lausanne, Switzerland. Tel. +41 (21) 693-5576; fax. +41 (21) 693-8035.

Email: andrew.barry@epfl.ch

2 Department of Civil and Building Engineering; Loughborough University, Loughborough LE11 3TU

United Kingdom. Tel. +44 (1509) 223-777; fax. +44 (1509) 223-981. Email: g.sander@lboro.ac.uk

3 Department of Biological and Environmental Engineering, Cornell University, Ithaca, NY 14853-5701

USA. Tel. +1 (607) 255-2476; fax. +1 (607) 255-4080. Email: jp58@cornell.edu

4 National Centre for Groundwater Research and Training, School of Civil Engineering, The University
of Queensland, Queensland, Australia. Tel. +61 (7) 3365-3911; fax. +61 (7) 3365-4599. Email:

lLli@ug.edu.au

5 Department of Geosciences, University of French Polynesia, BP 6570, Tahiti Papeete, French

Polynesia. Email: randel.haverkamp @gmail.com

Submitted to: Journal of Hydrology, 21 March 2014, revised 24 April 2014

* Author to whom all correspondence should be addressed



Summary

A recent approximation to the three-parameter infiltration was compared with an
existing approximation. The new approximation has a minimum relative error that is two

orders of magnitude greater than the maximum relative error of the existing approximation.



The three-parameter equation of Parlange et al. (1982) interpolates between the
infiltration formulas of Green and Ampt (1911) and Talsma and Parlange (1972). The three
parameters are the sorptivity, S[LT-1/2], the hydraulic conductivity, K[LT-1] and the
interpolation parameter, o, where 0 < o< 1. The two limits of o, 0 and 1, correspond to the
Green-Ampt and Talsma-Parlange limits, respectively. Sand Kare used to non-dimensionalise

the three parameter equation as (Parlange et al., 2002):
t,=F — (1 —a) Infa™ — (a7 — Dexp(—aF)], €Y
where t, is dimensionless time and F, is dimensionless infiltration.

Equation (1) is implicit in F,, and so for practical applications it is useful to provide
approximations to give F,(t,) explicitly, making use of simple functions. Such an

approximation, denoted by F, p, was given by Parlange et al. (2002).

The error of an approximation can be compared using different metrics. An oft-used
metric is the maximum relative error. Because o is fixed for a given soil, but ¢, is variable, the

relative error, E,;, is specified for given o as:

F, 4

1_F;’ (2)

Erel(F*,A) = rtlzg())(

where F,, is an approximation to F.. An alternative is the absolute error, E,, given by:

: (3)

Ek_F*_A

Eabs(F*,A) = rg}g())(

Because an approximation should be applicable for any soil, it is also useful to calculate
the relative error of F, for any o in the range 0 < o< 1 and for all ¢,. Thus, the global (subscript

g) relative and absolute errors are, from Eqgs. (2) and (3), respectively,



F.,
Eretg(Fa) = may |1 =77 (4)
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and
Eabs,g(F*,A) = rg}g())( F, —F, 4. )

O<as<1

Swamee et al. (2014) provided a new approximation to F, (denoted F, ). The short-time
limit of F, is given by Parlange et al. (1982) and that for F, ¢ by Swamee etal. (2014). Using
these expressions, the relative error in this limit is:

F.s
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In the small o limit, the right side of Eq. (6) diverges according to limy_, In[—In(a)].
Thus, E,.; 4 (F*_S) = oo, Numerical experiments show that, for given o > 0, the maximum of
Erer (F*_S) is given by Eq. (6). Further, since the right side of Eq. (6) decreases monotonically,
the oo = 1 limit gives the minimum value of E,; (F*_S). In this limit, the right side of Eq. (6) is
|1 — 25exp(29/20)In[exp(1) — 1]/(39\/7)| =~ 0.04606. In contrast, for the approximation of
Parlange etal. (2002) we have E,.; 4 (F*_P) < 0.00048. Thus, the minimumrelative error of F, ¢

is 100 times greater than the maximum relative error of F, p.

Of course, the absolute error could be used rather than the relative error as the metric
for comparing the two approximations, F, p and F, 5. Indeed, this was the metric chosen by
Swamee et al. (2014). Figure 2 of Swamee et al. (2014) contains the caption: “Logarithm of
the absolute value of the difference between 30 digit precision exact solutions and

approximations, revealing the number of correct decimal digits of the solutions.” This latter



phrase cannot hold in general. Consider, for example, if the Exact value is 10° and the
Approximation is 10° + 1. Then, the Approximation is correct to six significant digits.
However, -logio[(|Exact — Approximation|) = 0. To get the number of correct significant
digits of the Approximation, which is a key metric to assess its quality, one must instead use
the relative error, i.e., -logio(|1 — Approximation/Exact|) = -logio(E,;)- This point was also
made by Barry et al. (2012). For the just-given example, this formula gives six correct
significant digits. In brief, because the relative error is a proxy for the number of correct
significant digits of an approximation, we consider it as an appropriate metric to assess the

quality of an approximation.

In comparing F, s and F, p, Swamee et al. (2014) state “only near a. = 1/2 the solution by
Parlange et al. (2002) is more accurate”. Unfortunately, Swamee et al. (2014) apparently did
not use the correct form of F, p, specifically Eq. (18) of Parlange et al. (2002). Swamee et al.
(2014) give this expression in their Eq. (4), but they did not include the final power two
inside the exponential. We made the same omission in our comment (although the
computations were done using the correct expression) on the previous approximation to Eq.
(1) of Swamee et al. (2012); see Eq. (6) of Barry et al. (2012). Swamee et al. (2014) also noted
that they could not reproduce the absolute error plots given by Barry et al. (2012), i.e,, they
remark that “a different precision was attested by Barry et al. (2012) for Parlange et al.
(2002) solution”. This error was due the taking the value as a percentage and dividing by 100.

The points plotted are correct, but are shifted by two log units.

In Fig. 1, we plot the corrected version of Fig. 2 of Swamee et al. (2014). This figure
shows E, ¢ (F*,p) and Eg; (F*,S) for various o. As was the case for the relative error, based on
this metric F, p is more accurate than F, 5. Also shown in Fig. 1 are the results (triangles) of

omitting the final power two in Eq. (18) of Parlange et al. (2002). These points are, visually at



6
least, identical to those plotted in Fig. 2 of Swamee et al. (2014). For ease of checking, we

include a table specifying the data in Fig. 1 in the supplementary material.

In conclusion, the approximation of Parlange et al. (2002) for the three-parameter
infiltration equation (Parlange et al., 1982) is significantly more accurate than that of Swamee
et al. (2014). Considering the relative error, which is closely related to the number of
significant digits given by the approximation, the short-time limit of the new approximation of
Swamee et al. (2014) has a minimum relative error of about 4.6%, which occurs at o = 1.
Further, the relative error of this new approximation increases monotonically as o is reduced
from 1 to 0, and becomes infinite in the ow = 0 limit. Thus, this approximation is far less
accurate than the approximation of Parlange et al. (2002), which has a maximum relative
error of less than 0.048%. A similar conclusion is reached if the absolute error is used instead

of the relative error to compare these approximations.
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Figure 1. Plot of the absolute error of different approximations for various o in the range
0 <a<1 (analogous to Fig. 2 of Swamee et al. (2014)). The squares are for F, p and diamonds
for F, 5. The triangles for the erroneous version of F, » used by Swamee et al. (2014). The

squares and triangles do not show any point plotted for oo = %4, since the approximations are

exact there, so the absolute error is zero.



Highlights

e Comparison of recent and previous approximations.

e Relative error more appropriate than absolute error in assessing approxmations

e Existing approximation has a global relative error less than 0.048%



