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Text. For arbitrary non-negative integers aq,...,aq and my, ..
myg, we introduce and investigate the mean value of the product

.

X1(a1) ... Xalag)L(my +1, x1) ... L(mg + 1, Xa),

such that my, ..., my have the same parity and y;(—1) = (—=1)™i*1,
i=1,...,d. Using recent results of the authors on Dedekind
reciprocity law we give explicit formulae for this mean. Our studies
recover and improve the previous works of Walum, Louboutin, Liu
and Zhang.
Video. For a video summary of this paper, please click here or
visit http://www.youtube.com/watch?v=FG2aZBD3VS8.
© 2012 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries

1.1. Introduction

Let g be a positive integer > 2, fixed. Let x be a character modulo g, and L(s, x) be the Dirich-
let L-function corresponding to x: L(s, x) = 2@1 L0 \where NRe(s) > 0 if x is non-principal and

ns

Je(s) > 1 if x is the principal character. Let mq, ..., my be non-negative integers. We shall here be
interested by the study of the mean values

d
- - * —
Sq(a,m,q) := E | |Xi(ai)L(mi +1, xi),
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where Y * denotes summation over all characters xi,..., xg (mod q) such that: x;...xq =1 and
XD == xa(=)=(=DMH =... = (~1)Tatl,
In the case d =2, my =my =0 and x2 = X1, Walum [9] showed that for prime g=p > 3,

2 2
2 nwi(p—D(p—-2)
Yoot = . : (111)
12p
X1 (mod p)
Ji(=H=-1

This result has been extended by Louboutin [3,4] and Zhang [10] to any positive integer g > 2 by the
formula

2 .,2 1
> |L(1,X1)IZ=%¢ (q)(q I (1+E)—3> (11.2)

q2
X1 (mod q) plg
x1(=1)=-1 p prime

where @(q) is the Euler function. Louboutin [5] has considered the case d =2, m; = my =k and
proved the formula

2k

2 2 (27)%k )
= ’L(k, Xl)’ =T 191(@)q k. (113)
v@ X1 mzc;d Q) 2((k — D)2 l;

x1(=1H=-1
where

@)= [] (1—%),

pla p

p prime

and the coefficients ry; are real numbers that were not given explicitly. In 2006, Liu and Zhang [2]
treated the mean values of L(m, x1)L(n, x1) at positive integers m,n > 1,

2
—— Y Lm, )L, 1)

v@ X1 (mod q)
x1(=DH=-1
m-n +n
(=17 o™ [ lmn _ €mn
T 2mn) IZ(; m.n191(Qq - TBmBn(Pm+n—1 @ ). (1.1.4)
where
Y () G) (Gn)
b/ \m+n—1
Tm.nl = Bm4n—I Z Z Bm—aBn-p 07,
a=0 b=0 a+b+1
and By, is the m-th Bernoulli number defined, as well known, by the generating function
z B
2, <o (115)
e’ —1 k!
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We refer to [6] for some applications of these explicit formulae. In [6] the author gives explicit upper
bounds on relative class numbers of cyclotomic fields by the study of mean values of L-functions of
prime conductors.

In this paper we study these explicit formulae in general case. Namely, d > 2 and mq, ..., my are
arbitrary non-negative integers. In particular, in the case d = 2 our results improve the previous works
of Louboutin, Liu and Zhang. Especially, in this case our formulae are very simple and explicit.

1.2. Dedekind reciprocity

In this subsection we review the Dedekind reciprocity law for cotangents Dedekind sums [1]. We
need it to illuminate the formulation of Theorems 2.1.1, 2.1.3 and 2.1.4. Let d, a; be positive integers,

ag, ...,a;,...,aq be positive integers prime to a; and my, ..., my be non-negative integers. For i =
0,...,d, we consider the multiple Dedekind-Rademacher sum defined by
C(aj;ao, ...,q,...,0q | Mj;mo, ..., M, ..., My)

1 a;i—1 yqd (mj) (Tajk e
-1 " g cot™Mi) (=) ifa; > 2,
e ket “ l (1.2.6)
0 ifa; =1.

As usual, X; means we omit the term x, and cot®™ denotes the m-th derivative of the cotangent
function.
Next we state the reciprocity law for these sums that allows us to compute them.

Theorem 1.2.1. (See [1].) Let d be a positive integer, ag, ...,aq be pairwise coprime positive integers and
mo, ..., Mg be non-negative integers. Assume that the integer

M=d+mg+---4+my iseven.
Then we have
d d g%
Mjp,. i
Sevme ¥ (113)
i=0

€0, i g 20\ j=0
Gttt bt lg=m; 7

X C(@;; o, ... G, ....0q | mizmo + Lo, ..M +Li,....Mg + Lq)
= { R+ (=1)%2 ifallm; are zero,
R otherwise,
where
(=1M/2M a .
= = miT Z H“i g (1.2.7)
i=0 i 0y ja=0 i=0
ot tja=M/2
and
Baj; o . .
A = Qii—T—m)I2i) if ji is an integer > (m; +1)/2,
BT (=DM ifji=0,

0 otherwise.
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Example 1. If the integer M is odd, since )" o< j<a (Mj+ £+ 1) = M, each term on the left-hand side
J#i
of the reciprocity formula in Theorem 1.2.1 is zero.

—1)4i22)i By, .
Example 2. When all m; are zero, we have M =d and A, j, = ()(]2]% hence the right member of

the reciprocity formula in Theorem 1.2.1 becomes

d

24 B,
R 142 = (=1)4/2(1 Ji 2] 12.8
+ (=12 =(-1) ( o > 1‘[(2]),,> (12.8)

o5 ja=0 i=0
Jot--+ja=d/2

Example 3. The case d =2, and mg, my, m; are arbitrary non-negative integers. Then we have M =
2 +mg + mq +my. We can write R as

R=2K(So+ S1+ S2) +4K(So,1 + So.2 + S1.2)

where

(—1)mo+mi+ma)/2mo+my+my—1
K=- ,

mo+1_mi+1_mo+1
ay a; a,

1 Boj, B
So=(~1™m! . ( . : 2h 22 g2 §“>

> 2j1—m = DI2j2—mz =1 j1j2

Jaz(ma+1)/2
J1t+j2=M/2

2 Bu

So.1 = (=DM Mmetm !l —————
o1=(D T me yml M2

The expression of Sq (resp. S») is obtained by replacing symbolically in Sg the indices 0, 1,2 by 1, 2,0
(resp. by 2, 0, 1). Similarly, the expression of S, (resp. So,2) is obtained by replacing symbolically in
So,1 the index i by i + 1 mod d (resp. by i +2 mod d).

2. Main results
We are now able to give the main results of this paper and their proofs.
2.1. Statement of the main results

Let d be an integer > 1. If m = (my, ..., my) is a d-tuple of positive integers, we use the notations:
Im| = Zx 1mi and m! =[] ¢;cqmil.

Theorem 2.1.1. Let d be an integer > 1 and m = (my, ..., my) a d-tuple of non-negative integers such that
:=d + |m| is even. Let q be an integer > 2. Let a1, ..., aq_1 be positive such that (a;,q) =1 (=1,...,
d —1). We set ag = 1. Then we have

b—1 d
Sa(@.m, q) = Ag(m) Y M( >Z]_[cot<'"r ( ka’) (219)

blq k=1i=1
b#£1

where Aq(m) = zd(::)m 7 Mo ().
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In the special case when d = 2, the theorem gives immediately

Corollary 2.1.2. Let m and n be positive having the same parity. Let a be a positive integer such that (a, q) = 1.
Then we have

k
> X(a)L(m—i—lX)L(n—i—lx)_AZM( )Zcot(m)< ) (n)<7;<>’

X (mod q) blq
X (=D=(=)"! b1

where A = W(Q) ( )m+n+2

— 4ml!n!

For every real o > 0, let J, be the Jordan’s totient function defined for all positive integer n by

Jo(n) :==n% Z MniT) =n“ 1_[ (1 - p]—a) see [8]

min pin
p prime

where v is the Mobius function. For o =1, this is, of course, Euler’s function ¢.
We obtain the following theorem:

Theorem 2.1.3. Let q be an integer > 2. Let d be an integer > 1 and m = (my, ..., mg) a d-tuple of non-
negative integers such that the number M :=d + |m| is even. Then

(i) if m = 0 we have

M2 d
sd(l,rﬁ,q)qu(nﬁ)<Z< > Ai, )(2j";,1210(q)>
J i=1

Jjo=1 150500 =20
]1+ “+ja=M/2—jo
=0 or >(m;+1)/2

where
Dg(m) = (—=1)M/22M 4, (m).

(ii) if ™ = 0 we have

d/2 d
- . N 3 By Byi
S4(1,m.q) =D, (0)| 271 _ i jo g .
a(l,m, q) q()( @) E ( ‘ E .||(2ji)!>(210)!]2”(q)>
Jjo=1 J1seJa 20 i=1
Jite+ja=d/2—jo

where Dg(0) = (—1)d/2(%)d(.0(Q)d_l-

As an immediate consequence, taking d =2, my = my = 0 we obtain a sensitive improvement of
Louboutin, Liu and Zhang results [4,5,10,2].
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Theorem 2.1.4. Let m and n be two positive integers having the same parity. Then:

e If (m,n) # (1, 1), we have

2 mootm =0 () oy 4w
2@ . » X » X =3 q 1 2 3
xX(=D=(=D"
where
B
M = ﬁm @
_1 (m2)
(—pm-! mY Bmin—2;j
2 = Diml 2 2j)min—2 2jJ2j(@),
_1 [n2l
(=1 n\ Bmin—2j
My=—— M2 B J2i(q).
3= m—nm 2 o)) mpn—2; W@

j=1
e Ifm=n=1, werecover (1.1.2)
2 2 9@ 1
o T ol =FEE (s Il (1+3)-2)
plg

X
x(=D=-1 p prime

Remark 2.1.5. For any given positive integer a, in the recent preprint [7] S. Louboutin gives an explicit
formula for the moment

2
Y x@La ol
X
X (=DH=(-1)
2.2. Proof of the main results

2.2.1. Proof of Theorem 2.1.1
To prove this theorem we need the following two lemmas.

Lemma 2.2.2. Let x be a character modulo q > 2. Let m be a positive integer such that y (—1) = (—1)™*1,
Then we have

(—ympm+1 wk
Lim+1, %)= m—ZX(k)cot“ﬂ)(—). (2.2.10)
2qmH (m!) = q

Let us set

1 ifu=v (modq);

Sy(u) =
v() 0 otherwise.

Proof of Lemma 2.2.2. This lemma has been proved by Louboutin [5] for g > 3. The same proof works
also forg=2. O
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Lemma 2.2.3. Let q be an integer > 2, u and v be two positive integers such that (uv,q) = 1. Let ¢ € {—1, 1},
fixed. Then we have

©@Q)
(

Y X)) = (8 () + £8-y (w). (2.211)

X (mod q)
X(—D=¢

Proof. For q > 3 the proof of this lemma is given in [5]. So we omit it. For ¢ = 2, we have only
one character x, which is given by x (k) =0 if 2 |k and x (k) =1 otherwise, and (2.2.11) is clearly
satisfied. Thus, the lemma yields. O

End of the proof of Theorem 2.1.1. Let ) denote the sum on the left of (2.1.9). Let ¢; =
- é"(gn_i!l)) (%)mi+1 (i=1,...,d). By Lemma 2.2.2, we can write

Sa@mq= Y ]_[xz(al)cszl(k)cot(m’< q’)

(X15ees Xa) =1 ki=1
q-1 d-1
(mg) 7de my)
=c 3 cot™(ZE ) [cot Zx,acl)x,(akd)
k] ..... kdzl i=1

where ¢ = I—[?:1 c;. We will use Lemma 2.2.3 and that the function g; : t = cot™) (rt/q) is periodic
with period q and verify: g;(—t) = (—=1)™+1g;(t) = xi(—1)gi(t). We have

q—1 q—1
k
S4(@. . q>_c(“);‘”> > owmo(T) 3y

kd=1
(ka,q)=1

ki ki
x [ Tbuks (Ici)COt(mi)(%> [T x-18 gk cot™ (%)

iel ie{l,....d—1}\1

d—1 g-1 d—1
(p(q)> m )<nkd> (m_)<7rkdai>
=c( —= cot™d) | —— cot" [ ——
(%) X ) ¥ :

kg=1 Ic(1,...d—1} i=1
(kg,q)=1

=cp(q)?! Z Hcot(’"' ( >
G
To complete the proof of Theorem 2.1.1, notice that
q—1 q b—1 k
G@)-2e6) 2 G6)
h=1 blq k=1
=1 b#1

for any function f:Q — C. O
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2.2.4. Proof of Theorem 2.1.3
From the definition (1.2.6), taking ap =b > 1 and mg = 0, we have

b—1 d
1 mka;
. . _ (my) !
C(b,al,...,ad|0,m1,...,md)_bE ||ct ( P )

k=1i=1
and for b=1
C(b;ay,...,aq|0;mq,...,mg) =0
Then we can write
b—1 d ka
ZM< )ZHCOt””'( ’) Z,u( )bC(b a,...,0q4]0;mq,...,my).
blq =1i=1 blg

b#1

By using Theorems 1.2.1, 2.1.1 and the well-known identities

Zu( )bz]—lzj(Q) and Zu( )b 9(@)

blq blg
we obtain the desired theorem.

2.2.5. Proof of Theorem 2.1.4
Taking d =2, my =mj =0 and by using Theorem 2.1.3, we obtain directly Theorem 2.1.4.
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