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1. Introduction

Modular forms are of central interest in number theory, particularly because Hecke theory tells us
that their Fourier coefficients carry number theoretic information. Eisenstein series are fundamental
examples of modular forms and play an important role in the theory of modular forms. In the case of
elliptic modular forms (i.e. Siegel degree 1), the Eisenstein series are well-understood; for instance, we
have explicit formulas for their Fourier coefficients, we know that the space of Eisenstein series can be
simultaneously diagonalised with respect to the Hecke operators attached to primes not dividing the
level, and when the level is square-free, the space can be simultaneously diagonalised with respect
to the full Hecke algebra. In the case of Siegel degree n > 1, the situation is less well understood,
but some parallel results have been established. Freitag [3] has shown that the space of Eisenstein
series can be simultaneously diagonalised with respect to the Hecke operators attached to primes not
dividing the level. Many authors have worked on computing Fourier coefficients of Siegel Eisenstein
series with n > 1. We do not try to give a comprehensive list of all the work that has contributed
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to this, but rather give a sampling. For level 1, see [8,9] for degree 2; [5] for degree 3; [1,2,6,7] for
arbitrary degree. For degree 2, level A" and primitive character modulo A/, Fourier coefficients for 1
of the Eisenstein series E(zr 1,1y have been computed in [10] when N is odd and square-free, and in
[11] for arbitrary N.

In this work, without using any knowledge of Fourier coefficients, we evaluate the action of Hecke
operators on the natural basis {E,} for the space of degree 2 Siegel Eisenstein series of square-
free level A and arbitrary character x (Propositions 3.3-3.10); here p = (Ny, N1, N>) varies so that
NMoN1N2 =N and X/2\f1 = 1. This evaluation reveals Hecke relations among these Eisenstein series in

the case that x2 is not primitive. Using these relations, we construct another basis {I~Ep} consisting of
elgenforms for the full Hecke algebra (which is generated by {T(p) T1(p?): p prime}); when x?
primitive, Ep =[E,. Then for any prime p, the eigenvalues of IEp for T(p) and T;(p?) are

O PP+ X, () Oivors (PP 2 + xas ()
and

2k—3

(p+ xn: (P2) Oeve (PH)P* 2 + x P* 2 (0 = 1) + x5 (p?))

(Theorem 3.11). In the case that x2 is not primitive, these Hecke relations also allow us to generate
some of the other Eisenstein series from E(\ 1,1y by applying particular elements of the Hecke alge-
bra; in particular, when x =1, we can generate a basis from Exr 1,1y (Theorem 3.12). In the remark
following this theorem, we briefly discuss how we can use [4] and the Fourier coefficients of the
degree 2, level 1 Eisenstein series IE to generate the Fourier coefficients of all the degree 2, level N/
Eisenstein series in the case that A is square-free and the character x = 1.

2. Preliminaries

Here we set notation and define degree 2 Siegel Eisenstein series and Hecke operators. We begin
by fixing square-free N € Z... With Sp,(Z) the group of 4 x 4 integral symplectic matrices, we set

Iso= {(3 *) eSp2<Z>}

ro(A/):{yesz(Z) y= (* *) (N)}

The O-dimensional cusps for IH(N) correspond to the elements of the double coset Iy \ Sp,(Z)/
To(N). For k € Zy and x a Dirichlet character modulo N, we have one Siegel Eisenstein series
for each cusp, defined as follows. For yp € Sp,(Z), the Eisenstein series associated to the cusp
T'oYolo W) is

Eyy(7) =) X(detD 1 )1y (7)
where I'sy varies over the Io(N)-orbit of I'sy )0,

TeHp ={X+iY: X.Y eR};

sym:

Y>0}

where Y > 0 denotes that Y is the matrix for a positive definite quadratic form, and

1‘ (’é g) (7) = det(Ct + D)X,
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This sum is well-defined provided qu =1 whenever q is a prime dividing NV and rank; Mg =1 where
Yo = (,;0 [:;0) and rankg Mo denotes the rank of Mo modulo q. When well-defined, the sum is non-

zero provided x(—1) = (—1)¥, and it is absolutely uniformly convergent on compact regions provided
k > 4 (and hence it is analytic, meaning analytic in each variable of 7). For y’ € IR(N), Ty ¥’
varies over the I'p(N)-orbit of I'nw) as 'y does, and hence Eply’ = X (detDy)Ey,. As noted in
[3], these Eisenstein series are linearly independent, and the Oth Fourier coefficient of E,, is 0 unless
yo € Ip(N), in which case it is 1.

A pair of 2 x 2 matrices (M N) is called symmetric if M!N = N‘M with !N denoting the transpose
of N; it is called a coprime pair if M, N are integral and (GM GN) is integral only if G is. Note that
(M N) is a coprime pair if and only if, for each prime p, rank,(M N) = 2. It is well known that
for y.y’ €Spy(Z), y and y’ lie in the same coset in I' \ Sp,(Z) if and only if y = (1), ¥/ =
( G*;VI G*N) for some G € GL(Z). Thus these cosets can be parameterised by GL,(Z)-equivalence classes
of coprime symmetric pairs; so E,, is supported on a set of GL(Z)-equivalence class representatives
for the I'y(N)-orbit of GLy(Z)(Mg Np).

For each prime p, we have Hecke operators T(p) and T;(p2) that act on degree 2 Siegel modular
forms, and {T(p), T{(p?): p prime} generates the Hecke algebra. For f a degree 2 Siegel modular

form of weight k, level NV, and character yx, and for ' = (? g), we set

Yy ot = (AT +B)(Ct +D)”!

and
foly' = (dety/)k/2 det(Ct + D) ¥ f(y 0 1).
Then
fIT()=p*3) x(detD,)f|s""y
Y
where § = (’J & 12) and y varies over a set of coset representatives for

(8T (N)8™ N o (N)) \ To(N).

Somewhat similarly,

fIT1(p?) =p* 3> X (detDy)f|s7y
Y

where §; = (X -1 ), X=(" ;)» and y varies over a set of coset representatives for

(81 o), N To(A) \ To(N).

In Propositions 2.1 and 3.1 of [4] we computed an explicit set of upper triangular block matrices
giving the action of the Hecke operators, and we will use these here in evaluating the action of Hecke
operators on Eisenstein series. (Note that in [4] we did not introduce the normalisation of Ti(p?)
until we averaged the Hecke operators to produce an alternative basis for the Hecke algebra.)

Given Q € Zi‘,ﬁn and F=7Z/pZ, p prime, we can think of Q as a quadratic form on V =Fx; @ Fx,.
We say a non-zero vector v € V is isotropic if Q (v) =0 (in IF). Suppose p is odd. Then Q is a GL,(IF)
conjugate of H = (1, —1) or of A = (1, —w) where (%) = —1 and (%, %) denotes a diagonal matrix;
we write V >~ H or V >~ A accordingly. Note that when V ~H], V contains 2 isotropic lines, and when
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V ~ A, V contains no isotropic lines. Now suppose p = 2; then either Q is a GL(F) conjugate of I

or (over IF) of Q = (? (1)) (which is stabilised under conjugation by GL(F)). When V >~ I, V contains

1 isotropic line; when V ~ ((1) é) all 3 lines in V are isotropic.
3. Action of Hecke operators on Eisenstein series of square-free level

Throughout this section, we assume k € Z, with k > 4, and that AV is square-free. We first show
that we can parameterise the I'p(N) cusps by multiplicative partitions p = (Np, N1, N32) where
NoN1N3 = N: For such p, fix diagonal M, € Z%2 so that

0 (No),
Mp=1(",) W,
I (V2).
Then set y, = (,V;p (I)) For y = (:\5’ 1Lv) Y = (A’;/, ’f,/,) € Sp,(Z), we know that I'n,y = I, if and only

if GAM N) = (M’ N’) for some G € GL,(Z). Thus it suffices to show that for a coprime symmetric pair
(M N), we have GLy(Z)(M N) in the I'y(N)-orbit of GL,(Z)(M,, I) if and only if rank; M = ranky M,
for all primes g|\.

To do this, suppose first that (M N) is a coprime symmetric pair so that (M N) = (M, I) (N).
So there is some (A’;’s) € Spy(Z). Since N = I(N), L is symmetric modulo A/ so we can choose
symmetric W = —L(N). Then

K U I W\/K L
(M N)Z(O 1><M N)esPZ(Z)

with L'=0 (NV); so K’ =1 (N). Thus

I 0 K L
(o (5 £)ero

and hence (M N) € (M, DIo(N).

Now suppose (M N) is a coprime symmetric pair so that for each prime |\, we have ranks M =
ranky M,. We want to show that for some E € GLy(Z) and y € I3(N) we have E(M N)y =
(Mp I) (W). We know SLy(Z) projects onto SLy(Z/N'Z). Also,

SLy(ZJNZ) ~ SLy(ZJ NoZ) x SLa(ZJNAZ) x SLa(Z/N>Z)
via the map G (M) — (G (Np), G (N1), G (N3)), which is well-defined with inverse map
(G (M), G (V1) G (M2)) > TNIN2Go + SNoN2G1 + ENIN1Gy - ()
where 1, s,t € Z so that tNTN> + sNo N> + tNoN7 = 1. Thus we can choose E, G € SLy(Z) so that

(',) W,

EMG = 1
(",) W)
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where m is a unit modulo A5, and EN{G~1 =1 (Np). Write ENIG~! = (:; :i); then by symmetry,
n3 =mny (N2), n3 =0 (N7), and since M, N are coprime, n4 is a unit modulo A7. Now choose
symmetric W so that

(Cg?) ),

w=1{ "
(T ) V)
and (¢") € SL5(Z) so that
I (No),
ng
(g Z>E ("a,) @,
(M) W\
Set
1 0
(G I w a b
Y=\ e 1 ){o 1
c d

Then y € IH(N) and E(M N)y = (M, I) (N). Hence with the previous paragraph, we have that
GLy(Z)(M N) is in the I'y(N)-orbit of GLy(Z)(M,, 1), as claimed. (So the GL,(Z)-equivalence classes
of two coprime symmetric pairs (M N), (M’ N’) are in the same Ip(N)-orbit if and only if rank, M =
rankg M’ for all primes g|\.)

Note that

-1
GLy(ZY(Mp I) = SLo(Z)(Mp 1) U SLo(Z)(Mp T)

—

so we can identify the cusp with SL,(Z)(M,, I)Io(N). We use E,, to denote E,,. To ease the discus-
sions during our computations we consider 2[E, to be supported on a set of representatives for the
SLy(Z)-equivalence classes in the I'y(N)-orbit of (M, I).

For q prime, we say (M N) has g-type i if (M N) is a coprime symmetric pair with rankg M =1.
For (M N) of g-type i, choose E € GL,(Z) so that q divides the lower 2 — i rows of EM; then we say
(M N) (or simply M) is g-type i, j where j = rankq(li 1, )EM. Given square-free A and a partition
0 =Ny, N1, N2) of N, we say (M N) has N-type p if (M N) is a coprime symmetric pair and, for
each prime q|\;, ranky M = .

Given a character x modulo A, and (M N) = (M, I)y where y = (? g) e Iy(N), we can describe
x (detD) in terms of M, N, p as follows. For each prime q|\p, we have N =D (q), so xq(detD) =
Xq(detN). For each prime q|N3, we have M= A = tD (q), so Xq(detD) = X 4(det M). Now take a

prime q|N7; write D = (d‘ d

N d4). Thus modulo g we have

_ g da —d3
A:detD(_d2 d1)’
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so consequently modulo g we have

_—=(ds —d3 o x
weams (b8, we(g 0)

We know q 1t (d3 da), so xq(detD) = xq(m1)xq(na) or xq(—mz)xq(n3), whichever is non-zero. Take
E € SLy(Z) so that q divides row 2 of EM; thus E = (g g) (q@), and with

/ ’ / /
ev= (g o). en= ().
qms  qmy ny 1y

we have
Xa(Mm) xq(ny) = XgmDxqa),  Xq(—=mb)xq(ns) = Xq(—m2) xq(n3)

provided qu = 1. So when qu =1 and (M N) has g-type 1, we can choose E € SLy(Z) so that

EM = (qr::g qI:i;)' EN = (:; Zi) set x(1,q,1)(M, N) = xq(m1) xq(ng) or xq(—mz)xq(n3) (whichever is

non-zero). Then set

XoM,N) =[] xq(detN) T xct.0.0(M, N) [ ] xq(det M).
qlNo qlN1 qIN2

Hence 2E,(t) = Y X (M, N)det(Mt + N)~¥ where (M N) varies over a set of SL,(Z)-equivalence
class representatives for pairs of A/-type p. Also note that for G € SLo(Z), x,(GM, GN) = x,(M, N),
and since (G tc-l) € Spy(Z), we have x,(MG,N'G™1) = x,(M, N).

For the remainder of this section, fix a partition p = (Np, N1, N3) of A/, and fix a character
modulo N. We decompose x as xa, XA, XA, Where xa; has modulus N;; we assume x has been
chosen so that XJZ\G =1. For p prime, let G1(p) be a set of representatives for

* 0
* ok

{y €Sl (Z): y = ( > (p)] \ SLa(Z);

note that for p{ N, we can take the elements in G;(p) to be congruent modulo A to I.
When evaluating the action of the Hecke operators, we often use the following simple lemmas.

mp my
pm3 pmy

ny n
ns3 ng

Lemma 3.1. Say p is a prime and (M N) is p-type 1, M = (
if pina, and p|my if and only if p|ns.

),and N = ( ). Then p|my if and only

Proof. Say p|my. Then p {my since rank, M = 1; by symmetry, p|mans and hence p|ns. The other
arguments needed to prove the lemma are essentially identical to this. O

Lemma 3.2. Let V = Fx; @ Fx; where F = Z/pZ, p prime. For G € G1(p), let (x; x3) = (x1 x2)"'G. Then as
G varies over Gy (p), FX] varies over all linesin V.

Proof. Representatives for G;(p) are (?_01), ((l)‘;‘) where « varies modulo p. Thus Fx] varies as
claimed. O

Proposition 3.3. For p a prime not dividing N/, we have

2k—3

EoIT(0) = (xno (P?) X (PP 72 + xaons (PP 2 (0 + 1) + xan () x; (P?)) Ep.
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Proof. Decompose E,, as Eo +Eq + E, where E; is supported on pairs of A/-type p and p-type i.
Using the matrices for T(p) as described in Proposition 3.1 of [4], we can describe E,|T(p) as
follows. First, let G = G1(p). Then
2E,(DIT(p) =p*> 3 x(p* )Xo (M. N)det(MD,G; 't + pND; ' (G, + MY, (Gy) ™"
0<r<2
Gr.Yr
where (M N) varies over a set of SLy(Z)-equivalence class representatives for pairs of N -type p,
D, = (I’ pIZ—r), Go =Gy =1, Gy varies over G, Yo=0, Y| = (yo) with y varying modulo p, and
Y, e ng,fn varying modulo p. For convenience, we choose Y; =0 (N).

Casel. Say r =0. We take (M’ N') = Dzl (pM N) where £ =rank, N, and the SL,(Z)-equivalence class
representative (M N) is chosen so that p divides the lower 2 — ¢ rows of N.
First suppose ¢ = 2. Thus rank, M’ =0, and

x (P?)xp(M',N') = xa5 (P?) X7 (P) Xp (M, N).

So the contribution from these terms is xs, (P%) XA, (P)p**>Eo.

Next suppose £ = 1. So p divides row 2 of N and hence does not divide row 2 of M, and hence
rank, M’ =1 with p dividing row 1 of M’, p not dividing row 1 of N’ (and so (M’,N') =1). We
have X(pz)xp(M’,N’) = XNoN, (D) Xp (M, N). Reversing, take (M’ N') of N-type p, p-type 1. We

need to count the equivalence classes SLy(Z)(M N) so that (1 l)(pM N) € SLy(Z)(M' N'). For any
p
E € SLy(Z), we have (1 p)E(1 1) € SLy(Z) if and only if E = (:2) (p); thus we need to count the
p

integral, coprime pairs (M N) = (l p)E(M’/p N’) where E varies over G;. (Note that we automatically

have M¢N symmetric since M'tN’ is symmetric.) We can assume p divides row 2 of M’. To have M
integral, we need p dividing row 1 of EM’; there is 1 choice of E so that this is the case. Thus p
does not divide row 2 of M or row 1 of N, so (M, N) = 1. So the contribution from these terms is

XN, (PP Ey.
Now suppose ¢ =0. Thus rank, M = 2 =rank, M’. We have

X (P*)xp(M'.N') = X (D) xs (P%) xp (M. N).
So the contribution from these terms is x7, (p) Xa% (P2)pEa.

CaseIl. r = 1. Here we take

(M'GN''G™") = ;1(1\4(1 p)N(p 1>+My),

where £ = rankp(M(1 p) N(p 1)) GeG, Y= (y 0), and the equivalence class representative (M N)
is adjusted so that (M’ N’) is integral.
Suppose ¢ =2. Then (M’,N’) =1, rank, M’ =1, and x (p) x,(M', N) = xn, (02 xn; (P) X p (M, N).

Reversing,
1
(MN):(MG(1 1) (N'tG¢™! —M/GY)(P 1))
p

We can assume p divides row 2 of M’; to have M integral, we need to choose the unique G so that

q|m, where M'G = (;;1‘3 ;;124) Then p {my, and by symmetry, p {ns where N'{G~! (n3 :4) To have
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N integral, we need to choose the unique y modulo p so that ny =my (p). So M, N are integral and
coprime, and the contribution from these terms is xa; (%) XA, () 3Es.

Say £ =1. Then we must have M = (;n] mz), N= (n1 2 ) with pt(my ny); since (M, N) =1, we

ms3 my n3 png
must also have p { (mg4 n3). Thus (M’, N’) =1 with rank, M’ =0, 1, or 2, and

X Xp(M',N') = Xnon, (D) Xp (M, N).

1
(MN):(1 )E(M/G<l 1>(N”c—1—M’cy)<5 ))
p 7 1
EeG.

Still assuming € = 1, suppose rank, M’ = 0. Then to have N integral, for each E we must choose

the unique G so that g|n; where EN’'{G~1 = (z; :i) Thus p {nzn3, and hence rank, N =2 for all

choices of y. So the contribution from these terms is XA,/ (Mp*3- p(p + DEo.
Continuing with the assumption ¢ = 1, suppose rank, M’ = 1; we can assume p divides row 2
of M. To have M, N integral, we need p|my, ny =myy (p) where EM'G = (m1 mz), EN'tG™1 =

ms3 my

(Z; zz) Say p divides row 2 of EM’ (this is the case for q choices of E); then we need to choose
the unique G so that p|m,. Then p tmq, and by symmetry, p|ns. But then p divides row 2 of both
M and N, so (M, N) # 1. So take the unique E so that p does not divide row 2 of EM’; thus, by our
choice of representatives in Gi, we have p dividing row 1 of EM’. To have N integral, we need to
choose the unique G so that p|nq. Then p {ny, and by symmetry, p|mg. Since rank, M’ =1, p { ms.
To have (M, N) =1, we need to choose y so that n3 £msy (p); so we have p — 1 choices for y. The
contributions from these terms is XAy, (»p*3(p — DE;4.

Now assume ¢ =1, rank, M’ = 2. Then for each E, choose the unique G so that pjm, where
EM'G = (:; ;"li) then M is integral. Also, p {myms3 so rank, M = 2. Choose the unique y so that ny =

m1y (p); so M, N are integral and coprime. The contributions from these terms is x a7, (Pp*3(p+
DE,.

Now assume ¢ = 0; since (M, N) =1, we must have M = (
nymg. Thus (M’, N’) =1, with rank, M’ > 1, and

Reversing,

pmy mZ) _ (Hl pn2
’

pm3 My = (ny pn4) with p {mans —

X(P)xp(M',N') = xaq (D) XA (P?) Xp (M, N).

(1\/11\I)=p(1v1’c;(1 %)(N’tc_l—M/GY)(% 1))

Say rank, M’ =1; we can assume p divides row 2 of M’. So to have (M, N) =1 we need to choose

G so that p fm; where
M/G — ( mq my )
pmsz pmy )’

Reversing,

this gives us p choices for G. Write

N/fG—1= n n .
n3 ng ’
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by symmetry, if pjn3 then we must have p|ng4, and consequently (M’, N') # 1. So p{n3, and (M, N) =
1 for all choices of y. The contribution from these terms is x5, (P) XA, (p>)p~E;.
Now say rank, M’ = 2; write

MG = mp mp NG 1= n n
ms3 Mgy ’ n3 ng ’

Then (M, N) =1 unless (Z;) — (g;) € spanp(ﬂi). This gives us p — 1 choices for y, and the contri-

bution is X7, (P) XA, (P?)P 3 (p? — DE,.
Caselll. r=2.So (M' N') = D[](M pN + MY) where Y € Z?ﬁn varies modulo p, and ¢ = rank, M
and we assume p divides the lower 2 — ¢ rows of M.

Suppose £ =2. So (M N)= (M’ (N' — M'Y)/p); there is a unique Y so that N = M'Y (p). The
contribution is x s (p?) xa; (p)p*3Es.

Now suppose ¢ =1; so rank, M’ > 1, and x,(M', N') = xa,N, (P) Xp (M, N). Reversing,

(M N) = <1 p) E(M' (N'—=M'Y)/p)

where E varies over Gj. Say rank, M’ = 2; write

EM,:(rm mz>’ EN,:<n1 Tl2>.
msz my n3 ng
To have N integral, we need (n; np) = (m; my)Y (p), and to have (M, N) =1, we need (n3 ng) #
(m3 mg)Y (p). Thus we have p — 1 choices for Y, and the contribution from these terms is
AN, (PP 3 (p% = DEs.

Say £ =1 and rank, M’ =1; assume p divides row 2 of M’ (so p does not divide row 2 of N). To
have N integral, we need p not dividing row 1 of EM’ and (ny ny) = (m; my)Y (p); this gives us p
choices for E and p choices for Y. Then p does not divide row 1 of M or row 2 of N, so (M, N) =1.

The contribution from these terms is s (P)P*> - p2Es.
Say £ =0. So rank, M’ =0, 1, or 2, and

Xp (M N') = xpq (P) XA (P?) Xo (M, N).
Reversing, we have
(MN)=p(M (N =M'Y)/p).

Say rank, M’ = 2. We need to choose Y so that rank,(M'N’ —Y) =2; as Y varies over Zfﬁn
modulo p, so does M'N’ — Y, and p?(p — 1) of these matrices have p-rank 2. Thus the contribution
from these terms is xa; (p) X, (PP~ 1(p — DE;.

Now say ¢ =0 and rank, M’ = 1; we can assume p divides row 2 of M. To have (M,N) =1,
we need (n1 nz) — (my mp)Y ¢ span,(ns ng). For each & modulo p, we have p choices of Y so that
(n1 n2) — (m; my)Y = a(n3 na) (p). Thus we have p?(p — 1) choices for Y so that (M, N) = 1. The
contribution from these terms is x5, (P) XA, ®>p~"(p — DE;.

Finally, say ¢ =0 and rank, M’ = 0. Thus rank, N’ = 2 =rank, N for all choices of Y. So the con-
tribution from these terms is X, (P) XA, (p?)Eo.

Combining all the terms yields the result. O
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Proposition 3.4. For p a prime not dividing N,

EolT1(p?) = (p + 1D (xno (P)p* 72 + x 0)P*2(p — 1) + x5 (p?))Ep.

Proof. Let G1 = G1(p), and let Eg, Eq, E; be defined as in the proof of Proposition 3.3. Decompose
E1,E; as Eq =Eq,1 +E1,2, Eo =Eo,0 +Eo,1 +Eo,2 where E; j is supported on pairs (M N) of p>-type
i, j. Further, we split Eg 2 as Eg 2 + + Eo 2 — where, for p odd, Eg 3, is supported on pairs (M N) so
that

V(deta\élv/m) .

and for p =2, Eg 2 + is supported on pairs (M N) where %M‘N ~1] (2) and Eg > — on pairs (M N)

where IMIN = (?(1)) (2). When p is odd, set € = (’Tl).

Using Proposition 2.1 of [4], the action of T;(p?) is given by matrices parameterised by ro, 1,12 €
Zxo whererg+r1 +r=1.

Casel. 1o = 1. Here the summands are

1 1 —k
pk_3xp(M,N)det<M(P 1)6_1‘C+N<p 1)tG+M(p 1)}”(;)

Y1 y2

where (M N) varies over pairs of N-type p, G varies over Gy, and Y = (y2 0

modulo p? and y, varying modulo p.

) with y; varying

Case la. Say M (% 1) is not integral. Then we can adjust the equivalence class representative for
(M’ N’) so that

e = )(u(t ()t )

is coprime with rank, M’ =1 or 2. So x,(M',N’) = XNO(pZ)xp(M,N). Using the techniques
used in the proof of Proposition 3.2, we find that in the case rank, M’ =2 the contribution is
XN, (P2 P* 3 pk(p + 1)Ey, and in the case rank, M’ =1 the contribution is xay, (p?)pk—>p*1E;.

Case Ib. Suppose M(% 1) is integral and that (M’, N') =1 where

(M’GN”G‘l):(M<% 1>N<p 1)+m(% 1)y>.

Note that rank, M’ > 1, else rank, N" < 1 and hence (M’,N’) # 1. Also, note that x,(M',N’) =
X(P)xp(M, N).

Reversing, when rank, M’ = 2, we find that for each G, there are p — 1 choices for Y so that
(M N) is an integral, coprime pair; the contribution from these terms is x (p)p*~3(p? — 1)E,. When
rank, M’ =1, we can assume p divides row 2 of M’; to have N integral we need to choose the unique
G € Gy so that p divides the 2, 1-entry of N’{G~1, and then we have p(p — 1) choices for Y so that
(M, N) =1. So the contribution from these terms is )((p)pk*3 -p(p — DE;.
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Case Ic. Suppose M(% 1) is integral and that

i (w(3 ) (7 )))=2

adjusting the equivalence class representative, we have (M’, N') =1 where

worey=( ) u(h s )eu(? 1))

Also, xp(M',N") = X, (P*) Xp (M. N).

Reversing, take a coprime pair (M’ N’). Then arguing as above, we find that when rank, M’ =2,
the contribution is xa;(p2)p~2(p? — 1)(p + 1)Ez. When rank, M’ = 1, the contribution is
x5 (P2 p~1(p? + p — DE1. When rank, M’ = 0, the contribution is xs; (p?)p*=2 - p3~*(p + 1)E,.

Casell. r; = 1. Here the summands are

X —k
P2 (P)X M, N)det<MG‘1r+NfG+M<p 0) f@)
where (M N) varies over pairs of A/-type p, y varies modulo p with pty, G varies over {G;.

Case Ila. Say M(% l) is not integral. Adjust the representative (M N)

(M'GN''G™") = <p 1) (MN—i—M(% 0))

is integral. Then (M, N’) =1 with (M’ N’) of p2-type 1,2 or 0,1 or 0, 2. Also, X xp(M',N) =
AN (PP xp (M, N).

Reversing, when (M’ N’) is p%-type 1,2, we can assume p divides row 2 of M’; we find there are
unique choices for G, Y so that N is integral, and then we get (M, N) = 1. Thus the contribution from
these terms is yn; (p?)p*—> - p*E1 5.

Next suppose M’ is p2-type 0, 1; we can assume p? divides row 2 of M’. For 1 choice of E we have
p2|(m; my); but then we cannot have N integral and coprime to M. For the other p choices of E we
have p%|(m3 my). Choose the unique G so that p|ny; so p tning and p? {my, else by symmetry p2|my,
contradicting that M’ is p?-type (0, 1). Then choose the unique y 0 (p) so that ny = ml% (p); we
get p not dividing row 1 of M or row 2 of N, so (M, N) = 1. The contribution from these terms is
AN, (P?)p* 3 - p* - pEo .

Now suppose (M’ N’) is p2-type 0, 2. For each choice of E € G, we choose the unique G € {G~!
so that EN'G = (Z; L:Zf) (thus p fning). To have N integral, we need to choose y % 0 (p) so that

n = m1% (p); this is possible if and only if p? tmy. Let V =TFx; ®Fx, be equipped with the quadratic
form %M"N’ relative to the basis (x; x2). Then with (x] x5) = (x1 x2) 'E, Fx] varies over all lines in V,
and %EM”N“E represents the quadratic form relative to (x; x5). When p is odd and V ~ HI, there
are 2 choices of E so that Fx] is isotropic; equivalently, when V ~H there are 2 choices of E so that
p?imy (since the value of the quadratic form on X} is mny/p € F). When p is odd and V 2 H, we
have p?{m; for all p 4 1 choices of E. So the contribution when p is odd is

XN (P2)PK3 - pk(p — DEo 2.6 + X, ()P - p*(p + DEo 2.
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When p=2 and V >~ (? (1)) we have Fx] isotropic for all E; when V ~ I we have Fx] isotropic for 1

choice of E. So the contribution when p =2 is 2y, (p?)p?*3Eq 2

Case IIb. Suppose M (% 1) is integral, and

(M'GN''G™) = (M N+M (% 0))

is a coprime symmetric pair with rank, M’ < 1. Note that x (p) x,(M’, N) = x(p) x, (M, N).

Reversing, first suppose that rank, M’ =1, and assume p divides row 2 of M’. To have N integral,
choose the unique G so that p|my (so p {my). To have (M, N) =1, we need p not dividing row 2
of N. If M’ is p2-type (1,1), we can assume p? divides row 2 of M’ and then for any choice of
y %0 (p) we have p not dividing row 2 of N. If M’ is p2-type (1,2) then p?{ms so there are p — 2
choices for y 0 (p) so that p does not divide row 2 of N. Thus the contribution from these terms
is x(P)p*3(p — DE11 4+ x(0)p*3(p — 2)E1 2.

Now suppose M’ is p2-type (0,0); then N is invertible modulo p for all choices of G and y. Hence
the contribution is x (p)p*—3(p? — 1)Eq,o.

Suppose M’ is p2-type (0,1); then we can assume p? divides row 2 of M’. For 1 choice of G we
have p%|m; and then for any y we have rankp, N = 2. Say we take any of the other p choices for G
so that p {mq. By symmetry, p {ns. So there are p — 2 choices of y 0 (p) so that rank, N = 2. Thus
the contribution from these terms is x (p)p*~—3(p? — p — DEqg1.

Suppose M’ is p2-type (0,2). Let V = Fx; @ Fx, be equipped with the quadratic form %N’M’
relative to (x; xz). Then with (¥ x,) = (x1 x2)G, Fx] varies over all lines in V as G varies over £G4,
and the value of the quadratic form on x] is det N'(myn4 —msnz)/p. We have rank, N =2 if and only
if det N’ £ y(ming —msny)/p (p). When p is odd and V ~ Hi, there are 2 choices of G so that x] is
isotropic, and then rank, N =2 for all y #£0 (p); for a choice of G so that x; is anisotropic, there are
p — 2 choices of y #£ 0 (p) so that rank, N = 2. Hence the contribution from these terms when p is
odd is x (p)p*~2 - p(p — DEo.2.c + x (D)P* 2 - (0 + 1)(p — 2)Eo2, . When p =2, we have y =1 (p);

when V ~ (? (l)) x| is isotropic for all 3 G, and when V ~ I there is 1 choice of G so that Fx] is

isotropic. So the contribution when p =2 is x (p)p*>Eq 2.+ +3x (p)p*>Eo2._.

Case IIc. Suppose M(% 1) is integral and

Yy
rankp(MN-{-M(P 0)) =1;

we can adjust the representative so that

(M'GN''G™") = <1 %> (MN+M<% o))

is an integral pair. Then (M’, N’) =1 with rank, M’ > 1, and
XD xp(M'.N') = xa, (p%) xp (M, N).

Reversing, we need to count the equivalence classes SL(Z)(M N) so that (1 )M N+M(50))e

1
14
SLy(Z)(M’ N’). Thus we need to count the integral, coprime pairs
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(M N)= 1 E(M'GN'tG1-MG ’
= , o))

where E € G1. Write EM'G = (m; mi) EN'tG 1= (:; Zi)

Say rank, M’ = 2. To have N integral, choose the unique G so that p|m; (and hence p tmyms).
Then for any choice of y, (M,N) = 1. So the contribution from these terms is xa; (p?)pk3 -
p*(p* - DE,.

Now say rank, M’ = 1; we can assume p divides row 2 of M’. For p choices of E, we have p
dividing row 2 of EM’, and then p divides row 2 of (M N) (meaning (M, N) # 1). So take the unique
E so that p divides row 1 of EM’ (and hence p does not divide row 1 of EN’). So to have (M, N) =1,
we need to choose G so that p{ms; this gives us p choices for G. Then for every y #0 (p), we have
(M, N) = 1. So the contribution from these terms is X/, PHp*3 - p~* . p(p — DE;.

Caselll. r; = 1. Here the summands are

1 —k
X(Pz))_(p(M,N)p"‘3det<M<p 1)6_1I+N(5 1)fc> ,

where (M N) varies over pairs of A/-type p, and G varies over ‘Gy.

Case Illa. Suppose N (% 1) is not integral. We can adjust the representative so that N = (;113 22) (so

ptni). Write M = (

mp mp
ms3 my

e ) ()

we have (M’, N') =1 and rank, M’ < 1. When rank, M’ = 1, we must have M’ of p?-type 1,1 with p
dividing row 1 of M’, and

). Then p { (mg4 ny), else by symmetry, p|ms and (M, N) # 1. Thus with

x (P?)xo(M',N') = xn0(P?) xp (M, N).

1 1
=t (e (2 )
1 . . .
We know (7 1)}5(’J 1) € SL,(Z) if and only if E = (ig) (p). Write EM'G = (
(1 ns)
n3ng/*

First suppose M’ is p2-type 1,1 with p dividing row 1 of M’. We know p divides row 1 of EM’ if
and only if E = (i 2) (p); thus we only need to consider E = I, and we can assume p? divides row 1
of M’. To ensure N is integral, we need to choose the unique G € ‘G; so that p|ny; then by symmetry,
plns, and since rank, M’ =1, ptmy. Then M, N are integral and coprime. So the contribution from
these terms is yn; (p?)p*3 - p¥Eq 1.

Now suppose M’ is p%-type 0,0. Then for each E € G, there is a unique G € 'G; so that p|n,
(and hence p tning). Thus rank, N =1 so (M,N) =1, and the contribution from these terms is
NG (PP - pM(p + DEo 0.

Suppose M’ is p-type 0, 1; we can assume p? divides row 2 of EM’. Suppose p? divides row 2 of

EM’; to have M integral, we choose the unique G so that pm;. Then p?{m,, and by symmetry, p|n.
Hence p {nan3, and N is not integral. So choose E so that p? does not divide row 2 of EM’; we have

Reversing,

mp my
ms mgy

)’ EN/tc—] —



L.H. Walling / Journal of Number Theory 132 (2012) 2700-2723 2713

1 choice for E, and then p? divides row 1 of EM’. Choose the unique G so that p|ny; then p {ning,
and N is integral with rank, N = 2. So the contribution from these terms is xa (p?)pk—3. p"}Eg,l.
Suppose M’ is p?-type 0, 2. For each E € Gy, choose the unique G € 'G; so that q|ny. To have M
integral, we need p?|m;. Let V = Fx; @ Fx, be equipped with the quadratic form given by %M”N’
relative to (x; x2). Then with (x| x5) = (x; x2)'E, the quadratic form on V is given by %EM”N”E
relative to (x/1 x/z). As E varies over Gi, IFX/1 varies over all lines in V. Suppose p is odd; then
to have p?|m;, we need V ~ H, and then p|m; for 2 choices of E. Hence the contribution from
these terms when p is odd is 2y (p?)p*=3 . p*Eg 2. In the case that p =2, the contribution is

N (PP B0 4 + 3 X0, (P p* Ko o, .

Case IIIb. Suppose N(% 1) is integral, and rank, (M’ N') =2 where

(MGN”G”):(M(p 1>N<% 1))

So rankp M > 1, rank, M’ < 1, and M’ cannot be p2-type 0, 0. Also, when M’ is p-type 1, we can
assume p divides row 2 of M(p 1); then using symmetry, we see p divides row 2 of N, so we must
have M’ of p2-type 1,2. Note that x (p?)x,(M’, N') = x (p) X, (M, N).
. _ 1 tre1(D .
Reversing, (M N) = (M'G( » 1) N'tG=1(",)). Write

MGo (™ m Ntg-lo (M m2
ms my ’ n3 ng ’

Suppose M’ is p2-type 1,2; assume p divides row 2 of M’. Choose the unique G so that p|my;
thus p {my, p?{ms. So (M, N) =1 and the contribution from these terms is x (p)p*—3E1 .

Suppose M’ is p%-type 0, 1; assume p? divides row 2 of M’. We have (M, N) =1 if and only if
p? { ming; by symmetry, p?|m; if and only if p|ns4. So choose G so that p|m;; we have p choices
for G, and hence the contribution from these terms is x (p)p*—3 - PEo 1.

Now suppose that (M’ N’) is p>-type 0,2. Let V =Fx; @ Fx, be equipped with the quadratic
form given by %ITJ/M/ relative to (x; x2). So relative to (x] x,) = (x; x2)G, the quadratic form is given
by %tGIV’M’G = a(”‘*"j;/l’ I) (p) where d = detN’ (recall that p?|ms3). We know Fx| varies over all
lines in V as G varies over {G;. When p is odd, p?{mqng for p — 1 choices of G if V ~H, and
p?{myny for p +1 choices of G otherwise. So the contribution from these terms when p is odd is
X(@)P*3(p — DEo2.¢ + X (P)P* (P + 1Eo.2, . When p =2 the contribution is 2 (p)p*>Eo 2.+

1
Case Illc. Suppose N(» ]) is integral with

i (1(* ) (? 1))

Adjust the equivalence class representative of (M N) so that p divides row 2 of (M(” 1) N(% l)) =1.

Set
(M’GN“G_])=<1 %>(M(p 1)1\1(% 1)):1.

Since M’, N’ are integral and (M,N) =1, we have (M’,N’) = 1. Also, rank,M’ > 1 and
XD XpM',N') = Xp, (D*) Xp(M, N).
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Reversing, take (M’ N’) of p-type 1 or 2, and set

o= Je(we (v e (7))

where E € Gy. Write EM'G = (! %), EN''G™" = (1 7).

First suppose rank, M’ = 2. For each E, choose the unique G so that p|m;. Thus p t myms, so
(M, N) = 1. The contribution from these terms is xx; (p%)p*—3-p~* - (p + DE>.

Finally, suppose rank, M’ = 1; assume p divides row 2 of M’. Suppose p divides row 2 of EM’;
choosing G so that p|mq, by symmetry p|ng and hence (M, N) # 1. So choose the unique E so that
p does not divide row 2 of EM’; then p divides row 1 of EM’. To have (M, N) =1, choose G so that
p{ms; we have p choices for G, and the contribution from these terms is (pH)pk—3 . pl=kE;.

Combining all the contributions yields the result. O

Now we determine the action on Eisenstein series of T(q), T1(q%) where q is a prime dividing N
We let F denote Z/qZ; when q is odd, we let € = (’71), and we fix w so that (%) =—1.Let G =
G1(q); note that we can choose the elements of Gy to be congruent modulo A'/q to I.

Proposition 3.5. Suppose q is a prime dividing N; then

EolT(@) = xn% (4) xaq @a* Ep.

Proof. From Proposition 3.1 of [4], we know that

2E,(DIT@ =0 X WoN1. Naja) (M, N) xg(det M) det(Mt + gN + MY) ¥

where (M N) varies over a set of SL(Z)-equivalence class representatives for pairs of A -
type p, and Y varies over all symmetric matrices modulo g; recall that we can choose Y =
0 (M/q). Take (M N) of N-type p; set (M' N’) = (M gN + MY). Thus (M’ N’) is N-type p;
also, XNo N Noj (M N = X(WNo. N1 N5 (M, N). Reversing, take (M’ N) of N-type p; set
(M N)= WM %(N/ — M’Y)). So we need to choose Y = M’'N’ (q) to have N integral. Thus

X No Ny N (M N = XA @) XN (@O X WNo Ny Noyp (ML N, O

Proposition 3.6. For q a prime dividing N1, let p’ = (N, N1/q, gN2); then

E,|T(q) = XNoAz @@ T Ep + 643 @* = DEy) i xg=1,
0 - — .
AN, (@G, if xq # 1.

Proof. Recall that we must have qu =1 since q|N7. Take (M N) of N/-type p so that q divides row 2
of M. Set

o )= (!

1) (M gN + MY);
q

since q does not divide row 1 of M or row 2 of N, (M',N’) = 1. Also, rankyM’ > 1, and
XWNoN1/q.No) (M N') = XN (D XN N7 /.N) (M N).
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Reversing, take (M’ N’) of g-type 1 or 2, N'/q-type (No, N1/q, N2); set
(MN)= (1 q) E(M" (N = M'Y)/q),

E € Gy. Write EM’' = (ml mZ)Y EN' = (m nz)'

ms mgy ns3 ng
First suppose ranksM’ = 2. To have N integral, we need to choose Y so that (n; ny) =
(my my)Y (q); then to have (M,N) =1, we need (n3 ng) # (m3 my)Y (q). If g{m; then y4 can
be chosen freely; if glm; then y; can be chosen freely. This gives us ¢ — 1 choices for Y. Summing
over these Y, we have

fa—-1 ifxe=1,
;XWJ)(M’N)—{O if xq # 1.
So the contribution from these terms is

qZk—B . q—k(qZ _ I)Ep/ leq =1,

0 if xq #1.
Now suppose ranky M’ = 1; assume q divides row 2 of M. To have rank; M = 1, we cannot have q
dividing row 1 of EM’; this leaves us q choices for E, and with these choices we have g dividing row

2 of EM’. Then choose Y so that (n; ny) = (m; my)Y (q); we have q choices for Y. Then row 2 of N
is congruent modulo q to (n3 n4), so (M, N) =1 and

> xa.qnM.N)=(q - Dxagn(M.N).
Y

So the contribution from these terms is x Ay, (q)q"‘1Ep. a
Proposition 3.7. For q a prime dividing Ny, set

p'=WNo/q,aN1, N2),  p" = (No/q, N1, gN2).
Then

N @ XA @) Ep +q7 @ —DEy +q7 @@= DEp) ifxg=1,
EolT(@) = { X @ x5 @) (Ep + €972 (@ — DEpr) Fx2=1x#1,
XN @ XAn (@E, if X2 #1.

Proof. Take (M N) of A/-type p, and set
U ! l
(M'N')==(MgN + MY).
q
Since rankg N = 2, we have rankq(M’ N’) =ranky(M’ N) = 2; hence (M’, N') =1. Also,

XNo/q.N1 ,Nz)(M/s N,) = XN (q)XNz (qz)X(No/q,N1 N3) (M, N)
Reversing, take (M’ N’) of N'/q-type (No/q, N1, N2). Set

(MN)=(gM' N —M'Y).
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Write M’ = (2; 2) N = (Z; :i) We need to choose Y so that ranky N = 2. Then we sum
>y Xq(detN); since xq(det N) =0 when ranky N < 2, we can simply sum over all Y.

First suppose rank; M’ = 2. Then M’N’ — Y varies over all symmetric matrices modulo g as Y does
(here M'M’ =1 (g)), and each invertible symmetric matrix is either in the GL,(F)-orbit of I or of
J= (1 w) where (%) = —1 and GL,(F) acts by conjugation. With q odd and G varying over GL;(IF),

we have

M’ M
> Xq(detN) = % > X5(detG) + %}e)t) > Xo(detG)
Y G G

where o(T) = #{C € GLy(F): ‘CTC =T}; it is known that o(I) =2(qg — €) and o(J) =2(q + €) when
q is odd. Now, )_(5 odet is a character on GLy(F), and it is the trivial character if and only if qu =1.
Hence

*@—1) if xg=1,
> Xq(detN) = { €q(@ — 1 xq(detM)) if x2 =1, xq #1,
Y 0 if x7 # 1.

So the contribution from these terms when q is odd is

XN@G N q—DEy  ifxg=1,
XM @q2@@—DEy ifx2=1,xq#1,
0 if x5 # 1.

When g =2 we have ), xq(det N) =4 so the contribution is x, (@q '@q- DE,.

Now say ranky M’ =1; we can assume q divides row 2 of M’. Choose E € SL;(Z) so that M'E =
( ) (q); by symmetry, N''E~1 = ( 01 . ) (q). Clearly E-1Y*E~1 varies over all symmetric matrices
as Y does, so

qu(detN) 0> Xq((ny — mju)nj)

u (q)
_ {qz(q—l) if =1,
0 otherwise.

Thus the contribution from these terms is

{q*(q ~DE, ifxg=1,
0 otherwise.

Finally, suppose rankgM’ = 0. Then 3, Xq(detN) = g*>X4(detN’), so the contribution is
NG @ XN @Ep. O

Proposition 3.8. For q a prime dividing N3, we have

Eo|T1(0%) = xn (62) (@ + Dg* E,.
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Proof. From Proposition 2.1 of [4], we know 2E, (7)|T1(g?) is the sum of terms

1 1 —k
pk_B)_(p(M,N)det(M(q 1)0—1r+1\1<q 1>fc+M<q l)yfg)

where (M N) varies over SL,(Z)-equivalence class representatives of pairs of A/-type p, G € Gy,

Y = (i; y02) with y; varying modulo g2, y; modulo q. Recall that we can choose G =1 (N/q) and

Y=0W/9g.

1
We know M ( q 1) is never integral. Adjust the equivalence class representative for (M N) so that

1 1
(MGNc )= m(a )N(T )Mo )y
q 1 1 1
is an integral pair. Since rankq M’ = 2, we have (M’, N") = 1. Also,

ANo. N N2/ (M N') = xnows (0°) X A N sy (ML N,

and we know 3. =1.
Reversing, choose (M’ N’) of NV-type p, and set

(MN)=<l %)E(M/G<q l)(1\1”0*1—1\/1/63()(% 1))

where E € 'Gy. Write EM'G = (! 1), EN''G™ = (! 12).

For each choice of E, we need to choose the unique G so that g|m4 to ensure M is integral.
Thus q {myms. Choose y» so that ng =m3y, (q); then choose yq so that n3 =m3y; +may; (g®). By
symmetry, mins + mong = msny (q). Thus

msng =msmsyq +mamsyz (q),

so ny = miyr + mpy2 (@), and hence N is integral. Also, detM = detM’, so x,(M',N’) =
XN @) xp(M,N). O

Proposition 3.9. For q a prime dividing N1, set o’ = (No, N1/q, gN3). Then

Ep|T1(q%)
_ { o @8> + X @DEp + a7 O /g @0 > + xn; @)@ = DEy if xg=1,
(N6 (@872 + Xns @DEp if Xq # 1.

Proof. Recall that we must have qu =1 since q|N7. Take (M N) of N -type p; assume q divides
row 2 of M. :
First suppose M ( q 1) is not integral; thus by symmetry,

N=<* *>
* Ng

where q{n4. Thus (M’, N') =1 where
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/ 7t ~—1 q 1 q 1
o=t ) ) o 1))
We know gt M’ and q|det M’, so ranky M’ = 1. Also,

XWoN:/a. N (M N') = X (6%) X o N7 Ja. M) (ML N).

Reversing, take (M’ N’) of N'-type p; assume q divides row 2 of M’. Set

1 1

_(q / q rte=1_ gt 7
(M N) ( 1)5(1\/10( 1)(1\1 G MGY)( 1))
where E € Gy. Write EM'G = (z; zi) EN'tG 1= (Z; Zi) For 1 choice of E, q divides row 1 of EM’;
then to have N integral we need q|(n1 ny), which is impossible since (M’, N’) = 1. So choose E so that
q does not divide row 1 of EM’ (q choices for E). Thus q divides row 2 of EM’; to have M integral,
choose the unique G so that qlmy; so q{my, and by symmetry, q|n3 (so q{na). Choose the unique

y2 (q@) so that np =m1y; (q) and choose the unique y (q2) so that ny =mq1y; + mays (qz). Thus
(M,N)=1, and x,(M’,N') = x,(M, N). So the contribution from these terms is x5 (q?)g**E,.

Now suppose M(% 1) is integral with

(1) 5(* )}

m mz) (q) where qlmy, m3,ma, q{my. By symmetry, q divides row 2 of N(ql). So

Thus M = (m3 e

rankq(M(% 1) N(“ ,)) > 1. In the case this rank is 2, we have g?{m3, and rank; M’ =2 where

(M/cw/fcl):(m(% 1>N<q 1)+m<% 1)y>.

Als0, XN N1 /q.N2) (M, N') = XA /g (@) X(No N7 /g N2 (M, N).
Reversing, first choose (M’ N’) of N-type (No, N1/q,qN3). Set

(MN)=<M’G(q 1)(N”G_1—M/GY)(% 1))

mp mp ny np

Write M'G = (m3 m4), NiG 1= (n3 n4). Suppose ranky M’ = 2. Then for each G, adjust the equiva-
lence class representative so that qims (so q{myms). Take u, y, so that

v RL! — u .
w(m)=(y) @

set y1 =u + qu’ where u’ varies modulo g. Then summing over corresponding Y, with n} = (n3 —
msu —may2)/q, we have

Y xaanM, Ny =" xq(—my) xq(n3 — m3u')
Y

u’

:{(q—l) if xq=1,
0 otherwise.

Thus the contribution from these terms is xar/q @q*3(q? - DE, if xg=1, and 0 otherwise.
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Suppose M(% l) is integral, rankq(M(% 1) N(q1)) = 1. Since q{mzn3, (M’ N’) is an integral
coprime pair where

(M'GN''G™)

I
/N
P
Q=
N——
/N
=
/N
Q=
—_
N——
=2
N
)
—
N——
+
=<
N
Q=
—_
N——
><
N—

Note that ranky; M’ > 1. So

XWoN/a.N) (M N') = X, (6%) X o N7 Ja. M) (ML N).

Reversing, take (M’ N') of A//g-type (No, N1/q, N2), rankg M’ > 1. Set

(1 ol ) o -wen(t )

EeGy. Write EM'G = () %), EN''G™1 = (! 7).

To have ranky M =1, we need to choose E,G so that q{mp, and to have N integral with
(M, N) =1, we need to choose Y so that ny =myy1 +may2 (q), n3 £m3y1 +mays (q).

First suppose rankq M’ = 2. To have rank; M =1, for each E we need to choose G so that q{m;
(for each E, this gives us q choices for G). If g{ms3 then we choose y1 freely; if qims then q{mimy,

so we can choose y; freely (subject to n3 £ may, (q)). In either case, we get

Z X,g,H)(M, N) = xq(—m2) Z Xq(3 —m3y1 —myy2)
Y Y

:[q(q—l) ifxg=1,
0 otherwise.

So the contribution from these terms is x5, (q%)q~'(q? — DE, if xq =1, 0 otherwise.

Finally, suppose rank; M’ = 1; assume q divides row 2 of M’. We have g choices for E so that q
does not divide row 1 of EM’ (and then q divides row 2 of EM’); then we have q choices for G so
that q1my. By symmetry, q{ns3. Choose y; freely, then choose y, so that nj =mjy; +myy, (q). So
the contribution from these terms is X, (@®)qE1. O

Proposition 3.10. Let g be a prime dividing Ny. Set

p'=WNo/q,qN1,N2),  p" = No/q, N1, qN2).

Then
XN @)@+ DE,
+ 07 O @ + X2 (@)@ — DEy
EplT1(q®) =1 +xr@)q 2@ — DE,y ifxg=1,
N2 @)@+ DEp +€xas(@)a72@* — DEyr ifxZ =1 xg #1,
XN, @)@+ DE, ifxg #1.

Proof. Take (M N) of N-type p. So ranks M = 0, rankg M(% 1) <1.
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First suppose (M’, N’) =1 where

1 1
/ rte—1y = q q q
(M'GN''G™) (1\/1( N 1) tM 1Y)
Since rankg N(* ;) =1, we must have rank, M’ = 1. Also,

XNo/q.M »Nz)(M/’ N/) = XN/q(@D X(No/g. NN (M, N).

Reversing, take (M’ N’) of N-type p’; set

(MN):(M’G(q 1)(N”G‘]—M’GY)(% 1))

Write M'G = (:; zi) NG = (:; 22) we can assume that q|(ms mg). To have q|M, choose the

unique G so that glmy; then qtmj, and by symmetry q|ns (so qtn4). To have N integral, choose u
so that ny =myu (q) and set y; =u + qu’. For each choice of 1/, y,, we have detN = x — minau’ (q)
where x does not depend on u’. Hence, fixing y3,

_ -1 ifx,=1,
Z Xq(x —mingu’) = [ (()q ) ;tﬁgrwise.
u’ (q)

So, letting y, vary modulo g, we see the contribution from these terms is

{ N@G 3 q@—DEy if xq=1,
0 otherwise.

Now say rankg(M (% 1) N(* 1)) =1; adjust the equivalence class representative (M N) as neces-

sary so that
1 1 q 1
ey (* Y(u(t o[ )u(? 1))
q 1 1 1
is integral. Then (M’, N') =1 since ranky N’ = 2. Also,

X No/ani N (M N') = x5 (6) X o g, N3 Aoy (ML N).

Reversing, take (M’ N’) of N'/q-type (No/q, N1, N>), and set

(MN)=<1 q)E(M’G(q 1>(N”G_]—M’GY)<% 1))

EeGy. Write EM'G = () ), EN''G™1= ()1 1),

Say rankq M’ = 2. To have q|M, for each E we need to choose the unique G so that g|my; thus
qtmimy. To have N integral, choose u so that ny =mqu (q); set y; =u + qu’, u’ varying modulo q.
By symmetry, mins = msnq +mgny (q), S0 n3 = mymsny +mMimgny (q); hence detN = —mimg(miny —
¥2)? (). Thus summing over Y where y; =u + qu’,
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> " Xq(etN) =qxq(—mima) Y xZ(miny — y2)
Y Y2 (@

= {q(q — Dxq(—mimyg) if x2 =1,
0 otherwise.

So the contribution from these terms is

s (@2)a % (a* — 1)Epr if xq = 1,
XNZ(qZ)qk—3,q—k.q(q2_])€Ep// ifXCI#]vqu:l,
0 otherwise.

Now say ranky M’ = 1; we can assume g divides row 2 of M. For g choices of E we have q dividing
row 2 of EM’. Then to have q|M, choose the unique G so that q|my; so q{m; and by symmetry,
q|n3. But then q divides row 2 of (M N), so (M, N) # 1. With the 1 other choice of E, we have g
dividing row 1 of EM’. Then to have N integral, choose the unique G so that q|ny. Then q{n; (since
(M’, N’y =1), so by symmetry, q|m4 (and hence q{ms3). Thus

D Xq(detN) =" Xq(—n2(n3 —m3y1))
Y Y

= {q3 if xg =1,
0 otherwise.

So the contribution from these terms is

{ X0 (@)d 3 a7 2@ - DEy ifxg=1,
0 otherwise.

Finally, say rankqy M’ = 0. So to have N integral, for each E we need to choose the unique G so
that g|ny. Then q{nyn3, and for each choice of Y we have N integral with detN =detN’ (q). Hence
the contribution from these terms is x5 (q2)q* > -q¢7*-¢*(@+ DE,. O

With these results, we now construct a basis of simultaneous Hecke eigenforms.

Theorem 3.11. Take square-free N' € Z and a Dirichlet character x modulo N so that x(—1) = (—1)".
There is a basis

{Enons o NoNiNz2 =N, xR, =1}

for the space 5,52) WV, x) of degree 2 Siegel Eisenstein series of weight k, level N, character x so that for any
prime p, Evy, n, M) T (P) = MD)E,, Aq Ny and Evg A N3 I T1(P?) = A1 (PP E (A Ay) Where

1(0) = (X (P + x40, (1) (o (PP + X ()

and

2k—3

21(p?) = (p + xvi (P%) Geve (P2 P2 + x P 2 (0 — 1) + 3 (P?))-
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Proof. Fix a partition p = (Np, N1, N3) of N. For q an odd prime dividing N, set € = (_71), and set
KNG N, @q ' (g—1)

ap(q) = : TN @8 XA A, @
0 otherwise;

ifxg=1,

XN, @37 @=D A, @4 = XA, @)

0N @0 T =1 3 @) O @83 = X, (62) ifxg=1,
by(q) = XN, (@a 2 (g1 . 5
TN @A, @) ifxq# 1, xg =1
0 otherwise;
@%@ £y -1
cp(@) = : NN @2 =X N7, (@ HXe="1
0 otherwise.

Extend these functions multiplicatively, and set

Ep= Y a(Q0)bp(Q0)cp(QDEN,/(000)).00M /1. Q401N

QoQgylNo
Q1M

Since a,(Qo) =0 unless xq, =1, bp(Q(’)) =0 unless Xé' =1, and c,(Q1) =0 unless xq, =1, Propo-
~ 0

sitions 3.3, 3.4, 3.5, and 3.8 show that E, is an eigenform for all T(p), T, (p?) where p { Mo N7, with

eigenvalues as claimed in the theorem. For a prime q|N7, write

Ep= ) ap(Qo)by(Qp)cp(Q1)
QoQglNo
Q1lN1/q

(Eno/(2005).QoN1/01.0521 M) F Co @EWG/(0005). Q0N /00100521 N))-

Propositions 3.5, 3.6, 3.8 and 3.9 show that IEp is an eigenform for T(q) and T1(g?), with eigenvalues
as claimed. For q| N, using Propositions 3.5 through 3.10 and a similar rearrangement of the sum
defining E,, we find E, is an eigenform for T(q) and T, (q%), with eigenvalues as claimed. O

Note that for q a prime dividing N with qu =1, Propositions 3.6, 3.7, 3.9 and 3.10 give us Hecke

relations among Eisenstein series. In particular, when cond x2 < A/ we can generate some of the
Eisenstein series from Exr 1,1). To see this, let g be a prime dividing A so that qu =1.1If xg=1, set

_ ¢
D= o e@F—D"
S1(@ =c@[T1(¢*) —q '@+ DT(@ —q ' (¢° - 1)]
and

S2(q) = c@[(xn /g @d ™ +1)T (@ — T1(¢?) — a(xnjg @2 = 1)];

if xq#1, set

=142
q
-1

Extending these maps multiplicatively, we have the following.

S2(q) = [T@—1].

(q
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Theorem 3.12. Suppose N is square-free, NoN1N2 =N, xn;, =1, and ij\/z = 1. Then

Ewo NN =Ew, 1,151 V1) S2(N2).

In particular, when x =1,
{Ew.1.1[S1(V1)S2(M2): MRV
is a basis for £, (N, 1).

Proof. When xq =1, we use Propositions 3.7, 3.10 to solve for E(n /q.qN7.N5) and for Eag /g M .qN5)
in terms of E(n; A, A;). Presuming q|Ao. When xg # 1 we use Proposition 3.7 to get E(ag/q,07,0M%)
in terms of E; A;.A;), again presuming q|Ap. Now a simple induction argument yields the re-
sult. O

Remarks. (1) When f is a Siegel modular form with Fourier coefficients a(T), we have a(‘GTG) =
a(T) for all G € GLy(Z) if k is even, and for all G € SLy(Z) if k is odd. Thus we can consider the Fourier
series of f to be supported on lattices A equipped with a positive, semi-definite quadratic form given
by T (relative to some basis), with A oriented if k is odd; for such A we set a(A) =a(T). Then by
Theorem 6.1 of [4], with Q P square-free, the Ath coefficient of f|T;(Q2)T(P) is

> a(ef),

QACRCA
[A:2]=Q

where 227 denotes the lattice £2 whose quadratic form has been scaled by P. (Note that an orienta-
tion on A induces an orientation on £2 C A.)
(2) With E the degree 2 Eisenstein series of level 1, we have

E@= Y EwoniNy:
NoN1NL=N

Thus formulas for the Fourier coefficients of [E together with our Hecke relations can be used to gen-
erate Fourier coefficients of all degree 2, square-free level N Eisenstein series with trivial character.
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